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Abstract
In this paper, we study the a-labeling number G, of a bipartite graph G.

1 Introduction

Unless otherwise stated, all the graphs in this paper are finite and simple.

For terms and notation used in this paper we refer to the textbook by Bondy and

Murty [1]. Given a graph G with |E(G)| = ¢, an injective function f : V(G) —

{0,1,2, ..., q} is a (-labeling of G provided that the values | f(u)— f(v)] for the ¢ pairs

of adjacent vertices u and v are distinct. A (-labeling is also known as a graceful
- labeling.

If f is a B-labeling of G and there exists an integer A so that for each edge
uwv € E(G) either f(u) < A< f(v)or f(v) < A< f(u), then f is called an a-labeling
of G. It is not difficult to see that only a bipartite graph can receive an a-labeling.
But, not all bipartite graphs have an o-labeling {7]. As a matter of fact, to determine
whether a bipartite graph has an a-labeling is extremely difficult. This can be seen
from the following well-known conjecture.

Conjecture 1.[8] Every tree has a graceful labeling.

In [9], Snevily introduced the following notion. G is said to eventually have an
a-labeling provided that there exists a graph H which has an a-labeling and H can
be decomposed into copies of G. Such a graph H is called a ‘host’ graph of G, we
also say G divides H, denoted by G|H. If G eventually has an o-labeling, then we
let G, = min{¢: there exists a host graph H of G with |[E(H)| =t-|E(G)|} and call
G, the a-labeling number of G. Otherwise, we let G, = +00. As an example, the
n-cube @, can be decomposed into 2"~ copies of any tree T' with n edges [3] and
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@n has an a-labeling [5], thus a tree T eventually has an a-labeling and 7, < 271
As to a general bipartite graph G, it was conjectured by Snively [9] that G, < +oo.
Recently, the conjecture was proved by El-Zanati et al.

Theorem 1.1.[2] If G is a bipartite graph, then G, is finite.

The upper bound obtained in the proof Theorem 1.1 is huge (around (¢?!)? for
a graph with ¢ edges!). In order to obtain smaller a-labeling number of a bipartite
graph other techniques are needed.

In this paper, we mainly introduce a labeling technique to directly decompose a
complete bipartite graph into copies of a bipartite graph. And then we obtain smaller
upper bounds of a-labeling numbers for some classes of bipartite graphs. Finally,
we also give a pretty small upper bound of a-labeling number for a special class of
bipartite graphs by a new method.

2 The main results

Throughout of this paper, we shall use the complete bipartite graph K,,, as
the host graph. Therefore we need the following well-known Theorem.

Theorem 2.1.[7] K, has an a-labeling.

Now, if K,,, can be decomposed into copies of G, then we have G, < %
For example, the following result shows a class of regular bipartite graphs with small

a-labeling number.

Theorem 2.2.[4] Let G be a 3-regular bipartite graph on 4m vertices such that no
component of G is the Heawood graph. Then Kegpem can be decomposed into 6m
copies of G. Thus G, < 6m.

Before we consider a more general class of bipartite graphs, we need a definition.
Let G = (U, V) be a bipartite graph such that U = {uy, uy, ..., u, } and degg(u;) = d;
for 1 <1i <r. A partial S-labeling f of G on V is an injection from V into N such
that {f(v)(mod d;) | v € Ne(us)} = {0,1,2,...,d; — 1} for each 1 < i < r. Figure
2.1 is an example. For convenience, we will take ¢ to replace the element 0 in Z, for
each positive integer ¢ throughout this paper.
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Figure 2.1

Theorem 2.3. Let G = (U, V) be a bipartite graph with n edges and let G contain
a partial B-labeling f on V. Then for each positive integer m satisfying that m >
maz{f(v) | v € V} and Le.m.{deggs(v) | v € U}|m, Ko m can be decomposed into m
copies of G.

Proof. Let U = {uj,us,...,u;} and degqs(u;) = d; for convenience. For 1 < i < ¢,
let S; = {ui1,uia, ., g} and V' = {1,2,..,m}. By letting U = Ui, S; and
connecting each vertex of U’ to each vertex of V', we obtain a complete bipartite
graph G' = (U', V') 2 K, ;. Now we are ready to decompose K, », into m copies of
G.

For j = 1,2,...,m, let G; = (U;, V) be a bipartite graph defined as follows:

(1) Uj = {uij (moaay|1<i<th
(i) V; = {(f(v) + j)(mod m) | v € V}; and

(iii) E; is the set of edges joining u;; (modq;) and (f(v) + j)(mod m) for each
v E NG'(U,;), 1 =1,2,...,t

By definition, it is not difficult to see that G; = G for each j = 1,2,...,m. It is
left to show that Gy, Gj, ..., Gy, form a decomposition of K, ,, i.e., for each pair of
distinct ¢ and j, 1 < ¢, < m, E;NE; = 0. Suppose not. Let uxgzy € E;N E;. Then
z =1 = j(mod di) and there exist two distinct vertices vy and vy in N(ug) such that
f(v1)+i = f(v2)+j = y(mod m). This implies that f(v;)— f(ve) = j—i = 0(mod dy)
since di|m. Hence, by the reason that f is a partial 8-labeling on V, v; = v,. This
is a contradiction and we conclude the proof. B

We note here that {deg;(u) | u € U} (in Theorem 2.3) is a partition of n , and
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its l.c.m. is bounded by Landau’s function g(n) which is the maximum order of an
element of the symmetric group S,. The function g(n) is a well-studied function in
number theory. It was proved by Landau (see [6]) that log g(n) ~ /nlogn. Hence,
for a bipartite graph G = (U, V) with n edges, if it contains a patial S-labeling f
on V and f(v) < O(g(n)) for each vertex v € V, then G, has an upper bound
eOVnlogn) - For example (see Figure 2.2), if G = (U,V) and each vertex of U is
adjacent to consecutive vertices (ordered) in V, then G has a partial S-labeling f on
V and max{f(v) | v € V} = |V|. Thus, the following result is obvious.

1 2 3 4 5 6 7

Figure 2.2

Proposition 2.4. Let G = (U,V) be a bipartite graph with n edges such that the
order of the vertices of V' is fized and each vertex of U is joined to consecutive ver-

tices of V.. Then G, < P/ nlogn),

In [9], Snevily pointed out that if T' is a tree with n edges, then by the fact that
an n-cube @, has an a-labeling and Q, can be decomposed into 2"~! copies of T'
we have T, < 2°l. But, this upper bound is too big and Snevily believes that
T, < n. In what follows, we first claim that for each tree T there exists a good
partial B-labeling, and then find a better upper bound for T,.

Proposition 2.5. Let T be a tree with n edges, then T, < eOly/nlogn)

Proof. Since T is a bipartite graph, let T = (U, V) and U = {us, up, ..., us}. Further-
more, let degy(u;) = d;, § = 1,2, ..., s. Now, define a collection of ascending subtrees
of T recursively. Let T} be the subtree induced by Nr[uq], where Ny[uy] is the union
of {u;} and Nz(u;) the set of vertices which are adjacent to u;. Let T;;, be the sub-
tree induced by V(T;) U Nrfu;1], ¢ = 1,2, ..., s — 1. Note that |V(T3) N Np[uig]| =1
for each i =1,2,...,5 — 1. Let these common vertices be denoted by v;,vs, ..., Us—1.
By the idea of Theorem 2.3, it suffices to obtain a partial S-labeling on V, and
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the labeling f can be obtained recursively by the following steps:
(i) Use the elements in {1,2,...,d;} to label the vertices in Np(u;).

(i) For i = 1,2,...,58 — 1, use the elements in {S%_,dp +1 | ! = 1,2,...,d;y; and
Y1 di+ 1% f(u;)(mod diy1)} to label the vertices in Np(uiq)\{vi}.

Now, it is not difficult to check that f is a partial S-labeling on V and the max-
imum label we use is at most }>;_; d; = |E(T)| = n. This concludes the proof. &

Note that e?VmI8") is far less than 2"~! when n is sufficiently large, since
ec;(«/nlogn)

T 0 where ¢; is a positive constant. Actually, for some classes of

limy o0

trees, the upper bounds are pretty small. For example, let T = (U, V) be a tree with
n edges. If the degrees of vertices in U are the same, then T,, < O(n).

Finally, we will show a class of bipartite graphs with smaller a-labeling number
by a new technique.

Proposition 2.6. Let G = (A, B) be a bipartite graph. Suppose A can be partitioned
into v subsets Ay, Ay, ..., Ay such that for 1 < ¢ < r, the subgraph of G induced by
Gi = (Ai, B) is a star forest which spans B. Then Go < maz{|A;|,|4z], ..., |A,]}.

Proof. Let ¢g= max{|Ai], |A2],...,|4;|}. First, we claim that K, p| can be decom-
posed into ¢ copies of G; for each 1 < ¢ < r. Given some k, 1 < k < 7, let
A = {a1,0,...,a,} and B = {by,by,...,b;} where |Az| = s and |B| = t. We also
let G = (U,V) such that U = {uy, us, ..., ug}, V = {v1,vs,..., %} and wv; € E(G)
for1 <i<gand1<j <t Cleary, G = Kgp. Now let G' = (UL, V) be a
subgraph of G for each 1 < I < ¢ such that |U' = {w4i-1 (modgq) | ¢ = 1,2, ..., 5}
and Utio1 (mod ¥ € E(G') ifand only if a;b; € E(Gy) for 1 <i<sand1<j <t
Therefore, G' = Gy. Furthermore, Ky p can be decomposed into G',G?, ..., GY.
Now, we first decompose K,,p| into G1, Gy, ..., G, such that G; = K, g for1 <i < r.
Then K4 p can be decomposed into ¢ copies of G by choosing a copy of G; in each
G; and we have the proof. §

As a special case of Proposition 2.6, we prove that for the class of star forests
with n edges and no isolated vertices, the upper bound of the a-labeling number
is not greater than n. In fact, we can prove the upper bound is two by a simple
observation. Since any two isomorphic star forests with no isolated vertices can be
combined to a caterpillar which has an a-labeling.
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