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Abstract: It is shown here that the necessary conditions for the
existence of MGD[4, A m, n] for A> 2 are sufficient with the
exception of MGD[4, 3, 6,23].

1. Introduction

We assume that the reader is familiar with the basic concepts of
design theory such as pairwise balanced designs (PBD), group
divisible designs (GDD), transversal designs (TD), Latin squares,
resolvable designs etc. For the definitions of these
combinatorial designs see [3]. We shall adopt the following
notation: PBD(v, K, 1) stands for a pairwise balanced design on v
points, of index unity, and blocks size from K, if K = {k} the PBD
is called balanced incomplete block design, Blv, k, 1]; a (k, )-GDD

of type 12,20 3c.. denotes a group divisible design with block
size k, index A, and a groups of size 1, b groups of size 2, etc. A

(k, 1)-GDD of type m* is called a transversal design, TD{k, 1, m].

Definition Modified group divisible design, MGD[k, A , m, n], is a
pair (X,B) where X = { (x;, y5)/ 0 <ism - 1,0<j<n-1}is a set
of order mn and B is a collection of k-subsets of X satisfying the
following conditions:

1) every pair of points (X, yﬁ) and (X5, yjz) of X is contained in
exactly A blocks where iy #i, and jy # jo.

2) the pair of points (X, ¥;1) and (X;p, Yjo) With iy =iy orjy =jo
is not contained in any block.

The subsets {(x; yj)/ O<i<m-1} where 0 <j<n -1 are called

groups and the subsets {(x;, y;)/ 0 <jsn-1}where0si<m-1
are called rows.
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Lemma 1.1 [1] The necessary conditions for the existence of
MGDIk, A, m, n] are that m, n 2k, A((mn + 1 - m - n) =0 (mod k - 1)
and Aamn(mn + 1 - m - n) = 0 (mod k(k - 1)).

In [1] it is proved that the necessary conditions are sufficient
when k = 3. However, these conditions are not sufficient when k
= 4. A counter example is that MGD[4, 1, 6, 24] does not exist
because there do not exist two MOLS of order 6. In the case k = 4
and A = 1 we have the following:

Lemma 1.2 [2] If m, n = 6 then MGD[4, 1, m, n] exists if (n - 1)(m
- 1) = 0 (mod 3) with the possible exceptions of (m, n) e E=
{(8,10) (10,15) (1,18) (10,23) (19,11) (19,12) (19,14) (19,15)
(19,18) (19,23)}. Furthermore, there exists a MGD[4, 1, 6, n] for
n=7 10, 19.

The following simple but useful lemma comes from the definiton
of MGD.

Lemma 1.3 A MGD[k, A, m, n] exists iff a MGD[k, A, n, m] exists.

In this paper we are interested in MGD[4, A, m, n, A 22 and m, n 2
4. We shall prove the following.

Theorem 1.1 LetA =2, m, n2> 4 be positive integers. Then the
necessary conditions for the existence of MGD[4, A, m, n] are
sufficient with the possible exception of (m,nA) = (6,23,3).

Finally, we close this section with the following remarks about
notations and constructions used in the paper:

1) Hy={hy hy  h,}and C, = {c{.Cy, ..., C,} are n-sets of points;
these points understood to be distinct from any other point in

the design being constructed.

2) When the design is not additive, we identify Z x Z with Z , to

avoid a long table of blocks. Furthermore, to find out the
permutation one needs to list the blocks and in each step we list
the point of H, which is missing, this list is our permutation.
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3) If o is a permutation on H, then by {hy;} we mean the
elements of H_ under powers of o, e.g. if a = (hyhshihs) then hyyy e
(hyhyhyhg).

2. Recursive Constructions

We begin this section with a well known recursive construction,
see for example [2].

Lemma 2.1 If there exists a PBD(n, K, A) and for every k € K there
exists a MGDIr, u, m, k] then there exists a MGD[r, Ay, m, n].

Proof On n groups of order m construct a PMD(n, K, 1) then on
each block of order k, where the points of the block are the
groups of order m, we construct a MGD[r, u, m, k].

The application of the above lemma requires the existence of
PBD. Asin[2]let K ={v: ve PBD({4,5,6,7,9}, 1)}, that is, K is the
set of all v's such that there exists a PBDlv, {4,5,6,7,9}, 1]. Then
we have the following result.

Lemma 2.2 [2] Letv > 4 be an integer and veA= {8,10,11,12,
14,15, 18, 19,23}). Then v € K.

Lemma 2.3 [5] LetA>0andv > 4 be positive integers. Then if
Mv - 1) =0 (mod 3) and Av(v - 1) = 0 (mod 12) then there exists a
Blv, 4, AL

The following lemma is also very useful

Lemma 24 letv>4,ve (610,11} be an integer. Then v e
PBD({4,7}, 3).

Proof By Lemma 2.2 if ve A then v e PBD({4,56,7,9}, 1). Further,
by Lemma 2.3 if v =0 or 1 (mod 4) then then v e PBD({4,7}, 3).
This leaves v = 14,15,18,19,23.

For v = 15 there exists a B[15,7,3] [5].

Forv =14 let X = Z,, and let o be the permutatlon a={01.6)78
...13) then take the distinct images of the following blocks under
powers of o
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<0 123456 > (orbit lengh one) <0111 13><0789><07 8 11>
<0137><021012><039 12>.

Forv =18 let X = Z,g and let a = (0 1...8)(9 10...17). Then take the
distinct images of the following blocks under powers of «o
<013791316><01311><01510><01112 14>

<0 12 16 17> <0 13 14 16>.

Forv=19 let X = Z,5 U {a} and let o = (0 1...8)(9 10 ... 17). Then
take the distinct images of the following base blocks under
powers of o
<01491116a><02410><01413><0139><01011 14>
<0 11 13 14> <0 12 13 16>.

For v = 23 let X = Z,4 then take the following blocks mod 23

<012471216> <014 17> <02 9 15>,
3. MGD with Index Even

in the case A = 2, 4 the necessary conditions for the existence of
MGD[4,%, m, n] are (m - 1)(n - 1) =0 (mod 3}, m, n 2 4. In the case
A = 6 the necessary condition is m, n 2 4.

Lemma 3.1 Letm,n>4, (m - 1)(n - 1) = 0 (mod 3) be positive
integers then there exists a MGD[4, A, m, n] for A = 2, 4.

Proof We prove the lemma for A = 2 then A = 4 is obtained by
taking two copies of a MGD[4, 2, m, n].

We first construct a MGD[4, 2, 6, n] for every n, n =1 (med 3).
But if n =1 or 4 (mod 12) then n ¢ PBD({{4}, 1) and if n=7 or 10
(mod 12) n # 10, 19 then n € PBD({4,7}, 1) [4]. Applying Lemma
2.1, we only need to construct a MGD[4, 2, 6, n] for n =4, 7, 10,
19. Forn = 7,10,19 the result is given in Lemma 1.2. For n = 4
let X = z,, . Groups are the integers which are equal modulo 4 in
Z,, and rows are {i, i+3, i+6, i+9}, i = 0,1,2 together with {j, j+3,
j+6, j+9}, j = 12,13,14. Let o be the permutation o= (0 1 ... 11)
(12 ... 23). Then the required blocks are the distinct images of
the following base blocks under powers of a.

<02713> <0 1314 15> <0219 21> <01 1522> <01 18 23>.
For all other values of m, n >4, m, n # 6, apply Lemma 2.1 with K
={4}, A=2,r=4,p =1 and k = 4. Notice that a MGD[4, 1, m, 4]
exists for all m 24, m# 6, Lemma 1.2.
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Lemma 3.2 Letm, n> 4 be positive integers, then there exists a
MGD[4, 6, m, n]. V

Proof Again we treat the case n = 6 separately. In this case if m
>4, m# 6 then the result follows from Lemma 2.1 with n = 6, K =
{4}, A=6,k=r=4,and u = 1. So we only need to construct a
MGDI4, 6, 6, 6] instead we take two copies of a MGD[4, 3, 6, 6]
which can be constructed as follows: X = Z35 U Hg. Let o be the
permutation o = (0 1 ... 14)(15 ... 29)(hzh,h,) (hghshy) . Groups
are {i, i+5, i+10, ..., i+25}, i = 0,....,4, together with H,. Rows

are {i, +3, ..., #12, hyq.qy}, i = 0,1,2 together with {j+15, j+

18, ..., j+27, hyjuay) § = 0,1,2. Then the blocks are the distinct
images of the following base blocks under powers of a.

<0 12 hg> <0417 hg> <0 7 21 hg> <2 18 26 hg> <2 20 24 hg >

<15 16 17 hy> <2 25 29 h,> <0 19 26 hy> <0 8 21 hy> <0 11 18 hy>
<0117 18> <0 2 16 24> <0 2 26 28> <0 7 19 21> <0 4 23 27>

For all other values of m, n > 4, m, n # 6 notice that m € PBD({4},
8) and a MGDJ 4, 1, 4, n] exists for all n 24, m, n # 6 so apply
Lemma 2.1 to get the results.

Corollary 3.1 Let A > 0 be an even integer, then the necessary
conditions for the existence of a MGD[4, A, m, n] are sufficient.

Proof Let A = 6s + t where t = 0, 2, 4 then a MGD[ 4, A, m, n} is
constructed by taking s copies of a MGD[ 4, A, m, n] with one copy
of a MGD[ 4, t, m, n].

4 MGD with Index Odd

In this section first we treat the cases A =3, 5. By Lemma 1.1
the necessary condition for the case A = 3 is m, n > 4. Again we
treat the case m = 6 separately.

Lemma 4.1 There exists a MGD[ 4, 3, 6, n] for all integers n 2 4
with the possible exception of (m,n) = (6,23).

Proof Fornz4,ne {8,10,11,12,14,15,18,19,23} then by Lemma
2.2 there exist a PBD (n, {4,5,6,7,9} ,1). Apply Lemma 2.1 we only
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need to construct a MGD[4, 3, 6, n] for n {4,5,6,7,8,9,10,11,12,
14,15,18,19,23}

Forn=4let X = Z,, U H,. Let a be the permutation a = (0 1 ... 4)
(56 ... 9)(10 11 ... 14)(15 16 ... 19). Groups are integers which are
equal modulo 5 in Z,, togother with H,. Rows are {0, 1,.., 4, hy} U
{5, 6, ..., 9, hy} U {10, 11,.... 14, hg} U {15, 16,..., 19, h,}. Then the
blocks are:

1) On Z,, construct a MGD[4, 1, 4, 5].

2) Furthermore, take the following blocks under powers of a
<061218> <0714 16> <08 11 hy> <09 13 hy> <06 12 hg>
<0819 hy,> <0917 hy,> <07 19 hy> <0 13 16 hy> <0 14 18 hy>
<011 17 hy> <512 19 hy> <513 16 hp> <5 14 18 hy>.

Forn =5 let X = z,,, rows consists of points which are equal
modulo 5 and columns consists of points which are equal modulo
6. For blocks take the following base blocks under the action of
the group Zs4:

<0123> <02916> <037 16> <03 1122> <048 17>.

For n = 6 the results is given in Lemma 3.2.
For n = 7,10,19 the result follows from Lemma 1.2.

For n = 8 let X = Z,, UH,, and o be the permutation o = (0 ... 41)
(hy hy ... hg), rows { /, i+6, ..., i+36, ha(m)}r i=0, .. 5, groups

{i, +7, ..., j+35} UHg, j = 0, ..., 6 and the blocks are the distinct
images, of the following base blocks under powers of o

<0 2 25 hg> <0 3 4 hg> <24 26 34 hg> <15 20 31 hg> <1 21 34 hg>
<0125><031625><04 15 26> <0 5 13 32> <0 8 17 27>.

Forn=9letX =2z, UH,. Leta be the permutation a = (0 ... 44)
(hyhshsh,hghyhyhghg). Rows are {i, i+9,...,i+36, hgi.qnb 1= 0,
..., 8. Groups are {i, i+5, ..., i+40}, i = 0, ..., 4, together with Hy.
Then the blocks are the distinct images of the following base
blocks under powers of a.

<142031 h; > <158h,> <561233h;> <11534h,>

<1 1329 h, ><4 6 12h,> <2 2526 h;><31635h,>
<01314> <014 26> <0 28 16> <0 4 11 33>.

Forn =11 let X = Zg, o = (0, ..., 32 )(33, ..., 65 ). Groups are the
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integers which are equal modulo 11 and rows are {i, i+3, ...,
i+30}, i = 0,1,2 together with {j, j+3 ... , j+30}, j = 33,34,35.
The blocks are the distinct images of the following base blocks
under powers of o

<0 15 65> <0 38 43 57> <0 2 10 61> <0 34 35 39> <0 4 14 45>

<0 36 50 52> <0 13 14 62> <0 37 47 63> <0 2 16 58> <0 40 53 60>
<0 5 34 42> <0 7 46 54> <0 13 56 58> <0 16 35 36> <0 8 49 59>
<0 2 48 65> <0 7 57 61> <0 1 35 37> <0 4 43 53> <0 5 46 59>

<0 7 47 52> <0 8 38 64> <0 10 60 61> <0 13 38 42><0 16 40 48>.

Forn =12 let X = Z, UH, Rows are { J, i+6, ..., i+60 hg, 1)}
i=0, .. 5and groups { i, i+11, ..., #565} UH,4 ,i= 0, ..., 10.
Let o be the permutation o= (0 ... 65) (hg hg ... hy). Then the

blocks are the distinct images of the following base blocks under
powers of o.

<0 17 46 h> <0 1550 h> <0 34 62 h> <3 528 hg> <5 15 62 hg>
<0 138> <04 2039> <08 2153><09 23 49> <0 10 25 39>
<0125> <03849> <07 14 35> <0 9 28 43> <0 10 26 39>.

Forn=14let X = Zg, U H, U Cy5 U {} and a be the permutation o
= (0 ... 64) (C{€gC4C12C7C»C15C5C13CaC11CsC3) (h1 h3 hs hy hy).
Groups are {i, i+13, ..., i+52, ca(m)}, i =0, ..,12 together with Hg
U {=}. Rows are {i, i+5,..., i+60, ha(m)}, i = 0,.., 4 together with
Cy3 U {e}. Then the blocks are

) {<0 331 o> <331 34 00> <1 34 200> <34 2 35 0><2 353 >} +
5i, ie Zy;.

I) Take the distinct images of the following base blocks under

powers of a:
<8911 ¢;> <81219¢;> <192547¢cy> <111942¢>

<18 27 54 ¢,>..<10 22 41 ¢,;> <2 1640 ¢;> <9 2546 ¢,>

<20 37 56 ¢;> <523 46c,;> <416c,h> <462¢Chy>

<118 C;h> <34652h,><32447h;><0139> <0218 46>
<037 11> <092347> <0 1229 43>,

For n = 15,19 the result follows from Lemmas 2.1,2.4 and Lemma
1.2.

Forn = 18 let X = 755 U Hs U C;; U {=} and let the permutation be
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a=(01..84) (hyhyhyhghg)

(€4CgC15C5C12CoCoC16C6C13C3C10C17C7C14C4C11)- Rows are {i, i+5, ...,
i+80, Nyipny b 1 =0, .. 4, together with ¢, U {=~}. Groups are

{i, i+17, ..., i+68, Coz(m)}’ i =0, ..., 16, together with Hg U {eo}.

Blocks are the following:

1) {<0 32 64 o> <32 64 11 «o> <64 11 43 > <11 43 75 o>

<43 75 22 >} + 5i, i€Z4,.

IlTake the distinct images of the following base blocks under

powers of o

<246 cih> <244c,h> <913c¢;hy> <24133h,>

<32659h,> <52362¢c,> <1238¢y> <1364c>

<4756 c,> <1012 16¢c,> <81524 ¢cy> <61443cy>

<14 25 52 ¢c,> <1224 38c¢y> <3 1647 ¢;> <113254cy>

<1033 57 ¢,> <26 4539 c;> <154231¢c;> <0119 28>

<0137> <031129> <07 3143> <0922 66>
<0 12 26 64> <0 14 37 53>.

Theorem 4.1 Letm, n > 4 be integers, then there exists a MGD[4,
3, m, n] with the possible exception of (m,n) = (6,23).

Proof By Lemma 2.4 if m = 6,10,11 then m e PBD({4,7}, 3). Apply
Lemma 2.1, we only need to construct a MGD[4, 3, m, n] for m €
{4,6,7,10,11}, n > 4. The case m = 4 follows from Lemma 1.2

with the exception of MGD[4, 3, 4, 8] which follows from Lemma
4.1. The case m = 7,10 follows from Lemma 1.2 with the possible
exceptions of (m,n) = (10,8) (10,15) (10,18) (10,23). But if n =
8,15,18,23 then n € PBD({4,7}, 3), Lemma 2.4. Now apply Lemma
2.1 to get the result. The case m = 6 was treated in Lemma 4.1.
The case m = 11, again by Lemma 2.4 and Lemma 2.1 we only need
to construct a MGD[4, 3, 11, n] for n = 4,6,7,10,11. For n = 6 see
Lemma 4.1 and for n = 4,7,10 see Lemma 1.2.

Forn=11let X =2,,, U Hy;and let let o be the permutation o =
(0 ... 54)(55...109) (h;; hgh, hshyh; hyjghghghy hy) Rows
are {i, +11, ..., +99, hgy.q) Li=0,1, .. 11. Groups are

{i, i+5, ... , i+50} U {j, j+5, ... , j#50} UH,,, i =0, ..., 4] =55, ...,
59.

Take the distinct images of the following base blocks under
powers of o:
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<0431 h,;;> <0826h;;> <0724h,;> <11042hy,>

<55 64 78 h,;;> <546382h,;> <576998h,;;> <596293h,,>
<31999 h,,> <56586h,,> <32493h,;,> <55875hy;>

<1 2068 hy,> <106381h;;> <51878h,;;> <857 106 h;,>
<1024 69 h,;> <75663h;;> <3495h,;,> <15976h,,>

<0 2326> <55567482> <011858> <0 6163 84>

<0 6 19 56> <0 57 59 95> <0 12 39 57> <0 56 59 63>

<0267 109> <0389 105> <047682> <066885>

<0 7 87 103> <0 8 100 101> <09 93 106> <0 12 61 62>

<0 179 108> <0 2 78 84> <0 4 74 102> <0 6 60 102> <0 7 71 89>
<0 88395> <098189> <01275106> <0 13 85 94>

<0 14 97 101> <0 16 74 86> <0 17 69 85> <0 18 86 109>

<0 19 65 67> <0 21 90 94> <0 23 97 106> <0 26 61 64>

<0 27 91 98> <0 3 65 79>.

Corollary 4.1 Let A= 3(mod 6) be a positive integer. Then there
exists a MGD[4, A, m, n] for all m, n 2 4 with the possible
exception of (m, n, &) = (6,23,3).

Proof For a MGD[4, 9, 6, 23], we have shown that 23 € PBD({4,7},
3). Now apply Lemma 2.1 with r = 4 and p=2 = 3 to get the result.
For all other values of m, n and A= 3(mod 6 ) write A = 6r + 3
then the blocks of a MGD[4, A, m, n] are obtained by taking r
copies of a MGD[4, 6, m, n] with one copy of a MGD[4, 3, m, n].

The necessary conditions for A =5 are the same as A = 1.

Theorem 4.2 Letm, n> 4 then a MGD[4, 5, m, n] exists for all
(m — 1)(n — 1) = 0(mod 3).

Proof In this case a MGD[4, 5, m, n] is obtained by taking a
MGDI[4, 2, m, n] and a MGD[4, 3, m, n].

Corollary 4.2 Letm,n>4and L= 1 or 5(mod 6), A > 2 be positive
integers. Then there exists a MGD[4, A, m, n] for all (m -1)(n -1)
= 0 (mod 3).

5. Result ~
Combining Corollary 3.1, Corollary 4.1 and Corollary 4.2 gives the
proof of Theorem 1.1.
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