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Abstract

Suppose G is a connected graph on p vertices that contains a perfect
matching. Then G is said to have property E(m,n) if p > 2(m +n + 1)
and if for each pair of disjoint independent sets M, N C E(QG) of sizes m,n
respectively, there exists a perfect matching P in G such that M C P and
NNP = (. We discuss the circumstances under which E(m,n) = E(z,y),
and prove that (surprisingly) in general E(m, n) does not imply E(m,n—1).

1 Introduction

In this paper we consider finite, simple graphs. An m-matching is a set of m
independent edges of a graph. For a graph G with 2n vertices, a perfect matching
is an n-matching in G. Let G be a connected graph on p vertices which contains
a perfect matching. G is said to be n-extendable, for positive integer n, if p >
2(n+1) and every n-matching can be extended to (i.e., is contained in) a perfect
matching in G.

Plummer first introduced the concept of n-extendable graphs [4]. Since then
there has been a large amount of study into relationships between n-extendability
and other graph parameters, such as connectivity, degree and genus. For an
excellent survey we refer the reader to [7].

Generalizing this idea of n-extendability, Liu and Yu introduced the concept
of (m,n)-extendability [3]. For a graph G, let M be an m-matching of G and
U= {uy,...,u,} be a set of n distinct vertices of G such that u; (1 <i < n)is
not incident with any edge of M. A matching extension of (M,U) is a perfect
matching M™ in G such that M € M* and usu; ¢ M* for any u;,u; € U. A graph
G is called (m,n)-extendable if it contains a perfect matching and for arbitrary
M and U described above, there exists a matching extension of (M,U). Liu
and Yu studied the properties of (m,n)-extendable graphs and, in particular,
relationships between (m, n)-extendability and graph products.
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Tt is clear from the definition of (m, n)-extendability that every matching ex-
tension of given (M, U) must necessarily exclude any edge e € E((U)), a poten-
tially large number of edges as n becomes large (|[E((U))| < |E(K,)|= n(n—1)/2).
In this paper we present an alternative generalization of n-extendability that
avoids this restriction, with what we call the E(m,n) property and study the
properties of E(m,n) graphs.

Motivation for this alternative comes from analogous study of path and cy-
cle properties in graphs. Wilson, Hemminger and Plummer [9] introduced the
P(m,n) property of graphs. A graph on p vertices is said to be P(m,n) (orig-
inally (m™*,n™)-connected) if p > m +n,m > 2,n > 0, and for any given set
{ugy oo Uy U1y -, Vs € V(G) there is a path in G containing ug, ..., Um, and
avoiding vy, . . ., v,. Holton and Plummer [2] presented a similar definition in the
cycle case as an extension to Dirac’s Theorem. A graph G on p vertices is said to
be C'(m,n) if p > m+ n and given arbitrary disjoint sets M, N C V(G) of sizes
m, n respectively, there exists a cycle C* in GG that contains each vertex u € M
and avoids each vertex v € N.

In each of these propertics the structure of the avoided elements/set is the
same as that of the included set. With this in mind, we define the E(m,n)
property of graphs. Let G be a connected graph on p vertices that contains a
perfect matching. Then G is said to have property E(m,n) if p > 2(m-+n+1) and
given arbitrary disjoint independent sets M, N C E(G) of sizes m, n respectively,
there exists a perfect matching P in G such that M C P and NN P = (. We
say that P is an (M, N)-extension. In the case M = {e} we refer to an (e, N)-
extension and similarly for the case [N| = 1.

Note the similarities between the definitions for C(m,n) and E(m,n). Also
we see that the properties E(m,0) and (m, 0)-extendability are both equivalent
to m-extendability. As examples of these properties, we have the Petersen graph
which has property F(1,1) but not E(1,2) or E(2,0), and Cb, which has property
E(1,0) but not E(1,1).

The following preliminary result due to Plummer combines theorems from
[4] and [5]. Notice that part (a) induces a hierarchy upon the set of graphs
admitting a perfect matching. As we shall see, the E(m,n) property further
refines this hierarchy.

Theorem 1.1 Let G be a graph on p vertices that contains a perfect matching,
and let n be such that p > 2(n + 1) and let e € E(G). If G is n-extendable, then

(a) G is (n — 1)-extendable, forn > 2,
(b) G is (n + 1)-connected, for n > 1.
(c) if n =1, G — e has a perfect matching.

(d) ifn > 2, G—eis(n—1)-estendable. ]
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It is interesting to note that whilst it is trivially clear that C(m,n) = C(m, n—
1) and similarly for the P(m,n) property, it is not true that a graph which has
property E(m,n) necessarily has property E(m,n — 1). We present the graph
(i = 5K, + Ks in Figure 1 as an example of this surprising result (for proof, see
Lemma 2.3).

€1 € €3 €4 €5
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Figure 1: G4 has property E(1,7) but not E(1,6)

2 E{m,n) does not imply E(m,n — 1)

We have seen that the property E(m, 0} is just m-extendability. Our first theorem
says that in general, the E(m,n) property is a reasonable generalization of n-
extendability.

Theorem 2.1 If a graph G has property E(m,n), then G has property E(m, 0).

Proof: Suppose a graph G on p vertices has property E(m,n). Then there ex-
ists a perfect matching P in G and p > 2(m+n+1). Thus |P| > m+n+ 1.
Now consider an arbitrary independent set M C E(G), of size m. Then certainly
IPN(B(G\M)| > n+1. So there exists a set N C PN (E(G)\M) of size n.
Then M, N are independent disjoint sets and so, since G has property E(m,n),
there exists an (M, N)-extension P, a perfect matching containing M. It follows
that G is m-extendable and thus has property E(m,0). ]

Notice that we require the vertex bound of p > 2(m 4+ n+ 1) in the definition
of E(m,n) for this proof. When n = 0 we see that this restricton collapses to that
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of Plurmnmer in Theorem 1.1. It is clear also that (if we relaxed the restriction on
p) no graph on p = 2(m + 1) vertices would have property E(m, 1) since for any
perfect matching P we could take disjoint M, N C E(G) of sizes m and 1 such
that M U N = P thus disallowing an (M, N)-extension.

From Theorems 1.1 and 2.1 we obtain the following corollary.

Corollary 2.2 If a graph G has property E(m,n), then
(a) G has property E(g,0) for all0 < ¢ < m; and

(b) G is (m + 1)-connected.

Proof: Suppose G has property E(m,n). By Theorem 2.1, G has property
E(m,0) and thus m-extendable, and so by Theorem 1.1

(a) G has property E(q,0) for all 0 < ¢ < m; and

(b) G is (m + 1)-connected. B

We have seen in the introduction that although Theorem 2.1 holds, it is not
true that E(m,n) = E(m,n — 1), as one might initially expect. We generalize
graph G to show that for m > 1 and n > 6m + 1, the graph Gg = (n—2m)K,y +
Ks(n—3m) in Figure 2 has property E(m,n) but not E(m,n —1).

€1 €2 L ©n-2m
aj by by an-2m by2m
® ® e ® ®
uy up U2(n-3m)

GZ = (n-2m)K2 + Kz(n_3m)

FIiGure 2: G4 has property E(m,n) but not E(m,n—1),form > 1,n—1> 6m
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Lemma 2.3 Form > 1 andn > 6m+1, there exists a graph G that has property
E(m,n) but not E(m,n — 1).

Proof: Let m > 1 and n > 6m + 1. We will show that the graph G, =
(n — 2m)Ky + Kyn-3m) in Figure 2 is E(m,n) but is not E(m,n — 1). Let
E={e, ... ,encomh A={a1, ..., Gnoom}, B={b1, ... | bpegm}, U = {uy,
co s Uncam), Vo= {Ungmi1, .., Uz(n—sm)} and let F = E(Gy)\E (the edges
between AU B and U U V).

Firstly note that G, contains p = 2(n —2m) +2(n— 3m) = 4n— 10m vertices,
so any perfect matching in G, contains 2n—5m = 2(n—3m)+m edges. Therefore
the perfect matching must include exactly m of the (n — 2m) edges in E (and
2(n — 3m) edges in F).

Claim: G5 does not have property E(m,n).

We have p =4n - 10m =2(m +n + 1) + 2(n — (6m + 1)) > 2(m + n + 1).
Now consider arbitrary disjoint independent edgesets M, N C E(G2) of sizes m, n
respectively. Now |[NNE| < (n—2m) — 2m = n — 4m, leaving at least 2m edges
in E\N. Suppose that |M N (E\N)| = ¢, where 0 < ¢ < m. Since |M| = m,
there are at least m edges in E\N independent of M, so choosing m — ¢ of these
and an arbitrary matching between the remaining M-uncovered vertices in AU B
and vertices in U UV (of which there are 2(n — 3m) — (m — q) of each) we have
an (M, N)-extension.

Claim: G, is not E(m,n — 1).

Consider the following disjoint independent sets M, N C E(Gy). Let N con-
tainn—4m+1= (n—2m)—(2m—1) edges in F, and 4m — 2 = 2(2m — 1) edges
in F, adjacent to the remaining N-uncovered vertices in AU B. Let M contain
m = (2m — 1) — (m — 1) edges in F such that each M-edge is incident with a
distinct edge in E\N. Clearly |[N| = n —1 and |M| = m. Further, it is clear that
any (M, N)-extension P must avoid [(n—2m)—(2m—1)]+[2m—1)—(m~1)] =
(n—2m)—(m—1) edges in E, i.e.,, all but m —1 edges in £. Thus P can contain
at most m — 1 edges in £, a contradiction as P is a perfect matching. It follows
that there does not exist an (M, N)-extension and thus G5 does not have property
E(m,n - 1). B

In contrast to the above, the following theorem states that when n is small
enough with respect to m, the implication E(m,n) = E(m,n — 1) does hold.

Theorem 2.4 If a graph G has property E(m,n) then G has property E(m,n —
1), forn < 2m + 2.

Proof: Suppose a graph G on p vertices has property E(m,n) with n < 2m + 2.
Assume that G is not E(m,n —1) and let M, N C E(G) be disjoint independent
sets of sizes m,n — 1 respectively such that there does not exist an (M, N)-
extension. Let M = {my,ms,...,mn} and let N = {ny,nq,...,np_1}. Let I =
V(G)\V({MUN)) be the set of vertices in G not incident with an edge in MUN.
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Now since G has property E(m,n) we know that no edge e € (E(G)\(M U N))
is independent of N, else there exists an (M, N U {e})-extension which is also an
(M, N)-extension. Thus every edge wv with u € I has vertex v incident with an
edge in N.

We now consider the two cases:

(a) Supposen—1<m.
Asp > 2(m+n+1) =2m+2(n—1)+4, we have |I| > 4. By Corollary 2.2,
G has property E(n — 1,0) since n — 1 < m, and so there exists a perfect

matching P in G containing N. However, this isolates each vertex in I, a
contradiction.

(by Let m+1<m—-1<2m+1.

Let ¢ = (n—1)—~m, so that 1 < ¢ < m+1. Let x be the number of edges in
M independent of N and let ¢ be the number of vertices incident with both
an edge in M and an edgein Nsothat c > m—z. Asp > 2(m+n+1) =
(2m—c)+2(n—1)+(4+c), then certainly || > 4+¢ > m-—z+2. By The-
orem 2.1, G has property E(m,0), and so there exists a perfect matching

P’ in G containing the independent set of edges {ng+1,- -« Ngem}. Thus
P’ must match every vertex in I by independent edges to vertices incident
with edges ny,... ,n,, so in particular there exists m — z + 2 independent
edges, €1, ... ,€m_zqo say, between I and edges ny,... ,n, Now consider
disjoint independent sets My, N1 C E(G) given by M7 = {ny,... ,n;,} and
Ny = {Nyppos ooy g, Mty oo Mg, €1, -« Emegra}. Now |Mi] = m and

INi| = (¢ — 1)+ 2+ (m — 2 +2) = n. Thus there exists an (M, N;)-
extension Py in G. P, must match every vertex v € V(G)\V((N)) to a
vertex w € {Nmy1,... ,Ngim}, that is (at least) 2(m -+ 2) vertices to 2¢
vertices, a contradiction as ¢ < m + 1. This completes the proof. [ ]

This gives us the following immediate corollary.

Corollary 2.5 If a graph G has property E(m,n) with n < 2m + 2 then it has
property E(m,p) for ollp < n. ]

Given m > 1, there is clearly a large gap between n > 6m + 1 for which
Lemima 2.3 shows us that G has property E(m, n) # G has property E(m,n~1),
and n < 2m + 2 for which Theorem 2.4 shows us that G has property E(m,n) =
G has property E(m,n — 1). The following theorem resolves this, showing that
Theorem 2.4 is in fact a best possible result. (The proof is several pages so is
omitted here - we refer the reader to [8] for full details.)

Theorem 2.6 For m > 1 and n > 2m + 3, there exists a graph G that has
property E(m,n) but not E(m,n — 1).
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Ficure 3: G3 has property E(m,2m+3+7) but not E{m,2m+2+r) form > 1
and r >0

169



Outline of proof: The proof is of similar nature to that of Theorem 2.3,
showing that the graph G in Figure 3 has property E(m, 2m + 3 + r) but not
E(m,2m 42+ r) for m > 1 and r > 0. Define A = {w;, v, zj,y; : 1 < i <
2m+1,0<j <r}and B =V(G3)\A.

It is fairly easy to see that it is not E(m,2m + 2 +r), by considering the sets
M = {ki,.. . kn} and N = {e1,...,eomy1, fo.. -, fr}- Any (M, N)-extension
requires exactly 2m edges between vertices in set A (with the remaining edges
outside of M between the sets A and B). This is clearly not possible whilst
avoiding set N.

The length of the proof arises as a result of the need to show that G5 has
property E(m,2m + 3 + r), i.e. showing that for every pair of disjoint indepen-
dent sets M, N of sizes m, n there exists an (M, N)-extension. ]

We have seen that the E(m, n) property behaves unexpectedly for some graphs
with n > 2m + 3. The next two results however show that in some senses this
behaviour is a minor aberration. The first result improves on Theorem 2.1 for
E(m,n) graphs where n is large with respect to m. The second shows that for
any given m,n, the graphs which have property E(m,n) but not E(m,n— 1) are
restricted in size. Therefore for any given m,n there are a finite number of such
graphs.

Theorem 2.7 Let a graph G have property F(m,n), with n > m. Then G has
property E(m,p) for all p < m.

Proof: Let a graph G on p vertices have property E(m,n) with n > m, so that
p > 2(m +n+1). We first note that by Corollary 2.5 we need only show that G
has property E(m,m). Cousider then arbitrary disjoint independent edgesets A
and N each of size m. By Theorem 2.1 G has property E(m, 0) so certainly set
N extends to a perfect matching P. This matches all the remaining vertices, so
there must be exist at least (m+n+1) —m = n+1 edges in G independent of
N.

-Since |M| = m, there are at least n + 1 — m edges independent of N that
are not in M. Choose n — m of these together with the m edges in N to form
an independent edgeset N; of size n that is disjoint of M. It follows that there
exists an (M, Ni)-extension which must also be an (M, N)-extension. Thus G
has property E(m,m). ]

Theorem 2.8 If a graph G has property E(m,n) but not E(m,n — 1) then
[V(G)| < 4(n—1) — 2m, where m > 1.

Proof: Consider a graph G on p vertices that has property E(m,n) but not

E(m,n — 1). Take disjoint independent edgesets M and N of sizes m,n — 1
respectively such that there exists no (M, N)-extension in G. From Theorems 2.4
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and 2.7 we have n > 2m + 3 and G has property E(m,m) so we may choose
M; © N to be of size m and let Ny = M so that there exists an (M, Np)-
extension Fy.

Since G has property E(m,n) but not E(m,n — 1) it follows that there are
no edges independent of set N outside of M. Therefore the matching P, which
avoids the set Ny = M must match every vertex that is not N-covered to a
distinct vertex in the graph induced by the edges ¢ € N\M;. Thus we have
V(G <2(n—1)+2(n—1—m)=4(n-1)—2m. ]

3 Other E(m,n) implications

We now present some other relationships that hold amongst the £(m, n) graphs.
Firstly we state a corollary to Theorem 1.1(c) and (d).

Corollary 3.1 If a graph G has property E(m,0), then G has property E(m —
1,1) form > 1. [ ]

Theorem 3.2 If o graph G has property E(m,n), then G has property E(m —
1L,n+1) form>1.

Proof: If n = 0 then the theorem follows from Corollary 3.1, so we may suppose
that n > 1.

Let G be a graph on p vertices that has property F(m,n). Now consider
arbitrary disjoint independent sets M, N C E(G) of sizes m—1, n+1 respectively.
By Corollary 2.2, G has property E(m — 1,0), and so there exists a perfect
matching P in G containing M. Further since p > 2(m + n + 1), we have
[Pl > m+n+ 1. Then |PN(E(G)\(M UN))| > 1, so we may choose e €
PN (E(G)\(M U N)). Then e is independent of M as it belongs to the same
perfect matching P, so let My = M U {e}.

Now consider two possibilities:

(a) There exists an edge f € N adjacent to M.

Taking Ny = N\{f} then there exists an (M;, N;)-extension P, in G. Fur-
ther, f ¢ P; asit is adjacent to an M; edge. Thus P is an (M, N)-extension.

(b) Otherwise N is independent of M;.

For any edge g € N, let Ny = N\{g}. There exists an (M, N;)-extension
Py in G. If P, avoids ¢ also then P, is an (M, N)-extension. Else since
|No| = n > 1, there exists an edge h € N,. This edge is avoided by P, but
since P, is a perfect matching h must be adjacent to some ¢ € P,. Further,
since h € Ny € N, a set independent of M, it follows that ¢ ¢ M and so
¢ is independent of M. Now let My = M U {q} and N3 = N\{h}. Then
there exists an (Ms, N3)-extension P; with h ¢ P;. Thus P is an (M, N)-
extension. |
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The following corollary to Theorem 3.2 ensures that if E(m,n) = {G : G is
an E(m,n) graph} we have

E(m +n,0) € E(m,n) C E(m,0)
and thus relates numbers of E(m,n) graphs to numbers of k-extendable graphs.

Corollary 3.3 If a graph G has property E(m+n,0) then G has property E(m,n).

Proof: The result follows from repeated applications of Theorem 3.2 to G. #
Our final theorem in this section confirms what we might expect.

Theorem 3.4 If a graph G has property E(m,n), then G has property E(m —
1,n).

Proof: Suppose a graph G on p vertices has property E(m,n). Now consider ar-
bitrary disjoint independent sets M, N C E(QG) of sizes m—1, n respectively. Now,
by Corollary 2.2, G has property E(m —1,0). So there exists a perfect matching
P in G that contains M. Further since p > 2(m+n+1), we have |P| > m+n+1.
Then |P N (E(G)\(M U N))| > 2, so we may choose ¢ € PN (E(G)\(M UN)).
The edge ¢ is independent of M as it belongs to the same perfect matching P, so
with My = M U {e} then there exists an (M), N)-extension P; in G. Clearly P
is also an (M, N)-extension and the result follows. [

We present the graph G4 = (2m + 1)Ky + Kopm4n) in Figure 4 to show that
the results of Theorems 3.2 and 3.4 are in some senses best possible. It can be
easily seen using arguments similar to those in the proof of Lemma 2.3 that Gy
has property E(m,n) but not E(m + 1,n), E(m,n+ 1) or E(m — 1,n+ 2).

As a summary of the relationships between the E(m,n) properties we obtain
the following corollary which extends to the result in Corollary 3.6 in the special
case when n < 2m + 2.

Corollary 3.5 If a graph G has property E{m,n) then G has property E(r,s),
forr4+n <r+4+s<m+n.

Proof: E(m,n) = E(m —1,n+1) {from Theorem 3.2}
.= Em—(s—n),n+(s—n))=E({(m+n)—s,s)
{from Theorem 3.2}
= E((m+n)—s—1,5) {from Theorem 3.4}
.= E(r,s),sincer <m-+n-—s
{from Theorem 3.4}. |
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G4 = (2m+n)K2 + KZ(m+n)

Ficure 4: G4 has property E(m,n) but not E(m +1,n), E(m,n+1) or E(m —
L,n+2)

Corollary 3.6 Suppose n < 2m 4+ 2. Then if a graph G has property E(m,n)
then G has property E(r,s), for 0<r<m and 0 <r +s < m+n.

Proof: E(m,n) = E(m—-1,n+1) {from Theorem 3.2}
.= Em—-(m-r)n+(m-r))=E(r,m+n-—r)
{from Theorem 3.2}
= E(rm+n—r-1) {from Theorem 2.4}
.= E(r,s),sinces<m+n-—r
{from Theorem 2.4}. ]

4 Two More Results

We have seen that the property of E(m,n) is basically a refinement of the widely
studied property of n-extendability. There has already been some progress made
using this to improve results obtained during the study of n-extendability in
graphs. The last two results presented here give the flavour of this research.

In [6] Plummer showed that if G is a (2n + 1)-connected even claw-free graph
with n > 0 then G is n-extendable. This has been improved with the follow-
ing theorem, which in particular tells us more about claw-free graphs with even
connectivity.

Theorem 4.1 (1] If a graph G is (2m+n -+ 1)-connected even and claw-free with
[V(G)| = 2m + 2n + 2, then G has property E(m, n). ]
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Corollary 4.2 [1] Let G be an even, claw-free graph. If G is
(a) 2n-connected, then it has property E(n — 1,1) unless G = Kop,.

(b) (2n + 1)-connected, then it has property E(n,0). [ |

The final result given here concerns matching extension in bipartite graphs.

Theorem 4.3 [1] If G is a regular (2n + 1)-edge-connected bipartite graph with
[V(G)| = 2(n-+ 1)+ 2, then G has property E(1,n). B
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