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Abstract

A graph F' is called a fractalizer if for all n the only n-vertex graphs
which maximize the number of induced copies of F' are the balanced
iterated blow ups of F'. While the net graph is not a fractalizer, we show
that the net is nearly a fractalizer. Let N(n) be the maximum number
of induced copies of the net graph among all graphs on n vertices. For
sufficiently large n we show that N(n) = x1 - 29 23242526+ N(z1) +
N(z2) + N(xs) + N(x4) + N(z5) + N(z) where 320 z; = n and all
are as equal as possible. Furthermore, we show that the unique graph
which maximizes N (6%) is the balanced iterated blow up of the net for k
sufficiently large. We expand on the standard flag algebra and stability
techniques through more careful counting and numerical optimization
techniques.

1 Introduction

In 1975, Pippenger and Golumbic [I7] proposed the inducibility problem: determine
the maximum possible density of induced copies of a k-vertex graph H that can
be attained in an n-vertex graph. Here, we take the density to be the number
of induced copies of H in the host graph divided by (Z), the number of k-vertex
induced subgraphs of the host graph. For a k-vertex graph H and n-vertex graph G,
we denote by I(H,G) the number of induced copies of H in G, and by i(H,G) :=
I(H,G)/(}) the density of H in G. If G is an n-vertex graph which maximizes
I(H,G) over all n-vertex graphs, then we say that G is extremal and introduce
the notation I(H,n) = I[(H,G) and i(H,n) = i(H,G). We will later extend this
notation also for the density of families of graphs (in which each member of the
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family has the same number of vertices). Finally, we define the inducibility of H as

I(H
i(H) = lim ( — n) = lim ¢(H,n). This limit was proven to exist for all graphs by

n—oo ) n—oo
Pippenger and Golumbic [17] since it is both non-increasing and bounded.
Pippenger and Golumbic [I7] proved for all k-vertex graphs H that i(H) >

k!
K=k
(14 o(1))# by construction. Although they use different verbiage, the authors use
a balanced iterated blow-up of a graph H as their construction for the lower-bound
on i(H). A blow-up of a graph H = (V(H) = {vy,..., v}, E(H)) is created by
replacing each vertex v; with a graph H; so that for any distinct 4, j € [k], a pair of
vertices € H; and y € H; are adjacent if and only if v;v; € E(H). We say that
a blow-up is balanced (or nearly balanced) if ||H;| — |H;|| < 1 for all ¢, € [k], and
call a blow-up iterated if each H; is itself a blow-up of H, each part in each H; is a
blow-up of H, etc.

Until Razborov [18] introduced the flag algebra method in 2007, little progress
had been made toward the resolution of the inducibility problem. Since then, the
problem has been closed for several small graphs [1, 11, 8]. There have recently
been some results on larger graph families, particularly trees [7, 4]. Fox, Huang
and Lee [10], and separately Yuster [21] resolved this problem for almost all graphs
by considering G, , for arbitrary fixed p as n — oo. Here, G,,, is a vector of (72‘)
Bernoulli(p) random variables, each determining the presence or absence of an edge
in an n-vertex graph. In order to fully express their result, we also need the following
definition.

A graph F'is a fractalizer if, for each n, all graphs on n vertices which maximize
the number of induced copies of F' are balanced iterated blow-ups of F'. The result
by Fox, Huang and Lee states that G, is a fractalizer (or fractalizes) with high
probability. However, other than K, and K,, no small or explicit large graphs are
known to be fractalizers. One issue is with the strength of the definition. It has been
shown by Lidicky, Mattes, and Pfender [15] that C5 is almost a fractalizer:

e for n sufficiently large, all extremal constructions are balanced C'5 blow-ups,
e balanced iterated blow-ups are extremal for all n, but

e there is a structure on 8 vertices (the M&bius ladder) which has the same
number of induced copies of (5 as its balanced blow-up.

In this paper, we determine the inducibility of the net graph, N, (as seen in
Figure 1), as well as the unique n-vertex graphs which maximize the density of
induced copies of the net graph, or nets, when n is a power of 6. Note that in this
paper we will refer to the path on n vertices as P,,. We will occasionally also refer to
the bull graph which is the subgraph of the net created by deleting a vertex of degree
1. Our work is heavily influenced by [I] in which Balough, Hu, Lidicky, and Pfender
resolve one case of another 1975 question of Pippenger and Golumbic [I7] regarding
the inducibility of cycle graphs. In this paper, we build on their methods to include
careful analysis of particular subgraph densities to determine for sufficiently large n
the graph which maximizes the density of the net graph.
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Figure 1: The net graph and the balanced iterated blow-up of the net graph on
36 vertices.

We show that the net graph satisfies a weaker condition (see [15] for more dis-
cussion regarding this topic): the balanced iterated blow-up of the net uniquely
maximizes the density of the net graph when n is a power of 6, and for n large
enough, the graphs which maximize the density of the net are balanced, iterated
blow-ups of the net. We note that the graph obtained by adding a pendant to each
vertex in a K4 has the same number of induced copies of the net graph as a balanced
iterated blow-up of the net on 8 vertices, so the net cannot be a fractalizer. As it
stands, there are still no known nontrivial fractalizers.

Inducibility has natural extensions to directed graphs as well. Falgas-Ravry and
Vaughan [9] considered inducibility of small outstars, with an extension to all outstars
by Huang in [14] before being further generalized to other types of stars by Hu, Ma,
Norin, and Wu [12]. Orientations of short paths and Cj are explored in [5] and
[13], respectively. The inducibility of directed graphs on at most four vertices was
explored in [2], and the corresponding tournaments were completely resolved in [3].
Other recent work includes closing bipartite graphs on five vertices in [16] and an
exploration of inducibility for d-ary trees in [6].

Additionally, we would like to provide the reader with a better sense of how one
would approach problems like those presented in this paper. We believe that many
steps of this process can (and should) be stream-lined, either by explicitly providing
more generalized results or proposing stages which can be automated. To that end,
we state and prove an important property of vertices in extremal constructions of
inducibility problems: every vertex in an extremal construction should be in roughly
the same number of induced copies of the target structure.

Lemma 1.1. Let H be a k-vertex graph, and let G be an n-vertex graph which
satisfies [(H,G) = I(H,n). Everyv € V(G) is contained in at least (L +o(1))(,",)
copies of H where L is any lower-bound on i(H).

Proof. Let L be any lower-bound for the inducibility of the k-vertex graph H. If we
denote by H" the number of copies of H containing a vertex v in an extremal graph
G, then 37 v H" 2 k- (L+ 0(1))(}), namely that the average over V(G) of H",

denoted H*, is at least (L + o(1))(,",).
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Let u,v € V(G) and denote by H"’ the number of copies of H containing both u
and v. Trivially, we have that H"** < (Zj) Construct G’ from G by deleting v and
duplicating u as u'. As G is extremal, we have the following sequence of inequalities:

-2
0>1I(H,G)~I(H,G)>H"—H"—H" > H"— H" - <Z 2).

Therefore, we have for every pair u,v € V(G) that |H* — H*| < (!72). As some

vertex must be in at least H® induced copies of H, it follows that H" is at least

o (Z:;) 2(L+0(1))(/€i1) - (Z:§>

— (o), ") ol

~w+om(," )

for every u € V(G), as desired. O

The main result of this paper is Theorem [[.2], which follows from Theorem
using a standard argument that is largely reproducible for other graphs. Define N(n)
to be the maximum number of induced net graphs across all graphs on n vertices.

Theorem 1.2. For k > 1, the unique graph on 6F vertices which mazimizes the
number of induced copies of the net graph is a balanced, iterated blow-up of the net.

In order to prove Theorem [[L2], we first prove Theorem [[.3], which is sufficient for
determining the unique limit object maximizing the density of induced copies of the
net graph. A proof sketch for Theorem follows in Section 2 and the proof of
Theorem fills most of Section [3] with the final arguments to conclude Theorem
at the very end.

Theorem 1.3. There exists ng such that for every n > ng

N(n)=xy -9 -x3 24 x5 T6 + Z N(x;)

1<4<6

where 30 x; =n and |v; — ;] € {0,1} for alli,j € [6]. Moreover, if G mazimizes
the density of nets among n-vertex graphs, then G is a balanced blow-up of the net.

2 Proof Sketch for Theorem 2

We begin the proof of Theorem [I.3] by showing that the extremal construction is
in some sense very close to a balanced blow-up of the net; we would need only to
delete less than 0.2% of the vertices and add/remove at most 0.001% of the edges
in an extremal graph for it to become a blow-up of the net with part sizes almost
balanced (Claim B.2]). Once this has been accomplished, we argue that actually no
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Figure 2: The two classes of N3 graphs, with dotted lines to indicate potential
edges.

edges should be added or removed (Claim B.3)), and then further that no vertices need
to be deleted (Claims B4 through B.6]), implying that the extremal construction is
precisely a blow-up of the net. Once we have this result, we argue that the parts
are all asymptotically the same size using basic analytic techniques, then that their
sizes differ by at most one (Claim [B.7), concluding the proof of Theorem 2.

We show that extremal constructions are similar to nearly-balanced blow-ups of
the net by investigating the density of two classes of 8-vertex graphs. The first is Nao,
the class of 8-vertex graphs obtained by cloning any two distinct vertices in the net,
and the second is N3, any 8-vertex graph obtained by cloning any one vertex twice
in the net. For examples of N3 graphs, see Figure 2l where the dotted lines between
vertices in the same part indicate that the edges are allowed but not necessarily
present, as is standard procedure when drawing flags.

Beginning our investigation of the extremal constructions by focusing on Ny
subgraphs will allow us to show (1) that much of the top-layer structure is present,
and (2) the sizes of part sets are relatively balanced. We also investigate N3 subgraphs
to improve our bounds related to balanced part sizes at a small sacrifice to adherence
to top-layer structure.

Let Z be a net in a graph G. We define Nyp(Z) and N3(Z) to be the density
of induced copies of Noy and N3 containing Z respectively. Now, we observe that
in a balanced iterated blow-up of the net, Noo(Z) — 5 - N3(Z) is computationally
indistinguishable from 0 for any net Z, and so Nos(Z) — a - N3(Z) should be a very
small positive number when 5 — a is a small positive number. (We will discuss the
choice of a later.) Further, in a balanced iterated blow-up of the net, no more than
1/36 + o(1) of the 8-vertex supergraphs of a net contained in a part are in either Nog
or N3, so a net Z which maximizes Nao(Z) — a- N3(Z) should be a top-layer net. We
use just one such net to classify the rest of the vertices in the graph into seven sets,
six of which will function as approximations to the blow-up sets and one containing
fewer than 0.2% of the vertices which we cannot guarantee behave nicely.

We use flag algebra computations to bound i(Nag, G) —a-i(N3, G), then apply an
averaging argument to achieve a lower bound on the maximum of Ny (Z) —a- N3(Z)
over all nets Z. This bound is then included in quadratic programs designed to
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produce bounds on the number of vertices that we would need to delete, the number
of edges that would need to be switched, and the relative sizes of the parts we find,
and we solve these quadratic programs using Lagrange multipliers. Different choices
for a result in different sets of bounds, and we choose the set of bounds we need
based on the arguments described next.

At this point, we will have argued that the extremal construction must be similar
to a balanced blow-up of the net; some of the edges in the graph may disagree with
the blow-up structure, the parts can vary in size to a small degree, and a very small
set of vertices may simply not fit in any of the parts. To argue that no edges among
the six primary parts disagree with the blow-up structure, we show that any pair of
vertices violating the top-layer structure actually destroy more potential nets than
they create. As such, we know that at least 99.8% of the graph respects the top-layer
structure. We then argue that the remaining 0.2% of the vertices either cannot be
placed in one of the six primary parts without creating conflict with at least 3%
of the vertices or else would unbalance the six parts too much. The bulk of the
enumeration in the proof of Theorem [[3] is found in these two arguments and is
therefore a decent place to start when approaching the inducibility problem with a
new graph.

We also know that all vertices must be in the same number of copies of the desired
structure by Lemma [[.1] ignoring lower order terms. That means, in our problem,
every vertex in an extremal construction is in (24/1555 + o(1)) - (1) & 0.0001286 - n®
nets. We then find an upper bound on the number of nets which contain one of the
0.2% of vertices which create conflict with 3% of the graph, and observe that this
upper bound is less than 0.0001275 - n°. In other words, all vertices in the graph
are in 0.001286 - n® nets, but vertices which misbehave are in at most 0.0001275 - n®
nets and hence do not exist in our extremal construction. This allows us to conclude
that our extremal construction is a blow-up of the net graph, and we use two more
arguments to show first that the parts are asymptotically balanced and finally that
they differ by at most one vertex.

3 Proof of Theorem 1.3

Proposition 3.1. There ezists some a € (4.9,5) andng € N such that every extremal
graph G on at least ny vertices satisfies:

i(N,G) < 0.015434222203407956,
4 -i(Nog, G) — 3a - i(N3, G) > 0.0007179329583155241 + o(1) > 0.0007179329.

Proof. This result follows from an application of the plain flag algebra method. We
ran Flagmatic ([20]) on 8 vertices which verified the first inequality for sufficiently
large n. For the second inequality, we minimized the difference 4i(Nyy, G) — 3a -
i(N3, G), for several choices of a € (4.9,5), subject to the constraint that i(N) >
24/1555, the limiting density of the net in our conjectured extremal constructions.
Our particular choice of a which we carry forward into future calculations will be
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described in more detail later, but we note here that we will use a = 4.99. Values for
a closer to 5 and further from 5 gave collections of bounds that were less cooperative
with future arguments, specifically Claim [B.3] O

Let G be an extremal graph on n-vertices with n large enough to satisfy the
conditions of Proposition [3.Il Denote the set of all induced nets in G by Z, let
a € R be taken from Proposition Bl (it will be specified later), and let Z be an
induced net maximizing (Nao(Z) — a - N3(2))(",?).

Below we obtain a lower bound on this linear combination in terms of flag algebra

bounds by noting that it must be at least as large as the average value over all nets:

(Noo(Z) — a - Ny(2)) (” N 6) . ﬁ S (V) — a1 (n - 6)

- (42'(N22, G) — 3ai(N3, G)) (g)
i(N.G)(5)

(B (1)

Substituting the bounds from Proposition 3.1l gives that

0.0007179329
Noo(Z) —a - N3(Z > 0.00016612732651 .
2(Z) = a- NslZ) > 5 Trasanaaansanmons = -000100127326510950
Label the vertices in Z as z1, ..., 2, and define sets of vertices Z; for i € [6] such

that

Zi:={v e V(G) : G[(Z\z;) Uv] is an induced net}.

Effectively this creates sets of vertices Z; which look like z; to the other vertices in
Z. For the sake of simplicity, let us label the vertices of Z so that E(Z) = {zz; :
j=i+3ori,j>4}

A funky pair {x,y} is any pair of vertices x € Z; and y € Z; for i # j where either
xy € E(G) and zz; € E(Z) or else vy ¢ E(G) and z;2; € E(Z). In other words, a
pair of vertices x,y in distinct Z;, Z; respectively is called funky if their adjacency
status is inconsistent with that of z; and z;. More specifically, we refer to the funky
pair z,y as a funky edge if zy € E(G) or as a funky non-edge if zy ¢ E(G). We
denote by E; the set of all funky pairs in G. It follows from the above inequality
that

—6
S zillZi) - |Efl - a > |Zif)2 > 0.00016612732651<" ) >
1<i<j<6 icl6]
We then pick X; C Z; and Xy = V(G)\ (UleXi) so as to maximize the left-hand
side of (4.1), below, where we also define z; := | X;| for i = 0,...,6 and [ as the

density of funky pairs with neither end in Xy, normalized by a factor of n=2. This
gives the following useful bound to be used as a constraint in the proof of Claim

6
2 ) ww;—2f—a) a7 >0.00016612732651. (1)

1<i<j<6 i=1
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In the following claim, we specify a specific real number a, which gives corre-
sponding bounds. Note that different choices for a will result in different inequalities
below and that the choice of a is primarily made in such a way to allow arguments
later in the proof to go through. Specifically, we chose a = 4.99 so that arguments
in Claim produce the desired contradictions.

Claim 3.2. For a =4.99, we have for all i € [6] that

0.16580066082731687 < x; < 0.16753267250601644,
xo < 0.0016185729092488277,
f <0.00000269544.

Proof. These bounds are achieved via a straight-forward application of quadratic
programming and Lagrange multipliers; see Appendix A for details. The structure
of this proof follows closely to that of Claim (4) in [1]. O

Define xyi, := 0.16580066082731687 and ., := 0.16753267250601645. Also let
dy be the maximum density of pairs which are funky containing vertex in V' (G) \ X,
called the maximum funky degree. We now show that the funky degree of any
xz € V(G)\Xo, ds(x), satisfies df(z) <1 — (14 a) - Zpin ~ 0.0068541: if we move v
from X; to Xp, then the left hand side of (Il) will decrease by

%(2(1;2 + -4 x6) —2ds(v) —2-a-x; + 0(1)).

This quantity must be positive as Xy, X1, ..., Xs were chosen to maximize the left
hand side of (). This together with the bounds on z; from Claim 3.2l implies that

di(v) <zo+---+azs—a-z1+0(1) <1—(14a)- Tmmn + o(1).

Given that the funky degree of vertices in V' (G)\X is bounded above by 0.0068541,
we now show that all funky pairs in G must involve a vertex in Xy. This is the first
place in which our strategy diverges from that of Balogh, Hu, Lidicky, and Pfender
in [IJ. The C5 problem involves a great deal of symmetry as Cs is both vertex-
transitive and self-complementary. The net graph has neither of these properties,
although we will certainly take advantage of the symmetries that the net graph does
have. Instead, we will iteratively show that certain types of funky pairs which avoid
Xy do not exist, and then use these observations to reduce the number of possible
nets in which the more troublesome funky pairs may reside.

In the proof of the following claim, we will use some unorthodox terminology,
which we now introduce. We refer to Xi,..., Xg as blobs, and we specify X;, X,
and X3 as outer blobs as a reference to the vertices z1, 29, and 23 in Z, and we specify
X4, X5, and Xg as inner blobs for an equivalent reason. We define the blob distance
of two vertices © € X; and y € X for i,j € [6] as the distance of z; and z; in Z,
we say that two or more vertices are coblobular if their blob distance is 0. We say
that a subgraph of G is blob-induced or respects the blob-structure if the subgraph
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contains no funky edges, usually with no pair of coblobular vertices. In the following
argument, we will also refer to vertices as triangle vertices and pendant vertices. For
an induced net, we define a pendant vertex (or pendant) as a vertex with degree 1 in
that induced net, and a triangle vertex is a vertex with degree 3 in that induced net.
We note that each triangle vertex has exactly one pendant adjacent to it, and each
pendant has exactly one triangle vertex adjacent to it. As such, if uv is an edge in a
net where u has degree 1 and v has degree 3, we will call u the pendant (or pendant
vertezx) of v denoted p, and we will call v the triangle vertexr of u denoted t,. We
will call an induced subgraph non-funky if its vertex set contains no funky pairs.

Claim 3.3. There are no funky pairs in X7 U ---U Xg.

Proof. We prove this claim by contradiction. Let u,v € (X; U---U X;) be a funky
pair in (G, and let G’ be obtained from G by changing the status of the edge uv. We
will show that the bounds in Claim imply that G’ must contain more nets than
the extremal construction G.

Using the bounds in Claim [B.2] by switching the status of the edge any proposed
funky pair u, v, the pair will be in at least z};,,n*—(d;(v)+dy(u))zd, .0 — fad .0 >
0.00069-n* induced nets, since the selection of a vertex from each blob not containing
u or v will produce an induced net provided there are no funky pairs among those
vertices, u, and v. Without loss of generality, the funky pair u,v is of one of the
following four types: (1) u € X4, v € X5, (2) u € X1, v € Xy, (3) u € Xy, v € X5, or
(4) u € X1, v € Xo. We will show that if u,v are a funky pair of one of these types,
in this order, then G has fewer than 0.00069 - n* nets which contain the pair u, v.

First, we note that there are at most /6 - n* nets using at least one vertex in
Xg. Second, we count the number of nets in G containing u, v and at least two other
vertices «/, v’ in funky pairs by observing that there are at most f/2-n* nets wherein
(u', ") is funky and at most (ds(u)+ds(v))/2-n* where v’ and v’ are each in a funky
pair with at least one of u or v.

Third, we want to bound the number of nets wherein u, v is the only funky pair.
Let N be a net in G with u,v € V(N) and note that N contains a P, which itself
has no funky pairs. We note that this P, is either blob-induced or coblobular.

Suppose towards contradiction that this P, is blob-induced and assume without
loss of generality that it lies in X5, Xy, X4, and X3. If u,v are not in this P,, then
they must have blob-distance at least two from each other, forcing at least one of
them to have at least one additional funky partner within the P, a contradiction.
Otherwise, there exists a second non-funky P, in N which must then be blob-induced;
any placement of this non-funky P, contradicts the assumption that u,v is the only
funky pair in N.

Therefore, the original P is coblobular, which implies first that the third triangle
vertex must be coblobular with the P;. Since the net has some funky pair, it follows
that u, v must be a funky pendant-edge in N; as such, we have at most (zyan)*/12
nets in G where u, v is the only funky pair.

The nets in G that have yet to be counted are those containing precisely one other
vertex w which is in a funky pair with u, v, or both; there are at most ¢-(d;n)-(2maxn)?
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for some constant c¢. In order to arrive at our desired contradiction, we would need
¢ to satisfy

(Tmax)* /12 + ¢ - dy - (Tmax)® + 20/6 + d} + f/2 < 0.00069,

which is the case when ¢ < 9.4998.
Sub-clatm 3.3.1 There are no funky pairs in X, U X5 U Xg.

Proof. Let us first enumerate the nets containing u, v, and a vertex w which is funky
with both u and v, and suppose without loss of generality that © € X, and v € X5.

There are no nets in which w is in X; U X5 by the following contradiction argu-
ment. Suppose N is such a net and w € X; without loss of generality; this implies
that a mutual non-neighbor z € V(NV) of v and w must be located in X3, and the
existence of a v — x path in N implies the existence of y € V(N) N X4. Clearly
y is a triangle vertex in N but its neighborhood in N forms an independent set, a
contradiction.

There are no nets in which w is in X3 by the following contradiction argument.
Suppose N is such a net and observe that Xg NV (N) is empty as N contains no Cj.
We can then see that w is a triangle vertex, one of u or v is a triangle vertex, but the
third triangle vertex cannot be adjacent to the other two without additional funky
pairs.

Now we count the nets with w € Xg. We know that at most one of u, v, w is a
triangle vertex, and so the remaining two vertices ¢, ¢, must have blob-distance at
most one from each of u, v, and w; hence t; and t, are in different inner blobs as nets
do not contain Cy as a subgraph. The last vertex is then a pendant of the triangle
vertex in {u,v,w}, and so must have blob-distance at least two from both ¢; and
to. There are three distinct configurations for ¢, and ¢,, which specifies precisely the
location of the last pendant, implying that there are at most 3d(zyax)*n* such nets.

Lastly, we count the nets where w is funky only with v and apply symmetry
to acquire the number of nets wherein w is funky only with v. As wv ¢ E(G),
we have that within any such net, v is contained in a non-funky P;. If this P,
is completely contained in X5, then u is a triangle vertex, v is a pendant, and w
is also a pendant in this non-funky P;. The pendant of u can either be in X or
X5, implying that there are at most (3 + ¢) da?, n* such nets. Otherwise, v is a
triangle vertex, p, € Xy, and u is a pendant vertex. Either the P, intersects X, or
Xe, the latter implying that w € X, the p, € X3, and ¢, € X, (giving dpx3  n*
nets), and the former implying that w € X, t, € X4, and the ¢, € Xg (giving
dpx  .n* nets). So, we have at most Sdya?, . n* nets wherein w is funky only with u,

max max

and thus (3 + 2)dgad, . n* < 9.4998d;23 . n*. This gives the desired contradiction,

max max

proving Sub-claim 3.3.1. O
Sub-clatm 3.3.2 There are no funky non-edges in X; U --- U Xj.

Proof. First note that Sub-claim 3.3.1 implies that the only possible funky non-edges
exist between an outer blob and its adjacent inner blob, so we will suppose towards
contradiction and without loss of generality that © € X; and v € Xj.
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Let us first determine how many nets containing u, v, and w wherein w is in a
funky pair with both u and v. By Sub-claim 3.3.1, we know that w ¢ X5 U Xg.
Therefore, w € X5 U X3. No vertex in any such net can be adjacent to both u and
w, so u must be the pendant vertex of w and v is a triangle-vertex. If w € X5, then
we need a third triangle vertex x in X5, then p, € X, and p, € X; . A symmetric
argument works for w € X3, so we have at most 2d;z3  n* nets of this form.

Now let us count the number of nets containing u, v, and w wherein w is funky
only to v, and note by Sub-claim 3.3.1 that none exist where w € X5 U Xg. Fur-
thermore, we know that any such net contains a non-funky P, which excludes v but
includes u. If this P, is contained in X, then w € X7, both u and w are pendants, v
is a triangle vertex, and its pendant can be anywhere in X; U X5U Xg, giving a count
of (% +2- %)dfxila)(n‘l nets. Otherwise, the P, is blob-induced and u is a pendant of
a vertex t, # v in Xy. By symmetry, we assume that the P, intersects X5, and note
that v must be adjacent to the vertex y € X5 from the P,. Since the pendant of y is
in X, it follows that v is a triangle vertex and w is the pendant of v and is in X3,
giving a count of dyz3 . n* nets. Hence we have at most 2dsa3  n* nets wherein w
is funky only v.

Finally, we count the number of nets containing u, v, and w wherein w is funky
only to u. Observe that any such net contains a non-funky P, containing v. If this
Py is entirely within X4, then u is a triangle vertex, v and w are the pendants in this
Py, and p, must also be contained in X, due to adjacency restrictions, giving a count
of #dsa3 . .n* nets. Otherwise, the Pj is blob-induced, v is a triangle vertex, and the
pendant of v (which cannot be u) is contained in Xy, u is a pendant, the triangle is
blob-induced, and w is the triangle vertex adjacent to u but not the triangle vertex in
the aforementioned Py, giving a count of 2d;x3, n* nets by symmetry. This results
in at most d,a?  n* nets wherein w is funky only to u.

Therefore, there are at most (%2 + % +2)dsz3 , n* nets containing the funky pair
uw € X; and v € X,. Since %3 + %9 + 2 < 9.4998, we have our contradiction. This
implies not only that no funky pair exists in X; U Xy, but further that no funky

non-edge exists in X; U - - - U X, proving Sub-claim 3.3.2. O]

Sub-clatm 3.3.3 There are no funky pairs in X; U X5. Furthermore there are no
funky pairs in X1 U Xﬁ, X2 @) X4, X2 U Xﬁ, X3 U X4, or X3 U X5.

Proof. Without loss of generality, suppose u € X; and v € X;. We will begin
by counting the nets wherein w is in a funky pair with both v and v, noting that
w is therefore contained in X3. So we know that the triangle in any such net is
necessarily formed by u, v, and w; the pendants of both u and w must be in X; and
X3, respectively, while the pendant of v may be in X5U X5, giving at most 2d a2, n*
nets.

We now count the number of nets wherein w is funky only to u. By Sub-claim
3.3.2, we have that w & X;. We get dsz  n? nets when w € X4 and no nets when
w € Xo. When w € X5, the only possible location for a third neighbor of u is in Xj,
implying both v and w are triangle vertices; their pendants cannot be blob-adjacent,

so the pendants of v and w are in X5 giving 3dsa3  n* nets. The only remaining
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case is when w € X3 : as nets do not contain C} as a subgraph, Xg is empty, w would
have to be the pendant of u, we would need a triangle vertex t € Xy, the pendant
of ¢ is in X7, and the pendant of v is in X5, giving a count of dsz3  n* nets. This
implies that there are at most 2dz2, n* nets wherein w is funky only to w.

Finally, we count the number of nets wherein w is funky only to v. Sub-claim
3.3.2 implies that w € X; U X3, so we first count those where w € X;. In this
case, no nets intersect X, since nets do not contain Cj as a subgraph, and hence
the non-funky P, which does not contain v must be entirely within X;. As v cannot
have three neighbors in X5, we have that the pendant of v is in X5 U X5 U Xj, giving
a count of 3 - %alf:cf’mxrfL nets. Next, we see that if w € X3, then either u or w is a
triangle vertex, but not both. In either case, their pendant would have to share their
blob, which then contradicts the existence of a third triangle vertex. So we have at
most %d s n? nets wherein w is funky only to u.

As 2 + % + % < 9.4998, we have our desired contradiction. Identical arguments

hold for each other case of location for u and v, proving Sub-claim 3.3.3. n

Taking the above three sub-claims together, we have that all funky pairs in X; U
-+ U Xg must be between outer blobs. To finish the proof of Claim [3.3, we suppose
toward contradiction, without loss of generality, that © € X; and v € X,. We will
count the number of nets containing u, v, and w, wherein w is in a funky pair with
at least one of u and v.

We begin by counting the nets wherein w is in a funky pair with both u and v,
noting that our sub-claims imply that w € Xj3. In this case, there can be at most
one vertex in an inner blob, giving a count of 4d;z3 . n* nets.

We will then use symmetry to only count the nets wherein w is funky only to wu.
We know that the third neighbor = of v in any such net is contained in X; U Xy,
implying that w must be a neighbor of v. Therefore, we have that w € X, with v,
the pendant of v and the pendant of w, giving at most 2d;x3 . n* nets in this case.

Doubling our most recent case to account for the nets wherein w is funky only to
v, we have that there are at most 8dyx?  n® nets containing u, v, and some w which

is in a funky pair with one or both of u and v, giving our desired contradiction and
completing the proof that there are no funky pairs in X; U--- U Xg. O

We now intend to show that in an extremal example o = 0. We will do this
by considering the ramifications of moving a vertex = € X to a blob, specifically as
they relate to ds(z). Claim B.4] gives a lower bound on the potential funky degree
of vertices in Xy, while Claim shows that every vertex in an extremal example
must be in roughly the same number of nets. Claim then argues that vertices
in Xy, by virtue of having high funky degree, cannot be in enough nets. This will
imply that X, contains only vertices which can be placed in a blob without creating
any funky pairs.

Claim 3.4. If a vertex x € Xy is moved to X;, then either df(x) =0 or else

0.0433316 i € [3]
>
dp(z) > {0.0322447 i ¢ [3].
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Proof. Prior to moving x into a blob, there were no funky pairs; as such, after moving
x, all funky pairs must include x. Suppose that ds(z) > 0 and let w be a vertex
which would create a funky pair with x. For the purposes of case analysis, there are
six orientations for the funky pair x, w. For the sake of brevity, we will only show the
arguments for one of the cases here, and the others can be found in the Appendix B.

To achieve a lower-bound on df(x), we will take an approach similar to the proof
of Claim B3l As all funky pairs include x, we know that every net containing the
funky pair x,w contains at least one non-funky P,. Furthermore, we need only find
the placement of the d;(x)n funky partners of z which maximizes the number of nets
containing z,w. Regardless of the location of x and w, we can get a trivial upper
bound on the number of nets containing both = and another vertex in X as %g(xon).

The case we will investigate is when € X; and w € X,, and we begin by
determining all possible configurations of nets containing the edge zw. First, let us
determine those configurations in which all of the other four vertices are coblobular:

a) a non-funky Py is contained in X7,

four vertices lie in X5 and = = p,,,

(c

(
(b
(d

)

)

) four vertices lie in Xy and w = p,,

) four vertices lie in Xy and xw is an edge in the triangle, or
)

(e) four vertices lie in one of X3, X, or Xg.

Note that four vertices cannot lie in X5 as w can neither be in a funky pair with
any other vertex in the graph nor have degree 5. Together, constructions (a) and (b)
contribute at most 2(xman)?/24 nets. Notice, however, that constructions (c)-(e)

all require the choice of two additional funky partners of x; we could take a trivial
df (x)n)Q . (mmaxn)2
2 2

upper bound of 5 - ( but the entire funky neighborhood of x cannot
be in four places at once. We will leverage this observation shortly.

If there is a non-funky blob-induced P in the net, then it must neither contain
w nor intersect X5. Therefore, any such net must have its non-funky blob-induced
Py in Xy, X4, Xg, and X3. In this case, x is the triangle vertex of w and contributes
at most (z,axn)? for each funky neighbor in Xg. The only remaining case is that the
non-funky P, contains w and lies in X5, implying that zw is an edge of the triangle
and the pendant of x is in X; U X, U X5 U X3.

So, there are at most (Zmayn)?/12 nets containing zw and no other funky partners
of z. We now take advantage of the observation that the funky neighbors of x cannot
be in more than one place at a time. Define d;(x) to be the density of the funky
partners in X;, so Z?:l d;(z) = ds(x). First, we determine an upper bound on the
nets containing xw and one other funky partner of x:

(ds(2)n) - (@maxn)? + (da()n) - M () = 25! (d6(x) + %dQ(:p))

< dy(x) !

3
Lax



A. BLUMENTHAL AND M. PHILLIPS / AUSTRALAS. J. COMBIN. 93 (2) (2025), 290-317 303

which is achieved if all funky partners of x lie in Xg4. Next, we determine an upper
bound on the nets containing zw and two other funky partners of x:

n4$12nax ((d2(9€)2 + ds(2)? + da()? 4 dg(2)?)

We observe that any maximum of this expression will occur when dy(z) = 0 since
S di(z) = dy(x). Further, if d;(x) > 0 for each i € {2,3,6}, then there exist pairs
of funky partners (vs,vs) € X3 X X which do not contribute to the net count; as
such, a maximum of our expression occurs when dg(z) = 0 as well. Therefore, we
have that the number of nets containing xw and two other funky partners of x is

bounded above by

o S (VD D) &g, ) = i St + o))’
< sy (0))?
= idf(x)zx?naanl'

Therefore, it follows that when z € X; and w € X5, the number of nets containing
zw is bounded above by

4 1
0t (28 )+ 30+ ).

3

If we delete the edge zw, we have at least a2, (min—ds(2))n* nets. As G is extremal,

it follows that
3 T 1 2,2 Zo

min(xmin - df(&?)) < in;X + df(x>‘r?nax + Zldf(‘r) Linax + E’

X

which implies that ds(z) > 0.0439248. Following similar arguments, detailed in
Appendix B, we arrive at the bounds found in Table [, concluding the proof of
Claim 3.4 O

The following claim follows directly from Lemma [Tl and is placed here primarily
to remind the reader ahead of Claim in roughly how many nets any given vertex
in G must reside.

Claim 3.5. Every vertex of the extremal graph G is contained in at least (24/1555 +
0(1))(%) ~ 0.00012861736n° induced net graphs.

The following claim will then imply that our extremal example G is a (not nec-
essarily balanced or iterated) blow-up of the net graph.

Claim 3.6. For each v € Xy, there is some i € [6] so that v can be moved to X;
without creating any funky pairs.
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Table 1: Number of copies of nets containing x, w in each pair of possible locations.

T | w Upper Bounds for Nets Lower Bound for d¢(x)
X1 | X2 _‘To—i_ 2 max_'_df( ) L max ld( ) Lmax 0.0439248
X1 | Xy | gwo+ 5dp(n)ad o+ 3dr(2)202 0+ 5d7(2)3Tmax 0.0659203
X; | X5 t10 + F50h a0 + dp ()2l + g ()2l 0.0439248
Xy | X1 | dwo+ 2dy(w)ad  + dp()?02 4 £dp(2)* Trax 0.0326992
X, | X $T0 + 5T + Sdp (@)l + dp(2)?2l,, 0.0346661
Xy | Xs | two+ds(n)ad + 2ds(x)’ak + 2ds(2) Tmax 0.0413342

Proof. Assume there exists some x € Xy so that ds(x) > 0 if x were to be placed in
any of the six main blobs. We will show that z is in fewer than (24/1555 4 o(1))(%)
nets, a contradiction.

Let a;n be the number of neighbors of z in X; and b;n be the number of non-
neighbors of x in X; for each i € {0,1,...,6}. Normalizing by n®, we will let A
be the number of nets containing x and vertices from five different blobs, B be the
number of nets containing x and five coblobular vertices, and C' be all other nets not
involving vertices in Xj.

We have that

A< b2b3a4b5b6 + b1b3bsasbs + D1bababsas + aibabzasas + biasbsasas + bibaazasas,
3b2 aZb;L
b= Z <3'2' 1!4!) , and
> 2121 Z 2b2 ( — Qit3 + Z aj> + o5 2'2' ?b?(al +as +az — a;_3).

1<5<6

A convenient way to convince yourself that these counts are correct is to observe
that every net must contain either a non-funky bull or a non-funky P, + K, and
note that these structures are either blob-induced or component-wise coblobular and
respect the blob-structure. We will say that D is the number of nets containing x
and at least one other vertex in Xj.

The goal of this claim, then, is to show that the following program is bounded
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away from (24/1555) /51 = 1/7775 ~ 0.000128617363:

(maximize A+ B+C+D
subject to 30 (a; +b;) = 1

(Tmin) < a; + b; < (Tyae) for i € [6],

ap + by < o,

as + as + b4 + a5 + ag > 00439248,
(P) ap +as + aq + b5 + as 2 00439248,
a1 + as + ag + as + bg > 0.0439248,
bl + as + asz + b5 + b6 Z 00326992,
a1 + by + ag + by + bg > 0.0326992,
a1 + as + bs + by + by > 0.0326992,
k ai,biZOforiE{O,l,...,G}.

However, we do not have a form for D as we will be optimizing over all possible
ways to place vertices from X into the blobs and assume that those vertices always
contribute to nets when a vertex from its blob contributes to nets. To account for
this, we will generously overcount the contribution of D by counting every vertex in
Xy as though it could simultaneously act as all vertices in the other blobs by allowing
a; + b; to be bounded above instead by x,,.. + o, giving the relaxation of the above
problem:

(maximize f=A+B+C

subject to Z?Zl(ai +b)=1
(Tmin) < a; + b; < (Tyae + To) for i € [6],
as + az + b4 + as + ag 2 00439248,
a; +as + aq + b5 + as Z 0.0439248,
a; +ag + a4+ as + b6 > 00439248,
bl + as + a3+ b5 + b6 > 00326992,
ay + bg + as + b4 + b6 Z 00326992,
ay + as + b3 + b4 + b5 Z 00326992,
L ai,biEOforiG{l,...,G}.

We will discretize the space of possible solutions to (P’), determine the value of the
objective function at the center of each cell, and use a bound on the gradient to show
that the function is bounded above by 0.0001275 in each cell. If the global bound
on the gradient is not sufficient in bounding the optimization function, we generate
a bound on the gradient within the cell, and if necessary, refine the discretization
within the cell. For every a; and b;, we check s + 1 = 51 equally spaced values
between 0 and 2,4, + To, inclusive. By this, we have a grid of s'? boxes where every
feasible solution of (P’), and hence of (P), is in one of the boxes.
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To determine a global bound on the gradient, we find the partial derivatives of f:

0 1 1 1 1

oF _ babsasag + — b1 + —aib? + ~(a1b3)(ag+az+as+ag) + —(a3b3+a3bi+azbi+a2b?)

daq 24 4 2 4

of _ Loy oo 1 9o oo 1 9

—— = bobgbsbg + biasbsag + bibsasas + b4 + a4b4 + (a2b2+agb3) + (a4b4)(a2+a3)

Oay 24 4 4 2

af 14 1 5 1,

% = bgbgasbg + babsbsag + asbsasas + baasasas +éalbl—i-éalbl+§albl(a2+a3+a5+a6)
1

0 1 1 1

7f = bibsasbg + bi1babsag + *aib4 + *a4bi + *aibz;(ag + ag).

Oby 6 6 2

We were able to bound each of these partials by %(xmax + x0)4. To do so, one
should observe the portion of the partial contributed by A can be bounded above by
(Tmae + T0)* in each case, and therefore the rest of the partial can be bounded by
(1/3)(Tmaz + 70)* by taking advantage of obvious symmetries. One should note that
the partial taken with respect to b; is the closest to meeting our bound, while the
others are closer to %(a:mm + x0) .

As each 12-dimensional cell has side-length 1/s, the objective function can exceed
the value at its center by at most 12 - 17/8 . %(mmm + 20)%. The local bounds on the
gradient are obtained in our algorithm are achieved by substituting (a; + (1/t)/2)
and (b;+(1/t)/2) into each partial, where ¢ is the side-length of the current cell which
may or may not be refined, and we simply take the steepest direction of ascent as
our bound to replace 3(Zmaz + o)™

Using s = 50, we successfully bounded the objective function below 0.0001275;
a handful of cells required refinement, but not one cell required more than six
refinements. The C++ code can be found at

https://sites.google.com/view/ablumenthal/.

As the number of nets containing z is bounded away from the average, we have
contradicted the existence of a vertex in X, which cannot be placed in any blob
without creating funky pairs, completing the proof of Claim 3.6 O]

We have now shown that every vertex in X, can be placed into one of the six
blobs without creating any funky pairs with vertices originally in X; U---U Xg. By
adding each vertex in X into its corresponding blob; at worst, we may have funky
pairs involving vertices in (or formerly in) X, in different blobs, but we apply Claim
noting that our bounds on ds(z) and f are even more strict.

Therefore, we have established the top-layer structure of G where each part is
roughly one-sixth of the graph. As such, an induced net in G can only be found by
picking a single vertex from each of the six blobs or by picking all six within the
same blob, implying that

N(n) = (zy - 26)n° + N(z1n) + - -+ + N(zgn).

By averaging over all subgraphs of G of order n—1, we have that N(n) < "+ N(n—1)
for all n, so
(:= lim N(n)

)
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exists and we have
(+0(1)=6!(xy - x6) + £ (2 + - +20),

which implies that z; = § + o(1) and ¢ = 2=, given the constraints on the z;’s. In
order to complete the proof of Theorem [[L3, we need only show that the blow-up is

balanced across all blobs, that is | X;| — | X;| <1 for all 7, j € [6].

Claim 3.7. For n large enough, we have | X;| —|X;| <1 for alli,j € [6].

Proof. Let i,j € [6] satisfy |X;| —|X;| > 2, noting that i # j. Let v € X; be chosen
to minimize NV over vertices in X; and w € X; be chosen to maximize N* over
vertices in X;. As G is extremal, N¥ + N" — N* > 0; otherwise, we can increase
the number of nets by replacing v with a copy of w.
Let y; := |X;| = x;n and y; := | X;| = z;n. By the monotonicity of %, we have
6

24 N(y) o Nlyi) o 24
= (%) T 1555

+o(1).

Therefore, as y; —y; > 2 and x;, = ¢ + o(1) for all k € [6],

NU+va_Nw
N(y)  yi- s yl"'y6_N(yj) Y1 Ys

< + +
Yi Yi YilY; Yj Yj
YN (yi) — yiN (y;) Y Yo
== Sty —y 1)
YilY; Yily;

24 L (v L (y; Y1 Ys
< (=401 (= - i+ 1
B <1555 +0( )> <yi(6> %(6)) +<y] v ) YilY;
24 1 Y1 Ys
< (= 1o (=i —o g1

24
- (1555 ol " 0(1)> (v — y) (Wi + 9y + UivE +yiyy + ;) + (Y — 4 + 1)

Y1 Ys
YiY;

4

< <% + 0(1)> (i — y;) (é + 0(1))4n4 + (i —vi+1) <é + 0(1)) n’
= (¥ — y;) (—155? 6'5 ctoll)— <6_14 + 0(1))> n* + (1+6—Z(1)> n'

24 .5 | 1+ o(1)
<o —22 o) ) et [ )
= (1555-6!-64 64+0())”+( 61 )”
< 0,

a contradiction, proving our claim. O
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With this claim, the proof of Theorem [[L3lis complete. We now turn our attention
back to Theorem for k > 1, the unique graph on 6* vertices which maximizes
the number of induced copies of the net graph is a balanced, iterated blow-up of the
net. We will note that the following argument is largely recyclable to other graphs,
given a proof of corresponding “Theorem 1.3.” In other words, if one can show that
large extremal constructions for a given graph G are (nearly) balanced blow-ups of
G, then the following argument can be recycled to show that the |G/|*-size extremal
constructions are unique, and the structure iterates.

Theorem 1.2. For k > 1, the unique graph on 6% vertices which maximizes the
number of induced copies of the net graph is a balanced, iterated blow-up of the net.

Proof. Let G be a minimum counter-example. If G has the outer structure of the
net, then the subgraphs inside the blobs are balanced, iterated blow-ups, implying
that G would be a balanced, iterated blow-up of the net; as such, G does not have
the outer structure of the net. Specifically, G has 6% < ng vertices, where ny comes
from Theorem [L.3], and G has at least as many nets as the balanced, iterated blow-up
of the net on 6* vertices which we denote as Ngk.

Take any extremal H on 6 > ng vertices, and replace every vertex in G with a
copy of H to construct Gy, which has at least 6% - N(H) + N(G) - (6°) nets. Replace
every vertex in Ng with H to make G and note that it has 6%+ N (H)-+ N (Ng)-(6°)°,
which is extremal by Theorem 2. This implies that (¢ is also extremal, so by Theorem
2 we get that (7 is a balanced blow-up of the net with blobs X7, ..., Xg. Two vertices
in G are in the same set X; if and only if their adjacency pattern agrees on more
than half of the remaining vertices. But this implies that every copy H' of H in G,
inserted into the blow-up of G has the property that V(H’) are coblobular, inducing
a net-structure on G, a contradiction. O

The only remaining components of the net inducibility problem involve deter-
mining all small graphs which maximize the density of induced copies of the net
graph. We know that for n = 8, there is a graph which contains the same number of
induced net graphs as a balanced, iterated blow-up of the net graph, indicating that
the net graph is not a fractalizer. Therefore, we will not continue to pursue the net
inducibility problem beyond these results.

4 Conclusion

We have a particular interest in this observation since we suspect that asymmetric
graphs may be a fruitful direction of study to find a nontrivial fractalizer, but many
simplifying techniques used in the literature are not applicable to them. A graph
is said to be asymmetric if its automorphism group is trivial. This class of graphs
is interesting since many counterexamples to being a fractalizer take advantage of
graph automorphisms. For example, it can be shown that any graph with twins is
not a fractalizer. The smallest nontrivial assymmetric graphs are on six vertices,
which is tractable with flag algebras, and we expect that this class of graphs will
be where the smallest nontrivial fractalizer will be found. Nevertheless, we will not



A. BLUMENTHAL AND M. PHILLIPS / AUSTRALAS. J. COMBIN. 93 (2) (2025), 290-317 309

be so bold as to officially conjecture such a thing, and so we instead provide the
following weaker conjecture:

Conjecture 4.1. There exists an asymmetric fractalizer on at most 9 vertices.
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Appendix A

This appendix includes the proof of ClaimB.2l It was placed here so as to not distract
from the more interesting arguments and because the arguments herein are easily
reproducible for other graphs.

Proof. To obtain the bounds in Claim [B.2] we solve four quadratic programs as in the

proof of Claim 4 of [I]. The objectives are to minimize x;, maximize x;, maximize
6

Zp, and maximize f, respectively. The constraints are E r; = 1 and
i=0

6
2 Y ww;—2-f—a) x> 0000166127326
1<i<;j<6 i=1
in all four cases. By symmetry, bounds for z; apply also for xs,...,x¢. Recall that
we chose a = 4.99.
Consider the first program described above:
minimize T

subject to Z?:o ;=1

23 i ity — 2+ f —a Y]y a? > 0.000166127326
x; > 0fori e {0,1,...,6}.

If (P) has a feasible solution (), then there exists a feasible solution S’ of (P) where
S'(x1) = S(x1), S'(f) =0, 5'(xo) = S(wo),
/ !/ ]'

(P)

Since s, ...,xs appear only in constraints, we only need to check if the second
constraint is satisfied. The left hand side of this constraint can be rewritten as

211 Z T+ 2 Z T —a Z x?—2f

2<i<j<6 2<i<j<6 1<i<j<6

= 214 Z x; — Z (zi — 25)* — (a — 4) Z ri — ax? —2f.

2<i<5<6 2<i<j<6 1<i<j<6
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Note that the sum of squared differences in the last line is minimized if x; = x; for
alli,7 € {2,...,6}. The term z3+ - - -+ x2, subject to x5 + - - - + ¢ being a constant,
is also minimized if x; = z; for all 4,5 € {2,...,6}. Since f > 0, the term 2f is
minimized when f = 0. Hence, the second constraint in the program is satisfied
by S’ and we can add the constraints zo = --- = x5 and f = 0 to bound z;. The
resulting program (P’) is

minimize T
(P') subject to To+x1+oy=1
1021y — (4 — a) - 5y? — ax? > 0.000166127326
Zo, 1,y > 0.

We solve (P’) using Lagrange multipliers with the work delegated to Sage [19]. Find-
ing an upper bound on x; is done by changing the objective to maximization.
Similarly, we can set 1 = --- = x4 = % to get an upper bound on f. We can set
f=0and z; =--- =26 = (1 — x)/6 to get an upper bound on xy. We omit the
details as the arguments are similar to above. Sage scripts for solving the all such
programs are provided at https://sites.google.com/view/ablumenthal/. O]

Appendix B

This appendix contains the remaining five cases needed to acquire the bounds listed
in Table [ for Claim B4l In each of theses cases, a vertex z € X is moved to a blob
and we determine an upper bound on the number of nets containing x and some
funky partner w. The cases explored involve the locations of both x and w, and the
upper bound on the number of nets containing this pair of vertices is used to provide
a lower bound on the normalized funky degree of x. As follows are the five remaining
cases with some notes about recommended techniques that could be used in future
work when studying the inducibility of graphs on n > 6 vertices.

Case 1. If x € X and w € Xy, then there are at most

1 1 1 1
(éxo + Edf(x)xfnax + de(x)2x3nax + édf(x)3mma$> 7’L4

nets containing x and w, and so ds(x) > 0.0659203.

Proof. As zw ¢ E(G), we know that w is contained in a non-funky P, in any net
containing both z and w. We first count nets with a non-funky P, contained in
X,4. If x is a triangle vertex, then w is a pendant in the non-funky P, containing w.

3 2,.2
Further, p, € X5 U X3 U X,. This gives at most n* - (df (x;“fm‘”‘ + U (x)4xma"> nets of

ds ()3 Tmax

G nets

this type. Otherwise, = is a pendant, so t, € X, giving at most n* -
of this type.
Next, we count the number of nets containing x and w with a blob-induced P;.

As w € X, we know that w is a triangle vertex and hence x is a pendant. Every net


https://sites.google.com/view/ablumenthal/
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3

max

containing z and w must then have a blob-induced bull, giving at most n*-d(z)x
nets of this type. We thus have a normalized count of

1 1 1 1
(§0+ )b+ 3050+ G0 )

nets containing  and w, and so dg(x) > 0.0659203. O
Case 2. If x € X7 and w € X5, then there are at most

1 1 1
<6x0 + Exﬁnax + df('r)x?na:r + de<x>2x72naz) n4

nets containing x and w, and so ds(x) > 0.0439248.

Proof. We begin by noting that zw € E(G), and we now outline all of the configu-
rations of nets containing both x and w.

Suppose that x = p,,. Then any net containing x and w also contains a non-funky
P, which avoids both z and w. As such, either this non-funky Pj is contained in X5
or else is blob-induced in X7, X4, Xg, and X3. Note that the former case involves no
additional funky partners of x and the latter involves precisely one additional funky
partner of x located in Xj.

Suppose instead that z = t,,. Once more, any net containing = and w also contains
a non-funky P, which avoids both of these vertices and must hence be contained
entirely in X7, in X5 or in X3. Note that the X; case involves no additional funky
partners of x and the others involve two additional funky partners of x located in X5
or in X3 respectively. We note that the case in which all vertices lie in Xj5 is counted
in the previous paragraph, and that any set of four vertices in X5 can either induce
a net where z is the pendant vertex of w or the triangle vertex of w, but not both.
The count from the x = p,, case assumes all such sets of vertices already create a
net so the x = ¢, case adds no additional nets to the total.

Finally, suppose that = and w are both triangle vertices. Note that the third
triangle vertex (t3) must be contained in an inner blob. There is precisely one
construction when t3 € X5, and it involves precisely one additional funky partner of
x, its pendant, located in X3. There is precisely one construction when t3 € Xg, and
it involves precisely one funky partner of x, in this case t3, located in X4. There are
two possible configurations when t3 € X5. If p, € X7, then we get one configuration,
and it involves precisely one additional funky partner of x, t3, in Xy. Otherwise,
p. € X3 U X5 with two potential configuration, both involving an additional funky
partner of x in X5 so the non-funky P, which does not contain x is completely
contained in X5. The two configurations differ on whether p, is in X5 or Xg, but
this pendant is necessarily an additional funky partner of x.

We now bound the number of nets by partitioning the nets over the number of
additional funky partners of x and bounding each of these values. There are two
configurations where 0 additional funky partners are needed, giving 2 - (Ima"”) nets.

4
We now notice that there are precisely four possible configurations involving exactly
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one additional funky partner of x, and each of these configurations involve the funky
partner in a different blob. This implies that each funky partner of x is in at most

x3 . nets with 2 and w, giving at most d;(z)z? ., nets containing z, w and one more

funky partner of x.

Finally, we consider how the funky partners of x are distributed among the six
blobs more carefully while bounding the number of nets which use two additional
funky partners of . One of the configurations involves two additional funky partners
of x in X5, another involves two additional funky partners of x in X3, and the last
involves an additional funky partner of x in X3 and another in Xj5. Therefore, the
number of nets containing x, w, and two more funky partners of x is maximized
when all funky partners of x are in X35U X35, and all pairs of such funky partners can
contribute to the count. Therefore, we obtain a reasonable upper-bound of at most
2 ()22

This gives the claimed enumeration and implies that d¢(x) > 0.0439248. We note
that in several cases, we were drastically over-counting by presuming that all choices
of four vertices in one part would induce the desired structure, namely a P;. This is
certainly absurd as the inducibility of the P, has been shown to be at most 0.204513
in [20]. Future work on the inducibility of graphs of six or more vertices may very
well involve this sort of approach, but the improvement of the bounds here does not

warrant the added complexity of argument. O

Case 3. Ifx € X, and w € X4, then there are at most

13 1 1
(Edf(x)xfna:v + gdf(x)m?naa; + gdf<x)3xmaac) TL4

nets containing x and w, and so ds(x) > 0.0326992.

Proof. In this case, as zw ¢ E(G), we know that w is necessarily in a non-funky
Py. We now partition the configurations based on whether or not a non-funky P;
containing w is blob-induced or entirely contained in Xj.

There are four cases in which a non-funky P, containing w is blob-induced:

e 1 is a triangle vertex and the P, that doesn’t contain z intersects X, X4, X5,
and X, with the remaining vertex (p,) in X,

e 1 is a triangle vertex and the P, that doesn’t contain z intersects X, X4, Xg,
and X3, with the remaining vertex (p,) in X,

e 1 is a pendant vertex and there is a blob-induced bull intersecting all blobs but
X, or

e 1 is a pendant vertex and there is a blob-induced bull intersecting all blobs but
X3.
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Interestingly enough, each of the four cases involves precisely one additional funky
partner of z, and the inclusion of this funky partner in X3, X5, Xg or X5 (correspond-
ing accordingly to the four cases respectively) completely determines the remaining
structure. Again, each funky partner of = contributes at most 23 _nets containing
x and w, so we have at most n*d;(z)z? . nets in our count thus far.

Now consider all nets containing x and w wherein the non-funky P, containing
w is entirely within X;. If z is a pendant vertex, then in fact five vertices must be
chosen from X7, three of which will be additional funky partners of x. This gives at
most (df (;)”) Tmaxn Nets. Otherwise, x is a triangle vertex and w is a pendant vertex,
so we further partition based on whether p, is a funky partner of x.

If p, is a funky partner of z, then p, € Xy U X3. In this case, we need to select
a funky partner of x in X; and another in X, U X3, as well as two other vertices
in X;. We get the largest count in this case when all funky partners of x are in
X7 U X5 U X3, and we only induce a net if we choose one funky partner in X; and
one funky partner in X, U X3. Therefore, there are at most %(df (;)”) ways to pick
two funky partners of x which could possible lead to valid configurations. This gives
an upper bound of %(df (29”)”) (Img"") nets in this case.

If p, is not a funky partner of z, then p, € X; U X5 U Xg. In this case, we get
the most nets when all funky neighbors of = are in X;. We necessarily pick two
vertices in Xy, but we pick three whenever p, is in X;. Therefore, we have at most
dp(z)n - (""2") 4 2@maxn - dp(z)n - ("5") nets here.

3
We thus have an upper bound of

13 1 1
(Edf<x>x§nax + gdf(x)erznax + édf(x)3xmax) TZ4

nets containing x and w in this case, implying that d;(z) > 0.0326992. ]

Case 4. Ifx € X, and w € X5, then there are at most
(6‘1.0 + 24xmar + 2df<x>wmax + 2df(l') L maz
nets containing x and w, and so ds(x) > 0.0346661.

Proof. In this case, we observe that zw € E(G). We again determine all configu-
rations, then partition the potentially induced nets over the number of additional
funky partners of x in the configuration.

First, suppose xw is a triangle-edge. Note that 3 must be placed blob-distance
at most one from w, and that p, cannot have blob-distance one from either ¢35 or its
pendant. The implication of this is that ¢3 € X5, as are p,, and the pendant of ¢3.
We garner three configurations when p, € X; U X4 U Xg is not a funky partner of
x, giving three configurations in which x has precisely one funky partner (¢3) in Xo.
Alternatively, we garner two configurations when p, € X, U X3 is a funky partner
of x, giving a configuration with two funky partners chosen in X, or a pair of funky
partners chosen in X5 and X3.
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Next, we consider the brief case where © = p,,. In this case, w is a triangle vertex
in an outer blob and all such configurations involve a non-funky bull subgraph. As
these bull subgraphs are non-funky and contain a triangle vertex in an outer-blob,
all five vertices must be coblobular, leading to precisely one configuration and no
additional funky partners.

Finally, we consider the case where z = t,,, and we consider the placement of the
non-funky P, which does not contain z. Observe that if the Py is coblobular in Xy,
then we have one valid configuration with no additional funky vertices. If the Pj is
coblobular in any of X;, X5, X3 or Xg, each of these choices corresponds to a valid
configuration with two additional funky vertices. The final option is that the Pj is
blob-induced in X7, X4, X and X3, resulting in precisely one configuration and one
additional funky vertex in Xj.

We now bound the number of configurations by partitioning over the number of
additional funky vertices. Note that there are two configurations with 0 additional
funky partner, giving an upper bound of 2(“*"). For those configurations containing
only one additional funky partner, we note that the funky partner must be in X; or
X5. Every funky partner in X5 contributes at most 3x a7 - (Img"”) nets as p, could
be chosen in three different blobs, whereas every funky partner in X; can contribute
at most (a:maxn)3 nets. As such, the worst-case scenario is when all funky neighbors
of x are in X5, and each contributes the maximum possible number of nets, giving at
most %d r(z)2, .n* nets containing z, w, and precisely one additional funky partner
of z.

Lastly, we carefully consider the configurations in which two additional funky
partners are used. These configurations involve two funky partners chosen in X,
(and two non-funky partners chosen in X5), two funky partners chosen so that one is
in X3 and the other is on X3 (and two non-funky partners chosen in X3), or two funky
partners chosen in one of X, X5, X3 or Xg (and two non-funky partners chosen from
the same set). The important observation here is gleaned from the parentheticals:
every choice of two funky partners of x produces at most ("”“‘;"") nets, implying

that there are at most (x‘“g"") (df (Qx)n) nets containing z, w, and two additional funky
neighbors of x. This is potentially achievable when all funky partners of x are located
in X, U X3 when we disregard the likelihood of inducing the necessary structures in
the blobs.

Our final count gives at most

1 1, 3 3 3 2 2
(6370 + 24xma:c + Qdf(x)xmax + 2df(l') xmax

nets containing x and w, implying that d;(x) > 0.0346661. O
Case 5. If x € X, and w € X5, then there are at most

1 1 1
(§0+ 300)ahe + 1010 e G0 )

nets containing x and w, and so ds(x) > 0.0413342.
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Proof. Note that xw ¢ E(G). First, we consider the configurations which contain w
as a triangle vertex. Note that in each of these configurations,  will be a pendant
of some other triangle vertex. Further, if a non-funky P, containing w is blob-
induced, then in fact the configuration contains a blob-induced bull. The two possible
configurations are when the bull does not intersect X3 and when the bull does not
intersection X;. The former case involves one additional funky partner of x located
in Xy, and the latter involves one additional funky partner in Xg.

We now consider the cases when w is not a triangle vertex. Then the non-
funky P, containing w is entirely within X5;. When z is a triangle vertex in such a
configuration, there is one additional funky partner of x selected in X5, the pendant
vertex that is neither p, nor w. We can then pick p, as a non-funky partner in
X1 UXj5 or as a funky partner in X3. When x is a pendant vertex, five vertices must
be chosen in X5, three of which must be additional funky partners of z.

Note that every configuration in this case involves at least one additional funky
partner of x. For those configurations involving precisely one additional funky part-
ner of z, we observe that each choice of funky partner of x can lead to at most one
valid configuration:

e if the funky partner is in X, then the configuration must involve a blob-induced
bull which does not intersect X3,

e if the funky partner is in Xg, then the configuration must involve a blob-induced
bull which does not intersect X, and

e if the funky partner is in X5, then z is a triangle vertex, the non-funky P; is
contained entirely in X5, and p, € X;.

Hence, there are at most d;(z)x3 . n* nets containing z, w, and exactly one additional

funky partner of x. There is only one configuration which involves exactly two
additional funky partners, and the configuration requires a funky partner in each of
X3 and Xj5. For every pair (w’, w”) of funky partners of x where v’ € X3 and w” € X5

can produce at most (Z?“axn) nets, and there are at most %(df (; )”) such pairs, creating

at most £ds(x)%x2, n* nets containing z, w, and two additional funky partners of .

max
Finally, there is one configuration involving precisely three additional funky part-
ners of x and there are no configurations with four additional funky partners, which
gives at most (df (Sx)") TmaxT Nets containing x, w, and at least three additional funky
partners of x for at most

1 3

1 1
+ 2 3 L 2.2 + 3 4
(6x0 + 2df ('I)xmax + 4df(ll§') 'Imax + 6df (,I‘) :Bmax) n

nets containing x and w. We then have that d(x) > 0.0413342 in this case. O
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