















































Furthermore, assume in this design we have the block < 6 7 8 1 4 > where
{6,7,8} are arbitrary numbers. In this block change 4 to 5.

2y take a (v+4,5,1) optimal packing design. The complement graph of this
design contains a circuit graph C, where n > 23 (20}, so we may assume that
the pairs {1,2}, (2,3} {3,4} and {4,9) appear in zero blocks. Assume in
this design we have the block < 6 7 8 § 5 >. In this block change 5 to 4.
Furthermore , assume in this design we have the block < v v+l v+2 v+3

v+4 >. Delete this block and in all other blocks change v+l, v+2, v+3 and v+4

to v.

Theorem 5.4 Let v = 19 (mod 20) be a positive integer. Then o(v,5,5) = ¥(v,5,5).

Proof 1In [10) we have shown that for all v-1 = 18 (mod 20) v #% 98 (mod 100), v
# 78 there exists a (v-1,5,4) covering design with a hole of size 8, 13 or 18.
But for n = 8, 13, 18 there exists a (n,5,4) minimal covering design such that
their excess graphs is one of graphs described in lemma 5.2. We now show that
for the other values there exists a (v-1,5,4) covering design with a hole of size
8, 13, or 18.

For v = 78 see [4].

For v = 98 (mod 100) take a T(6,1,m] where m = 17 (mod 20), theorem 2.1.
Delete all but 11 points from last group and replace the blocks of the resultant
design by the blocks of a B[6,5,4] and B{S5,5,4), lemma 2.1. Add two points to
the groups and on the first five groups construct a (m+2,5,4) packing design with
a hole of size 2 [12]. Finally, take these two points with the last group to be
the hole of size 13. Now it is clear that for all v-1 = 18 (mod 20) the excess
graph of the (v~1,5,4) minimal covering design is one of the graphs described in

lemma 5.2.

On the other side a (v+4,5,1) optimal packing design exists for all v+4
3 (mod 20), v+4 243, [20]. Now apply lemma 5.2 to get the result for all v =
19 (mod 20) v # 239.

For a (239,5,5) optimal packing design apply theorem 2.4 with A=5, m=11,
s8=0, u=4 and h=3.

5.2 Packing of order v £ 2 (mod &)

We start this section with the following simple but important observation
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Lemma 5.3 (a) If there exists

1) a (v,5,\) covering design with ¢(v,5,A) blocks;

2) a (v,5,\') packing design with y(v,5,\') blocks;

3) (U, 5,0) + ¥(u,5,N) = $(u, 5, A\ );

4) the excess graph E(V,f8) of the covering design is isomorphic to a subgraph
G of the complement graph, C(V,f), of the packing design.
Then there exists a (v,5,A+\') packing design with ¥(v,5,AX') blocks

‘(b) Similarly if there exists

1) a (v,5,\) covering design with a hole of size h;

2) a (v,5,\') packing design with a hole of size h;

3) the total number of blocks in these two designs is Vv, 5, A+X) =
Y(h,5, M\ ;

4) the excess graph, E(V\H,8), of the covering design with a hole of size h
is isomorphic to a subgraph G of the complement graph, C(V\H,B), of the
packing design with a hole of size h.

Then there exists a (v,5,A+A') packing design with a hole of size h.

Lemma 5.4 o(v,5,5) = ¥(v,5,5) for v = 22, 42, 62, B2. Furthermore, these

packing designs have a hole of size 2.

Proof For v = 22 let X = Z, U {a,b)} then the required blocks a';:e

<0 481216 >+ i, i €2,, <0 3 10 13 > U {a,b} half orbit

< 01235> (mod 20), <0 1 6 8 13 > (mod 20), < 0 2 8 11 14 > (mod 20),

< 049 13 a > (mod 20), <015 11 b > (mod 20).

For v = 42, 62, 82 the construction is as follows

1) Take a B(v-1,5,2)}, lemma 2.1.

2) Take a (v+1,5,2) optimal packing design [6]. It has a hole of size 3, say
{v~-1, v, wv+l}. Now in all the blocks of the (uv+1,5,2) optimal packing
design change v+l to v.

3 Take a (v,5,1) optimal packing design, v = 42, 62, 82, [9].
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It is clear that the above three steps yield a (v,5,5) optimal packing

design for v = 42, 62, 82.

Theorem 5.5 o(v,5,5) = ¥(v,5,5) for all positive integer v = 2 (mod 20), v 2 22.

Proof For v = 22, 42, 62, 82 the result follows from lemma 5.4. For v 2z 102

simple calculations show that v can be written in the form v = 20m + 4u + h + 8
where m, u, h and s are chosen so that

1) there exists a RMGD[5,1,5,5m), theorem 2.3;

2) 4u + h + 8 = 2 (mod 20) and 22 < 4u + h + & 5 82;

3) 0susgsmn-l, 80 (mod 4) and h = 2;

4) there exists a GD([5,5,{4,8*),4m+8]), theorem 2.5.

Now apply theorem 2.4 with A = 5 and the result follows.

Lemma 5.5 o(v,5,5) = ¥(v,5,5) for v = 6, 26, 46, 66, 86.

Proof For v = 6 take a B{6,5,4), lemma 2.1, with an optimal (6,5,1) packing,
which has one block.

For v = 26 let X = Zy UH,. On 25 UH, construct a B(25,5,1], lemma 2.1,
such that < h, h, hy h, hy > is a block, which we delete. Furthermore, take the
following base blocks under the action of the group Zx:
<0 5 10 15 he> orbit length 5. < 01 2 3 h>, <0 1 3 8 hy>, <0 2 7 13 hy>,

<0 3 9 12 hy>, <0 4 8 13 hy>», <0 4 8 14 hg».

For v = 46, 66, 86 a (v,5,5) optimal packing design may be constructed as

follows:

1. take a (v,5,3) minimal covering design, [9]. Careful inspections show that
the excess graph E(V,f) of this covering design consists of a 1- factor on

v-6 vertices and the following graph on the remaining 6 vertices
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2. take a (v,5,2) optimal packing design such that its complement graph C(V,f)
contains a subgraph G that is isomorphic to E(V,f), the excess graph of
(v,5,3) minimal covering design, lemma 4.2. Now apply lemma 5.3 and the

result follows.

Theorem 5.6 o(v,5,5) = ¥(v,5,5) for all positive integers v = 6 (mod 20)

Proof For 6 < v < 86 the result follows from lemma 5.5. For v 2 106 the proof
of this theorem is the same as theorem 5.2 with the difference that 4u + h + 8

= 6 (mod 20), h = 6, and 6 < 4u + h + 8 = 86.

Lemma 5.6 Let m, u and h =z 0 be positive even integers. If there exists (1) a

GD[5,2,{m,u*}, Sm+u ) (2) a (u+h,5,2) optimal packing design with

2.
2 lu+h) 2("“2%) * curh) * d pyocks where ¢ and d are integers determined by u

and h (3) a (m+h,5,2) packing design with a hole of size h with total number of

2 -
blocks equal 2% “”;o* €m - 2M  ppen o(Smeuth,S,2) = ¥ (Smeu+h,5,2)

Proof We need to show that the total number of blocks obtained by this

construction is equal to ¥ (Sm+u+h,5,2). But a GD[5,2,{m,u*}, S5m+u] has the

following number of blocks 2(m(m-u) + -;-mu) (1)

A (u+h,5,2) optimal packing design has the following number of blocks

2 (ush)? - 2lush) + c(urh) +d 1)

where ¢ and d are integers deterimed by u and h, and a (m+h,5,2) packing design
with a hole of size h has the following number of blocks (we are assuming that
this number is an integer)

2m? + 41111;04» cm - 2m (111)
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where ¢ is as above.

2 .
On the other hand, (Sm+u+h,5,2) = 2 (5m+u+h) 2(51174»21.104-12) + c(Sm+u+h) +d (1)

where ¢ and d are the same integers as in (II) since 5Sm+u+h and u+h are the same
congruency modulo 10.

Now it is easily checked that the total number of blocks in (I), (II) and
5 times the number of blocks in (III) is equal to the total number of blocks in
‘( Iv).

Lemma 5.7 Let v = 10 or 14 (mod 20), v # 34 be a positive integer less than 100.
Then there exists a (v,5,2) optimal packing design such that the complement graph

of these designs contains a subgraph that is a 1l-factor.

Proof For v = 10, 14, 30, 90 see [5, p.51].

For v = 70 let X = 24 U {a,b}, then take the following base blocks under
the action of the group Zg.
<0 1 3 8 22>, <0 4 17 35 44>, <0 10 25 36 48>, <0 1 3 7 18>, <0 5 24 30 40>
<0 9 22 36 48>, <0 8 29 45> U {a,b}.

For v = 50, 54, 74 and 94 take a GD{5,2,{m,u*}, 5m+u} where m, u and h are
choosen as prescribed in the table below (see lemma 2.1 of [5, p. 46] for the
existence of a GD{5,2, {m,u*}, Sm+u}). Adjoin a set H of h points to the groups
and on the first five groups construct a (m+h,5,2) packing design with a hole of
size h {5, p. 48] and take these h points with the last group as a block which
we delete since the total number of points is less than five. Now apply lemma

5.6 to get the result.

v m u h Lemma v m u h Lemma
50 10 0 0 5.6 74 14 o] 4 5.6
54 10 2 2 5.6 94 18 2 2 5.6

Note that our constructions are correct provided that: the (10,5,2)
optimal packing design; the (12,5,2) packing design with a hole of size 2; the
(18,5,2) packing deeign with a hole of size 4, and the (20,5,2) packing design

with a hole of size 2, their complement graph has a complement subgraph that is



i-factor. This can easily be checked. For the (18,5,2) packing design with a
hole of size 4, the l-factor on {5,...,18} is {{5,17) (6,12} (7,9} {8,11} {10,186}

{13,18} {14,15}}.

Le.ma 5.8 o(v,5,5) = ¢(v,5,5) for all v = 10 or 14 (mod 20) and 10 s v s 94,

v # 34.

Proof A (v,5,5) optimal packing design for v = 10 or 14 (mod 20) and v = 94 can

be constructed as follows.

1) take a (v,5,3) minimal covering design [9]. The excess graph, E(V,B), of
each of these designs is a 1- factor.

2) take a (v,5,2) optimal packing design such that the compliment graph of
these designs contains a subgraph which is l-factor (lemma 5.7). Since
a(v,5,3) = ¢(v,5,3) and o(v,5,2) = Y(v,5,2) for such v; and a(v,5,3) +
VY(v,5,2) = ¥(v,5,5) it follows that o(v,5,5) = ¥(v,5,5).

Theorem 5.7 o(v,5,5) = y¥(v,5,5) for all positive integers v = 10 or 14 (mod 20)

with the possible exception of v = 34.

Proof For 14 < v = 94, v = 10 or 14 (mod 20) the result follows from lemma 5.8.

For v 2 110, v # 130, 134, 214, the proof of the theorem is the same as theorem
5.5 with the difference that 4u + h + 8 = 10, 30, 50, 70, 90 if v = 10 (mod 20)
and 4u + h + 8 = 14, 54, 74, 94 if v = 14 (mod 20). For v = 130, 134 apply
theorem 2.2 with h = 2, n = 7 and u = 2 and 3 respectively.

For v = 214 take a T[6,5,10]}, [18, p.278], and delete 7 points from the
last group. . Inflate this design by a factor of 4, that is, replace each block
of size 5 and 6 by the blocks of a GD[5,1,4,20] and GD[5,1,4,24] respectively,
lemma 2.1. Add two points to the groups and on the first 5 groups construct a
(42,5,5) packing design with a hole of size 2 (This design exists by lemma 5.4);

and on the last group construct a (14,5,5) optimal packing design.

. Lemma 5.9 o(v,5,5) = ¥(v,5,5) for v = 18, 38, 58, 78, 98.
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For v = 18 let X = {(1,2,...,18)} then the required blocks are

2 3 4 10 >, <4 5131516 >, <1 2 8 14 18 >, < 4 5 15 16 18 >
2 8 14 15 >, <4 810 1117 >, <1 2 8 12 15 >, < 4 9 10 14 15 >
2 11 15 16 >, <4 911 12143 <1 3 5 9 14 >, < 4 10 13 14 18 >
3 85 & 7>, < & 611 13 16 >, <1 310 13 18 >, <5 7 8 10 15 >
311 14 16 >, <5 812 1718 > <1 4 6 8 18 >, <5 9 10 11 18 >
4 716 18 », <5 111314 15>, <1 4 712 13 >, <6 7 & 9 10 >
4 9 11 17 >, <6 7 81114 > <1 5 6 915 >, < 6 7 10 13 18 >
s 7 11 16 >, <6 8 91113 >, <1 5 812 17 >, < 6 10 15 16 17 >
6 9 13 17 >, < 6 13 14 16 18 >, <1 6 10 11 17 >, <7 8 914 16 >
7 12 13 17 >, < 7 10 12 14 16 >, < 1 9 10 12 15 >, < 7 11 1% 17 18 >
0 14 16 18 >, <8 912 1316 >, <2 3 5 6 10 >, < 8 10 13 15 17 >
3 8 10 11 >, <9 11 12 15 16 », <2 3 9 13 16 >, <10 12 13 14 17 >
3 9 13 17 >, <2 4 5 713 >, <2 4 6 12 14 >, < 2 4 7 10 11 >
4 11 12 13 >, <2 5 81314 >, < 2 510 12 16 >, < 2 51117 18 >
6 7 9 18 >, <2 614 1517 >, <2 7 916 17 >, <2 7 915 18 >
2 16 17 18 >, <3 4 61215 >» <3 4 6 8 16 >, <3 4 715 17 >
4 8 16 17 >, <3 5 71417 >, <3 &5 9 10 12 >, < 3 6 12 15 18 >
7 8 13 15 >, <3 711 12 14 >, < 3 8 11 12 18 >, <3 914 17 18 >
113 15 18 >, <4 5 61417 >, <4 5 8 9 18 >.

For v = 38, 58, 78 the construction is as follows

1)
2)

For
1)
2)

3)

take a (v-1,5,4) optimal packing design, [12};

take a (v+4,5,1) optimal packing design, [9]. Assume we have the block
< v v+l v+2 v+3 v+4 >. Delete this block and in all other blocks change
the points v+l, v+2, v+3, vé4 to v.

= 98 let X = 24 UHg. Then the construction is as follows:

On Zyg UH, construct an (89,5,1) packing design with a hole of size 9,{17].
on ZgVU {h}®.,construct an (89,5,1) packing design with a hole of size 9.

Take the following base blocks under the action of the group Zg

<0 2 11 30 59>, <0 1 4 14 h>, <0 5 12 37 hy>, <0 & 29 53 h,», <0 8 34 52 hy>

<0

15 31 50 hs>, <0 17 38 58 he>, <0 1 3 7 h,>, <0 § 13 23 hy>, <0 9 35 47 hy>

<0 11 27 55 hyg>, <0 14 31 51 h,>, <0 15 34 56 hp>, <0 1 3 7 hy>, <0 5 13 30 h,>

<0 9 21 48 hy>, <0 10 36 47 hy>, <0 14 34 49 h,>, <0 16 38 56 hy>.

Theorem 5.8 o(v,5,5) = ¥(v,5,5) for all positive integers v = 18 (mod 20).

Procf For 18 s v s 98 see lemma 5.9. For v = 118, v # 138 the proof of this

theorem is the same as theorem 5.5 with the difference that

4u+h+ 8= 18 (mod 20), 18 < 4u + h + 8 < 98,

For v = 138 apply theorem 2.2 with n = 7, h = 2 and u = 4.

5.3 Packing of orxder v £ 0 (mod &)

Thecrem 5.9 Let v 2 16 (mod 20) be a positive integer. Then o(v,5,5) =

¥(v,5,5).



Proof The blocks of a (v,5,5) optimal packing design for all positive integers

v = 16 (mod 20), may be constructed as follows.

1) take a B[v~1,5,4), lemma 2.1;

2) take a (v+4,5,1) optimal packing design which is constructed by taking a
B[v+5,5,1] and deleting the point v+5 and all the blocks containing this
point. Assume in the (v+4,5,1) optimal packing design we have the block
< v v+l v+2 v+3 v+4 >. Delete this block and in all the remaining blocks

change v+1, v+2, v+3 and v+4 to v.

Lemma 5.10 There exists a (24,5,5) packing design with a hole of size 4.

Proof Let X = Z, UH, then take the following base blocks under the action of
the group 2z,
<0 4 8 12 16> orbit of length 4, three times <0 2 3 § 9>, <0 1 2 4 hp>,

<0 1613 h;> <0 27 13 hy>, <0 3 9 12 h>, <0 1 6 11> U {h}4.,.

Theorem 5.10 Let v = 4 (mod 20) be a positive integer greater than 4. Then
o(v,5,5) = Y(v,5,5).

Proof For v = 24, 44, 64, 84 the construction is as follows:

1) take a (v-1,5,1) optimal packing design, [20].

2) take a B[v+1,5,1], lemma 2.1. Assume we have the block <1 2 3 v v+1>. 1In
this block change v+1 to 5, where {1,2,3,5} are arbitrary numbers, and in
all other blocks change v+l to v.

3) take a (v,5,3) optimal packing design [9) and assume that the pairs {4,v}
and {5,v} each appears at most twice (close observation of these designs
show that we may assume this). Furthermore, assume in this design we have
the block <1 2 3 4 5>. 1In this block change 5 to v. Now it is easily
checked that the above three steps yield a (v,5,5) optimal packing design
for v = 24, 44, 64, B4.

For v 2 124, v # 144, 224 simple calculations show that v can be written
in the form v = 20m+4u+h+s where m, u, h and 8 are chosen as in theorem 5.5 with
the difference that 4u+h+s = 24, 44, 64, 84 and h = 4.

Now apply theorem 2.4 with A = 5 and the result follows.

For v = 104, 144, 224 apply theorem 2.5 with m = 5, 7, 11 respectively.



Theorem 5.11 Let v = 0, 8 or 12 (mod 20) be a positive integer greater than

zero. Then o(v,5,5) = ¢¥(v,5,5) with the possible exception of v = 28, 32.

Proof We first prove the theorem for 8 s v < 100, v #28, 32. For 8 =v = 100,
v #20, 28, 32 a (v,5,5) optimal packing design can be constructed by taking the
blocks of a (v,5,3) and a (v,5,2) optimal packing design [9}, [5]}.

For v = 20 let X = %45 then the blocks are
<0 4 8 12 16> + i, i €2,, 3 times <0 1 4 10 15> (mod 20), <0 2 7 10 13>
{mod 20), <0 1 2 3 5> (mod 20), <0 1 7 9 14> (mod 20).

For v 2 100 v $ 128, 132, 208, 212, simple calculations show that v can be
written in the form v = 20m+4u+h+s where m, u, h and s are chosen as in theorem
§.10 with the difference 4u+h+s = 0, 8 or 12 (mod 20), 8 < 4ut+h+s s 92, 4u+thts

# 28, 32. Now apply theorem 2.4 with A=5 and the result follows.

For v = 128, 132 apply thgorem 2.2 with n = 7, h = 0 and u = 2, 3
respectively.

For v = 208, 212 take a T[6,5,10), [18, p.278], and delete all but u points
from last group where u = 2, 3, respectively. Inflate this design by a factor
of 4, that is, replace all blocks of size 5 and 6 by the blocks of a GD[5,1,4,20]
and GD[5,1,4,24) respectively, lemma 2.1. Finally on the groups construct a

(n,5,5) optimal packing design where n = 40, 8, 12.

7. Conclusion
We have shown that o(v,5,5) = y¥(v,5,5) for all positive integers v, v 2 §

with the possible exception of v = 28, 32, 34.
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