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Abstract 

computer search method for C01[lc(ttenatll~tg or "multiply­
A 11 multiplications by 

The COInDut(~r-SecLrcl method is 
a of new results. The results and equiva-

discussed and some and numerical consequences 

The definition of the autocorrelation function is as follows. 

Definition 1 
Let 

(3) 

Autocorrelation 
, ... , ••• , •.• , {;D ml,"" a:;mn}} be a family of m 

1, 0 and -1 and 
denoted 

n. The nonpcriodic autocorrelation 
N x, is a function defined by 

where can range from 1 to n l. 

Definition 2 The weight w()C) of a scqucncc is defined as the total number of 
non-zero dements in The wcight w(X) of a fOTnily of scqucnccs X is defined as 
'w(X) 
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It is well known for example [9] or [11]) that the sum of the squares of the row 
surns of St'quences with zero nonperiodic autocorrelation function must add to the 
total That is, 

Example 1 (We 
Consider the Tep 

We havp 

= w(X). (1) 

'+' and 1 by 

A + + + +0 0 + + +, 
B + + + - +0 + 0 - + -

= 42 + 22 20 = w(A, B). 

with the properties mentioned above can be used for constructing weighing 
also Section 5). A weighing matrix is defined as follows. 

Definition 3 A weighing matrix W = Wen, k) a square matrix with entries 
(). ± 1 havillg k non-zero entries per row and column and inner product of distinct 
rows zero. Hence W satisfies vVvVT kIn. The number k is called the weight of 
W. A W(n,n), for n O(mod 1 or 2, whose entries are ±1 only is called an 
lIadaTII.ard matrix. A W(n,n 1) for n O(mod 4) is equivalent to an orthogonal 

OD(n; 1, n - 1) and skew-Hadamard matrix or order n. 

There are number of f'r""c,.",.." concerning '''-''l''.a",u.", matrices: 

Conjecture 1 (Weighing Matrix Conjecture) There exists a weighing matrix 
l1(4I, k) for k E {I, ... ,4t}. 

Conjecture 2 (Skew Weighing Matrix Conjecture) When n 4( mod 8)) there 
crist a skew-weighing matrix (also written as an OD(n; 1, k)) when k :::; n - 1) k 
al. + bC + (2, a, b, c integers that n - 2 must be the sum of two squares. 

Conjecture 3 When n O( mod 8)) there exist a skew-weighing matrix (also writ-
ten as an OD(n; l,k)) for all k:::; n-1. 

I I i (wherrv and Zhang [12] weighing matrices of order 4t and weight 2t are discussed 
and are found to exist for all orders less than 4000 for which Hadamard matrices 
an' known. 

FlIl'tlwI'more, sequences with zero (non)periodic autocorrelation function are of the 
interest in different research areas. For example: 

• Communications Theory (sending a signal to a remote object and overlapping 
it with the signal reflected to measure the distance); 
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versions of them-

It ( 

fll CumbinaJorics 
rdated to 
f~nct' block 

and 

differ-

Two 
function 

G and H with entries 1, and zero autocorrdatiol1 
called bina1'Y complementary pair 

for [2] and [11]) arid art' 
known n = , (1~ b, c O. Tbe first lmrc'solved C;:\,SCs 

are now n 22. Two sequences M and N with elltries 1 ~ 0 and 
and zero autocorrelation function called a ternaTY complementary 

(Tep). A Tep is a of BCP. [6] and and all 
OVfcIview Oll the (~xistellc(, of Tep's with minimal number of ZcfOS. 

autocorrelatioll function are hard to find, Slllce 
of candidate sequences eXpC)Il(~IH,lal 111 n. 

Then' are difff'rent mf'thods to obta,in sequences 
) shorter sequences. Standard constructions and theorems 

[6]). Another is to a rr\1"Yln,ll;''''''_,C/'''' 

number and a particular weight, this is described in 
this paper. 

Notation 1 Given two binary or ternary sequences S 82, ... , T {tt, 
t 2 , ... ,of nand m we shall use ,13 for the sequence S ~'~M~'HJ" 
and 8* for the sequence 5' reversed. That 

g 

S* 

81' denot(~s the sequence l' onto Sand (for rn n) rneans the 
sequence l' is interleaved into the sequence S. That is, 

S1' {81, ... ,3n ,t1 , ... , 

{31, t l , 82, t 2 , . .. , 8 n, tn}. 

It be shown that and/ or one or more sequences does not affect 
the (non)periodic autocorrelation function. Therefore, if B is a TCP then, for 
example, A*, l3 is a TCP as well. The two TCP's Band A*, l3 are said to be 
equivalent. 
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2 Multiplication of Sequences "by Hand" 

A trivial is the multiplication by It can easily be carried out by 
hand. Given a TCP A, B of length n, one way to multiply by 2 is to let 

X A B, 
Y A B. 

N ow X and Y a TCP of length 2n. 

In order to prove that X and Y is a TCP, we have to show that NX(8) + NY(8) = 
0, 8 1, .. , 2n 1. We 

and 

aiai+s + 
aiai+s -

(8) } 
liT ( ) b 8 n, . . , 2n - 1. 
iVy 8 ai s-n+i, 

Therefore, N x ($) + Ny ($) 2NA(8) +2NB(8), 8 1, ... , n-1 and N X(8) + (.s) 
0, otherwise. Since NA(s) + NB(8) = 0, s 1, . ,n 1, Nx(s) + Ny(s) 0, 
1, .. ,n 1. Hence, N x (8) + Ny (8) = 0, = 1, ... ,2n - 1. 

Observe the way we preserved zero nonperiodic autocorrelation. We have zero non­
periodic autocorrelation because we put the same number of A's and B's into X and 
Y, and because in X A is shifted into B and in Y A is shifted into Therefore, if 
we multiply a TCP A and B of length n by longer lengths m, we basically have 
to take care about two conditions: 

(i) the number of A's and B's has to be the same in the new sequences; and 

(ii) we have to make sure that the mixed terms, obtained when shifting different 
sequences into each other, add to zero. 

Note that in tlle above example interleaving can be applied to form another TCP 
X2 and Y2 • We let 

X 2 AI B, 

Y2 AlB 

and observe that X 2 , Y2 have zero nonperiodic autocorrelation function. The proof 
works similar as above. 

Definition 4 (Crosscorrelation) The cro.sscorrelaiion of two sequences A and B 
is defined by: 

2:i=l an-s+ibi, 
2:7~ls aibs-n+i 

° 
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s=l, ... ,n, 
s = n + 1, ... , 2n - 1, 

otherwise. 



Note that ITWallS "the sequence A shifted illto the sequence 8" and (s) 
means sequence B is shifted into the sequence, 1". 

O. and 

That when the 
shifted into tlw sequence 

terms from the crosscurrelations from the 
and the sequence A shifted illto the sequence 

Huwev(~r. the A into the seqltt'ilCe Band tlw sequenc<' 
into the term:- which add to zero. 

Condition (ii) above can now be f('form1l1at(~d: the fTosscorrelations to add to 
zero for 1.. ; mn - 1. have to check that the crosscorrelatiuns 
an' zero for 1, n + 1, + 1 J (mel we can then conclude that 
the crosscorrdations are ,mn L 

This furmalisnl and to 
and to lrnni,orrll·'n on 

s(~arch(cs for values of rn. 

Note that these rules do not for Tep's. For 
sfcquences 

AC 00 B*O, 
Y liD 

00 OD*, 
IV 00 

o and 00 are seqU<:l1CCS of zeros of different 

hand" for and 
and carry out exhaustive 

[9] starts with four 
autocorrelation function to 

Now Z <I.nd vV are sequences with zero autocorrelation function. 
Observe that the basic rules for in the same ma.nner as above. However, 
there are some additional rules when reversed sequences into other sequences. 
One of these rules is for example: 

That the sequence A into the sequence B IS the same as shifting the 
sequence B reversed into the sequence A reversed. 

Another way of multiplying, given a TCP B of length n with zeros in the same 
positions, is to let P = HA + 8) and Q = (A - Note that P and Q is now 
a TCP as welL B, P and Q have then to be concatenated appropriately. For 
example, we let 

x P A Q, 
Y P B Q. 
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If we shift by 1, ... , n, we have 

Np(s) + Np(s) + 
+ 

Tlw first 
Therefore, 

terms add to zero because A, Bi P, Q; and P, Q are all TCP's. 

+ 
which we rewrite as 

(s) + (s) 

These terms add to zero by "cancelling each other out" 

If we shift by s n + 1, ... , we have 

+ NAQ(s) + NPB(s) + NBQ(s) + 

- n) + NpQ(s n). 

the first four terms again add to zero. Similarly, the last two terms add to 
zero. 

if we shift by s 2n + 1, . ,3n 1, we get 

Nx(s) + Ny(s) NpQ(s - n) + - n), 

which of course is zero again. 

Therefore, 
:3n. 

(8) +Ny(s) = 0, s = 1, ... ,3n-l, and so X and Y is a TCP oflength 

Tlw general rules are quite simple and straightforward to implement. 

3 Multiplication of Sequences on the Computer 

Preliminary conditions: 

V'le start with a TCP A, B of length n with zeros in the same positions. We let 
f! 1 (A + B) and Q = ~(A - B). Observe that P and Q have zero nonperiodic 
aUhcorrc1ation function and w(P, Q) = ~w(A, B). We try to find longer TCP's X 
and Y by concatenating A, B, P and Q appropriately. 

There are two important parameters for the computer-search: 
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1. The number rn with which we the ,,,,,,,,roc' and 

2. the number with which we w(A, 11). 

We. also define: 

a :1:: 

where ai, Oi, Xi and Yi are the individual elements of the sequences .4, 8. X and Y 

Equation (1) says that: 

+ 

We can write :r + and Y 
because X and Yare concatenations 

qi - b). 

+ 

Hence, 

1 

2 

4 

+an------

4 

1 
= 2f, 

V (kl = 

(2) 

(:3 ) 

This is 
+ b) and 

(4) 

(5) 

From (4) we see that .f) must be the sum of two squares. [1] shows that f 
is the sum of two squares if and if f has no square-free factor == 3(mod 4). W(~ 
restate this in the following lemma. 

Lemma 1 We can multiply the weight by ~f only if f has no 
== 3(mod 4). 

Corollary 1 Multiplying the weight with 

~f 1 1 
2 1-,3, ;>2' 

is not possible. 
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The search: 

The computer -search starts with the same number of sequences A and B and an­
other number of sequences P and Q. These two numbers can be deduced from rn 

and I. 

The algorithm now has to concatenate A, B, P and Q and reversed and/or negated 
versions of A, B, P and Q to find sequences X and Y such that: 

.. X and Y have both the mni and 

• X and Y have zero nonperiodic autocorrelation function. 

The can be described as follows: 

1. From Tn and I determine the number of A's and 8's and the number of P's 
and that will be available to form X and Y 

2. Go through all possibilities for forming X and Y concatenating the 
B's, P's and Q's available such that X and Y both have length mn. 

:3. For each configuration obtained, go through all possibilities for negating/not 
negating individual A's, B's, P's and Q's in X and Y such that Equations (4) 
and (.5) are satisfied. 

4. For each configuration obtained, go through all possibilities for reversing/not 
reversing individual B's, P's and Q's in X and Y. 

5. Test the nonperiodic autocorrelation function for each configuration obtained 
by the above steps. If it is zero for all possible .5 1, ... mn - 1, then X and 
Y is a TCP with the desired properties. 

Observe Equations (4) and (5). These are important conditions that allow us 
to reduce the search-space drastically. When the nonperiodic autocorre­
lation function, we of course only have to consider the crosscorrelations for .s 

1 n + 1, ... ,(m - 1)71 + 1. 

The algorithm can also skip equivalent configurations. Equivalence is described be­
lov,; . 

4 Results and Brief Discussion 

Equivalences: 

Equivalent configurations are a consequence of the following facts: 

• The sequences A and B are interchangeable. 
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III Tbe seqW:Ilces and }C 

zero. 

and/ or re­
does not affect the 

x Y does not affect tlw auto-

2 (:onsider the 

conclude that 

and 

y 

x 
y 

APB, 

AQB. 

is another lJii'A~V.'VH for the same 

the above ones. Wheu de­
it seemed to be almost impossible 

~) and f 5. From Table 1 we 

B (note that if B is a TCP, 

- A) 
B) 

APB, 
A(JB. 

m and f. 
The ""'~'H""U of the type in Example 2 can be stated as a lemma. 

Lemrna 2 which can be obtained by interchanging 

(i) A with A and P with . or 

(i'i) B withl~ and P with Q! 

are equivalent. 

Proof. The first class of equivalences is shown in Example 2. For the second class 
let 

Now 

+ B) = P. 

o 
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Results: 

rn m f 
3 PAQ 6 

PBQ 
3 5 AQB 6 

APB 
4 5 PQAQ 7 8 

PBPQ 
5 8 

5 8 

5 8 PAAAQ 
FBBBQ 

6 QAPQBP 7 
QAPQBP 

6 8 Q*A*P"PBQ 7 
Q*trp*PAQ 

(; 8 

6 8 PP_4BQQ 
PPABQQ 

6 10 AAPQBB 7 10 PBQPBAQ 
/-lApQBB FBAQPAQ 

6 10 AQBAPB 7 10 PAPAQBQ 
AQBAPB PAPBQBQ 

Table 1: Multiplications obtained via computer. 

Tahle 1 shows some results obtained. Shorter multiplications (m 3,4) were a 
Illd iter of seconds or minutes on the computer while longer multiplications (m = 7) 
took several CPU-days of computer-time. Clearly, the growth of the search-space 
10-, m rn. 

Tabk 1 gives rise to many new TCP's. These multiplications can be applied to any 
Rep or TCP B with zeros in the same positions. The multiplications in general 
lead to TCP's since P and Q are ternary sequences. Some of these new TCP's 
will l1av(' their zeros in the same positions which means that we can apply these 
111llll.iplications recursively. 

Example 3 We apply the multiplication 

x PAPAQBQ, 
Y PAPBQBQ 

174 



to the Tep 

A +0-

+0 +0+ 

of n 7 and w 10. Now 

P - +0000, 

Q 0000 

and 

x + + -0000 o 0-- +0000 - - + 
o a - 0000 + a + +0 a + 0000 - 0-, 

Y - +0000 + + a a + + + -0000 -- - + 
o + a + 0000 a + +0 + a + 0000 - a 

X, Y now TCP of length 7n 5w 50. Observe that for this 
case and Y have their zeros in the 1-'''0'"''-''10, therefore, any llmltiplicatioI1 
of the table can be to X and Y. 

a result of an extended standard construction which has 
'~'J"'V'-''-' in [6]: 

Theorem Lei B be a TOP (with zeros in th( sanu positions) of length r'. Let 
P ~(A+ ! q = ~(A (that P and Q a and let M) N be a TOP 
of ltngth f. Let denote the sequence of r ze1'OS and let 

U {ml x P, nl x m2 x P, n2 x Q, ... , ... , mc x P, nc x Q, Or} 

V {Or, --nc X P, mc x Q, --nC-1 X P, mC-l X Q, ... , .. . , -nl X P, Tnl X Q}, 

x U + V) Y U V. Then U! V and X, Y anc both TOP's of length (2£ + l)r'. 

4 Let M = ++ and N := +-, let A, p , Or be as above. Now 

U PQPQOr, 

V Or 

and 

X 

Y Pi3BBQ 

are TCP's of length 5r' and weight 4 x B). 

X and Y can be obtained by the above standard construction as well as the 
exhaustive computer-search. 
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Other multiplications obtained are a result of applying "shorter" multiplications 

rn 

multiplications by rn 

The Tep 

starting with X P AQ, Y }) BQ, some of the 
6 and f 8 can be obtained by applying the "shorter" 
3 and f = 4 twice and then concatenating these results 

XY PAQ?BQ, 
PAQP13Q 

is obtained in this way. We can obtain another Tep by applying a 
kind of interleaving '&'. X&Y is the sequence Y interleaved into the sequence 

X block wise. That 

X&Y PFABQCJ, 
PPABQQ. 

Note that for this special type of mt;erJ.eavlIllg we have to know the length of the 
initial sequences that formed X and Y. 

There is large set of results for which none of the above constructions apply. That 
these results can neither be obtained by standard constructions nor can 

they be shown to be they equivalent to others. For example 

x QBABPQP, 
Y 

is such a result. 

The questioll which arises immediately, whether there are other unknown stan­
dard constructions that lead to these results or whether these multiplications occur 
"randomly" . 

5 Numerical Consequences and Applications 

Multiplications of four sequences A,B ,C ,D: 

Note that if there are four ternary sequences A, B, C and D with zero nonperiodic 
autocorrelation function and with Band 0, D having their zeros in the same 
positions respectively, then all the above multiplications can be applied to A, Band 
C. D. 

Example 5 Given four sequences A, B, C, D of length n and weight w with the 
properties mentioned above, the multiplication 

x PAQ, 

Y PBQ 
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can follows to C and D. We let 

Now 

yV 

and "\IV four sequcno:s of 2111 with zero 
a,ui ocorrda,tjolJ function. 

to four SP({1wnces zeros in the 

four C{>{lllt"Tl/'P<': of 

11) with zero autocorrelation function. serve to 
four circulant 

of Now can be used in tlw 
(for ddails of the const ruction see for or [11]) to 

If w(~ have four sequences with zero au tocorrdation Iun C~l em. 
eitlwr them into the M 3 , or 
tlwm, and then form then used in the Goethals-Seidel 
array to COllstruct the There aTe many fa,milies of four sequences 
with zero autocorrelation function known. Other families of four 51" 

quenccs with the desired be formed from TCP's. If we 
for a TGP A, 11), then Y = Z = 
W = are four sequences with zero autocorrelation function which can 
be used in the constructions lnentioned above to form matrices. Since we 

nUmbtT of to each of the four sequences before 
, consider "shortest" (that is, 

with rninirnulll m) for each f. All the other do not to lead to any 
new order Of for the VV\ .. 'lc:.~HU"'. are trivial. In , Wl:~ 
concentrate on the IUIIUVV Illte U.l.UJLV.l.IJ.l.l'/(bI;lV (m,!): 

(1,2) 
(3,,5) 

"no multiplication", 

multiply the weight by 2~. 
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The CUl1structions and the described in the ,VUVVV1Uo:. lem-

Lenlrna There is a weighing matrix 

W(4n + + 4n + 2) and + + Ian + 

when 0) andn E {1,2, ... , u b, c O} 

Proof. Sf:quences of H, nand 4n + 
as indicated above. Since base sequences do exist for n E 

{L la, b, c O} ([7]) and since we can append an arhi·· 
trary number x or + 1 of zeros to each before Mll MZl 

Mil VV''''''-ULU,,- matrices with the above o 

Lem.ma 4 There is a weighing matrix 

vV(4n + 4x, w) and W(12n + 

(n,w) E {(5, 16), (7, 

( 11 , 44), (14, 

U {(2 a 10b26c,2 x la,b,c:2: O} 
U {(2 a lO b26c +1,2x + 2)la, b, c 2:: OJ. 

Proof. Take four sequences of type A,B,C,C (that B, C, C have zero 
nonpniodic autocorrelation function) of lengths n, n, p, p, n :2: p and weight w, 
where A, B have their zeros in the same positions. We can again append x or 
:r + n - p zeros to each sequence before constructing Mll M2l M3 and M4 • The 
s(~qllences of type with the desired properties are shown to exist for the 
ahove parameters (n, w) in [5], and they can be constructed for 

(n,w) E {(2 a lOb26c ,2 x 2a lOb26C )la,b,c:2: O} 
U {(2a 10b26c + 1,2 x 2a lOb26c + 2)la, b, c :2: O} 

hunl C;ula,y sequences. o 

Lelnma There is a weighing matrix 

W(4n + 4x, 2w), W(4n + 4 + 4:r, 2w + 2), W(Sn + 4 + 4x, 4w + 1), 
W(Un + 4x, (5w), W(12n + 4 + 4x, 5w + 2), W(24n + 4 + 4x, lOw + 1), 
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of 

and rows of tlw 

A 

there 

{ 0, U={Y,O, 

we X, V 

v }, a O. 

in the <Lbove 
c",-"",n.0"n ill the intermediate 

TCP'~ from shorter ones has been 
autocorrelation the crosscorrelations of 

values of s had to be considered. The search led to many 

is no construction method known. 

This kind of (·()rnTln11~pr--"p;:1r(·tl could 

be CLU''''fJ\'C;U of sequences with zero nonperiodic 
autocorrelation function. 



Arithmetic: An introduction to trw of nUlIl-
New 1960. 

1990. 

[:3] fREE Trans-
act'ions on 

J·M. Goethals V11'-"i"oV_lHU matrices with 
J. 19, 1001-1010,1967. 

[5] M. .1. sequences, to bE' 

[6] M. Gysin and J. 

[7] C. S. 
of sequences with zero ",nr-{)r"nrr-PI" 

10, 1994. 

[8] C. Koukouvinos, S. 
with zero auto(:orrel 

[9] C. Koukouvinos and J. 
1993. 

[10] J. 'D'"O>"'" The "KPW-'NP1~:rn 
J. 7,1-7, 1982. 

On '''.d''--'-L'l1'''- matrices, Utilitas 

matrix 

Canad. 

RestaTch 

[11] J. and M. Hadamard matrices, sequences and block ,-,-,-.,_u<=,uu. 

m Cordemp0TaTY Design Theor'Y a Collection of eds J. Dinitz and 
D.R. John and Sons, New York, 1992. 

J. and X·-M. Semi Williamson type matrices and the 
conjecture, J. Comb. Math. and Comb. Computing, 11, 65-71, 1992. 

(Received 23/11/95) 

180 


