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Abstract

We define the notions of nest and influence of a subset of a critical set of
a back circulant latin square, and study their properties. We also show
that a secret sharing scheme based on a critical set of a latin square is
both compartmentalised, and hierarchical.

1 Introduction

A latin square L of order n is a n X n array with entries chosen from a set IV of size
n, such that each element of N occurs precisely once in each row and column. Thus
L may be thought of as a set of triples (i, j; k), where k is the entry in cell (4, 7).

"L is said to be backcirculant if N = {0,1,...,n — 1}, and k = i + j mod n for all
i,j € N. Let L be a back circulant latin square of order n. If A is any subset of L,
we call the set of cells in A the shape of A. C C L is called a critical set of L, if
(i) L is the only latin square of order n which has element k in position (3, j) for
each (4, j; k) € C, and (ii) no proper subset of C satisfies (i). The set of triples B is
said to be uniquely filled or fillable from A C L if B is a subset of every Latin square
of order n which contains A. Let ﬂ;—3 < 7 < n—2. Donovan and Cooper [3] proved
that the set

C={@di+7):i=0,.,randj=0,..,r—i}
u{@G,j;i+4):i=r+2,...,n—landj=r+1—14,...n—1}

with ﬂg—g‘ < r < n—2, is a critical set in L. Note that C is the union of two triangles,
which we call the upper triangle and the lower triangle. If B C C is a subset of the
critical set define the nest N'(B) of B to be the union of C' \ B and the largest set
that can be uniquely filled from C\ B. Define the influence-set of B, denoted Z(B),
to be the shape of the set {L \ U{NV'(b) : b € B}. The number |Z(B)]| is called the
influence of B, and denoted by 8(B). The set Z(C) is called the strong boz of L.
A set B C C is said to have perfect influence if BUN(B) = C. A collection K of
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partial latin squares I is called a latin collection if the entries in the cells of each row
(and column) of each I € K are the same as those in the corresponding row (and
column) of every other partial square in K, and if the intersection of all the partial
latin squares, regarded as sets of triples, is empty. A latin interchange pairis a latin
collection of size 2. (See also [3] for an equivalent definition.) Elements of a latin
interchange pair are called latin interchanges, and each is called the disjoint mate
of the other. If A is a set and z is any element, we will often write zA for the set
{z} U A Let z,y € C. We write z ~ y (z leads to y) if there exist sets A, B C ¢
with non-perfect influences, such that the following conditions hold:

LTl ¢ A,z ¢ B,y¢ A,ye B

LT2 zA has perfect influence

LT3 AU B has perfect influence

LT4 AU B’ does not have perfect influence, for any proper subset B’ of B.
We say z is more influential than y,'and write z — y if

MI1 There is a finite sequence of the form: z ~ 2; ~» 25~ ... 2y, ~ ¥

and

v

MI2 There is no finite sequence of the above form from y to z.

If z,y € C, we define the relation z ~ y <= 0(z) = 6(y). Clearly ~ is an equiva-
lence relation. For any z € C, define [z] to be the equivalence class of 2. Define the
mndez of C' to be the total number of influence classes.

We give now an example to illustrate some of these definitions:

Example 1 Consider the critical set for the 9 x 9 back circulant latin square:

1123
3

WIN =D
w

S
N O O oo

41516

Let o = (0,0;0), 8 = (8,8;7), f1 = (8,54), Bow = (7,8;6). The nests and

influence-sets of these entries are as follows:
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It can be seen on inspection, that the sets {a, 8} and {8, 81, Bt} have perfect influ-

{B1,Beat}. Clearly, a¢ A, a ¢ B, 1 ¢ Aand 5, € B.

= {8}, and B

ence. Let A
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aA = {a, 8} has perfect influence. Similarly, AU B = {83, 51, Beor} has perfect influ-
ence. On the other hand, it can be easily verified that neither 8,4 = {8, 8}, nor
BeatA = {5, Beor} has perfect influence. Thus by definition, o ~» 3;. Note also that
By~ . Similarly o~ Geo, but it is not true that . ~ @, therefore o — fy, or
« is more influential than e,

Conjecture 1 For eny z,y € C, z~ y = 8(z) < §(y).

Conjecture 2 Let L be a back circulant Latin square of odd order n and critical set

C, with r = 253 Then the indez of C is r.

In this paper we study the influence of sets that are subsets of the critical sets C
discussed above.

2 Some general results

In this section we calculate the nests and the sizes of these nests for different entries
of the critical set. These will be useful in the later sections where we calculate the
influence of certain sets.

In the following lemmas we show that some rows, columns and diagonals can be
completed after the deletion of an element.

Lemma 1 Suppose (i,7;k) 1s deleted from the lower triangle of the critical set C.
Then every column A, 5 < XA <n —1 can be uniquely filled, and every row v,7 < v <
n — 1 can similarly be uniquely filled.

Similarly if (1,7, k) was in the upper triangle then columns A\,0 < A < j can be
Sfilled, as can rows v,0 < v < 1.

Proof. Neither row 4 nor column A depend on the information contained in row 4
or 7, and thus can be filled uniquely. o

We now show that some diagonals can be filled.
Lemma 2 Let the critical set C be

C={(7414+4):4=0,...,rand =0,...,r — i}
U{E,gi+7):i=r+2,...,n—-landj=r+1—i...,n—1},

where (n —3)/2 <r <n-2.

1. If (3,5, k) is deleted from the lower triangle, then every cell (u,v), with 0 gv
u,v <k, and r <u+v <k can be filled with entry u + v.

2. If (4,7 k) is deleted from the upper tﬁangle, then every cell (u,v), with k+1 <
u,v <n—1and k <u-+v <r can be filled with entry u + v.
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Proof. We will prove only the first part, since the proof of the second part will be
similar:

The set C, with (¢, j; k) deleted from the lower triangle, and represented by *, is
as follows:

r41

r41 * n—3

r+1 e n-3 | n—2

The element r 4+ 1 occurs in rows r + 2 to n — 1. Thus in column 0, there is only
.one cell that can be filled by » 4 1, and that is position (r 4 1,0). Fill this. Consider
now cell (r,1). Element r + 1 occurs once in each of the rows r+1,...,n — 1. Thus
there is only one cell that can be filled with r 4 1, and that is (r,1). Similarly, one
can show, that each of the other cells in the diagonal

{(u,v;u+v):0<u<r+1,0<v<r+Lutv=r+1}

can be filled. A similar proof can be made for each of the other diagonals given
above. 0

Lemma 3 Suppose'(z,j; k) 1s deleted from C. Apart from the empty positions given
wn lemmas 1 and 2, no other empty position in the partial latin square can be uniquely

filled.

Proof. To help understand the proof we give below an example of a partial latin
square of order 9. This partial latin square has been obtained by deleting the entry
(7,7;5) from the critical set given in Example 1, and then obtaining the nest of this
entry, by applying Lemmas 1 and 2. We claim that no empty entry in this partial
latin square can be uniquely filled.

0111234 8
112134 0
213\|4 1
3|4 2
4 3
4

415

6
8101121314567
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We now give the proof of the lemma. Suppose that the entry (¢,7;k = ¢ + j) was
deleted from the lower triangle in C. From Lemma 1 each of the rows v,i < v <n-1
can be uniquely filled, as can every column A,7 < A < n — 1. By lemma 2, each of
the cells (u,v), with 0 <wu,v <k and r <u + v < k can be uniquely filled.

Of the unfilled cells, the cells (r +2,0),(0,r + 2),(z,0), and (0,7) have the most
information pertaining to them; that is, the union of the row and column containing
each of these cells have more non-empty cells than any of the other cells. Thus we
need only show that these cells cannot be uniquely filled.

Now row ¢ contains each of the elementse,1+1,...,k—1,k+1,...,r, and column j the
elements 7,7+1,...,k—1,k+1,...,r. Thus any of the elements 0,1,...,min{s,j}—
Lkr+1,r4+2,...,n—1 can fill cell (¢,7), and so (i, ) cannot be uniquely filled.
Consequently no other empty cell in row ¢ can be uniquely filled, and no other empty
cell in column 7 can be uniquely filled. Thus neither cell (7, 0) nor cell (0,7) can be
uniquely filled. Since cell (¢,0) cannot be uniquely filled, no empty cell in column 0
can be uniquely filled, and thus cell (r + 2,0) cannot be uniquely filled. Similarly,
since cell (0,7) cannot be uniquely filled, no empty cell in row 0 can be filled.
Similar arguments can be used if an entry was deleted from the upper triangle in

C. O

We now summarise the above results as follows:

Theorem 3 Let C be the critical set given in the beginning. If an entry (i,5;k =
¢+ 7) is deleted from the lower triangle in C, then every column X, j <A <n -1,
and every row vy, 1+ <y < n— 1 can be uniquely filled, as can every cell (u,v), with
r<u4v < k—1. These are diagonals in the upper triangle, going from the upper
right to the lower left. No other empty cell can be filled uniquely. Having filled these
cells, the resulting partial letin square has size

IN({(2,7; )){—cr—l—i—z n—(y—(r+1)) +Z n—A=(+1))+ > a.
y=itl A=jt+1 a=r+2

where cr is the size of the original critical set, the first summation is the number of
entries filled in the rows vy, the second summation gives the number of entries filled in
the columns A, and the last summation gives the number of entries in the diagonals

that are filled.

Similarly, if an entry (i, 7; k) is deleted from the upper triangle in C, then

j-1 n~k-2
W({(4, 55 )})|~CT‘“1+ZR+7—T—1+Zn+/\~r—1]+ S a
¥=0 A=0 a=n—r—-1

: J n—k—2
N{G N =er =14+ Yty —r—2+ Xt r—r—2+ 3 a
=1 A=1 a=n—r~1
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Here the first summation is the number of entries filled in the rows v, the second
summation 1s the number of columns filled, and the third summation s the number
of diagonals that are filled.

Proof. The proof follows from the above lemmas. u]
Now, the critical set has size:
1
cr = 5[(r+1)(r+2)+(n—r—2)(n—r— 1)].

Lemma 4 The above summations may be simplified as follows:

S1. Yl n—(v=(r+D))=m@—i-1)n+r+1)—3nh—1) i +1)],

82. Tiinln = (A= (r+ 1)) =(n~j-1L)n+r+1) = zln(n—1) — (5 + 1)),

53. Zilzl[njt'ymT«Q] =12n—r—2)+(i+1)],

.

S4. SA_n+A—r—-2 =

w s

2(n—r—2)+(j+1)],
55. Tarsr@ = glk(k +1) = (r+ 1)(r +2)],
S6. Zg;i:?;ﬂ o= %[(n—k‘ — 2)(n -k - 1) — (n —r— 2)(n — 1)] A

We note that S1 and S2 are the same function, which we will denote by f. This
function denotes the total number of entries in the rows or columns that are filled,
when an entry is deleted from the lower triangle of C. Also, 53 and 54 represent the
same function, which we denote by f, which gives the total number of entries in the
rows or columns that are filled, when an entry is deleted from the upper triangle of
C. We relabel S5 by the function notation g, which gives the total number of entries
in the diagonals that are filled when an entry is deleted from the lower triangle of C.
Similarly, we relabel S6 by the function g, which gives the total number of entries in
the diagonals that are filled when an entry is deleted from the upper triangle of C.
That is:

L frnz)=(m—az-1)(n+r+1)—in(n-1)—z(z+1),

2. flr,z)=22(n—r—2)+(z+1)],

3. glk,r) = i[k(k+1) — (r+1)(r +2)],

4. glk,r)=i{(n—k-2)(n—k—1) = (n—r—2)(n—r - 1)].
Then,

Theorem 4 The number of cells that can be completed after deletion of an element
from the lower triangle and upper triangle, respectively, are:
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1. If (i,: k) is deleted from the lower triangle in C, then
V(G55 k) = f(r5) + £(r,i) + g(k,r) + er — 1,
and
2. if (i,7;k) 4s deleted from the upper triangle in C, then
V(G 3 k)| = F(r,5) + F(r.3) + glk,r) + cr — 1.

(]

Theorem 5 Ifz andy are any two triples in C, then N ({z,y}) = N ({z})nN({y}).

Proof. Since {z,y} D {z} therefore N ({z,y}) C N({z}). Similarly, N'({z,y}) C
N({y}). Thus taking intersections, we get N'({z,y}) C NV ({z}) n N ({y}).

We now need to show that N'({z}) NN ({y}) CN({=z,y}). If z € N({z}) NN ({y}),
then z € N({z}) and z € N({y}). That is, z can be uniquely filled after both
elements x and y have been deleted from C. But then z € M ({z,y}). O

Theorem 6 If by, bs,...,b, are any n distinct elements in B, then

NEB D) ON{B) N AN} = N({br,ba, .., ba}).
Proof. Trivially,

N1, b, .. 0,1 SN NN {B) N . NN ({Ba}),
so we need to show that

N AN{b}) N AN ({ba}) SN ({by,ba, . .., ba}).
Suppose that for some k < n,

N AN ({B}) N O N({B}) SN ({br,ba, ..., b)),
We want to show that

N NN N NN ({brer 1) SN ({by,bay - brst 1)

Now
N ) n N ({be}) e DN ({Be}) NN ({brga })
CN{bi,byy .. b ) NN ({braa D). ,
If 2 € N({b1, by, ..., 0 })NN ({br41}) then z € N({b1,ba,...,bx})and z € N{{be1}).

That is, z can be uniquely filled after the elements by, by, . . ., by, by are deleted from
C, and thus z € N({by,bs,...,bk41}). From this and the above theorem the proof
follows. u
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Corollary 1 Let L and C be as above.
1. Then for any set B C C,
N(B) = (HN({8}) : b € BY.
and
2. For any two sets A,BC C, N(AU B) =N(A)NN(B).
Proof. We shall prove only 2. Let A= {ay,...,a,}, and B = {by,...,b}. Then
N(AUB) = N({ar, . as,brs. . bi})

= N({a)N...aN{a) NN 0. .0 N({b})
— N(A) N N(B).

3 Latin Collections

Remark. Let A be a set of cells. A way of showing that no cell in A can be filled
uniquely, would be to show that there exists a latin collection where each element of
the collection has the same shape as A. We present below a couple of examples of
such collections.

The partial latin square below is a critical set C' with unique completion next to
it:

0111213 01112314

! 11213 112131410
213 213141011

3 314101112
4071123

Example 2 If z = (0,0;0) then C \ {z} has the following partial completion and
full completions:

1123 0111234 41172130
11213 1123|460 1123014
3 1 213401 213|014 1

3 112 314,012 3|0(4|1|2
11213 4101123 0|14|1]2}|3

The partial latin square on the above left is in fact the nest of the entry « = (0, 0;0).
The completions on the right are completions from C' \ {#}. The bold entries in the
two complete latin squares indicate the entries that have no unique completion ...
these sets of entries in fact form latin interchanges, with each set being the disjoint
mate of the other. Note that a pair of latin interchanges form a latin collection of
size 2.
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Example 3 If z = (0,1;1) then C' \ {z} has the following partial completion and
full completions:

0 213 0111234 01412311 014,213 1
11213 17213410 1123|104 112,304
213 2134|101 213]4]1]|0 213]114|0
3 2 31410112 3/10|114/2 3/01411)2
4 213 41071,213 41110123 41170123

The set of non-empty cells in the partial latin square on the extreme left indicates
the nest of the entry z = (0,1;1). The three latin squares to the right are three
completions from C \ {z}. These three full latin squares are necessary to show that
each cell that is in bold type can be filled at least two ways. The three sets in bold
make up a latin collection.

4 Influence of a set

Theorem 7 For any z € C, z € Z({z}), and for any y € C, such that x # y,x ¢

I({y})-

Proof. By definition Z({z}) = L\ N({z}). Since N({z}) cannot contain z,
therefore z € Z({z}). Also, by definition, C'\ {z} C N ({z}), and therefore y €
N({z}). That is, y ¢ Z({z}). o

Theorem 8 The influence-set of a set B C C' is the intersection of the influence-sets
of its elements.

Proof. If B C C then by definition
I(B) = L\U{N(b):be B} :ﬂ{L\N(b) :be B} :ﬂ{[(b) b€ B}

O

Theorem 9 For any two elements z,y € C such that ¢ # y; = ¢ I({z,y}), and

y € Z({z,y}).
Proof. Wehave that Z({z,y}) = Z{z})NZ({y}). Sincez ¢ Z({y})and y ¢ Z({z})

we have the required result. O
Corollary 2 For any set A C C, with |A| > 2, ANZ(A) = 0. o

Theorem 10 Let L be a back circulant Latin square of order n with critical set C.
If the lower (or upper) triangle in C has only one element, then there ezists ezactly
one element having perfect influence.
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Proof. Suppose the lower triangle in C consists of only a single entry. Delete this
entry. Then no empty entry can be uniquely completed. O

Notation 1 For ease of notation, we will denote the points on the boundaries of the
two triangles by special symbols. In the upper triangle, let:

1. o= (0,00),
oy = (r,0;7),
ag = (0,7;7),
. Qrow be any entry in row 0, between o and oy, exclusive

. Qo be any entry in column 0, between o and oy, exclusive

SN

. iy be any entry in the largest diagonal from lower left to upper right, in the
upper triangle, between oy and oy, ezclusive.

In the lower triangle, let:
I.f=(n—-1,n—-1;n—-2),

Bi=(n—1,r+2;r+1),

Ba={(r+2,n—1;r+1),

[T

. Brow be any entry in row n — 1, between B and B3, ezclusive

B

. Beot be any entry in column n — 1, between By and B3, exclusive

S O

. Baiag be any entry in the largets diagonal from the lower left to upper right, in
the lower triangle, between By and B, exclusive.

We first calulate the nest of each of the six corner entries of the two triangles in C.

Theorem 11 Let L and C be the latin square and critical set discussed above. Then
the siz corner entries in the two triangles of C, have the following nests:

1 Ne)={(y,v;ut+v):1<y,v<n—-land0<u+v<r}ul\{a},
2. N(B)={(v,v;u+v):0<y,v<n-2and r<uv+v<n-2yUC\{F},

8 N(e)={(r+1,0;r+1),...,(n=1,0n=1);(r, ;r+1),...,(n—1,1;0);...;
2,r—1;r+1),...,(n—1,r-1;7r=2)} UC\{au},

—~

4. Maz) = {(0,r+1;r+1),...,(0,n=1;n=1); (1,r;r+1),...,(L,n—1;0); .. .; (r—
L2ir+1),...,(r—1,n—-1;r =2} UC\ {e},

5 N(B)=0,r+3;r+3),...,(n—=3,r+37);(0,r +47+4),....,(n —4,r+
4r);. 5 (0m—1n—1),...,(r+1,n =17} UC\ {6},
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6. N(B2) ={(r +3,0;7+3),...,(r+3,n=3;7); (r +4,0;r +4),...,(r +4,n —
4r); s n=10n=1),...,(n=1r+Lr}UuC\{G}

Proof. Apply lemmas 1,2 and 3. o

Corollary 3 Let L and C be the latin square and critical set as given above, of order
n. Then for some choices of ((z,7;k) -

L N(a)] = (n=2)(n=1)+ (r+ 1)(r+2)] -
%[(n—~2)(n~1)+(n~r~2)(n~—r—~1)]~1,

Sn—r—=2)n+r—-1)+2(r+ 1%~

| = (n—r—3)(n+r+1)+4|

n—r—2)(n—r— )+2(7~+2)2—n(n—1)]~

2

S &N
NSRS
~N
i

e S

)
(n—r—=2)n+r—1)+2(r+1)? ~

(
n—r—3)(n+r+1)+ [(n—r— Jin—r—1)4+2(r+2)2 —n(n—1)]-1.

In the case where n is odd, we have:

Theorem 12 Let L be a latin square of order n > 9, let r = 23 for n odd, and
r = ”—;2— for n even. Then the following pairs of entries have perfect influence:

1. {e, B},

2. {on, Bu},

3. {a, B2}
Proof.

1. If o is deleted then every diagonal below the main diagonal going from lower left
to upper right, except the main diagonal and the one immediately below it, can
be filled. Also, if 8 is deleted, then every diagonal, above the main diagonal
going from lower left to upper right, except the main diagonal and the one
immediately above it, can be filled. No diagonal above the main diagonal can
intersect a diagonal below the main diagonal. (Indeed no two diagonals can
intersect). That is, N'(a) N N(8) = C \ {e, B}, and we’re done. Thus the pair
{e, B} have perfect influence.

2. If a; is deleted then every column A,0 < A < r — 1, can be filled. No other
row, column or diagonal can be filled. If 3, is deleted, then every column’
A7+ 3 <A< n~—1,can be filled. No other row, column or diagonal can be
filled. Here again, the influences of a; and B; have no intersection outside of
the critical set, so M(a) NN (By) = C\ {a1,8:}. That is, the pair {a;, 5}

have perfect influence.
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3. If ap is deleted then every row 7,0 < 4 < r — 1, can be filled. No other row,
column or diagonal can be filled. If §; is deleted, then every row, y,7 +3 <
~v < n —1, can be filled. No other row, column or diagonal can be filled. The
influences of az and B, have no intersection outside of the critical set, and so

N({az,B2}) = C \ {cz, B2}. Thus the pair {@z, 82} have perfect influence.
0
Theorem 13 Let L be a Latin square of odd order, and let r = %3 Then the
following sets of three entries each have perfect influence:

1. {0, = (n— 1,858 = 1),8"y = (t,n — 1;t - 1)}, where 742 < s <
n—2,and 3r—s+2<t<n—2,

S

B, @ row = (0,85 8), 0ot = (t,0;)}, where 1 < 5,2 <r and s +t=r+1;

<o

- {1, a2, Baiag};
- {8y, B2y adiag};
Ao, a1, Brow}s
Ao, a2, Bea};
A8, B1s Brow};
- AB, B2, acot }-
Proof.

Oy B~

x = o

1. Suppose a is deleted. Then each of the diagonals, below the main diagonal
going from lower left to upper right, except the main diagonal, and the diagonal
immediately below the main diagonal, can be filled. The other two entries
deleted are from the lower triangle. Any diagonal in the upper triangle that is
filled after the deletion of any of these entries cannot intersect with the set of
elements completed after the deletion of a, outside of C, and so we need not
consider any such diagonal. From the results in section 2, we need only check
that row ¢ + 1, and column s + 1 do not intersect outside of C. But since the
smallest sum of s and ¢ is 7+ 1, and the largest is n — 2, we obtain the required
result. That is, for the given s and ¢ values, N'({o, (n— 1,535 —1), (t,n —1;t —
DY =C\{a,(n=1,855—1),(t,n— 1t — 1}

9. If 8 is deleted then each diagonal, above the main diagonal going from lower
left to upper right, except the main diagonal, and the diagonal immediately
above the main diagonal, can be filled. The other two entries are deleted from
the upper triangle. Similar to the proof of (1.) above, we need only show that
row t — 1 and column s — 1 intersect inside C'. But this is tantamaount to
showing that 0 < ¢ —1+4 s —1 <r, and this can be easily achieved from the
inequalities defining s and ¢ above.
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3.

6.
7.
8.

If oy 1s deleted, then each of the columns A,0 < A < r — 1 can be completed.
No other row, column or diagonal can be completed. If oy is deleted, then
each of the rows 7,0 < v < r — 1 can be completed. No other row, column
or diagonal can be completed. The set of entries that can be completed after
the deletion of both a; and «; is precisely the intersection of the sets of entries
that can be completed after the deletion of each of these elements seperately.
This set is the region bounded by the diagonal above the main diagonal from
lower left to upper right, (but excluding this diagonal), and column r and row
r, again excluding these row and column. The entries that can be completed
after deletion of Bgiay will occur in rows below the row containing Bg.y and
in columns to the right of the column containing Bai.,. This row and col-
umn cannot intersect the above set of filled entries discussed above, and so

N{on, a2, Baiag}) = C \ {e1, s, Baiag}- Thus we have perfect influence.

. The proof is similar to the proof of the above.

. If o is deleted then all the diagonals below the main diagonal going from

the lower left to the upper right, except the main diagonal and the diagonal
immediately below it, can be filled. If o is deleted then each of the columns
to the left of the column containing o can be filled. These sets of filled entries
intersect in a region to the left of the lower triangle of C, and below the main
diagonal. If 8,,, is deleted then any filled entries will occur in the columns to
the right of column containing this entry. Thus the intersection of this set of
filled entries, and the set of entries filled on deletion of ¢, occurs to the right of
the lower triangle, and below the main diagonal. Clearly the two intersections
do not themselves intersect. Thus N ({a, a1, Grow}) = C\ {@, a1, Brow}-

The proof is similar to the above.
The proof is similar to the above.

The proof is similar to the above. O

Theorem 14 The following set of four entries has perfect influence:

{aroun Qeol ﬁrowy ,Bcol}-

Proof. The set of entries that can be completed after the deletion of both the
entries Qo and aeq will occur entirely above the main diagonal going from lower
left to upper right. The set of entries that can be completed after the deletion
of both the entries, (00 and Beoi, will lie entirely below the diagonal going from
lower left to upper right. Thus the two sets have an empty intersection, giving
N ({row, Ceots Brow: Beot}) = C \ {rows Geots Brows Beot}. Thus the set has perfect in-

fluence. ]
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Theorem 15 The strong boz Z(C) is given by
L\ U{N (@), N (8), N(aa), N (az), N (B1), N (B2) }

and has size

0<6(C)<6

for n even, and
0<8(C) <7

for n odd.

Proof. If o is deleted then every diagonal below the main diagonal going from
lower left to upper right can be completed, except the main diagonal and the di-
agonal immediately below it. This is the maximum number of diagonals that can
be filled on deletion of any set from C. Also, if 8 is deleted, then we can fill all
the diagonals above the main diagonal, excluding the main diagonal, and the one
immediately above it. This is the maximum number of diagonals that can be filled
above the main diagonal. Similarly the deletion of the remaining entries gives the
maximum number of rows, and columns that can be filled. Thus the cells that are
not in the union of the nests of these elements must form the influence of C. That

is, Z(C) = L \U{N (@), N (8), N (1), N (e2), N (1), N (B2)}

If r = n — 2 then C consists of only the upper triangle. It is easy to check that
the union of the nests of the entries cover the whole latin square. Thus there is no
influence when all these entries are deleted. That is, Z(C) = 0, so 6(C) = 0.

Let n be even, and r = _11,_—2;2 Then the union of the nests of the above entries
cover all the columns except columns 7 to 7 + 2, all rows except rows 7 to r + 2, all
the diagonals going from lower left to upper right, except those diagonals beginning
from the cells (n — 2,0), (n — 1,0), (n — 1,1). This union covers all entries, except
the entries (r,7), (r,7 + 1), (r,7 +2);(r + 1,7),(r + 1,7 + 1); (r + 2,7 + 2). Thus
Z(C) = (r,r), (r,r+1), (r,r+2); (r+1,7), (r+ 1,7 +1); (r + 2,7+ 2), and §(C) = 6.

Let nbeodd, and r = 9—;—3 Then the union of the nests of these entries cover all cells,
except (r,r+1), (r,r+2); (r+1,7), (r+1,7+1), (r+ 1,7 +2); (r +2,7), (r +2,7+1).
Thus, Z(C) = r,r + 1), (r,7+2); (r + L), (r + 1,7+ 1), (r + 1,7+ 2); (r +2,7), (r +
2,7 +1),and 8(C) = 7. a
5 A hierarchy of influence

Clearly,

Theorem 16 For any three elements z,y,2€ C, z — yandy — 2 = 3 — 2.

O
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Example 4 Consider the critical set for the 7 x 7 back circulant latin square:

01112

3
31415

Let a = (0,0;0), 00 = (0,2,2), 00 = (2,0;2), dpow = (0,1;1), cteor = (1,05 1), 0giay =

7
(171;2):6 = (6a635)7/81 - (674;3)7ﬁ2 = (4;6;3),,6,01” - (675;4)7ﬂwl = (576;4)3
Bdiag = (5,5;3). The nests of these entries are as follows:
112 01
1]2 12
2 1 213
112 314
1123 415 3
112134 516 314
11213415 60 31415
Nest of « Nest of o)
112]3]4]|5]6 0 2 '
1121314560 112
] 2
3 2
3 4 213
34 5 2134
31415 6 2131415
Nest of ay Nest of @row
011123 /4/56 011121314156
2 1
2 2
2 3
213 4 3
21314 5 314
2131415 6 31415
Nest of g Nest of adigg
01112314 0112 516
112134 - 1]2 610
21314 011
314 112
4 3 213
314 314
314 415
Nest of 3 Nest of 3;
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0|12 01123 6
112 1 3 0
2 213 1
3 2
3
51601112134 314
6101 31415 3 5
Nest of (9 Nest of Brow
0111213 112 6
1 3 1 0
213 1
3 2
3 3
3 4 1
6101121345 610112131415
Nest of Bea Nest of Bgiag

From inspection of the nests, we find that the following sets have perfect influence:

1. {e, B};

2. {a, a1} {a, ez}, {@, quiag}, {on, 02}, {eu, e}, {02, 0trow }s
3. {8, 8:},{8, B2}, {8, Buiag}, {Br, B} {Br; Beots {B2: Brow};
4. {ar, B} {on, Ba};

5. {a, Brow, Beot}, {3, Ctrows et };

)
6. {arowa Qeol 4 ﬂrow, /860[}'

From these perfect influence sets we have that & ~r Qrow, @ ~ g, and § ~
Brow, B ~ Beot- That is, o is more influential than a,., and oy, etc. In terms
of perfect influence, it means, for example, that given any set A of non-perfect influ-
ence, if oA has perfect influence, then a4 will also have perfect influence. Simi-
larly, if {Qrow, Qcot } U A has perfect influence, then aA will also have perfect influence.

The table below is obtained by replacing each entry in C' with its influence:

29 | 30 | 29
30 | 30
29
29
30 | 30
29 13029
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That is, ‘
8(a) = 8(B) = b(0n) = b(az) = 6(51) = 6(5;) =
9(“7‘010) = 0(0{501) - H(Qdiag) = g(ﬁrow) = (ﬁco!) g(ﬁdzag) = 30.
So
[CZ] = {aaﬁ: al:a27ﬁl7ﬂ2} and [arow] =. {arowvacolaﬁrawy col}~
That is, the index of C is 2.

A secret sharing scheme is a method of dividing a secret S among a set P of partici-
pants in such a way that only authorised subsets of P can reconstruct the secret by
pooling their information. A secret sharing scheme based on a critical set of a latin
square would have each triple associated with the critical set distributed as shares.
If the size of the critical set is ¢ then this is a t-out-of-t scheme. (See for example [1].)

In general the critical sets we have looked at are unions of two triangles of triples,
one in the upper left hand corner, denoted UL, and the other in the lower right hand
corner, denoted RL. In such a case the scheme is compartmentalised, as elements of
both compartments are needed to complete the latin square.

We have seen that some triples have more influence than others. For example in
the above diagram the triple « is more influential than G; and S,. Thus the scheme
is not only compartmentalised, but hierachical as well.

Supposing that # — y. How many finite sequences of the form z ~ z; ~» ... ~»
Zn ~ y are there? What is the length (ie the number of entries in the chain) of
the longest such sequence? How does this length relate to the index of C, if at all?
These and similar questions seem worthy of further investigation.
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