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Abstract
For non-negative integer parameters r, u, m,n define

D(r,u,m,n) = {0 € Sy4n | o(x) =y for exactly u pairs (x,y) such
that 1 < x,y <r and o(t) =t for exactly m
elements r +1 <t <r+n},
Dyrum(n) = {0 € Syn | Vi<z<y<r x and y are in disjoint cycles of o
and o(z) = z for exactly u elements 1 < z < r,

and o(t) =t for exactly m elements r +1 <t <r +n},

where S,, denotes the set of all the permutations of {1,...,n}.

In this paper we study connections between the sets D(r,u,m,n),
D, um(n), and the sets of (some classes of) r-derangements. We rely
mostly on counting arguments.
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1 Introduction

Denote by N and N the sets of all non-negative integers and all positive integers,
respectively. For every n € N we denote by §,, the set of all permutations of the
set {1,...,n}. For each n € N, let D(n) denote the set of derangements of the set
{1,...,n}, that is, all the permutations in S, without fixed points:

D(n):={0€S,|oli)#iforalliec{l,...,n}}.

Let d(n) := #D(n). The sequence (d(n)),en, called the sequence of derangements,
appears in the context of various number sequences, for example in the paper of
Sun and Zagier [8], devoted to Bell numbers. Arithmetic properties of numbers of
derangements were studied by Miska in [4]. In the same article arithmetic properties
of numbers of even and odd derangements were investigated.

The numbers d(n) were generalized by Wang, Miska, and Mezé in [9]. They
introduced the notion of the number of r-derangements d,.(n). The number d,(n) is
defined as the number of r-derangements of a set {1,...,r + n}, i.e., derangements
p € S,4pn such that any two numbers from the set {1,...,r} lie in disjoint cycles of
p written as a product of pairwise disjoint cycles. In particular, dy(n) = d(n) and
di(n) = d(n + 1). It is worth noting that not just the numbers of derangements
were generalized in that manner. For other examples of r-generalizations of some
combinatorial objects, see [2, 6, 7].

Capparelli, Ferrari, Munarini, and Zagaglia Salvi in [3] studied the generalized
derangement numbers d") defined as numbers of fixed-point-free bijections between
two sets with n+r elements that have exactly n elements in common. More generally,
they were interested in the generalized recontres numbers dmn that count bijections
between two (n + r)-element sets with n-element intersection which have exactly m
fixed points. Their work was motivated by the article of Beggas, Ferrari, and Zagaglia
Salvi [1], who investigated the numbers of widened permutations, i.e., the numbers
of bijections between two sets of cardinality n + 1 that have exactly n-elements in
common.

Another generalization of derangements was proposed recently in a paper by
Moshtagh and Fallah-Moghaddam [5]. They considered the numbers d(r,n) of so-
called block derangements, that is, fixed-point-free permutations o € S,,,, such that
o(i) € {1,...,r} for any i € {1,...,7r}. Their main result is that d(r,n) = rld,(n)
for every r,n € N.

Motivated by the aforementioned results, we introduce and study two new classes
of sequences of derangements, where the first one generalizes block derangement num-
bers d(r,n) and the other one extends the notion of r-derangement numbers d,.(n).
Moreover, we shall see that generalized recontres numbers dmn can be represented
as sums of certain numbers from the first class (see Proposition 2.1). Our goal is to
prove a strict connection between those two classes with the use of a combinatorial
argument. We also study some further variations of these sequences by fixing the
number of disjoint cycles in the counted permutations, their parity, or both.
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We introduce the main definitions in the next section. In Section 3 we define
the main tool used in our proofs: the class of cycle-splitting functions T 4. We
also prove the crucial Lemma 3.1. The main result, Theorem 4.1, is presented in
Section 4. In this part, we rely on counting arguments. A different approach, based
on (exponential) generating functions can be found in Section 5. In Section 6 we find
strict connections between our new sequences and the sequences of r-derangements
(dr(n))nen- The last section is devoted to study of r-derangements with fixed parity.
In particular, we present explicit formulae in Theorem 7.7.

2 Notation

For a permutation o define its parity paro as follows:

. 0, if o is even,
pare = 1, if o is odd.

Let D(r,u, m,n) be the set of permutations o of the set {1,...,r 4+ n} such that
#(({1,...,7}) Nn{l,...,r}) = u and exactly m elements from the set {r +1,...,
r 4+ n} are fixed points of ¢. In other words,

D(r,u,m,n) = {0 € S4n | o(x) =y for exactly u pairs (x,y) such that
1 <z,y <rand o(t) =t for exactly m elements r + 1 <t < r+n}.

Put d(r,u,m,n) = #D(r,u, m,n). Moreover, we define

e Dy(r,u,m,n) as the subset of D(r,u, m,n) containing precisely the permuta-
tions such that 1,...,r lie in exactly k disjoint cycles,

e DO (r,u,m,n) as the subset of D(r,u, m,n) containing precisely the permuta-
tions of parity equal to 1,

° D,(f) (r,u,m,n) as the subset of D(r,u, m,n) containing precisely the permuta-
tions of parity equal to ¢ and such that 1,...,r lie in exactly k disjoint cycles.
Moreover, the numbers dj (7, u, m,n), d?(r,u, m,n), d,(f) (r,u,m,n) are the cardinal-
ities of the sets Dy (r,u, m,n), DY (r,u,m,n), and D,(:) (r,u,m,n), respectively.
It follows from the very definition that d(r,0,0,n) = d(r,n) is the number of
block derangements. The following identity is a bit less obvious but still easy to
prove.

Proposition 2.1 For each n,m,r € N we have
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Proof. Note that )" _,d(r,u,m,n) is the number of all the permutations of a set
with n + r elements that have exactly m fixed points among r + 1,...7r +n. This is
the same as the number of bijections between two (n+r)-element sets with n-element

intersection that have exactly m fixed points. The latter number is dmn from the
definition. O

The above proposition shows that the numbers d(r, u, m,n) carry more detailed

information than dmn Thus, they may be treated as a generalization or refinement
of generalized recontres numbers.

Let D,.,m(n) be the set of permutations o € 8,4, such that every two distinct

elements of the set {1,...,r} are in two disjoint cycles of ¢ and exactly u elements
from the set {1,...,7} and m elements from the set {r+1,...,r+n} are fixed points
of o. That is,

D, ym(n) == { 0 €S in | Vi<z<y<r © and y are in disjoint cycles of o, and
o(z) = z for exactly u elements 1 < z < r, and

o(t) =t for exactly m elements r +1 <t <r+n }.

By DY).m (n) we mean the subset of D, ,,(n) containing permutations of parity
equal to i. Put d,,m(n) = #D;um(n) and d%m(n) = #D%m(n) Ifm=wu=0,
then we recover r-derangements and thus write D,(n), d.(n), DY (n) and ) (n)
instead of D,.g0(n), droo(n), fo()),o(n) and dg()m(n), respectively. If additionally
r =0, then we will write D(n), d(n), D% (n) and d¥(n), for short.

In the sequel, we will use unsigned Stirling numbers of the first kind, denoted
r

by [ 3 } for natural numbers r and k. They are defined as the coefficients of rising
factorials:
r—1 r
(r) . N — LA
(x) .—Ho(x+j)—kz%{k}x :
]: =

r
k
exactly k disjoint cycles. In particular,

ZT:{H:M, (1)

k=0

Equivalently, [ is equal to the number of permutations of the set {1,...,r} with

because this is the number of all permutations of {1,...,r}.

For an illustration, let us list all the elements of the sets D(2, 1,1, 3) and Dy ;1(3),
respectively. All the permutations below are written in the form of products of
pairwise disjoint cycles.

(234), (235), (243), (245), (253), (254),
(134), (135), (143), (145), (153), (154),
(1234), (1235), (1243), (1245), (1253), (1254), (°
(2134), (2135), (2143), (2145), (2153), (2154)

D(2,1,1,3) =
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[ (234), (235), (243), (245), (253)
D21,1,3) = { (134), (135), (143), (145), (153), (154)

We can see above that the set D(2,1,1,3) contains twice as many elements as
Ds11(3) (that is, 24 elements vs 12 elements). As it turns out, in general the car-
dinality of D(r,u,m,n) is r! times greater than the cardinality of D, . (n) (see
Theorem 4.1(3)).

We have used PARI/GP code (written for us by Pavlo Yatsyna) to calculate the
numbers d(r, u, m,n) and d,., (n) for small cases. Specifically, we chose r € {2, 3},
u,m € {0,1,2} and n € {0,1,2,3,4,5,6,7}. In fact, we managed to do that in two
ways: first, by computing the sets D(r, u, m,n) and D, ,,(n) directly; next, by using
the explicit formulae

and d(r,u,m,n) = rld, , ,»(n), which are shown in our Theorem 4.1(3) and Corollary
6.2. Therefore, we have verified the result numerically in the presented range.

The code can be found in Appendix A.

(ryu,m,n) | d(r,u,m,n) | deym(n) | (ryu,m,n) | d(r,u,m,n) | dpym(n)
2,0,0,0) 0 0 (3.0,0,0) 0 0
(2,0,0,1) 0 0 (3,0,0,1) 0 0
(2.0,0,2) 1 2 (3,0,0,2) 0 0
(2,0,0,3) 24 2 (3,0,0,3) 36 6
(2,0,0,4) 168 84 (3,0,0,4) 432 P
(2,0,0,5) 1280 640 | (3,0,0,5) | 4630 780
(2,0,0,6) | 10860 5430 | (3,0,0,6) | 51120 8520
(2,0,0,7) | 101976 | 50988 | (3,0,0,7) | 585900 | 97650
(2,0,1,0) 0 0 (3,0,1,0) 0 0
2,0,1,1) 0 0 (3,0,1,1) 0 0
(2,0,1,2) 0 0 (3,0,1,2) 0 0
(2,0,1,3) 12 6 (3,0,1,3) 0 0
(2,0,1,4) 96 48 (3,0,1,4) 144 24
(2,0,1,5) 840 20 | (3,0,1,5) 2160 360
(2,0,1,0) 7630 3340 | (3,0,1,6) | 28080 1680
(2,0,1,7) | 76020 28010 | (3,0,1,7) | 357840 | 59640
(2.0,2,0) 0 0 (3,0,2,0) 0 0
2,0,2,1) 0 0 (3,0,2,1) 0 0
2,0,2,2) 0 0 (3,0,2,2) 0 0
(2,0,2,3) 0 0 (3,0,2,3) 0 0
(2,0,2,4) 2 2 (3,0,2,4) 0 0
(2,0,2,5) 240 120 || (3,0,2,5) 360 60
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(2,0,2,6) 2520 1260 | (3,0,2,6) 6430 1080
(2,0,2,7) 26830 13440 | (3,0,2,7) 98280 16330
(2,1,0,0) 0 0 (3,1,0,0) 0 0
(2,1,0,1) 4 2 (3,1,0,1) 0 0
(2,1,0,2) 8 4 (3,1,0,2) 36 6
(2,1,0,3) 36 18 (3,1,0,3) 216 36
(2,1,0,4) 176 88 (3,1,0,4) 1512 252
(2,1,0,5) 1060 530 (3,1,0,5) 11520 1920
(2,1,0,6) 7416 3708 | (3,1,0,6) 97740 16290
(2,1,0,7) 59332 29666 | (3,1,0,7) | 917784 152964
(2,1,1,0) 0 0 (3,1,1,0) 0 0
(2,1,1,1) 0 0 (3,1,1,1) 0 0
(2,1,1,2) 8 4 (3,1,1,2) 0 0
(2,1,1,3) 24 12 (3,1,1,3) 108 18
(2,1,1,4) 144 72 (3,1,1,4) 864 144
(2,1,1,5) 830 440 (3,1,1,5) 7560 1260
(2,1,1,6) 6360 3180 | (3,1,1,6) 69120 11520
(2,1,1,7) 51912 25956 || (3,1,1,7) | 684180 114030
(2,1,2,0) 0 0 (3,1,2,0) 0 0
(2,1,2,1) 0 0 (3,1,2,1) 0 0
(2,1,2,2) 0 0 (3,1,2,2) 0 0
(2,1,2,3) 12 6 (3,1,2,3) 0 0
(2,1,2,4) 48 24 (3,1,2,4) 216 36
(2,1,2,5) 360 180 (3,1,2,5) 2160 360
(2,1,2,6) 2640 1320 | (3,1,2,6) 22630 3780
(2,1,2,7) 22260 11130 || (3,1,2,7) | 241920 40320

3 Main Lemma

Let us fix numbers r,u,m,n € N and a subset A C D(r,u,m,n). Let us consider
a function T4 : A — D, m(n) constructed in the following way. If ¢ € A, then
we write o as a product of pairwise disjoint cycles and begin each cycle from its
least element. Next, every cycle in ¢ having more than one element from the set
{1,...,r} splits into several cycles as follows. Denote all the elements of the set
{1,...,r} contained in the cycle by ay,...,as and denote the cycle in the form

(albl,l Ce bl’tlagbzl e b2’t2 e asbs,l Ce b&ts),
where s > 1 and ¢4,...,t; € N. Next, we split the cycle:

(albm e bl’tlagbg’l e b27t2 Ce asb&l e bs,ts)

— (albl’l .. bLtl)(asz’l .. 6271‘/2) s (asb&l . bs,ts)'
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Finally, our permutation T 4(o) is the permutation obtained from ¢ by splitting all
its cycles containing more than one element from the set {1,...,r} as above.

The following fact will be crucial for our argument.

Lemma 3.1 Let p € D, ;m(n). Let A C D(r,u,m,n) be such that for every o € A
the number of disjoint cycles of o containing numbers from {1, ... ,r} satisfies a fized
condition w (i.e., the condition w may mean for example the conditions like ‘having
some fixed value’ or ‘laying in some prescribed residue class modulo some positive
integer’; w may depend on p). Then

P 1
#T5 (p) = 7! Z T
jl’“-)jreN =1 jl‘
14252+ Frie=r
j1+--+jr satisfies w
Proof. We can create o € D(r,u, m,n) such that T 4(c) = p by gluing some cycles

of p containing elements from the set {1,...,r} according to the recipe:

(albm e bl’tl)(agbzl e b27t2) e (asbs,l Ce bs,ts)
—> (&1[)171 . b17t1a2b2,1 .. b27t2 ... asb&l . bs,ts)'

Let us compute in how many ways we can create o from p as above.

We have r pairwise disjoint cycles in p containing elements of the set {1,...,7}, as
p € Dyym(n). Assume that we intend to partition these cycles into j; subsets of
cardinality 1, j, subsets of cardinality 2, j3 subsets of cardinality 3, ..., j, subsets of
cardinality r. We can do it in R (2')]2j2'7“(3')]5j3' g Ways. In each subset of ¢
cycles we take as the first the cycle with the least element from the set {1,...,r}
and order the remaining cycles in (i — 1)! ways. Next, we glue the cycles in this
order. Let us notice that fixing the cycle with the least element as the first one in
the ordering makes it so each cycle of ¢ can be attained by gluing from exactly one
ordering. Notice that the assumption that ¢ € A implies that j; + --- + j, has to
satisfy w. Summing up, the number of ways of creating o from p is equal to

r

r! , y 1
Z —szl(i!)jiji! . H((z —1))7 = 7! Z —H;l A

J15-Jr €N i=1 J1s-Jr€N
Ji+2j2++rje=r J142ga+Frjp=r
j1+---+jr satisfies w J14---+jr satisfies w

4 Main result

Our main result is the following.

Theorem 4.1 Let us fix r,u,m,n,k € N and i € {0,1}. Then, we have

r

di(r,u,m,n) = { I } drym(N). (2)
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In particular,

d(r,u,m,n) = rld, ,m(n).

Moreover,
| .
T_drum ) > 27
dD(r,u,m,n) = { 2 0 () z.fr

drum TL), Zf?" € {07 1}7

and
R )

Proof.

Lemma 3.1 applied to A = Ay := Dy (r,u, m,n) (that is, with the condition w :=

equal to k’) implies

1
#Til e T'! Z - . f - k
Aq (p) P szl 'lﬁ,]i! ( ) )
j1+2jé+""+7"jr:r
ttir=k

for any p € D,y m(n). On the other hand,

dk(rr? u, m, TL) = Z #T;d (IO) = Z f(r, k) = f(?”, k>dT,U,m(n)'

PEDru,m(n) PEDr,u,m(n)

346

‘be

Observe that f(r, k) depends exclusively on r and k. Hence, substituting u = r and

r

m =n =0 we get f(ra k) = f(ra k)dr,nO(O) = dk(ra 7“,0,0) = |: k

r

the proof of the equality dy(r,u, m,n) = { I

] dyum(n) for all r,u,m,n, k € N.

]. This concludes

In order to prove (3) it is enough to sum both sides of (2) over k € {0...,r}. Indeed,

we get

r

d(r,u,m,n) = ; dy.(r,u,m,n) = (Z [ ]: D g (1) = Py ().

k=0

The last equality follows from (1).

Let us move to the proof of (4). For any permutation o of the set {1,...,r + n}
let k, denote the number of disjoint cycles in ¢ and k! denote the number of those
cycles of ¢ which contain at least one element of {1,...,r}. For any permutation
p € Dyym(n) and i € {0,1} let A,; be the set of all permutations o € D(r,u,m,n)

such that

Kl =r+i+parp (mod 2).

(6)
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Suppose that o € T;bumn)(p). Then, using the fact that k, = r (because p €

D, m(n)) and the well-known property
parc =k, +r+n (mod 2),
we obtain that

parp = k,+r+n = kp—ka+(ka+r+n)
= k,—k, +parc = r—k, +parc (mod 2), (7)

where the last equality follows from the fact that ¢ and p have exactly the same
cycles that do not contain any of the numbers 1,...,r. Therefore, the condition (6)
is equivalent to paro = i. Indeed, it follows from (7) that

parc = parp+r+ k. (mod 2). (8)

So, if (6) holds, then inserting r + ¢ 4+ parp in the place of k. in (8) gives us the
equality parc = 7. On the other hand, from (7) we conclude that

k! =parp+parc+r (mod 2).

Then, if parc = i, we get (6). Summing up, for every p € D,,.n(n) we have
A, = DD (r,u,m,n).

We now apply Lemma 3.1 to the subset A = A,;. Hence, the number of ways of
creating a partition o with paro =i from p is equal to

1
—1 o
#T4,.(p) = 1! 3 T
J1refr €N i=1 V" Ji:
J14+2j2+.Arie=r
ji+-+jr=r+i+parp (mod 2)

For ¢ € {0,1} let

1
r)i= T! E —_— .
:r) [Ti— 7!
jl?"'7j7‘€N Z:1
Ji+2j2+-trjr=r
ji++jr=e (mod 2)

Then,
d(i) (r7 u,m, TL) = Z #T53i>(r7u7m7n) (p) = E #T;lil (p)
PEDr u,m(N) PEDru,m(n)
1
= ! - -
Z " . Z [Tio, #5i!
PEDr u,m(n) J1se-Jr€N v

J1+2j2+-+rjr=r
ji+-+jr=r+itparp (mod 2)

= fo(r) - #{p € Dy um(n) | parp =r +i (mod 2)}
+ fi(r) - #{p € Dyum(n) | parp=r+i+1 (mod 2)}
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= fo(r)d ) o2 (n) + fi(r)dG Lm0t (n).
Let us consider two cases. First, suppose that ¢ = r (mod 2). Because both numbers
fo(r) and fi(r) depend only on r, if we put u = r and m = n = 0, we immediately
get

! .
= fr>2
r :d(rmon) 7',7’,0,0 _ 2 1 = 4,
folr) ( ) 1—r, ifre{01}.

On the other hand, observe that by (3) we have fy(r) 4+ fi(r) = r!. Hence, for r > 2
we get fo(r) = fi(r) = 4, and finally

d(z) (7", u,m, n) _ T_ (d((rJrz) mod 2) (n) 4 d((r‘+z+1) mod 2) (n)) — %dr’u’m(n)'

2 U, Tu,m
If r € {0,1}, then fo(r) =1 —r and fi(r) = r. Thus,

d(i) (7,7 u,m, n) _ (1 . T,)d((r—&-i) mod 2) (TL) + T,d((r—&-i—l—l) mod 2) (n) _ d(z‘) (n>’

Tu,m T,U,Mm
because we assume i € {0, 1}.

In the second case, that is i = r + 1 (mod 2), we proceed analogously and obtain
exactly the same formulae.

For the proof of (5) we apply Lemma 3.1 to the subset A=A, ; of D,Ef) (r,u,m,n)
containing all the permutations ¢ such that the number of the cycles of o which
contain at least one element of {1,...,r} is equal to k and congruent to r + i+ parp
modulo 2 (that is, with the condition w := ‘be equal to k and equivalent to r+i+par p
modulo 27). Hence, the number of ways of creating o € D,(j) (r,u,m,n) from p is equal
to

1
#Tfli p) = #T’lv p)=r! Z —_
D,(c>(r,u,m,n)( ) Ap,lyk( ) jl,..~,jr€N H::l Zh]i!
J1+252+...Frjr=r

ji+-+jr=r+itparp (mod 2)

_Jf@r k), ifparp=r+Fk+i(mod?2)
o, ifparp=r+k+i+1 (mod 2)

where f(r, k) = { ’

I } . Hence,

d/(;) (T7 u,m, n) - Z Tg;{i)(r,u,m,n) (P) - Z T;‘izk (p)
peDr,u,m(n) peD"’u’m(n)

= f(r,k) - #{p € Drum(n) | parp =r+k +1 (mod 2)}

_ [ r 1 (((r+k+i) mod 2)(n).

k: T,u,mM

The proof is complete. a
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5 Approach via Power Series

It is worth noting that the values f(r, k) from the proof of Theorem 4.1 can be
computed with the use of power series. In fact, the following is true.

Proposition 5.1 For each r € N we have

., -1
2 (H k”jk!) =1 (9)
J1yeejr€N k=1
J1+2je+-+rjr=r

—r  forre{0,1}

-1
T 4 1
J1yesjr€N <k=1 3 fo/r. r 2 2
Ji42jo+-+rir=r
2|j14-+gr
r —1
Z (H kjkjk!) _ {7; forr e {0,1} . )
Jiseejr€N k=1 5 forr>2
J1+2j2++rjr=r
2fj1+-+gr
In general,
. { r }
> (H kj’“jk!> _ ’“‘ 12
jlw-,erN k=1 T!
14224 rjp=r
Jitetir=k

for each r, k € N.
In particular, if d € Ny and ¢ € {0,...,d — 1}, then

-1
U 1 r
Z (H k]k]k!> =5 Z [ 1 } . (13)
i1,.5r €N k= ) <k<r

j1+§§2+.?.fy~jr:r ! kEcl <(m§d d)

Ji++jr=c (mod d)
Proof. Let
N® = {()ien, | Vien, ji €N and j; =0 for all but finitely many }.
Consider the power series

F(z,y) = Z Z Z (H ljljl!> "y

r=0 k=0  j1,....jr€N I=1
J1+2j2+-Frjr=r
Jitetie=k
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Compute:

+00 +00 r -1
CUED» SR S 1) ) IS >

r=0 k=0 J1,--Jr€N (jl)leNJr eN®4)

TS Uiy S

L5 !

J1+2j2+-+rjr=r

Jitetir=k
+oo P +00 400 j +oo
o2 -1y & (5) =11
frg - ey —_— —_— frd (& l
! — gl \ 1
(7)ren, eNO) 1=1 I=1 ji=0 =1
1—=x

Note that

Z (ij’“jk!> = %(F(:U,l)—l—F(x,—l))

o J1yesgr€N
J1+2ja+-Arjr=r
2lj14++dr

+oo
1/ 1 1
= = l—z)=1+=) 2
2(1_x+ x) +2;x

Comparing the coefficients, we get the equality (10) for each r € N. Analogously,

3 (gkjkjk!> o= S(F( 1)~ Fla,-1))

o Jiendr€N
J1+2jo+-+rjr=r
A1+ +ir

1/ 1 1%
= 5(i0-0) =L

1—=x

which proves (11). At last, (9) follows easily from summing (10) and (11) or from
the consideration of the power series F'(x,1).

The identity (12) follows from the fact that

F(z,y) = (1:%)!, — (1)Y= f (;y>(_x)r

a3

|

where (z)() = H;;é(x —4) and (z)" = H;;é(x + 7) are falling and rising factorials,
respectively. Then, (13) is a direct consequence of (12). 0

r, k
ry,

g I‘r g
rl rl r!
=0 k=1

I ST SO o |
|

\2
I

o
<
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6 Reduction to the numbers of r-derangements

The following result shows that studying arithmetic properties of the numbers
dyum(n) and d%m(n) comes down to studying corresponding ones for the numbers

d,(n) and d¥ (n).

Proposition 6.1 For each r,u,m,n € N and i € {0,1} we have

dyom(n) = (Z) <;‘L> dy_o(n —m)
W) = (1) ()2t = .

Proof. Let 0 € D,.4m(n). After choosing u fixed points of o from the set {1,...,7}

and

and m fixed points of o from the set {r + 1,...,7 + n} we can treat o as a fixed-
point-free permutation of a set with (r — u) + (n —m) elements. Note that omitting
fixed points of o does not affect its parity. O

With the use of the above proposition and an exact formula for the r-derangement
numbers [9, Theorem 4, equation (9)] we immediately obtain an exact formula for
the numbers d, , n,(n).

Corollary 6.2 For each r,u,m,n € N and we have

b= ()(2) £ () tzptor

Jj=r—u
At this moment our main result can be rewritten in the following way.

Corollary 6.3 Let r,u,m,n,k € N and ¢ € {0,1}. Then, we have

du(r,u, m, n) = [ . } (2) (Z) dy—u(n —m).

d(r,u,m,n) = r! (Z) (:;) dy—o(n —m).

() () drmu(n —m), ifr>2,
O (2)d (n—m),  ifre{0,1},

d,(;) (7“, w,m, n) _ |: Z :| (Z) (:;) di(f:[k“) mod 2) (n _ m)

In particular,

Moreover,

and
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7 Formulae for numbers of even/odd r-derangements and
their exponential generating functions

The properties of numbers of r-derangements are widely studied in [9]. However,

the numbers of even and odd r-derangements d\’(n), i € {0,1}, have not been
investigated up to now. This is why we state and prove some basic facts involving
them. The first result is an analogue of [9, Theorem 2.

Theorem 7.1 For each r,n € N and i € {0,1} we have

dD(n) =rd"P(n—1)+ (n = 1)d" D (n—2) + (n+r—1)d*(n—1),

T T

where d(n) = 0 for n < r and d (r) = 2(1 + (=1)"*).

Proof. Let n € Nand o € DY) (n). Consider the permutation p = (r+n, o(r+n))oo,
where o denotes the usual product of permutations. We know that p fixes r +n and
has parity 1 —i. We have three cases.

o Ifo(o(r+mn))=r+nand o(r+n) e {1...7}, then p also fixes o(r + n) and
can be treated as an element of the set D,_1(n — 1).

o Ifo(o(r+n))=r+nando(r+n) € {r+1...r+n— 1}, then p also fixes
o(r +n) and can be treated as an element of the set D,(n — 2).

o If o(o(r+mn)) # r+n, then p fixes only r +n and can be treated as an element
of the set D,.(n — 1).

We thus see that o € DY) (n) can be constructed as (r +n, o(r + n)) o p, where
exactly one of the possibilities holds:

e peD,_1(n—1) and o(r + n) can be chosen in r ways;

e p€D,(n—2)and o(r 4+ n) can be chosen in n — 1 ways;

e peD,.(n—1)and o(r +n) can be chosen in r + n — 1 ways.

Finally, we conclude that the recurrence from the statement of the theorem holds.
The equality " (n) = 0 for n < r is clear. For the proof of the equality d&i)(r) =

2(1 + (=1)"*") it suffices to notice that the set D,(r) contains only products of r

pairwise disjoint transpositions, which are permutations of parity r mod 2. O

Our goal is to compute the exponential generating functions of the sequences
(dff) (n))nen, 7 € N, 7 € {0,1}, and to derive exact formulae for the numbers d? (n).
At first, we consider an auxiliary sequence (¢,(n)),en given by the formula ¢,.(n) =

dﬁl)(n) — ¥ (n), n € N. Directly from Theorem 7.1 we get the following.

Corollary 7.2 For each r,n € N and i € {0,1} we have
e(n)=—=rc,q(n—1)—(n—1ec,(n—2) — (n+r—1)c.(n—1),

where ¢.(n) =0 forn <r and ¢, (r) = (=1)""rl.
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Now, we give a formula for the exponential generating function for the sequence

(e (1)) nen-

Lemma 7.3 Let r € N. Then, the exponential generating function of the sequence
(cr(n))nen is

=c(n) ,  (=1)lgre®
Grlr) =2 n!)$ :((1+x)r_1 '

n=0

Proof. We proceed by induction on r € N.

For r = 0 we know that d((f)(n) = 1ldo(n) — (—1)"*(n — 1)] (see [4, Corollary 1]).

Thus, co(n) = (—1)"(n — 1), so Go(z) = —(1 + x)e ™.
For r > 1 use the recurrence from Corollary 7.2 to get the following:

+o0

Gr(w) =) Jf”f)!w"‘l

n=1

_ i ree—in—1)4+n—-1Dec(n—2)+ (n+r—1)c.(n— 1)x”_1

(n—1)!
= —rG,_1(z) — 2G,(x) — 2G.(x) — rG,(z).

Hence, we obtain a differential equation
(14 2)G.(x) = —rG,_1(x) — (x + )G, (x).
With the use of the induction assumption

(_1)r72wr7167x

G,— =
1(1’) (1 —f-.Z‘)T_Q
we easily check that
(_1)r—1$r6—w
Gy (r) = —7—7—
(I) (]_ + $)r—1
is the solution of the above equation satisfying the boundary condition G,(0) = 0.

O

With the knowledge of the exponential generating function of the sequence
(¢r(n))nen we are able to derive an explicit formula for the number ¢, (n).

Corollary 7.4 For each r > 2 and n > r we have

n

er(n) = (="' (n Tj)! (7]0 . 3)

j=r
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Proof. We write the exponential generating function of the sequence (¢, (n))nen as
follows:

Gy(z) = (-1)"a"e " . S ﬂxﬂ’” : io <k e 2) (—z)

7! — r—2

—+Oo _.T"‘H’ (1 \ntr—1 - (n—i_?n)' (k’“"/“—Q)'
_Z(n+r)! (=1 —~kl(n—k)! (r—2)

] S I S
DL ;k!(n_r_k);‘ =2

" ) n! k+r—2
= (=1 ! - .
n! (=1) kzzo(n—r—k)! ( r—2 )

<= " S j—2
Sy ()
Since G, (x) = ::6 #x”, by comparing the coefficients we get the statement. O

An immediate consequence of the above formula for ¢,(n) is the following.
Corollary 7.5 For every r > 2 and n > r we have

(=1)" (d(n) — dV(n)) > 0.

T

Proof. Corollary 7.4 gives
40 (n) — dW ) = (-1 >0 (172
" " (n—j"\r—2)’

and the result follows. O

We are now ready to give exact formulae for exponential generating functions of
the sequences (dff’) (n))nen, 7 € N, i € {0, 1}, and the numbers dt? (n) themselves.

Theorem 7.6 Let r € N and i € {0,1}. Then, the exponential generating function
of the sequence (A (n))nex is

+oo (i) n rTe ™ R
F(i)(x) _ Z dr ( ):Un _ (m + (_nr—i—zm) .

S
DN | —
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3ldr(n) = (= 1), (n)]

F.(x) = (1””;7“ of the
sequence (d,(n))nen (see [9, Theorem 3]). O

Proof. The statement follows easily from the fact that d.” (n)
n

and from the formula for the exponential generating functio

Theorem 7.7 Let r,n € N withr > 2 and i € {0,1}. Then,

n

a3 (o () ()

J=r

Proof. The equality follows from Corollary 7.4 and the explicit formula for d,(n) in
[9, Theorem 4]. O

A straightforward consequence of Theorem 7.7 and Proposition 6.1 is the following
exact formula for the numbers dmm(n) under the condition » — u > 2. In the
case 7 — u € {0,1} we need to use exact formulae for numbers d@(n) of classical
derangements with prescribed parity [4, Corollary 1]. Note here that if r —u = 1,

then d?) (n) = d9(n+1).

Corollary 7.8 For all r,u,m,n € N and i € {0,1} we have the following:
(1) if r > u—+ 2, then

Afhm(n) = $() GISpor 2 (=03 (2 )+ () (12)),
(2) if r —u € {0,1}, then

Ahm(m) = §(0) () Sy (e (1) — (- ) )
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Appendix A

We present the code written by Pavlo Yatsyna that we used to compute the quantities
used in our paper. The functions D(r,u,m,n) and DD(r,u,m,n) write down the sets
D(r,u, m,n) and D, , m(n), respectively. Their cardinalities can be computed in two
ways:

e d(r,u,m,n) and dd(r,u,m,n) simply compute the number of elements of the
sets;

e d_closed(r,u,m,n) and dd_closed(r,u,m,n) use the explicit formulae from
Theorem 4.1(3) and Corollary 6.2.

The function C(r,u,m,n) writes down comparisons between the cardinalities com-
puted in these two ways.

1 allocatemem (5612000000); \\ Allocate memory (512 MB); adjust as
needed for large permutations

3 \\ count pairs (x, y) with x <= r and ss[x] <= r, exactly u such

pairs
. number_of_pairs_xy(ss, r, u) =
5 {
6 my (count = sum(k = 1, r, ss[k] <= r));
7 return(count == u);
s

10 \\ count fixed points in positions r+1l..r+n, exactly m of them
11 number_of_ts(ss, r, n, m) =

12 {

13 my (count = sum(k = r+1, r+n, ssl[k] == k));

14 return (count == m);

5 F

17 \\ Check that no cycle (in the permutation ss) contains more than
one element <= r

s disjoint_cycles(ss, r) =

19 {

20 local(Cycles = permcycles(ss)); \\ Compute the cycle
decomposition of permutation ss

21 return (

22 vecmax (

23 apply (

24 y -> vecsum(apply(z -> z <= r, Vec(y))) > 1,

25 Cycles

26 )

27 ) <

28 )

29 }

1

31 \\ Compute the set D(r, u, m, n): permutations of size r + n with
exactly u pairs (x,y) and m fixed points (ts) in positions r+1l..r
+n
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32 D(r, u, m, n) =

33 {

34 local(D = List());

35 local(N = factorial(r + n));

36 for(i =1, N,

37 local(ss = numtoperm(r + n, i));
38 if (number_of_pairs_xy(ss, r, u) && number_of_ts(ss, r, n, m),
39 listput (D, Vec(ss))

10 ) B

A1 )

12 return (Vec (D)) ;

13 }

5 \\ Cardinality of D(r,u,m,n):
46 d(r, u, m, n) = #D(r, u, m, n);

v \\ Compute the set D_{r, u, m}(n): permutations satisfying cycle-
disjointness plus u pairs among the <= r region, plus m fixed
points in the tail

5o DD(r, u, m, n) =

51 {

52 local(D = List());

53 local(N = factorial(r + n));

54 for(i =1, N,

55 local(ss = numtoperm(r + n, i));

56 if (

57 disjoint_cycles(ss, r) &&

58 number_of_ts(ss, 0, r, u) && \\ pairs among 1..r (r
used here)

59 number_of_ts(ss, r, n, m)

60 )

61 listput (D, Vec(ss))

62 ) ;

63 ) 5

64 return(Vec (D)) ;

65

67 \\ Cardinality of D_{r,u,m}(n):
6s dd(r, u, m, n) = #DD(r, u, m, n);

70 \\ Closed formula for d_{r,u,m}(n):
71 dd_closed(r, u, m, n) ={

72 binomial (r, u) *

73 binomial(n, m) *

74 sum (

75 j=r - u, n - m,

76 binomial (j, r - u) *

77 (n -m)! /(n - m - j)! =%
78 (-1 (n - m - j)

9 )}

s1 \\ Closed formula for d(r,u,m,n):
s2 d_closed(r,u,m,n)=r'!'*dd_closed(r,u,m,n)
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s4 \\ Comparison d(r, u, m, n) vs d_closed(r, u, m, n) and dd(r, u, m,

n) vs dd_closed(r, u, m, n)

ss C(r,u,m,n)=print ("d(",r,", ",u,", ",m,", ",n,") = ",d(r,u,m,n)," vs
" ,d_closed(r,u,m,n) ’u , d_" ,I'," ,u ’u,u ,u ’mn(n ,Il,") = n ,dd(r,u,m,n)
," vs ",dd_closed(r,u,m,n))
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