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Abstract Let V be a finite set of order v. A (V,K,A) packing design of index 

A and block size IC is a collection of K-element subsets, called blocks, such that 

every 2-subset of V occurs in at most A blocks. The packing problem is to 

determine the maximum number of blocks, D(V,K,A), in a packing design. It is 

well known that D(V,K,A) S [-i [:=~ ~]] :: t(VIK,~), where [xl is the largest 

integer satisfying x ~ [xl. It is shown here that 0(u,S,3) = ~(u,5,3) for all 

v = 3 (mod 4) and 0(v,5,s) ~(u,s,5) for all positive integers v ~ 5 with the 

possible exceptions of v = 28, 32, 34. 

1. Introduction 

A (V,K,A) packing design (or respectively covering design) of order v, 

block size K and index A is a collection P of K-element subsets, called blocks, 

of a v-set V such that every 2-subset of V occurs in at most (at least) A blocks. 

Let O(V,K,A) denote the maximum number of blocks in a (V,K,A) packing 

design; and a(v,IC,A) denote the minimum number of blocks in a (V,K,A) covering 

design. A (v,K,A) packing design with Ipl == O(II,K , A) will be called a maximum 

packing design. Similarly, a (v,K,A) covering design with. Ipl "" a(v,K,A) is 

called a minimum covering design. It is well known [23] that 

a(v,K,A) :s: [.! [.!.:.! ATI = .(v,K,l) and u(\I,K,l) ~ r.! f V
-

1 TI = ~(",K,A) 
K K-l K K-l 

where [x] is the largest integer satisfying [x] S x and rxl is. the smallest 

integer satisfying x s rxl. When D(V,K,A) .. ~(V,K,A) the (v,K,A) packin9 design 

is called optimal packing design. Similarly when a(v,K,A) :: t/l(v,K,A) the (V,K,A) 

covering design is called minimal coverin9 design. 

Many researchers have been invol ved in determining the packing number 
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0(11, K, A) known up to date. The following theorem summari.zes what is known 

about pack.ing pairs by quintuples. 

Theorem 1.1 Let v ~ 5 be a positive integer. Then 

1) 0(v,5,1) '" 1/I(v,5,1) for v == 3 (mod 20) and v == 0 (mod 4) v j1I!! 12, 16 with 

the possible exception of II = 32, 48, 52, 72, 132, 152, 172, 232, 243, 

252, 272, 332, 352, 432 [16] [18] [26], and 0(12,5,1) '" 1/1(12,5,1) - 1, 

0(16,5,1) = 1/1(16,5,1) - 1 [16]. 

2) 0(v,5,2) == 1/I(v,5,2) for all positive even integers v, (5) and 0(v,5,2) = 

1/I(v,5,2) - e where e '" 1 if II == 7 or 9 (mod 10) or II '" 13 with the 

possible exception of II = 15, 19, 27 and e = 0 if v = 1, :3 or 5 (mod 10) 

v j1I!!13,15 [6,7]. 

3) (a) 0(v,5,3) ... 1/1(11,5,3) for all positive integers II, v 11* 0 (mod 4) with 

the possible exception of II = 17, 19, 29, 33, 38, 49 [8,13}. 

4) 

5) 

(b) 0(11,5,3) = 1/1(11,5,3) for all positive integers tI == 0 (mod 4) v :s 96 

with the possible exception of v = 20, 28, 32, 36, 56, [9]. 

0'(11,5,4) 1/I(v,5,4) for all positive integers v, t1 j1I!! 7 and 0(7,5,4) 

1/1 (7 , 5 , 4) - 1 [12 J • 

0'(11,5,6) 1/1(11,5,6) for all positive integers v, with the possi.ble 

exception of II = 43 [13]. 

6) O'(V,S,A) = 1/I(1I,5,A) - e for all positive integers II and A = 8, 12, 16 [11] 

with few possible exceptions where e = 1 if A(II-1) == 0 (mod 4) and 

1" (v-1) 
4 

== 1 (mod 5) and e = 0 otherwise. 

Furthermore, these few possible exceptions were removed later, in an 

unpublished paper, by Shalaby [24). 

Our interest here is in the case K 5 and A - 3, 5. OUr goal is to prove 

the following: 

Theorem 1.2 Let v ~ 5 be a positive integer. Then 0(11,5,3) = 1/I(v,5,3) for all 

II == 3 (mod 4) and 0(v,5,5) = 1/1(11,5,5) for all positive integers II ~ 5 with the 

possible exception of II = 28, 32, 34. 

2. Recursive Constructions 

In order to describe our recursive constructions we require several other 

types of combinatorial design. A balanced incomplete block design, B[II,K,A], is 



a (V,K,A) packing design where every 2-subset of points is contained in precisely 

A blocks. If a B[V,K,Aj exists then it is clear that O(V,K,A) =: Av(v-l)/K(K-l) 

",,(U,K,A) and Hanani [16J has proved the following existence theorem for 

B[v , 5,A). 

Lemma 2.1 Necessary and sufficient conditions for the existence of a B[V,S,A] 

are that A(v-l) !!! 0 (mod 4) and Av(v-l) ;;; 0 (mod 20) and (V,A) ?Jf (15, 2). 

Corollary o(v,S,S) = ",,(v,S,S) for all positive integers v where v !!! 1 (mod 4). 

A (V,K,A) packing design with a hole of size h is a triple (V,H,p) where 

V is a v-set, H is a subset of V of cardinality h, and P is a collection of K­

element subsets, called blocks, of V such that 

1) no 2-subset of H appears in any block; 

2) every other 2-subset of V appears in at most A blocks; 

3) Ipl .. ""(V,K.A) - ""(h,,,,A). 

It is clear that if there exists a (V,K,A) packing design with a hole of size h 

and O(h,K,A) ""(h,K,A) then O(V,K,A) '" ""(V.IC,A). 

Let A and u be positive integers and M be a set of positive integers. 

A group divisible design GD[IC,A,M,v] is a triple (V,P,r) where V is a eet of 

points with Ivi = v, and r = {Gil"" Gn } is a partition of V into n sets called 

groups. The collection p consists of K-subsets of V, called blocks, with the 

following properties 

1) 18 ('\ Gil !S 1 for all 8 EP and G1 Er; 

2) IGII EM for all Gt E r; 

3) every 2-subset {x, y} of V such that X and y belong to distinct groups is 

contained in exactly A blocks. 

If M = {m} then the group divisible design is denoted by GD[K,A,m,v). 

A GD[K,A,m,Km) is called a transversal design and denoted by T[K,A,m]. It 

is well known that a T[K,l,m] is equivalent to K-2 mutually orthogonal Latin 

squares of side m. 

In the sequel we shall use the following existence theorem for transversal 

designs. The proof of this result may be found in [1], [2], [14], [15], [18], 

[22], [24]. 



Theorem 2.1 There exists a T[6,1,m) for all positive integers m with the 

exception of m E {2,3,4,6} and the possible exception of m E {lO, 14, 18, 22, 26, 

34, 42}. 

Theorem 2.2 If there exists a GD[6,A,5,5n] and a (20+h,5,A) packing design with 

a hole of size h then there exists a (20(n-l)+4u+h,S,A) packing design with a 

hole of size 4u + h where 0 SuS 5. 

Proof Take a GD[6,A,S,5n] and delete 5-u points from the last group. Inflate 

this design by a factor of 4. On the blocks of size 5 and 6 construct a 

GD(5,1,4,20] and a GD[5,1,4,24) respectively, lemma 2.1. Add h points to the 

groups and on the first n-1 groups construct a (20+h,5,A) packing design with a 

hole of size h, and take the h pOints with the last group to be the hole of size 

4u+h. 

It is clear to apply the above theorem we require the existence of a 

GD [6, A, 5, Sn]. Our authority for that is the following lemma of Hanani [18, 

p.286j. 

Lemma 2.2 There exists a GD[6,A,5,35] for A = 3, 5. 

If in the definition of GD[K,A,m,v] (similarly T[~,A,m]) condition (3) is 

changed to be read as (3) every 2-subset {x,y} of V such that x and yare neither 

in the same group (column) nor in the same row is contained in exactly A blocks 

of ~ and no block contains more than one point from the same row. Then the 

resultant design is called a modified group divisible design (modified 

transversal design) and is denoted by MGD[K,A,m,v] (MT[K,A,m]). (We may look at 

the points of MGD[«,A,m,v] as the points of a matrix and then the groups of 

MGD[IC,A,m,vl are precisely the columns of the matrix). 

A resolvable modified group divisible design, RMGD[K,A,m,v], is a modified 

group divisible design the blocks of which can be partitioned into parallel 

classes. 

It is clear that a RMGD[S,1,5,5m] is the same as RT[5,1,m) with one 

parallel class of blocks singled out, and since RT[5,1,m] is equivalent to 

T[6,l,m] we have the following 

Theorem 2.3 There exists a RMGD[5,1,5,5m] for all positive integers m with the 

exception of in E {2,3,4,6} and the possible exception of m E {10, 14, 18, 22, 



26,34, 4:2}. 

The next two theorems are in the form most useful to us. 

Theorem 2. 4 [3 J If there exists a RMGD(5,1,5,5m) and a GD[S,A,{4,s"'}, 4m+s), 

where'" means there is exactly one group of size s, and there exists a (20+h,5,A) 

packing design with a hole of size h then there exists a (20m+4u+h+s,5,A) packing 

design with a hole of size 4u+h+s where 0 SuS m-1. 

Theorem 2.5 If there exists (1) a RMGD[5,1,5,5m] (2) a GD[5,5,4,4m] (3) a 

(24,5,5) packing design with a hole of size 4 (4) a(24,5,5) = ~(24,5,5). Then 

a(20m+4,S,5) ~(20m+4,5,5). 

Proof Inflate a RMGD[S,l,S,Sm] by a factor of 4, that is, replace the blocks of 

size 5 by the blocks of GD[5,5,4,20} On the rows (which are blocks of size m) 

construct a GD[S,5,4,4m] Finally add 4 points to the groups and on the first 

(m-l) groups construct a (24,5,5) packing design with a hole of size 4 and on the 

last group construct a (24,5,5) optimal packing design. 

It is clear that the application of the above theorem requires the 

existence of a GD [5,1, {4, s"'} I 4m+s 1. The following theorem is most useful to us. 

For the proof of the first part see [3] and for the proof of the second part see 

[17]. 

Theorem 2.6 (i) There exists a GD[5,1,{4,s*},4m+s) where s = 0 if m IE 1 (mod 5), 

4 if m IE 0 or 4 (mod 5) and s = if m IE 1 (mod 3). 

(ii) There exists a GD[5,1", {4,8"'}, 4m+8] where m IE 0 or :2 (mod 5), m C!: 7 with the 

possible exception of m - 10. 

In the case m 7, 8, 13 the following lemma is most useful to us. 

Lemma 2.3 There exists a GD(S,5,4,v] where v = 28, 32, 52 

Proof For v 28 let X :: Z:zs. The groups are < 0 7 14 21 :> + if E Z7 and the 

blocks are the following: 

< 0 1 3 9 13 :> (mod 28), < 0 4 9 15 20 :> (mod 28), < 0 1 2 3 4 > ( mod 28) 
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<0 3 9 13 19 > (mod 28), < 0 2 8 13 18 > (mod 28), < 0 3 11 15 20 > (mod 28). 

For a GD[5,5,4,32] let X 

Blocks: 

Z3l' The groups are < 0 8 16 24 > + i, i E z. 

< 0 2 7 11 20 > (mod 32) 

< 0 5 11 17 23 > (mod 32) 

< 0 3 6 13 18 > (mod 32) 

< 0 1 2 4 11 > (mod 32) 

< 0 1 2 4 13 > (mod 32) 

< 0 3 7 17 22 > (mod 32) 

< 0 1 5 11 18 > (mod 32) 

For a GD[5,5,4,52], since there exists a B[13,5,5] and a GD[5,1,4,20] it 

follows, [16 lemma 2.16), that there exists a GD(5,5,4,52J. 

The set of blocks <K K+m K+n K+j f(K» (mod 11) for" == 0, •••• v-l where 

i(l() a if I( is even and f(K) = b if K is odd will be denoted by <0 m n j> U 

{a,b}, and the set of blocks <I( K+m K+n K+j f(K» (mod v) for I( = 0, ••• , v-l 

where f(lC) :: 11; if I( == i (mod 4) is denoted by <0 m n j> U{ht}4i _t- Similarly, the 

set of blocks «O,IC) (O,IC+m) (1,I(+n) (1,I(+j) f(K» mod (-,v) for "",,0, ••• , v-l 

where f(IC) = a if I( is even and i(lC) = b if I( is odd is denoted by «0,0) (O,m) 

(l,n) (1,j» U {a,b}. 

3. The structure of Packing and covering Designs 

Let (V,~) be a (V,IC,A) packing design, and for each 2-subset e = {X,y} of 

V define m(e) to be the number of blocks in p which contain e. Note that by the 

definition of a packing design we have m(e) S A for all e. 

The complement of (V,~), denoted by C(V,p> is defined to be the graph with 

vertex set V and edges e occurring with multiplicity X-m(e) for all e. The 

number of edges (counting multiplicities) in C(V,p) is given bYl(~) - IPI (~). 

The degree of the vertex x in C(V,p) is X(v-1) .. r" <1(-1) where r" is the number 

of blocks containing x. 

In a similar way we define the excess graph of a (V,p> covering design 

denoted by E(V,P), to be the graph with vertex set V and edges e occurring with 

multiplicity m(e) - A for all e. The number of edges in E(V,P> is given by 

I~I (~) -l(~)i and the degree of each vertex is r,,(I(-l) - X(v-1) where r" is as 

before. 

Lemma 3.1 Let (V,p> be a (11,5,4) covering design with I~I == ¢(I1,I(,A) then the 

degree of each vertex of E(V,P> is divisible by 4 and the number of edges in the 

graph is 0, 6, 8 when v mod 5 E {O,l}, {2,4}, {3} respectively. 
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In the case II = 3 (mod 5) a particularly useful graph with 8 edges and each 

vertex of degree divisible by 4 is the one that consists of v-4 isolated vertices 

and the following graph on the remaining 4 vertices. 

To define the complement graph of a packing design with a hole H of size 

h let e = {x,y} where at least one of x or y does not lie in H and let m(e) be 

the number of blocks in ~ which contain e. Then the complement graph of the 

packing design with a hole H of size h, denoted by C(V\H,p), is the graph with 

vertex set V and edges e occuring with multiplicity >"-m(e). In a similar way the 

excess graph, E(V\H,~), of a (II,K,>..) covering design with a hole of size h is 

defined. 

Lemma 4.1 For all II == 3 (mod 20) we have 0'(11,5,3) = 1f(v,5,3). 

there exists a (23,5,3) packing design with a hole of size 3. 

Furthermore, 

Proof For all II = 3 (mod 20) a (11,5,3) packing design with ~(1I,5,3) blocks can 

be constructed as follows 

1) take a (v-1,5,2) optimal packing design; such design exists by [51-

2) take a 8[11+2,5,1], lemma 2.1, and assume in this design we have the block 

< 11-2 v-1 II v+1 v+2 >; drop this block and in all other blocks change both 

v+2 and v+1 to II; which proves the first part of the lemma. 

Since the (22,5,2) optimal packing design has a hole of size 2 [5, p.49] 

and since we.droped the block < 21 22 23 24 25 > it follows that the (23,S,3) 

packing has a hole of size 3. 

The following lemma is very useful to UB. 
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Lemma 4.2 Let v = 6 (mod 20) be a positive integer. Then there exists a (v,5,2) 

packing design with a hole of size 6. 

Proof For v = 6, 26, 46 see [5, p.51]. 

For v = 66 let X Zoo U {"'i}~-l. Then take the following blocks under the 

action of the group Zoo> < 0 1 3 5 11 >, 0 4 10 19 38 >, < 0 1 8 21 35 >, 

< 0 3152743 >, < 0 5 2336> U{CIlIt ~}, < 0 71637 > U{~, CIl4 }, 

(80,5,1) minimal covering design [21], in this design each pair appears once 

except the pairs {i, i+40}, i = 0, ••. , 39 which appear twice. Furthermore, take 

the following blocks under the action of the group Zmo 

< a 1 3 7 15 >, < 0 10 21 38 54 >, < 0 5 27 50 > U {CIlII ~} I < a 9 29 48 > 

For v i:!: 106 v ;c 126, 146 simple calculations show that v can be written in 

the form 20m+4u+h+s where m, u, hand s are chosen so that 

1) There exists a RMGD[5,1,5,5m], theorem 2.3. 

2) There exists a GD[5,2,{4,s*},4m+s), theorem 2.5. 

3) 4u+h+s = 6, 26, 46, 66, 86. 

4) 0 SuS m-l, s = 0 (mod 4) and h = 6. 

Now apply theorem 2.4 with A = 2 to get that a (11,5,2) packing design with 

a hole of size 6, 26, 46, 66, or 86 exists and hence a (v,5,2) packing design 

with a hole of size 6 exists. 

For v = 126, 146 apply theorem 2.2 with n = 7, A 2, h = 6 and u = 0, 5 

respectively. 

Lemma 4.3 Let v = 7 (mod 20) be a positive integer. Then 0(v,5,3) !f(v, 5,3). 

~ For v = 7, 27, 47 the constructions are given in the next table. In 

general, the construction in this table and other tables to come is as follows. 

Let X == Z .... U Ii,. or X ==Z3 X U Ii,. where Ii,. = {hI' ••• , h,,} is the hole. The 

blocks are constructed by taking the orbits of the tabulated base blocks mod 

v-n (v-n) or mod (-, -2- respectively unless it is otherwise specified. 



For all other values of v let X 

construction is as follows. 

1) On Z .. 7 U~ construct a (v-1,5,2) packing design with a hole of size 6, say, 

{h" ••• , h.s}, lemma 4.2. 

2) On Z ... 7 U~ U {CD" 00z, ~} construct a (11+2,5,1) packing design with a hole 

of size 9, say, {hi' ••• , h.s} U {CDII 00z, ~} [17]. Furthermore, replace the 

points IXlz and ~ by CD,. 

3) To the blocks obtained in (1) and (2) adjoin the following blocks 

<hI h2 h3 h4 co,>, <hi hz h3 h4 h,>, <h3 ~ hs h.s CDl >, <hi h. h5 h.s CD!>, <h, h2 hs h.s CD,>. 

It is readily checked that the above three steps give a (v,S,3) optimal 

packing design. 

II Point Set Base Blocks 

7 Zs U Hz o 1 4 > U {hi' hz} 

27 Z2 lC Z,Z UH, < (0,0) (0,6) (1,0) (1,6) > + (-,i), E Z6 

«0,0) (0,2) (0,6) (0,9) (1,11», «0,0) (1,0) (l,l) (1,4) (1,6» 

«0,0) (0,1) (0,5) (0,10) (1,8», «0,0) (1,3) (1,4) (1,8) (1,11» 

< (0,0) (0,1) (1,1) (1,3) >, <: (0,0) (0,4) (1,5) (1,8) h] 

< (0,0) (0,2) (1,7) (1,9) hl > 

< (0,0) (0,1) (1,10) (1,1l) > U {hi' hz}· 

47 Z40 UH, On Z40 U {~}SI_1 construct a B [45,5,1] , lEllllllUl 2.1; drop the block 

< hI hz h] he hs > and take the following blocks 

< 0 4 8 12 16 > + i, i E Z. twice, < 0 1 2 4 14 >, 

< 0 4 9 19 :> U {h" hz}, < 0 5 11 28 > U {h3 , h.}, 

<0 6 13 31 > U {h" ~}, < 0 3 14 21 > U {~, h" h" h,} > 

Lemma 4.4 Let v = 11 (mod 20) be a positive integer. Then o(v,5,3) ",(v,5,3) • 

Proof For v = 11, 51, 91 see the table below. 

For v = 31 take the blocks of a (31,5,1) optimal packing design [20] 

together with the blocks of a 8[31,5,2], lemma 2.1. 

For v = 71 take a T[5,3,14] (18] and add a new point to the groups and on 

each group construct a (15,5,3) optimal packing design, (see lemma 4.6). 



For v ~ 111, v ;t. 131 simple calculations show that v can be written in the 

form 20m+4u+h+s where m, u, hand 13 are chosen so that 

1) There exists a RMGD(5,l,5,5m], theorem 2.3. 

2) There exists a GD[5,3,{4,s*},4m+a], theorem 2.5. 

3) 4u+h+a = 11, 31, 51, 71, 91. 

4) 0 SuS m-l, s = 0 (mod 4) and h = 3. 

11 

Apply theorem 2.4 with A = 3 to get the result. 

For v = 131 apply theorem 2.2 with n = 7, h = 3 and u 2. 

Point Set Base Blocks 

< (0,0) (0,1) (1,0) (1,1) (1,3) >, < (0,0) (0,2) (1,0) (1,3) (1,4) 

< (0,0) (0,2) (0,3) (1,4) hi > 

51 Zl x Z~ UHII < (0,0) (0,4) (0,8) (0,12) (0,16) ;. + (-,i), i E Z., twice 

91 

< (1,0) (1,4) (1,8) (1,12) (1,16) > + (-,i), i E z. 

< (0,0) (0,10) (l,0) (1,10) hI! > + if E ZIG 

< (0,0)(0,10)(1,1)(1,7)(1,17) >, < (0,0)(0,3)(0,5)(0,16) > U {hlt!lz} 

«1,0) (1,3) (1,5) (1,12» U {hl,!lz}, «0,0) (0,9) (0,15) (1,1» U {h3,h.} 

«0,0) (1,0) (1,1) (1,4» U {h), h.}, «0,0) (0,1) (0, lS) (1,0» U {hs,h.!} 

«0,0) (1,2) (1,5) (1,7» U {hsrh.s}, «0,0) (0,1) (0,3) (1,13» U {h7f h.!} 

«0,0) (1,9) (1,16) (1,18» U {h"h.!}, «0,0) (0,1) (1,6) (1,15» U {hlf!lz} 

«0,0) (0,3) (1,18) (1,19» U {h),h.}, «0,0) (0,7) (1,9) (1,10» U {hHh.!} 

«0,0) (0, 7) (1,11) (1,18» U {h1l h.!}, «0,0) (0,9) (1,8) (1,13) > U {bt,h1o} 

< (0,0) (0,8) (1,2) (1,16) bt >, 

«0,0) (0,6) (1,3) (1,15) hll >. 

(O,O) (0,2) (1,8) (1,14) h lG > 

On Zto U{h ll } construct a B{81,5,11, lemma 2.1, and take the following 

blocks 

< ° 4 12 28 40 >, < ° 5 14 32 34 >, < ° 1 7 37 61 > 

< 0 2 13 27 > U {~}"-ll < 0 :3 18 41 > U {~}·i-> 

< ° 10 21 43 > U {bt, h lo , hilt hll}' < ° 1 4 9 > U {hu !lz} 

< ° 6 25 41 > U {h), h.} t < 0 7 29 42 > U {h" h.!} 

< 0 10 31 57 > U {h" h.!} < ° 15 32 49 > U {bt, h lo}' 



Lemma 4.5 There exists a (u,5,2) packing design with a hole of size 4 for 

u = 34, 54, 74, 94. 

Proof For a (34,5,2) packing design with a hole of size 4 see [5, p.51]. For 

a (74,5,2) packing design with a hole of size 4 take a T[5,2,14] [18, p.278) and 

add four new points to the groups and on each group construct an (18,5,4) packing 

design with a hole of size 4 [5, p.49J. For a (54,5,2) and a (94,5,2) packing 

design with a hole of size 4 take a T[6,1,mJ where m = 5, 9 respectively, theorem 

2.1. Delete all but one point of the last group and inflate the design by a 

factor of two. Replace the blocks of this design by the blocks of GD[5,2,2,10] 

and GD[5,2,2,12] (18, p.284J. Finally add two new points to the groups and on 

the first five groups construct a (12,5,2) and (20,5,2) packing design with a 

hole of size 2 (5, p.49] and take these two points with the last group to be the 

hole of size 4. 

Lemma 4.6 Let v = 15 (mod 20) be a positive integer. Then a(v,5,3) 

Proof For u 15 let X '" ZIS then the required blocks are 

o 1 7 10 > (mod 15) < 0 1 2 5 7 > (mod 15) 

1f(u,5,3) • 

For "" 35, 55, 75, 95 let X "" Z ... , U {WI' CD.z} U {hI' ••• , h7} then the 

construction is as follows 

1) On Z ... 7 U {wit CD.z} U {hit ••• , h4 } construct a (u-l,5,2) packing design with 

a hole of size 4, say, {hI' h4} and assume that the pair {CDII CD.z} 

appears at most once, lemma 4.5. 

2) On Z .. 7 U {CDII CD.z} U {hi' ••• , h7} construct a (v+2, 5,1) packing design with 

a hole of size 9 [17] where the hole is {CDIf CD.z} U {hI' ••• , h7}. In this 

design replace the points ~ and h, by h,. 

3) To the blocks obtained in (1) and (2) add the blocks 

<hi h2 h, h. hs > twice, < CD\ CD.z hI hz hs >, <to) CD.z h, h. hs >. 

For v ~ 115, v ~135, write u '" 20m+4u+h+s where m, u, hand s are chosen 

as in lemma 4.4 with the difference that 4u+h+s '" 15, 35, 55, 75, 95. Now apply 

theorem 2.4 with A '" 3 to get the result. 

For u '" 135 apply theorem 2.2 with n = 7, h 3 and u 3. 

33 



Lemma 4.7 Let v = 19 (mod 20) be a positive integer. Then 0(v,5,3) - ~(v,5,3). 

Proof For v = 19 let X = {1, 19} then the blocks are 

< 1 2 4 5 14 >, < 3 5 6 13 16 >, < 2 4 15 17 19 >, < 1 2 5 8 15 > 

< 3 5 6 10 11 >, < 5 9 10 14 18 >, < 1 3 4 8 18 >, < 3 5 ~O 16 19 > 

< 2 5 11 17 18 >, < 1 3 13 14 15 >, < 3 7 9 14 15 >, < 6 7 14 18 19 > 

< 1 4 6 8 9 >, < 3 8 15 17 18 >, < 2 6 8 10 19 >, < 1 5 9 12 19 > 

< 3 9 12 17 19 >, < 6 12 13 15 19 >, < 1 6 11 14 17 >, < 4 5 12 13 17 > 

< 2 6 9 16 18 >, < 1 6 12 16 17 >, < 4 8 9 11 12 >, < 7 8 9 13 16 > 

< 1 7 9 10 17 >, < 4 9 10 15 16 >, < 2 7 10 11 12 >, < 1 7 11 18 19 > 

< 4 10 13 14 17 >, < 8 10 11 13 19 >, < 1 7 11 15 16 >, < 4 11 15 16 19 > 

< 2 9 11 13 14 >, < 1 12 13 16 18 >, < 4 14 16 18 19 >, < 8 10 12 14 16 > 

< 2 3 7 16 17 >, < 5 6 9 11 15 >, < 2 10 12 15 18 >, < 2 8 12 14 > 

< 5 7 8 13 18 >, < 8 11 14 16 17 >, < 2 3 9 13 19 >, < 5 7 8 17 19 > 

< 3 4 6 7 10 >, < 2 4 6 7 13 >, < 5 7 12 14 15 >, < 10 13 15 17 18 > 

< 3 4 11 12 18>. 

For all other values of v, v ¢ 239, the construction is as follows. 

1) Take two copies of a (v-2,5,1) packing design with a hole of size 9, [17], 

and on the hole construct a (9,5,2) packing design with ~(9,5,2)-1 blocks 

[6]. Close observation of this design shows that the complement graph of 

this design consists of the following graph 

1 

5~~--------------------------------~~ 
2) Take a (1.1+4,5,1) optimal packing design, 1.1+4 ¢ 243, [20}. Again, close 

observation of these designs show that the complement graph of these 

designs contains a subgraph on n ~ 23 vertices which is one cycle. So we 

may assume that the pairs {1,4}, {2,4}, {2,5}, {3,5}, {v-1, 1.1+1} and {v-1, 

v+2} appear in zero blocks. Furthermore, assume we have the block < v 1.1+1 

v+2 v+3 1.1+4 >. Delete this block and in all other blocks change v+4, 1.1+3 

to v and v+2, 1.1+1 to v-1. 

3) To the blocks obtained in (1) and (2) add the block < 1 2 3 4 6 >. 

For v - 239 apply theorem 2.4 with m = 11, u - 4, h - 3, s = 0 and X • 3. 



Conclusion In this section we have shown that for all positive integers v E 3 

(mod 4) v 2:: 7 we have O'(v,5,3) = lP(v,5,3). 

5. Packing Designs With Index 5 

5.1 Packing of Order v E 3 (mod 4) 

Theorem 5.1 For all v E 3 (mod 20), v F 3, we have O'(v,5,5) == lP(v,5,5). 

Furthermore there exists a (23,5,5) packing design with a hole of size 3. 

Proof A (u, 5, 5) packing design with IP (v,S, 5) blocks may be constructed as 

follows. 

1) Take a 8[v+2,5,1), lemma 2.1, and assume we have the following two blocks 

< 1 2 3 v 11+2 >, < 4 5 6 v-1 11+1 > 

In the first block change v+2 to 7 and in the second block change 11+1 to 

8 where 1,2, ••• ,7 18 are all arbitrary numbers. In all other blocks change 

v+2 to v and u+1 to v .. l. 

2) Take a 8[11-2,5,1], lemma 2.1, v-2 F21, and assume we have the following 

two blocks 

< 1 2 3 9 7 >, < 4 5 6 10 a > 

In the first block change 7 to v and in the second block change a to v-l. 

The above two steps give us a sort of a design such that {7,9} and 

{8 , 10} each appears exactly once; {7,v} {a , v-l} {g,ll} {lO,v-l} each appears 

exactly 3 times; {v-l,v} appears exactly four times, and each other pair 

appears exactly twice. 

3) Take a (11,5,2) optimal packing with a hole of size 3, [5], such that the 

hole is {v-2, v-l, v} 

4) Take a (v,5,1) optimal packing, [20], which exists for all v e 3 (mod 20), 

v F 243. The complement graph of this design contains a subgraph that is 

the circuit graph C,. where n ~ 23, we may assume that {7,v}, {8,v-l} {g,v} 

and {lO,II-1} are missing from the (v,5,1) optimal packing design. 

It is readily checked that the above four steps yield the blocks of a 

(v,5,5) optimal packing design for all positive integers tJ e 3 (mod 20) tJ F23, 

243. 
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For v = 23 the construction is as follows: 

1) take a (23,5,2) minimal covering design [19]. In this design each pair 

appears in precisely two blocks except one pair, say, {22,23} that appears 

in 6 blocks. 

2) take a (23,5,2) optimal packing design with a hole of size 3, say, 

{5,22,23} [6]. 

3) take a (23,5,1) optimal packing desing. The complement graph of this 

design is the circuit graph Czl, [20], so we may assume that the pairs 

{22,23} and {4,23} appear in zero blocks. 

The above three steps give a design such that {22,23} appears in six blocks 

and each other pair in at most 5 blocks. To reduce this to five, assume in the 

(23,5,2) minimal covering design we have the block < 1 2 3 22 23 >. In this 

block change 23 to 5. Furthermore, assume in, the (23,5,2) optimal packing design 

we have the block <1 2 3 4 5 >. In this block change 5 to 23. 

Now it is easy to check that the above constructi.on yields a (23,5,5) 

optimal packing design. 

For v = 243 apply theorem 2.4 with m = 11, A = 5, h = 3, s = 0 and u = 5. 

For a (23,5,5) packing design with a hole of size 3 let X == Z:lI) U H3 - Then 

the required blocks are: 

On Z:lI) U {hi} construct a 13[21,5,1), lemma 2.1, and take the following blocks: 

< 0 4 8 12 16 > + i, i E Z •• 3 times < 0 3 10 13 hi > half orbit 

< 0 1 2 3 5 > (mod 20), < 0 1 7 12 h2 > (mod 20), < 0 2 7 13 h3 > (mod 20) 

< K «+3 K+9 K+14 f(K) > K "" 0, ••• , 19 where f(Ie) ... hi if Ie e 0 or 1 (mod 4), 

f ( «) ~ if K e 2 (mod 4) and f (Ie) == h3 if Ie e 3 (mod 4). 

In the following lemma we give direct constructions for small values of v. 

Lemma 5.1 0(v,5,5) ... ",(v,5,5) for 11=7, 27, 47, 67, 87. 

Proof For v = 7, 47, 67, 87 the constructions are given in the following table. 

For v = 27 the construction is as follows: 

1) take a 13[26,5,4], lemma 2.1; 

2) take a (31,5,1) optimal packing design ([20], lemma 3.6 with s = 8). 

Assume in this design we have the block < 27 28 29 30 31 >. Delete this 

block and in all other blocks change 28, 29, 30 and 31 to 27. 



v Point set 

67 Z61 U 8, 

Base Blocks 

< (O, 0) (0, 1) (1, 0) (1, 2) hi >, < (0,0) (0, 1) (1, 0) ( 1, 1) hi > 

< (O,O) (0,1) (l,O) (1,1) (1,2) > 

On Z«I U 8 5 construct a B[45, 5, IJ, lemma 2.1. Assume <hi, ••• , hs> 
are in one block. Delete this block and take the following 
blocks 

<0 8 16 24 32> + it i E Zg, <0 13 20 33> U {h", h7}, half orbit 

<0 1 2 4 10>, <0 3 10 24 28>, <0 5 14 20 27>, <0 5 17 28 hi> 

<0 1 6 15 hz>, <0 2 19 30 h», <0 3 4 22 h.>, <0 3 10 14 hs> 

< 0 2 8 17 ~ > f < 0 5 13 24 h, >. 

On Z<III U Hs construct a B [ 65 , 5 , 1] , lemma 2.I. Assume <hI' ... , 
are in one block. Delete this block and take the following 
blocks 

<0 12 24 36 48> + it i E 2:'1 <0 21 30 51> U {h", h,} , half orbit 

<0 1 3 5 11>, <0 7 14 26 42>, <0 1 3 7 23>, <0 5 14 27 45> 

<0 6 17 32 42>, <0 137 15>, <0 10 20 31 44>, <0 9 22 45 hi> 

<0 8 25 41 h,>, <0 8 27 39 hJ>, <0 17 20 46 h.>, <0 1 5 28 hs> 

< 0 5 18 43 ~ >, < 0 9 28 39 h7 >. 

hs> 

On Z811 U 8 s construct a. B [ 85 , 5 , 1 ], lemma 2. 1. Assume <hI' .•• , h,> 
are in one block. Delete this block. On Z811 construct an 
(80,5,1) covering, [21]. In this design each pair appears 
exactly once except the pairs {i, i+40}; i E Z., each appears 
exactly twice. Take the following blocks 

<0 16 32 48 64> + i, i E ZI6t <0 11 40 51> U {h", h,} , half orbit 

<0 5 28 38 50>, <0 1 3 7 17>, <0 11 26 50 62>, <0 1 3 7 21> 

<0 1 3 7 25>, <0 5 14 22 53>, <0 10 30 43 59>, <0 27 42 hi> 

<0 9 34 53 hz>, <0 13 37 54 h,>, <0 5 28 37 h.>, <0 12 25 45 hs> 

< 0 8 31 52 ~ >, < 0 11 26 45 h, >. 

Theorem 5.2 Let v = 7 (mod 20) be a positive integer. Then 0(1.1,5,5) .. ,y(v,5,5). 

Proof For 7 S v s 87, the result follows from lemma 5.1 

For \I ~ 107, \I ;:e 127, simple calculations show that v can be written in the form 

IJ = 20m + 4u + h + s where mt u, hand s are chosen so that the following 4 

conditions hold 

1) there exists a RMGD[5,1,5,5m), theorem 2.3, 

2) 4u + h + S = 7 (mod 20) and 7 S 4u + h + s s 87, 

3 ) 0 Sus m-1, s = 0 (mod 4) and h '" 3 

4) there exists a GD[5,5,{4,s*},4m+s), theorem 2.5, 

Now apply theorem 2.4 with A = 5 and the result follows. 

For IJ = 127, apply theorem 2.2 with u = 1, h = 3 and n = 7. 

Theorem 5.3 Let v = 11 or 15 (mod 20) be a positive integer. Then 0(v,5,5) = 
",<v,S, 5). 



Proof A (u / 5,5) packing design with precisely ~(u,5,5) b10cks for all v = 11 or 

15 (mod 20) can be constructed by simply taking the blocks of a B[v,5,2] and a 

(v,5,3) optimal packing designs, lemma 2.1 and lemmas 4.4 and 4.6 respectively. 

Since a B[15,5,2) does not exist, lemma 2.1, we need to construct a (15,5,5) 

optimal packing design. 

For this purpose let X :: ZIS then the required blocks are 

< 0 3 6 9 12 > + i, i E Z3 twice 

< 0 1 2 3 7 > (mod 15), < 0 1 2 5 10 > (mod 15), < 0 2 4 7 11 > (mod 15). 

Lemma 5.2 Let v = 19 (mod 20) be a positive integer and assume the following 

conditions are satisfied 

1) 0(u+4,5,1) = ~(u+4,5,1) 2) a(u-1,5,4) = l/>(u-1,5,4) 

3) the excess graph E(V,P> of the (u-1,5,4) covering design consists of v-4 

isolated vertices and one of the following graphs on the remaining 4 

vertices, say, {1,2,3,4}. 

Then 0(.,5,5) - f(',S,S), IF(1 
Proof If the excess qraph of the (0-1,5,4) minimal ~ 

4 
covering design consists of v-4 isolated vertices 3 

and the graph on the bottom on the remaining four vertices, then a (v,5,5) 

optimal packing design can be constructed as follows: 

1) take the blocks of a (v-I, 5,4) minimal covering design and assume we have 

the block < 1 :2 3 4 a > where a is an arbitrary number different from 

{1,2,3,4}. Delete this block. 

2) take a (11+4,5,1) optimal packing design. The complement graph of this 

design contains a circuit graph en where n ~ 23 (20], so we may assume that 

the pairs {1,3} and {2,4} are missing from this design. Furthermore, 

assume we have the block < v u+1 v+2 v+3 u+4 >. Delete this block and in 

all the remaining blocks of the (11+4,5,1) optimal packing design change 

u+1, u+2, 11+3, and u+4 to u. 

If the excess graph of the (11-1,5,4) minimal covering design consists of 

11-4 isolated vertices and the top graph of the two graphs, on the remaining four 

vertices, then a (v,5,5) optimal packing design can be constructed as follows 

1) take a (11-1,5,4) minimal covering design. Assume in this design we have 

the block < 1 2 3 4 5 > where 5 is an arbitrary number. Delete this block. 



Furthermore, assume in this design we have the block < 6 7 8 1 4 > where 

{6,7,8} are arbitrary numbers. In this block change 4 to 5. 

2) take a (V+4,5,1) optimal packing design. The complement graph of this 

design contains a circuit graph ell where n !!:: 23 [20], so we may assume that 

the pairs {1,2}, {2,3} {3,4} and {4,9} appear in zero blocks. Assume in 

this design we have the block < 6 7 8 9 5 >. In this block change 5 to 4. 

Furthermore , assume in this design we have the block < v v+1 v+2 v+3 

v+4 >. Delete this block and in all other blocks change v+1, v+2, v+3 and v+4 

to II. 

Theorem 5.4 Let II = 19 (mod 20) be a positive integer. Then a(v,S,S) ~(v,S,5) • 

Proof In [10) we have shown that for all v-1 = 18 (mod 20) v !II! 98 (mod 100), v 

¢78 there exists a (v-1,5,4) covering design with a hole of size 8, 13 or 18. 

8ut for n = 8, 13, 18 there exists a (n,5,4) minimal covering design such that 

their excess graphs is one of graphs described in lemma 5.2. We now show that 

for the other values there exists a (v-1,5,4) covering design with a hole of size 

8, 13 or 18. 

For II = 78 see [4]. 

For v 98 (mod 100) take a T[6,1,mJ where m = 17 (mod 20) theorem 2.1. 

Delete all but 11 points from last group and replace the blocks of the resultant 

design by the blocks of a 8[6,5,4] and 8[5,5,4], lemma 2.1. Add two points to 

the groups and on the first five groups construct a, (m+2,S,4) packing design with 

a hole of size 2 (12). Finally, take these two points with the last group to be 

the hole of size 13. Now it is clear that for all v-l = 18 (mod 20) the excess 

graph of the (v-l,S,4) minimal covering design is one of the graphs described in 

lemma S.2. 

On the other side a (v+4,S,1) optimal packing design exists for all v+4 = 
3 (mod 20), v+4 ¢ 243, [20). Now apply lemma S.2 to get the result for all v = 
19 (mod 20) II ¢ 239 

For a (239,5,5) optimal packing design apply theorem 2.4 with A-5, mall, 

saO, u-4 and ha3. 

5.2 Packing of order II = 2 (mod 4) 

We start this section with the following simple but important observation 



Lemma 5.3 (a) If there exists 

1) a (V,S,A) covering design with ~(v,5/A) blocks; 

2) a (V,5,A') packing design with 1/t(v,5,A') blocks; 

3) !I>(V,5,A) + 1/t(V,5,A') = 1/t(V,S,A+A'); 

4) the excess graph E(V,{i) of the covering design is isomorphic to a subgraph 

G of the complement graph, C(V,{i), of the packing design. 

Then there exists a (V,S,A+A') packing design with 1/t'(v,5,A+A') blocks 

(b) Similarly if there exists 

1) a (V,5,A) covering design with a hole of size h; 

2) a (V,S,A') packing design with a hole of size h; 

3) the total number of blocks in these two designs is 1/t(v,5,A+A1
) 

1/t(h, S,A+A'); 

4) the excess graph, E(V\H,{i), of the covering design with a hole of size h 

is isomorphic to a subgraph G of the complement graph, C(V\H,{i), of the 

packing design with a hole of size h. 

Then there exists a (V,5,A+~) packing design with a hole of size h. 

Lemma 5.4 o(v,5,5) == 1/t(v,5,5) for v 

packing designs have a hole of size 2. 

22, 42, 62, 82 • Furthermore, these 

Proof For v = 22 let X = Z:/D U {a,b} then the required blocks are 

< 0 4 8 12 16 > + it i E Z4' < 0 3 10 13 > U {a,b} half orbit 

< 0 1 2 3 5 > (mod 20), <0 1 6 8 13 > (mod 20), < 0 2 8 11 14 > (mod 20), 

< 0 4 9 13 a > (mod 20), < 0 1 5 11 b > (mod 20). 

For v = 42, 62, 82 the construction is as follows 

1) Take a B[v-l,5,2], lemma 2.1-

2) Take a (v+1,5,2) optimal packing design [6]. It has a hole of size 3, say 

{v-1, v, v+1}. Now in all the blocks of the (v+l,5,2) optimal packing 

design change v+1 to v. 

3) Take a (v,S,l) optimal packing design, v - 42, 62, 82, [9]. 
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It is clear that the above three steps yield a (v,5,5) optLmal packing 

design for v = 42, 62, 82. 

Theorem 5.5 0(v,5,5) = ~(v,5,5) for all positive integer v = 2 (mod 20), v ~ 22. 

Proof For v = 22, 42, 62, 82 the result follows from lemma 5.4. For v ~ 102 

sLmple calculations show that v can be written in the form v = 20m + 4u + h + s 

where m, u, hand s are chosen so that 

1) there exists a RMGD[5,1,5,5m), tnaorem 2.3; 

2) 4u + h + S = 2 (mod 20) and 22 S 4u + h + S s 82; 

3) 0 Sus m-l, s = 0 (mod 4) and h = 2; 

4) there exists a GD[5,5,{4,s*},4m+s), theorem 2.5. 

Now apply theorem 2.4 with A = 5 and the result follows. 

Lemma 5.5 0(v,5,5) == ~(v,5,5) for IJ '" 6,26,46,66,86. 

Proof For IJ = 6 take a B[6,5,4], lemma 2.1, with an opt£mal (6,5,1) packing, 

which has one block. 

For I) :: 26 let X "" Z31 U14. On Z31 UHs construct a B(25,5,1], lemma 2.1, 

such that < hi hz h3 h4 hs > is a block, which we delete. Furthermore, take the 

following bass blocks under the action of the group Z31: 

<0 5 10 15 h,,> orbit length 5. < 0 1 2 3 hi>' <0 1 38hz>, <0 2 7 13 h», 

<0 3 9 12 h 4>, <0 4 8 13 hs>, <0 4 8 14 ~>. 

For v ... 46, 66, 86 a (v,S, 5) optimal packing design may be constructed as 

follows: 

1. take a (1),5,3) minimal covering design, [9]. Careful inspections show that 

the excess graph E(V,p> of this covering design consists of a 1- factor on 

v-6 vertices and the following graph on the remaining 6 vertices 

41 



2. take a (v,5,2) optimal packing design such that its complement graph C(V,(1> 

contains a subgraph G that is isomorphic to E(V,P), the excess graph of 

(v,5,3) minimal covering design, lemma 4.2. Now apply lemma 5.3 and the 

result follows. 

Theorem 5.6 o(v,s,s) ~(v,s,5) for all positive integers v 5 6 (mod 20) 

Proof For 6 s v s 86 the result follows from lemma 5.5. For v ~ 106 the proof 

of this theorem is the same as theorem 5.2 with the difference that 4u + h + S 

5 6 (mod 20), h = 6, and 6 s 4u + h + S s 86. 

Lemma 5.6 Let m, u and h ~ 0 be positive even integers. If there exists (1) a 

GD[S,2,{m,u*}, Sm+u) (2) a (u+h,S,2) optimal packing design with 

2 (u+h) 2 - 2 (u~ilj + c(u+h) + d blocks where c and d are integers determined by u 

and h (3) a (m+h,5,2) packing design with a hole of size h with total number of 

blocks equal 2m2 + 4hm + em - 2m 
20 

Then o(5m+u+h,5,2) = t(5m+u+h,5,2) 

We need to show that the total number of blocks obtained by this 

construction is equal to t(5m+u+h,5,2). But a GD[s,2, {m,u*}, 5m+u} has the 

following number of blocks 2 (m(m-u) + imu) (I) 

A (u+h,5,2) optimal packing design has the following number of blocks 

2 (U+h)2 - :2 (u+h) + c(u+h) +d 
20 

(II) 

where c and d are integers deterimed by u and h, and a (m+h,5,2) packing design 

with a hole of size h has the following number of blocks (we are assuming that 

this number is an integer) 

2m2 + 4mb + em - 2m 
20 

(III) 
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where c is as above. 

On the other hand, v(5m+u+h,5,2) (IV) 

where c and d are the same integers as in (II) since 5m+u+h and u+h are the same 

congruency modulo 10. 

Now it is easily checked that the total number of blocks in (I), (II) and 

5 times the number of blocks in (III) is equal to the total number of blocks in 

(IV) . 

Lemma 5.7 Let II e 10 or 14 (mod 20), ¢ 34 be a positive integer less than 100. 

Then there exists a (11,5,2) optimal packing design such that the complement graph 

of these designs contains a subgraph that is a I-factor. 

Proof For II = 10, 14, 30, 90 see [5, p.51). 

For II = 70 let X ::: Z. U {a,b} I then take the following base blocks under 

the action of the group Z •• 

<0 1 3 S 22>, <0 4 17 35 44>, <0 10 25 36 48>, <0 1 3 7 18>, <0 5 24 30 40> 

<0 9 22 36 48>, <0 8 29 45> U {a,b}. 

For II = 50, 54, 74 and 94 take a GD[S,2,{m,u*}, 5m+u) where m, u and h are 

chooaen as prescribed in the table below (see lemma 2.1 of [5, p. 46J for the 

existence of a GD[5,2, {m,u*}, 5m+u). Adjoin a set H of h points to the groups 

and on the first five groups construct a (m+h,5,2) packing design with a hole of 

size h [5, p. 48] and take these h points with the last group as a block which 

we delete since the total number of points is less than five. Now apply lemma 

5.6 to get the result. 

II m u h Lemma m u h Lemma 

50 10 o o 5.6 74 o 4 5.6 

Note that our constructions are correct provided that: the (10,5,2) 

optimal packing design; the (12,5,2) packing design with a hole of size 2; the 

(18,5,2) packing design with a hole of size 4, and the (20,5,2) packing design 

with a hole of size 2, their complement graph has a complement subgraph that is 



I-factor. This can easily be checked. For the (18,5,2) packing design with a 

hole of size 4, the I-factor on {S, ••• ,18} is {{S,17} {6,12} {7,9} {B,11} {10,16} 

{13,18} {14,15}}. 

LE."una 5. B a ( v,S, 5 ) 

v ;t!: 34. 

~lV,5,5) for all v = 10 or 14 (mod 20) and 10 ~ v ~ 94, 

Proof A (v,S, 5) optimal packing design for v = 10 or 14 (mod 20) and v ~ 94 can 

be constructed as follows. 

1) take a (v,5,3) minimal covering design [9]. The excess graph, E{V,P), of 

each of these designs is a 1- factor. 

2) take a (v,5,2) optimal packing design such that the compliment graph of 

these designs contains a subgraph which is I-factor (lemma 5.7). Since 

a(v,5,3) ::: ¢(v,5,3) and a(v,5,2) y,(v,5,2) for such v; and a(v,5,3) + 

y,(v,5,2) .. y,(v,5,5) it follows that a(v,5,5) ,.. y,(v,5,5). 

Theorem 5.7 a(v,5,5) = y,(v,5,5) for all positive integers v = 10 or 14 (mod 20) 

with the possible exception of v = 34. 

Proof For 14 ~ v ~ 94, v = 10 or 14 (mod 20) the result follows from lemma 5.8. 

For v 2: 110, v ;II! 130, 134, 214, the proof of the theorem is the same as theorem 

5.5 with the difference that 4u + h + S = 10, 30, 50, 70, 90 if v = 10 (mod 20) 

and 4u + h + S a 14, 54, 74, 94 if v = 14 (mod 20). For v = 130, 134 apply 

theorem 2.2 with h = 2, n = 7 and u = 2 and 3 respectively. 

For v = 214 take a T[6,5,10], [18, p.278), and delete 7 points from the 

last group. ,Inflate this design by a factor of 4, that is, replace each block 

of size 5 and 6 by the blocks of a GD[5,1,4,20] and GD(5,1,4,24] respectively, 

lemma 2.1. Add two points to the groups and on the first 5 groups construct a 

(42,S,S) packing design with a hole of size 2 (This design exists by lemma S.4); 

and on the last group construct a (14,5,5) optimal packing design • 

. Lemma S.9 a(v,S,5) ... y,(v,S,5) for v == 18, 38, 58, 78, 98. 
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~ For v = 18 let X = {1,2, •.• ,18} then the required blocks are 

< 1 2 3 4 10 >, < 4 5 13 15 16 >, < 1 2 8 14 18 >, < 4 5 15 16 18 > 
< 1 2 8 14 15 >, < 4 8 10 11 17 >, < 1 2 8 12 15 >, < 4 9 10 14 15 > 
< 1 2 11 15 16 >, < 4 9 11 12 14 >, < 1 3 5 9 14 >, < 4 10 13 14 18 > 
< 1 3 5 6 7 >, < 5 6 11 13 16 >, < 1 3 10 13 18 >, < 5 7 8 10 15 > 
< 1 3 11 14 16 >, < 5 8 12 17 18 >, < 1 4 6 8 18 >, < 5 9 10 11 18 > 
< 1 4 7 16 18 >, < 5 II 13 14 15 >, < 1 4 7 12 13 >, < 6 7 8 9 10 > 
< 1 4 9 11 17 >, < 6 7 8 11 14 >, < 1 5 6 9 15 >, < 6 7 10 13 18 > 
< 1 5 7 11 16 >, < 6 8 9 11 13 >, < 1 5 8 12 17 >, < 6 10 15 16 17 > 
< 1 6 9 13 17 >, < 6 13 14 16 18 >, < 1 6 10 11 17 >, < 7 8 9 14 16 > 
< 1 7 12 13 17 >, < 7 10 12 14 16 >, < 1 9 10 12 15 >, < 7 11 15 17 18 > 
< 1 10 14 16 18 >, < 8 9 12 13 16 >, < 2 3 5 6 10 >, < 8 10 13 15 17 > 
< 2 3 8 10 11 >, < 9 11 12 15 16 >, < 2 3 9 13 16 >, <10 12 13 14 17 > 
< 2 3 9 13 17 >, < 2 4 5 7 13 >, < 2 4 6 12 14 >, < 2 4 7 10 11 > 
< 2 4 11 12 13 >, < 2 5 8 13 14 >, < 2 5 10 12 16 >, < 2 5 11 17 18 > 
< 2 6 7 9 18 >, < 2 6 14 15 17 >, < 2 7 9 16 17 >, < 2 7 9 15 18 > 
< 2 12 16 17 18 >, < 3 4 6 12 15 >, < 3 4 6 8 16 >, < 3 4 7 15 17 > 
< 3 4 8 16 17 >, < 3 5 7 14 17 >, < 3 5 9 10 12 >, < 3 6 12 15 18 > 
< :3 7 8 13 15 >, < 3 7 11 12 14 >, < 3 8 11 12 18 >, < 3 9 14 17 18 > 
< 3 11 13 15 18 >, < 4 5 6 14 17 >, < 4 5 8 9 18 >. 

For tJ '" 38, 58, 78 the construction is as follows 

1) take a (v-1,5,4) optimal packing design, [12 J; 

2) take a (v+4, 5, 1) optimal packing design, [9] • Assume we have the block 

< v v+1 v+2 v+3 v+4 >. Delete this block and in all other blocks change 

the points v+1, v+2, v+3, v+4 to v. 

For v '" 98 let X == ZIIIO U HIS' Then the construction is as follows: 

1) On ZIllO U Ii, construct an (89,5,1) packing design with a hole of size 9, (17]. 

2) On ZIIIOU{~}18i_IOconstruct an (89,5,1) packing design with a hole of size 9. 

3) Take the following base blocks under the action of the group ZIIIO 

<0 2 11 30 59>, <0 1 4 14 hi>' <0 5 12 37 hY', <0 6 29 53 h3>, <0 8 34 52 h4> 

<0 15 31 50 hs>, <0 17 38 58 ~>, <0 1 3 7 h,>, <0 5 13 23 ha>, <0 9 35 47 ha> 

<0 11 27 55 h lO>, <0 14 31 51 h ll>, <0 15 34 56 h t2>, <0 1 3 7 hi,>, <0 5 13 30 h 14> 

<0 9 21 48 hIS>' <0 10 36 47 hie>, <0 14 34 49 hl1>' <0 16 38 56 hIS>. 

Theorem 5.8 o(v,S,5) '" !/t(v,S,5) for all positive integers v 5 18 (mod 20). 

Proof For 18 S v s 98 see lemma 5.9. For v ~ 118, v ¢ 138 the proof of this 

theorem is the same as theorem 5.5 with the difference that 

4u + h + s"= 18 (mod 20), 18 s 4u + h + s s 98. 

For v = 138 apply theorem 2.2 with n = 7, h s 2 and u - 4. 

Theorem 5.9 Let v = 16 (mod 20) be a positive integer. Then o(v,S,S) 

!/t(v,5,S) • 



~ The blocks of a (v,5,5) optimal packing design for all positive integers 

v E 16 (mod 20), may be constructed as follows. 

1 ) take a B [ v-1 , 5 , 4], lemma 2. 1 ; 

2) take a (11+4,5,1) optimal packing design which is constructed by taking a 

B[v+5,5,1J and deleting the point ~+5 and all the blocks containing this 

point. Assume in the (v+4,5,1) optimal packing design we have the block 

< v v+l v+2 v+3 v+4 >. Delete this block and in a11 the remaining blocks 

change 11+1, 11+2, v+3 and v+4 to v. 

Lemma 5.10 There exists a (24,5,5) packing design with a hole of size 4. 

~ Let X = ZlO U H4 then take the following base blocks under the action of 

the group ZlO 

<0 4 8 12 16> orbit of length 4, three times <0 2 3 5 9>, <0 1 2 4 hI>' 

<0 1 6 13 h2>, <0 2 7 13 h3>, <0 3 9 12 h4>, <0 1 6 11> U {~}''.-l' 

Theorem 5.10 Let v E 4 (mod 20) be a positive integer greater than 4. Then 

0'(v,5,5) = ",(v,5,5). 

~ For v a 24, 44, 64, 84 the construction is as follows: 

1) take a (v-l,5,1) optimal packing design, [20]. 

2) take a B[v+l, 5, 1], lemma 2.1. Assume we have the block <1 2 3 v 11+1>. In 

this block change v+l to 5, where {1,2,3,5} are arb~trary numbers, and in 

all other blocks change v+l to v. 

3) take a (v,5,3) optimal packing design [9] and assume that the pairs {4,v} 

and {5,v} each appears at most twice (close observation of these designs 

show that we may assume this). Furthermore, assume in this design we have 

the block <1 2 3 4 5>. In this block change 5 to v. Now it is easily 

checked that the above three steps yield a (v,5,5) optimal packing design 

for v = 24, 44, 64, 84. 

For v ~ 124, v ;&! 144, 224 simple calculations show that II can be written 

in the form v = 20m+4u+h+s where m, u, h and s are chosen as in theorem 5.5 with 

the difference that 4u+h+s = 24, 44, 64, 84 and h = 4. 

Now apply theorem 2.4 with A = 5 and the result fo1lows. 

For v = 104, 144, 224 apply theorem 2.5 with m = 5, 7, 11 respectively. 



Theorem 5.11 Let v = 0, 8 or 12 (mod 20) be a positive integer greater than 

zero. Then c(v,5,5) = ~(v,S,5) with the possible except~on of v = 28, 32. 

Proof We f~rst prove the theorem for 8 s v ~ 100, v ¢. 28, 32. For 8 s v s 100, 

v ¢.20, 28, 32 a (v,S,S) optimal packing design can be constructed by taking the 

blocks of a (v,5,3) and a (v,5,2) optimal packing design [9], [5). 

For v 20 let X = Z~ then the blocks are 

<048 12 16> + i, i E Z., 3 times <0 1 4 10 15> (mod 20), <0 2 7 10 13> 

(mod 20), <0 1 2 3 5> (mod 20), <0 1 7 9 14> (mod 20). 

For v iii!:: 100 v ¢. 128, 132, 208, 212, simple calculations show that v can be 

written in the form v = 20m+4u+h+s where m, u, h and s are chosen a~ in theorem 

5.10 with the difference 4u+h+s = 0, 8 or 12 (mod 20), 8 S 4u+h+s S 92, 4u+h+s 

¢.28, 32. Now apply theorem 2.4 with A=5 and the result follows. 

For v ... 128, 132 apply theorem 2.2 with n '" 7, h ... 0 and u ,.. 2, 3 

respectively. 

For v - 208, 212 take a T[6,S,10], [18, p.278], and delete all but u points 

from last group where u = 2, 3, respectively. Inflate this design by a factor 

of 4, that is, replace all blocks of size 5 and 6 by the blocks of a GD{5,1,4,20} 

and GD[5,1,4,24] respectively, lemma 2.1. Finally on the groups construct a 

(n,5,5) opt~al packing design where n - 40, 8, 12. 

7. COD.c1us~oD. 

We have shown that a(v,S,S) = ~(v,5,5) for all positive integers v, v ii!:: 5 

with the possible exception of v = 28, 32, 34. 
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