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Abstract

Upper bounds are determined for the Ramsey number r(K; 2, Kppn), 2 <
m < n. These bounds are attained for infinitely many n in case of m < 3 and
are fairly close to the exact value for every m if n is sufficiently large.

1 Introduction

For complete bipartite graphs (¢ and H only few exact values of the Ramsey number
r(G, HY) are known. Harary [4] determined the numbers r(Ky,, K1 ,). Parsons {7,8,9]
and Stevens [10] investigated the numbers r(Ky¢, Kinpn). Parsons determined an
upper bound for the case m = 2, which is attained if n is small relative to ¢ and
certain regular graphs exist. Stevens completely solved the case when n is sufficiently
large depending on ¢t and m. In [3] it was shown that r(Ks,, K2,) < 4n — 2 with
equality for infinitely many n. Moreover, Chung and Graham {1} derived a general
upper bound for (K, Ky ). But up to now, besides r(K3 3, K33) = 18 determined
in [3], no exact values of r(K, s, K ) are known when s,t,m,n > 3.

Here we focus on the numbers (K3, Kmn) = 7(Ca, K;mn). The case m = 1 was
alteady studied by Parsons. He showed that r(Cy, K1) < n+[+/n]+1 with equality
for infinitely many n. Here we will derive corresponding upper bounds for the case
m > 2. These bounds are attained for infinitely many n in case of m < 3 and are
fairly close to the exact value for fixed m and sufficiently large n.

As usual, the vertex set of a graph G is denoted by V and the edge set by E.
Ng(v) denotes the set of neighbors of a vertex v € (G in G and dg(v) the degree of v
in G. The minimum degree of the vertices in (¢ is denoted by és and the maximum
degree by Ag. In a 2-coloring of the complete graph K, we always use green and
red as colors. The green subgraph is denoted by G(g) and the red subgraph by G(r).
We write N,;(v), dy(v), 6, and A, instead of Negg)(v), da(g)(v), darg) and Ag(y) and
use the corresponding notations for G(r). If A and B are two sets of vertices from
K., g(A, B) denotes the number of green edges from A to B. If A consists of a single
vertex u, we write g(u, B). A 2-coloring of K, is said to be a (G, H)-coloring if there
is neither a green subgraph G nor a red subgraph H.
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2 Properties of (Cy, K,, ,)-colorings
The following lemmas will be used later to establish upper bounds for r(Cy, K,y ).

Lemma 1. Let x be a (C4, K, ,)-coloring of K, and v € V. Then the following
assertions hold.
(i)

D7 glu, No(v)) < p—dyfv) — 1, (1)

u€Ng(v)

(ii) If dy(v) > m and if S is an m-element subset of Ny(v) then

> 9w, N,(v) = p—n—dy(v) + | [ ) No(u) NN, (v)]. (2)

u€S ueS

(ii1) If dy(v) > m — 1 and if S is an (m — 1)-element subset of N,(v) then

S 0w N, () 2 p—n — dy(v). (3)

uesS

Proof. Since no green Cy occurs in x, each vertex in N,(v) can be joined by at
most one green edge to N,(v) and this yields (1). Moreover, there is no red Ky, ,, in x.
Thus, in Ny(v) there are no m vertices with n common red neighbors in N,(v)UN,(v)
and no m — 1 with n common red neighbors in N,(v). This implies (2) and (3). g

Lemma 2. Let x be a (C4, K, )-coloring of K,, m > 2 and p > max{n + m +
L,n+m?—m—1}. Then

m

[w]+1§Ag§m+{(m+ p?"W—l)J‘ (4)

Furthermore,
—n—d
o) < m =1+ |(n— 1y (2= (5)
m—1
for every v € V withm —1 <d,(v) <p—n—1.

Proof. No red K,, , implies green edges in x. Take m vertices at least two of them
adjacent in green. They have at least p—m —mA,+2 and at most n— 1 common red
neighbors. This implies A, > m — 1. Consider now a vertex v with dy(v ) Ay. Let
Ny(v) = {u1,...,ua,} and g; = g(ui, N,(v)). We may assume that g1 < g < < ga,-

Using inequality (3) and g; < A, — 1 we obtain that (m — 1)(A;—1) > ZZ g >
p —n — A, This yields the ﬁrst inequality in (4). To prove the second inequality
in (4) note that A, > m. Moreover, |2, N.(u;) N Ny(v)| > Ay — 2m since each
u; can have at most one green nelghbor in N ,(v). Now inequa,lity (2) implies that

S, g > p—n—2m which yields g, > [(Zml g:)/m] > [(p —n)/m] — 2. Using
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that gm < gms1 < ... < ga, and inequality (1) we obtain that p —n —2m + (A, —
m)([(p—n}/m] —-2) < ZZA;I g; < p— A, —1 and this yields the second inequality of
(4).

To prove inequality (5) consider a vertex v with d = dy(v) > m —1 and d <
p—n—1. Let N,(v) = {u1,...,us} and g; = g(u;, N;(v)). Again we may assume that
g1 < ... < g4 Then inequalities (3) and (1) imply that p—n —d+(d~ (m —1)){(p—
n—d)/(m—1)] <p—d-1 yielding inequality (5). g

3 Erdés-Rényi and Moore graphs

Here we consider two classes of graphs which will be useful to establish lower bounds
for r(Cy, Kinn)-

For a prime power ¢ the Erdés-Renyi graph ER(q), first constructed by Erdds
and Rényi in [2], is defined to be the graph whose vertices are the points of the
projective plane PG(2,q) where two vertices (z,y,2) and (2',y’,z’) are adjacent iff
rz' + yy' + zz' = 0. The Erdos-Rényi graph was studied in detail by Parsons in [9].
Here we will use the following properties of ER(q).

(a) ER(q) has ¢° + ¢+ 1 vertices, q + 1 of degree g and ¢* of degree q + 1.
(B) ER(q) does not contain a subgraph Cj.

() In ER(q) there are no two adjacent vertices of degree ¢.

(8) In ER(q) no vertex of degree ¢ belongs to a subgraph K.

Lemma 3. Let ¢ be a prime power, (¢ = ER(q),  the complement of G and let
S = {v1.es U} CV = V(G). Then

() Vot < = v+ (") g

Proof. Let T = V\S and, for v € S, let T, = Ng(v) NT and 51, = Ng(v) N
Then |(),cs Nz(v)| = [T] = [U,es T| and, by property (o), IT| = ¢ + ¢+ 1 -
Thus, inequality (6) is proved if we can show that

m /oy
1UTuqum—<2>- (7)
vES
Let M = {(z,7);1 <1 < j < m}. Trivially,
IUTU‘ZZITvl" Z ITul‘mTvJ{' (8)
veES vES (i7)eM

Let My = {(1,j) € M;{viyv;} € E(G), min{dg(vi),dc(v;)} = ¢} and M =
{(5.9) € W31, = 1). By propertes (4) and (9),

> T, N Ty << )—{M1[~lel (9)

(1,7)eM
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Let S' = {v € S;dg(v) = ¢} and 5" = S\S'. By property (), |[Mi| =3 co Sl
Furthermore, by property (3), |[Ma] = 3 ¢ ('b;”l), Thus, inequalities (8) and (9)
imply

Uiz s+ mi+ (5 S+ (5= (5) 0

vES veS! vesSH

Note that |9, + |T,| = dg(v) and, by property (), the vertices in $” have degree
g+ 1. Thus. every summand of the two sums in (10) is at least ¢. This proves (7)
and the proof of Lemma 3 is complete. g

For integers § > 3 and ¢ > 3 a (6,9)- Moore graph is defined to be a graph
regular of degree § with girth ¢ and p(é, g) vertices where

3 1+ 25{(6 -2 -1} if g isodd
p(d,9) = { 5_}2_{(5 ~1)9/2 — 1} if g iseven (1)

It is well known that every graph with minimum degree § and girth g has at least
p(é,g) vertices.

In the following section we will use a result of Hoffman and Singleton [6] concerning
(6,5)-Moore graphs. They showed that there are no such graphs with 6 > 3 and
§ ¢ {3,7,57} whereas (3,5)- and (7,5)-Moore graphs do exist (the Petersen graph
and the so-called Hoffman-Singleton graph). Up to now it is unknown whether a
(57,5)-Moore graph exists.

4 Ramsey numbers r(Cy, K, )

We will determine bounds and values for #(Cy, Kinn) which depend in case of 2 <
m < 4 on the difference s between n and ([+/n] — 1)?, the greatest square less than

n(l1<s<2[yn]-1)
Theorem 1. Let n > 2 ¢g=[v/n], s =n—(¢—1)* and M = {2,5,37,3137}.

Then
n+2[y/n]—-1 s=1 and n¢ M,
M Ka) <4 n+2[ynl; neM or 2<s<q-1 (12)
n+2[yn]+1; ¢<s <21,

Proof. Suppose first that we have a (Cy, K,,)- coloring of K, where p = n + 2q
and 1 < s < g — 1. The two inequalities in (4) imply A, = ¢+ 1 for 1 <s < ¢ -3,
g+1 <A, <g+2forqg—2<s<qg—1,¢=3,andg+1 <Ay < g+3forqg=2,1 e
n = 2. Inequality (5) yields that dy(v) # ¢+1 for all v € V. Moreover, A, =q+3 for
n = 2 would immediately lead to a green Cy or to a red Ky,. Thus, only Ay =g +2
and s = ¢ — 2 or s = ¢ — | remains. Consider a vertex v with dy(v) = ¢+ 2. Let
N,y(v) = {w1..cctigga} and g = glw;, No(v)). Inequality (3) implies that ¢; > ¢ — 2.
We may assume that g; < ... < gg2. Then ggi2 > ¢ — 1 in case of s = ¢ — 2 would
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yield a contradiction to (1) and the same holds for g,41 > g — 1 or g,42 > ¢ in case
of s=¢—1. Thus, ¢y = ..=g2a=¢—2ifs=¢g—2and gy = ... = g,ps = ¢~ 2,
g —2 < g2 < q—1if s = ¢ — 1. Note that there must be vertices u; and u, in
N,(v) with ¢ common red neighbors in N,y(v). But then (2) implies g; + ¢g; > 2¢ — 2.
a contradiction, and the second case of inequality (12) is proved.

To prove the first case consider now n > 10 with s = 1. Suppose that we have a
(Cy, K3 z)-coloring of K, with p=n+2¢—1 (i. e, p = ¢* + 1). Because of ¢ > 4.
inequality (4) implies that ¢ < A, < g+ 1.

First assume that A, = ¢ + 1. Let v be a vertex with dy(v) = ¢+ 1, Ny(v) =

{1, .., upp1} and g; = g(uwi, Ny (v)). By (3), . > ¢ — 2. We may assume that
g1 < ... < gggr. Then (D yields s = ...= g, =¢—2and ¢ -2 < g4y < g-—1.
Moreover, there must be two vertices in {ul, , Uy} with ¢ — 1 common red neighbors

in N,(v), and we obtain a contradiction to (2)

It remains that A; = ¢. Assume that 6, < ¢ — 1 and let w be a vertex with
dy(w) = &, U b, > l inequality (3) yields g(u N.(w)) > ¢ for every u € N,(w},
contradicting A, =gq. If 8, = 0, w and any other vertex have more than n common
red neighbors and a red KM would occur. Thus, the green subgraph of K, must
be regular of degree q. Moreover, its girth g must be at least 5 since no green
(4 occurs and since a green (3 would immediately lead to a red K;,. A girth
g > 6 is impossible since then at least p(q,g) vertices would occur in K, (compare
section 3) and p(q,g9) > ¢*+1 = pif g > 6. Since ¢* + 1 = p(q,5), it remains
that the green subgraph is a (¢,5)-Moore graph. But this yields a contradiction for
q>4,9# 7,9 #57 (1. e, n# 37,n 5# 3137) since such Moore graphs do not exist,
and the first case in (12) is proved.

To prove the remaining third case, suppose that for ¢ < s < 2¢ — 1 we have
a (Cy, Ky ,,)-coloring of K, with p = n + 2¢ + 1. Then inequality (4) implies that
Ay=qg+lforg<s<2¢—3and ¢g+1<A; <g+2for2¢g—-2<5<29~1. By
inequality (5), dy(v) # ¢+ 1 for all v € V. Moreover, d,(v) = ¢+ 2 is only possible if
8 = 2q — 1. Thus, only s = 2¢ — | and A, = ¢+ 2 remains. Consider a vertex v with
dg(v) = ¢+ 2. Let Ny(v) = {uy,...,tps2} and ¢; = g(u;, No(v)). By (3), ¢; > ¢—1.
Then (1) implies that g; = ... = gy4y = g — 1. But this yields a contradiction to (2),
since there must be two vertices in N,(v) with ¢ common red neighbors in N,(v), and
the proof of Theorem 1 is complete. g

Corollary. For n = 3137, equality in (12) is attained (i.e. r(C4q, Ky,) = 3251) iff
there is a (57, 5)-Moore graph.

Proof. The proof of Theorem 1 shows that a (57,5)-Moore graph must exist if
equality is attained. Furthermore, the existence of such a graph leads to equality,
since a 2-coloring of a K325 where the green subgraph is isomorphic to a (57, 5)-Moore
graph contains no green Cy and no red Ky pn. g

The next theorem shows that the bounds derived in Theorem 1 are attained in certain
cases.
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Theorem 2. Letn > 2, g=[v/n],s=n—(¢g—1)* and M’ = {2,5,37}. lf g is
a prime power then

n+2[yrn] -1 s=1 and n¢M
r(Cyy Kan) = { n+2[/n7]; neM or s=¢g-12>2 (13)
n+2[r]+1l;, s=g¢q

and
n+2[yn]—1<r(CoKap) Sn+2[Vn]; 1<s<q-2. (14)
If ¢+ 1 is a prime power then
r{Cy, Kop) =n+2[y/nl1+1 s=2¢-1 (i e n=q%). (15)

Proof. First suppose that ¢ is a prime power. In view of Theorem 1 it suffices to
p
prove 7 > for (13) and the left inequality of (14).

Consider a 2-coloring of K, with p = ¢* + q + 1 where the green subgraph is
isomorphic to the Erdés-Rényi graph ER(q). Then, by property (#) of ER(q), no
green Cy occurs and, by Lemma 3, no red Kz g2_441- This implies * > 7 for the third
case of (13), i.e. for s = g, since then n = ¢ —q+1and p=n+2q

To settle the second case of (13), first consider s = ¢ —1, 1. e. n = ¢* — ¢. Delete
from K, a vertex u with d,(u) = ¢ (which exists by property () of FR(q)) and a
green neighbor v of u. The remaining K,424-1 contains no green Cy. Assume that a
red K, occurs. Then there are vertices z and y with n common red neighbors. By
Lemma 3, z and y cannot have more than n common red neighbors in K. Thus, u
and also v must be joined green to one of the vertices z and y. By property (&) of
ER(q), we may assume that u is joined green to z and red to y and that v is joined
green to y and red to z. Then the edge {z,y} must be red since otherwise a green

", would occur. Moreover, by properties (@) and (v), = has q green neighbours in
Kyyag-1 and y at least ¢ — 1. No green Cy implies that in K, 424-1 there are at least
2¢ — 2 vertices joined green to z or y. But this yields at most n — 1 common red
neighbors of z and y, a contradiction, and ” > 7 follows for s = ¢ — L. Note that
n = 2 is included for ¢ = 2. To establish ” > 7 for n = 5 and for n = 37, consider
a 2-coloring of K24, where the green subgraph is isomorphic to the Petersen graph
respectively to the Hoffman-Singleton graph, the two special (8,5)- Moore graphs
described in section 3.

To prove ” > 7 for the first case in (13) and the left inequality in (14) delete from
K, a vertex u with dy(u) = ¢ and ¢~ s+1 of its green neighbors where 1 < s < ¢—2.
The remaining K424~z contains no green (4. Assume that a red K,, occurs and
consider two vertices z and y with n common red neighbors. Since z and y have at
most 2 —q = n + ¢ — s — 1 common red neighbors in K, there are at least three
among the deleted vertices joined green to z or to y. Thus, z or y must be joined
green to two of the deleted vertices, contradicting one of the properties () and (6)
of ER(q). and the proof of (13) and (14) is complete.

Now suppose that ¢ + 1 is a prime power and s = 2¢ — 1, i. e. n = ¢* To prove
(15), again it suffices to show ” > 7 in view of Theorem 1. Consider a 2-coloring of
K, with p = (¢+1)*+(g+1)+1 = n+3q+3 where the green subgraph is isomorphic
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to the Erdds-Rényi graph ER(q + 1). Delete a vertex u with dg(u) = ¢+ 2 and all
its green neighbors. By property (4) of ER(¢+ 1), K, and also the remaining K42,
contains no green Cy. Assume that a red K, occurs in the remaining K, 45, and let
xr and y be two vertices with n common red neighbors. By Lemma 3, ¢ and y can
have at most ¢* + ¢ = n + ¢ common red neighbors in K,. This implies that at least
three of the deleted vertices, i. e., three of the green neighbors of u, must be joined
green to z or to y. Thus, z or y has to be joined green to two green neighbors of u.
But this yields a green C4 in K, a contradiction, and Theorem 2 is proved. g

The following lemma shows that equality in (12) also holds for n = 8 and that
the lower bound in (14) yields the exact value in case of n = 11.

Lemma 4.
T(CQ,I{ng) = ].5 T(C4,K2’n) = 18. (16)

Proof. Figure 1 and inequality (12) imply that r(C4, K25) = 15. To prove
r(Cy4, K211) = 18, it suffices to show < 18 in view of the left inequality in (14).

Assume that we have a (Cy, K311)-coloring of Kis. By (4), 4 < A, <6. Let v
be a vertex with d,(v) = A, and Ny(v) = {uy,....ua,}. We may assume that all
green edges between vertices of N,(v) belong to the edge-set {{uj,uipn}:l <& <
A, — 1,4 odd}. This implies |Ny(u;) N Ne(uig1) O Ny(v)| = Ay — 2, and (2) yields
a(ui, No(v)) + g(uip1, No(v)) > 5. Thus, A, = 6 is impossible since otherwise we
would obtain a contradiction to (1).

Now suppose that A, = 5. Then (1) implies that dg(us) < 3. and 6, < 3
follows. Let w be any vertex with d,(w) = 6,. If 6, < 3, w and one of its green
neighbors (or any vertex if §; = 0) would have at least eleven common red neighbors.
a contradiction. Thus, §, = 3. Let Ny(w) = {1,2,3} and N, (w) = {4,...,17}.
A, = 5 and (3) imply d,(1) = d,(2) = d,(3) = 5 and only red edges between the
vertices 1, 2 and 3. We may assume that N,(i) = {w,4¢.4¢ + 1.4¢ + 1,4i + 3}
for 1 < i < 3. At most ten common red neighbors of 16 and 17 and no green
Cy imply g(16, N,(2)) = g(17,Ny(z)) = 1 for 1 < ¢ < 3, and we can assume that
{4,8,12} C N,(16) and {7,11,15} C N,(17). Consider y € {5,6.9.10.13,14}. A
green ('y would occur if d,(y) > 4, and eleven common red neighbors of y and w
if d;(y) < 4. Tt temains that dy(y) = 4. This implies red edges {5,6}. {9, 10} and
{13, 14}, and, without loss of generality, green edges {27,2j + 1} for 2 < j < 7. It
can be shown that d,(z) = 5 for every z € {4,7,8,11,12,15}. Since every vertex v
with dy(v) = 5 = A, must have a green neighbor u with d,(u) = 3, we obtain that
d,(16) = d,(17) = 3, and, as for the vertex w, only red edges between the vertices
in N,(z) for = 16 and = = 17. The interdiction of a green (4 yields red edges
{4,13},{8,13}, and {15,6}. Then d,(4) = d,(8) = 5 implies that, without loss of
generality, the edges {4,14} and {8, 15} are green, which forces {15,4} to be red. But
then all edges from 15 to 4, 6 and 7 are red and dy(15) = 5 implies that {15,5} is
green, yielding a green Cj.

The remaining case is A, = 4. Then §, < 4 is impossible as otherwise again
a vertex w with d,(w) = &, and one of its green neighbors (or any other vertex if
8, = 0) would have at least eleven common red neighbors. We obtain that the green
subgraph must be a graph of order 18 regular of degree 4. Moreover, no green triangle
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can occur, and it is not difficult to see that no such graph exists. Thus, the proof of
Lemma 4 is complete. g

Fig.1. The green edges of a (Cy, K3 5)-coloring of Ki4.

The following table summarizes the preceding results for r(Cy, K3,,) up to n = 21.

n2]3[4]5 678 ]9 10]11]12]13
r(Co K, ) 6801112141516 |17 |18 |20 | 22

n] 14 | 15 |16]17] 18 | 19 |20 21
r(Ca. Ky || 22723 | 22724 | 25 | 26 | 27/28 | 28/29 | 30 | 32

Tab.1. Values and bounds for r(Cy, K3,,) up to n = 21,

Theorem 3. Givenn,let ¢=[/n] and s =n — (¢ —1)%
(i) If n > 3 then

. n+3[/n]; I <s<q—1,
T(C471X3,n)5{n+3['\/ﬁ"‘+2; g<s< 2 1.

(17)
Equality in (17) is attained for s = 1 if ¢ is a prime power.
(i) If n > 4 then
T‘(C45K4Yn) S Tl+4[\/ﬁ‘l +3 (18)
Furthermore, if ¢ + 1 is a prime power and s = ¢ + 1, then
r(Cyy Kap) > n+4[vn] +2. (19)
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Proof.(i) First suppose that we have a (C4, K3 ,)-coloring of K4, in case of 1 <
s < ¢—1 which implies ¢ > 3 because of n > 3. Then (4) yields ¢+1 < A, < g+4 for
g=3,s=2and ¢g+1 <A, < g+3otherwise. But ¢+1 < dy(v) < ¢+3 is impossible
by (5) and the remaining case is ¢ = 3,s =2 (i.e. n =6) and A, = ¢+ 4=1T. Let v
be a vertex with d,(v) = 7. Then there must be three vertices u;, uz, us in Ny(v) with
three common red neighbors g, us, ug in N,(v). By (1), g({u1, u2,us}, No(v}) <3 or
g({uq, us,ue}, No(v)) < 3. In both cases a red K37 occurs, a contradiction, and the
first case of (17) is proved.

From (4) and (5) it can be deduced that a (Cy, K3, )-coloring of K304 cannot
exist for s < 2¢ — 1 and the second case of (17) follows.

Now let s = 1, i.e. n = ¢% — 2¢ + 2, and let ¢ be a prime power. Consider a
2-coloring of K,2y,y1 where the green subgraph is isomorphic to ER(q). Then no
green (4 occurs and, by (6), any three vertices have at most ¢* —2¢+1 =n —1
common red neighbors. Thus, r(Cy, K3,,) > ¢* + ¢+ 2 = n + 3¢ and equality in (17)
follows.

(ii) Suppose now that we have a (C4, K4, )-coloring of K, 14543. From (4) it can
be deduced that ¢ +2 < A, < ¢+ 5. By (5), ¢+3 < A, < ¢+ 5 is impossible
and A, = ¢ + 2 is only possible if s = 2¢ — 1, i.e., n = ¢*. The remaining case is
A, = q+2 and n = g% Let v be a vertex with dy(v) = ¢+2, N,(v) = {u1,..., 1,42} and
g; = g(u;, Ny(v)). We may assume that g < g2 < ... < gy42. If g3 < g, the vertices
v, Uy, 1y and uz have at least n common red neighbors in N.(v), a contradiction.
Taking into account that A, = ¢ + 2, the remaining case is ga = ... = g42 = ¢ + L.
But then, if a green (4 is avoided, the vertices v, uy, uz and one common red neighbor
of s, ..., Ugys in N,(v) have n common red neighbors among the green neighbors of
the vertices uz, ..., Uz in Ny(v). Thus, there is no (Cy, K4, )-coloring of K, 14443 and
inequality (18) is proved.

Now let s = g+ 1, i.e. n = ¢* — g+ 2, and let ¢ + 1 be a prime power. Then
a 2-coloring of K, 4,41 Where the green subgraph is isomorphic to ER(g + 1) is a
(C4, K4 )-coloring by (6) and inequality (19) follows. g

In addition to Theorem 3 we can show that equality in (19) holds for n = 4. It seems
to be difficult to decide whether equality holds for all n such that ¢ + 1 is a prime
power and s = ¢ + 1. The next theorem shows that bounds similar to the preceding
ones can be obtained for 7(Cy, K, ,,) for all m if n is sufficiently large (depending on

Theorem 4. Let 2 <m < n. Then

r(Ch, Kpp) <n+(m?43)/2 4 my/n+ (m2+ 24 1/m?)/4—1/m.  (20)

Moreover, if ¢ = (m — 1)/2 + y/n — (m? —4m + 7)/4 is a prime power (i.e. n =
¢?—(m—1)g+ (") + 1) then

r(Cy, Kpp) 2 n+m+my/n —(m? —4m +7)/4. (21)
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Proof. Inequality (20) is an immediate consequence of (4). Now let q be a prime
power. Note that ¢ + ¢+1=n+m—1+ my/n— (m?— 4m +7)/4. Consider a
2-coloring of K244 with the green subgraph isomorphic to ER(q). Then no green
Cy occurs and, by Lemma 3, no red K,,,. This yields inequality (21) and the proof
of Theorem 4 is complete. g
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