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Abstract

The celebrated Erd6és-Ko-Rado Theorem states that for n > 2k a family
F of k subsets of [n] for which each pair of members of .# have a non-
empty intersection has size at most (Zj) and for n > 2k has exactly
this size if and only if it is the family of all k-subsets of [n] containing a
fixed element = € [n]. Since its discovery, the Erdés-Ko-Rado Theorem
has been generalised extensively and many variants have been found for
structures other than sets. One such variant is for permutations and
so-called generalised permutations. These structures are equivalent to
r-matchings of the complete bipartite graph K, ,,, with » < min{n, m} in
a natural way.

The culmination of results of several groups of authors constitute an
Erdés-Ko-Rado Theorem for families of generalised permutations and so
for families of r-matchings of K, ,,, for all feasible values of r,n and m.
In this paper we generalise this by proving an Erdés—-Ko-Rado Theorem
for families of r-matchings of complete k-partite k-graphs, which can be
seen as a partial generalisation of the Erdés-Ko-Rado Theorem itself.
We also prove similar results for ¢-intersecting families, and for families
of matchings whose members have sizes from some set of integers R,
rather than a single size r.

1 Introduction

For an integer n, let [n] denote the set {1,2,...,n}. The power set of a set X is
denoted by 2% and the set of all subsets of X of size r is denoted by ()f ) A family
of sets .Z is intersecting if AN B # () for all A,B € % . For a family of sets ¥,
a subfamily of the form {A € &4 : = € A} for some z is called a star of 4. The
celebrated Erdos—-Ko—Rado Theorem is as follows.
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Theorem 1.1 (The Erdés-Ko-Rado Theorem [11]). Let n > 2r and F C ([Z]) be
an intersecting family. Then
n—1
F| < :
1< ("7}

Furthermore, for n > 2r equality is attained if and only if F is a star of ([’Z]).

The Erdés-Ko-Rado Theorem has been generalised extensively and many vari-
ants have been proven for structures other than sets. One such variant and the focus
of this paper is the set of generalised permutations &,.(n,m), defined for positive
integers r,n and m with r < min{n, m} as follows:

P.(n,m) ={{(x1,11),...,(xr,yr)} :x1,..., 2, are distinct elements of [n]

Y1, ..., Y are distinct elements of [m]} .

These indeed generalise permutations, because a permutation o of [n] defines the
unique generalised permutation

By = {(a,0) € [n] x [n] : o(a) = b},
of Z,(n,n).

There has been extensive work on Erdés-Ko—Rado type theorems for permuta-
tions and generalised permutations; we provide a brief outline of some of those results
relevant to us here. Deza and Frankl [14] proved that a family of intersecting permu-
tations, i.e., an intersecting subfamily of &2, (n,n), has size at most (n—1)!. Cameron
and Ku [7] and Larose and Malvenuto [19] independently showed that an intersecting
family of permutations has size (n —1)! if and only if the family is a star of &Z,,(n, n).
Larose and Malvenuto (see [19, Theorem 5.1]) also proved that intersecting subfam-
ilies of Z,(r,n) have size at most (n — 1),_1, where for non-negative integers a and
b, (a), denotes (af—'b), Ku and Leader [17] showed that |.#| < ("_I)T(;l_ln)!_l)“l for any
intersecting family .# C Z,.(n,n) and proved that only stars have the maximum
size, except for a small number of cases. These remaining cases were subsequently
shown by Li and Wang [20]. Borg and Meagher [4] proved that |7 | < (n_l)r(‘r 1_(?)‘!_1)'“‘1
for intersecting families .# C Z.(n,m) for r < min{n, m} and, furthermore, that
equality is attained if and only if . is a star of Z,.(n, m).

We encapsulate all of the results above in the following theorem.

Theorem 1.2. Let % C Z.(n,m) be an intersecting family, where r,n and m are
positive integers such that r < min{n,m}. Then

(n - 1)r—1<m - 1)r—1

F| <
171 < (r—1)!

Furthermore, equality is attained if and only if F is a star of Z.(n,m).

In this paper, we will consider a generalisation of generalised permutations. We first
reinterpret generalised permutations in terms of hypergraphs. A hypergraph (V, E)
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is a pair consisting of a set V whose elements are called vertices and a set E C 2V
whose elements are called edges. A k-graph is a hypergraph for which every edge
has size k, in particular, a 2-graph is just a graph. The complete k-partite k-graph
with parts of sizes ny,...,ng, denoted K(nq,...,n;), is the k-graph whose vertex
set is the disjoint union of the sets [n1],...,[ns] and whose edge set is exactly every
k-set which contains exactly one vertex in [n;] for all i. In particular, C(n,) is the
set of singletons of [n;] and K(ni,ns) is the complete bipartite graph with parts
[n1] and [ns]; we (partially) conform to convention by denoting the latter graph as
K(nl, ng).

An r-matching of a hypergraph is a set of r vertex disjoint edges of that hy-
pergraph. We let KC,.(nq,...,n;) and K,(n,m) denote the set of r-matchings of
K(ni,...,n;) and K(n,m), respectively. By associating each element (z,y) € [n] x
[m] to the edge of K(n,m) incident to x and y, there is a natural equivalence between
generalised permutations in &,.(n, m) and r-matchings in K, (n,m). Therefore, the
set of r-matchings KC,.(nq,...,ny) can be seen as a generalisation of the set of gener-
alised permutations Z,.(n,m). Moreover for a family .# C K,(n,m) two members
of its equivalent counterpart ¢4 C Z,.(n, m) intersect if and only if the corresponding
members of % share a common edge. Thus, we say a family .# C K, (nq,...,ny) is
intersecting if every pair of members of .% share a common edge.

Considering intersecting families of graphs and hypergraphs is not new. We
briefly outline some of the previous work related to intersecting families of graphs
and hypergraphs. Meagher and Moura [21] proved an Erdés-Ko-Rado Theorem for
intersecting families of perfect matchings, i.e. (n/k)-matchings, of the complete k-
graph on n vertices K¥, with k|n and in particular an Erdés-Ko-Rado Theorem for
intersecting families of perfect matchings of the complete graph K, with n even. Let
¢ be a family of graphs on a common vertex set V. We say a family of labelled
graphs .# on the vertex set V' is J#-intersecting if the intersection of each pair of
members of .% contains a member of J# as a subgraph. For a graph H, a family of
graphs is H-intersecting if it is JZ-intersecting, where .77 is the family of all labelled
graphs isomorphic to H. Simonovits and Sés [23, 24| proved intersection theorems
for families of J#-intersecting graphs, for various families 7. Ellis, Filmus and
Friedgut [8] prove a long standing conjecture of Simonovits and Sés which asserted
that a maximum sized Kj-intersecting family of graphs is a family consisting of all
the graphs containing a fixed K3. Berger and Zhao [2] prove an analogous result for
K -intersecting families as well as cross intersecting variants and stability results.

The main result of this paper is the following generalisation of Theorem 1.2 to
subfamilies of IC,.(nq, ..., ng).

Theorem 1.3. Let F C K.(ny,...,ng) be an intersecting family, where k > 2,
r>1 and ny,...,n, are integers that are at least r. Then

T (n1 = 1)1 (ng — 1)y
#1 < o |

Furthermore, equality is attained if and only if F is a star of K,(nq,...,ng).
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In fact, as KC.(nq) is equivalent to ([7:}]), Theorem 1.3 can be seen as a generalisation
of the Erdés—-Ko-Rado Theorem for m; > 2r. Theorem 1.3 will be proven using
a relatively simple inductive argument on k, where Theorem 1.2 forms the base
case. We also prove Erdés—Ko—Rado type theorems for families .# of matchings;
whose members may have any size from a set of integers R rather than just a single
size r (Theorem 3.1), for which each pair of members of .# share ¢ common edges
(Theorems 3.3 and 3.4) or both (Theorem 3.5).

The paper is organised as follows. In Section 2 we present definitions and pre-
liminary results. The proof of Theorem 1.3 is given in Section 3. This is followed by
the proof of Theorem 3.1. Section 3 ends with the proofs of Theorems 3.3-3.5. The
paper concludes with Section 4 in which we briefly discuss previous conjectures and
open questions as well as new ones that naturally arise from the work in this paper.

2 Definitions and preliminary results

For what follows, let k,t,7,n,...,n; be integers such that £k > 2 and 1 <t <r <
ny < - < ng. Let K(ny,...,ni) denote the complete k-partite k-graph with parts
[n1], ..., [ng], as defined in the Introduction. For the purposes of this paper, we take
the edge set of KC(ny,...,nx) to be the set of k-tuples in [ng] x - -+ x [ng], where for
all y € [n;] with ¢ € [k], y is incident to the edge (z1,...,2%) € [n1] X - -+ x [ng] if and
only if z; = y. Let IC,(nq,...,ng) be the set of r-matchings of K(nq,...,n;). That
is

K.(ny,...,ng)

= {{(zi1, ®io, ..., xp) i € 1]}t 214, ..., 2, € [n;] are distinct for all j}.

We abuse notation slightly by identifying /Ci(ng,...,ng) with the edge set of
IC(TLl, c. ,nk).

Let M € K,(ny,...,n,) and F C K.(nq,...,nx). For an edge e = (z1,...,2%) €
Ki(ni,...,n;) we define R;(e) = (z1,...,%j-1,Tjt1,...,Tx). We further define

Ri(M)={R;(¢):ec M} and R,(F)={R;(M):M ¢ F}.

For i # j and e € Ky(n,...,ng), we define Si(e) = (x4, 2;) € Ki(ng,n;) where x;
and z; are the vertices in [n;] and [n;] incident to e, respectively. We further define

Si(M)={Si(e):e€ M} and Si(F)={Si(M): M e F}.

For a graph or a set of edges M, we let V(M) denote the vertices of M. Moreover,
if M is in fact a set of edges of IC(ny, ..., ng), then we let V;(M) denote the set of ver-
tices in [n;] incident to an edge in M. Notice that, for each M € K, (nq,...,ng), the
pair (R;(M), Sj(M)) is unique for each i # j. Conversely, for X € R;(K,(ny,...,n))
and Y € K,(n;,n;), if V;(X) = Vi(Y), then there is a unique r-matching M in
Kr(n1,...,ng) such that R;(M) = X and Si(M) =Y, namely

M ={eU{z;} e € X and (z;,z;) € Y for the z; € eN [n;]}.
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Therefore, for X € R;(K,(n,...,n;)) and Y € K,(n;,n;) such that V;(X) = V;(Y),
we define X x;Y to be the unique matching M € IC,(nq, ..., ny) such that R;(M) =
X and Sj(M) =Y and say that X and Y are compatible.

A matching of K(4,4,4,4) A pair of matchings of (4,4,4) and K(4,4)

2

M Ry (M) and S(M)

Figure 1: A matching M (in black) and its associated compatible matchings
R4(M) (in blue) and S3(M) (in red).

Figure 1 depicts an example of a matching and one of its associated compatible
pairs. For X € R;(K,(n1,...,n;)) and i # j let

Ny(Z)={Y eS|(F): Xx;Y € F}.

We say that a family .# C KC,.(nq,...,ng) is t-intersecting if any two members of
Z share at least t edges. In particular, a 1-intersecting family is just an intersecting
family as defined in the Introduction; we continue to use the latter terminology. For a
family ¢ and a t-set C, the t-star of 4 with centre C'is the family {G € ¢4 : C' C G}.
When the context is clear we will simply refer to such a family as a t-star. We also
refer to a l-star simply as a star, which agrees with the definition of a star given
in the Introduction. We now note several simple properties of the definitions given
thus far. Below and henceforth, we let K(A, B) denote the complete bipartite graph
with parts A C [n;] and B C [n;], which is considered to be an induced subgraph of
K(n;,n;) and let K, (A, B) be the set of r-matchings of K (A, B).

Lemma 2.1. Let F C K, (ny,...,ng), 1,7 € [k] be distinct integers and X € R;(F).
Then the following hold:

(i) if F is t-intersecting, then R;(F), Si(F) and N (F) are t-intersecting;

J

(i) N (F) € K (Vi(X), [n)]):
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(iti) if F is the t-star of Ky(na,...,ny) with centre C, then R;(F), Si(F) and
N (F) are the t-stars of Rj(K,(n1,...,n)), K.(nin;) and K, (V( ), [n;])
with centres R;(C), SHC) and Si(C), respectively;

(V) |1 = Xxen, ) INx (F)]-

Proof. If LM € .# and LN M = T, then clearly R;(L) N R;(M) 2 R;(T) and
SH(L) N S{(M) D Si(T). Hence, if .7 is t-intersecting then so are R;(.F), Si(F)
and N (.#) C Si(F) for all X € R;(.#). This establishes (i). By definition, every
Y € N% (%) is compatible with X and in particular V;(Y') = V;(X). It follows that
Y € K, (Vi(X),[n;]) for all Y € N% (%), proving (ii).

To prove (iii), let .# be the t-star of KC.(nq,...,n;) with centre C. We prove
that R;(.#), Si(#) and N} ( #) for each X € R; ( #) are the appropriate t-stars.
Notice that for every M € .7, R;j(M) 2 R;(C) and Si(M) 2 Si(C), since C C M.
So R;(.#) is a subset of the t—star of Rj(KT(nl, ...,ny)) with centre R;(C), Si(.7)
is a subset of the t-star of K,.(n;,n;) with centre Si(C), and N%(F) is a subset of
the t-star of K, (V;(X),[n;]) with centre S{(C). We complete the proof of (iii) by
showing R;(.#), Si(#) and N (.#) contain the appropriate t-stars. Let R;(C) C
X' € Rj(K(ni,...,nx)) and S{(C) C Y’ € K, (Vi(X'),[n;]). Then M = X' x; Y’
is an r-matching of K(ny,...,n;) containing C' = R;(C) x; Si(C) and so M € .7,
since .Z is the t-star of KC,(n,...,n;) with centre C. It follows that X’ € R;(.%#)
and Y’ € N, (F) C S;(.#) and hence (iii) holds, since for any Y such that S%(C) C
Y' € K, (ni,n;), Y'is in K,(V;(X'),[n;]) for some R;(C) C X' € R;(K(nq,...,nk)).

Finally we prove (iv). Let ¢,7 € [k] be distinct integers. Recall that (R;(M),
S3(M)) is unique for each M € K.(ny, ..., ny). Therefore,

7| = {(R;(M), Sj(M)) : M e F}|
= > HX)Y):YeS(Fad X x;Y € F} = > [N (F),
XeR;(F) XeR;(F)

establishing statement (iv), where the second equality holds as the summation is a
simple restatement of the expression preceding it and the final equality holds by the
definition of N%(Z). O

The machinery required to prove the bound of Theorem 1.3 has been given in
Lemma 2.1. Establishing the uniqueness of families of maximum size requires more,
most of which is encapsulated in Lemma 2.3. Before proving the lemma, we require

(a special case of) the following result. In the lemma below, we let (A4, ..., Ax)
denote the complete k-partite k-graph whose i-th part is A; C [n,] for each i € [k],
which is considered to be an induced subhypergraph of K(ni,...,n;) and we let

K.(Ay, ..., Ax) be the set of r-matchings of K(Aq,..., A).

Lemma 2.2. Let r,r’" >t be positive integers. Let A; C [n;] and B; C [n;] for all
i € k| where for some j € [k], |A;j| > t+2 and |Bj| > t+2. If Y and 4’ are
the non-empty t-stars of KK.(Ay, ..., Ax) and K, (B, ..., By) with centres C and C’,
respectively, then there exists M € 4 and M' € 4’ such that M N M' =CnNC".
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Proof. Suppose for a contradiction that for every C C M € 4 and ¢/ C M' € ¢',
MM 2 CnNnC'. Let M and M' be two such matchings whose intersection is
minimal. By assumption, there is some e = (z1,...,2;) € M N M’ that is not in
C'NC’". Without loss of generality, suppose that e ¢ C. Note that x; ¢ V;(C') for all
i € [k], since C'U {e} is contained in the matching M. As |A;| > t + 2, there exists
an element y; € A; — V;(C') other than x;. Let ¢ = (e —{z;})U{y;}. If y; € V;(M),
let f = (y1,...,yx) be the edge in M incident to y; and let f' = (f — {y;}) U {z;}.
Note that, when f exists, y; # z; and y; ¢ V;(C) for all ¢ € [k]. Let

. {(M —{e)ufer  ify ¢ V)
(M —{e, f}) U{e, '} otherwise.

Clearly L is an r-matching of IC(Ay, ..., Ax) containing C' and so L € 4. Yet, as M
and M’ are matchings containing e, LN M’ C M N M’, contradicting the minimality
of M N M. O

In particular, the lemma shows that two t-stars with different centres can not
both be contained in a t-intersecting family, in general. This observation will prove
useful in the proof of Lemma 2.3 soon to follow and in Section 3. However, the lemma
fails if |A;| < t+1 for all 7 € [k], as the following example shows. Let A;, ..., Ay and
B, ..., By be sets such that A; € (iﬂ), B; C [n;] has size v’ > t+1and A;NB; # )
foralli € [k]. Let e = (x1,...,x) € Ki(n1,...,ng) be an edge such that x; € A;NB;
for all i € [k]. Let C € Ki(Ay,...,Ax) and C" € K(By, ..., By) so that z; ¢ V;(C)
for all i € [k] and e € C". Then A; — V;(C) = {x;}, since |A;| =t + 1 =|V;(C)| + 1
and so ¥, the t-star of Kyy1(Ay, ..., Ax) with centre C, contains the single (¢ + 1)-
matching M = C'U{e}. On the other hand, every matching M’ in ¢4’, the t-star of
K. (By, ..., Bg) with centre C’, contains C” and so

MM =CnM)Yu({enM)D(CNC)U{e}.

Moreover, if n; = t + 1 for all i, let A; = [t + 1] = B; for i € [k], C and C’ to
be distinct t-subsets of some (¢ + 1)-matching T" of C(n4,...,ni) (and e € C' — C)
and ¢ and ¢’ be the t-stars of K,.(n1,...,nx) with centres C' and C’, respectively.
Then ¢ = {T} = ¢’, but both are t¢-stars with different centres, namely C' and
(", respectively. This demonstrates that two t-stars of IC.(ny, ..., ng) with different
centres can be the same family. However, this can only occurif r =n; =--- =n; =
t + 1, otherwise any two stars with different centres are distinct.

We can now prove Lemma 2.3. Recall that ny <--- < ng.

Lemma 2.3. Let # C K,(ny,...,ng) be a t-intersecting family where k > 3 and
ng > t+ 2. If Re(F) is a t-star of Rp(K,(ny,...,ny)) and N (F) are t-stars of
K,(Vi(X),[nk]) for all X € Rp(.F), then F is a t-star of K,(ny,...,ng).

Proof. The result is clear if r = ¢, as then %, Ry(.%) and N%x (%) each have one
member. So we can assume that r > t+1. By Lemma 2.1(i), S} (%) is t-intersecting
and, as ny, > t + 2, each t-star Ny (%) C S}(#) must have the same centre for all
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X € Rg(F), by Lemma 2.2. Therefore, we let Cs denote the common centre of all
Ny (F) with X € Rp(F). If n; =t + 1 for all i # k, then R,(Z) has a single
member 7' and necessarily Vi(T) = [n1]. So Ri(.#) is the t-star with centre Ch,
where Cp is the t-subset of T such that Vi(Cr) = Vi(Cs). Otherwise, we let Cr be
the unique centre of Ry (.%).

First we show that V;(Cgr) = Vi(Cs), which is immediate if n; = ¢t 4+ 1 for all
1 # k. So we can assume that n, > t 4+ 2 for some ¢ < k. Using Lemma 2.2 where
G = Ryp(F) = ¢, there exists distinct X, X' € Rg(%) such that X N X' = Ck.
Similarly as ny > t + 2, there exists distinct Y € Ny (%) and Y’ € Ny, (F) such
that Y NY" = Cg, by Lemma 2.2. By the definitions of N3 (%) and N, (%),
M =X x;Y and M’ = X' x; Y’ are both in .%# and must satisfy

Re(M N M) C Ry(M)NRe(M') =X NX =Ch

and
SH{MNOM)YC Sy (M)NS{M)=YNY' =Cs.

As Z is t-intersecting, |M N M'| > t and we must have that [M N M'| =t, R,(M N
M') = Cg and S{(M N M') = Cg, since |Cg| =t = |Cs|. It follows that

Vi(Cr) = Vi(Ri(M N M')) = Vi(M N M') = Vi(Si(M 0 M')) = Vi(Cs).

Therefore Cr and Cg are compatible; so let C' = Cg x; Cs. As Cr C Ri(M)
and Cg C S{(M) for all M € Z, it follows that every M € .Z contains C. So .#
is a subset of the t-star of IC,.(nq,...,ng) with centre C. We complete the proof by
showing that .Z# is the t-star of K,.(ny, ..., nx) with centre C', by proving that M € .#
forall C C M € K,(ny,...,n;). For such an M, X = Rp(M) 2O Ry(C) = Cr and
SHM) D SHC) = Cs. As Ry(F) is the t-star of Ry(K,(ny,...,n;)) with centre Cr
and Ni () is the t-star of K,(Vi(X),[ng]) with centre Cs, Rip(M) € Ry(.F) and
SHM) € N%(Z) from which it follows that M = Ry(M) x; Si(M) is a member
of Z. O

3 Main Results

In this section we prove the main results of this paper. The proofs of Theorems 1.3
and 3.1 are given shortly, while their ¢-intersecting analogues are proven at the end
of the section. For the latter results and Theorem 3.1, a short overview of previous
related work is given for context. We begin by proving Theorem 1.3.

Proof of Theorem 1.3. Suppose without loss of generality that n; < --- < ng. We
proceed by induction on k. The base case, k = 2, is Theorem 1.2. So, suppose
k > 3 and the theorem holds for £k — 1. The result is trivial if n; < 2 for all 7. So
we may assume that n, > 3. By Lemma 2.1(i) and (ii), N3 (%) is intersecting and
Ny (Z) C K, (Vi(X),[ng]) for all X € Ry(.F), respectively. Since |V1(X)| = r and
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N3 (Z) is an intersecting subfamily of K,.(V;(X), [n4]), Theorem 1.2 implies that for
each X € Ry(%)

(VX = Dra(ne = Dr s
(r—1)!

with equality if and only if N} (%) is a star of K,(V1(X),[ng]). By Lemma 2.1(i),
Ri(F) C Ri(K,(nq,...,nk)) is also intersecting. Thus, by the inductive hypothesis,

[Nx(F)] < = (g = 1)ra, (1)

(nl - 1)7"—1 T (nk—l - ]-)r—l

(=1 ! (2)

with equality if and only if Ri(.%) is a star of Ry(K.(n1,...,ng)). Then by
Lemma 2.1(iv) and inequalities (1) and (2)

|Ri(F)] <

(Fl= Y INx(P)I< Y, (-1 < (7 = 1)7“0{'_"1(;’“_ Dot 3

XERy(F) X€ERE(F)
which establishes the bound of the theorem.

So it suffices to show that maximum sized families are stars of K, (nq,...,ng).
When .7 is a star of IC.(ny,...,n) it is easy to check that .# attains the bound in
the theorem. So suppose that .# attains the bound of the theorem and so all the
inequalities in (3) are equalities. Then the inequality in (1) for each X € Ry(%#) and
the inequality in (2) are also equalities from which it follows that N} (.%) is a star
of K, (Vi(X),[ng]) for all X € Re(F) and Ry(F) is a star of Ry(IC,(ny,...,ng)).
Hence as ny > 3, Lemma 2.3 implies that % must be a star of IC.(ny, ..., ng). O

Erdés, Ko and Rado [11] also considered intersecting families .# C 2[" and proved
such a family has size at most 2"~'. A star of 2["), i.e., the collection of all subsets of
[n] containing a fixed element = € [n], has the maximum size, but not uniquely so. A
general description of all intersecting families 2" with size 2"~! has not been found
for general n; see [5] for an enumeration of the number of intersecting subfamilies
of 2I" for small n. Here we prove an analogous result for k-partite k-graphs which,
contrary to the result of Erdés et al. [11], has a relatively simple classification of
maximum sized families.

Here and henceforth we let R denote a set of integers R € 2] such that min{r €
R} > t. Let Kp(ni,....,nx) = U,ep Kr(n1, ..., ng). It follows from the definition of
a t-star that the t-star of Kr(ny,...,ny) with centre C' € Ky(nq, ..., ng) is the family
{M € Kg(ni,...,n,) : C C M}. Equivalently, the t-star of Kr(nq,...,n;) with
centre C' is the union of the t-stars of KC.(nq,...,nx) with centre C' over r € R. Of
course, analogous properties hold for stars of Kr(n1,...,n;). We prove an analogue
of Theorem 1.3 for families # C Kg(ng,...,nk).

Theorem 3.1. Let F C Kg(ny,...,nx) be an intersecting family. Then

D

= r—1)!

Furthermore, equality is attained if and only if F is a star of Kr(nq, ..., ng).



A. MAMMOLITI / AUSTRALAS. J. COMBIN. 93 (2) (2025), 274-289 283

Proof. 1f n; < 2 for all i € [k], then R C [2] and simple case analysis shows that the
result holds. So suppose that ny > 3. Let %, = #Z NK,(ny,...,n;) for all r € R.
By Theorem 1.3,

#1= Tl < 3 e, )
reR reR

and equality holds if and only if .%, is a star of K,(ny,...,nx) for all r € R. We
complete the proof by showing that .# has maximum size if and only if .# is a
star of Kr(nq,...,ng). Clearly a star of Kgr(nq,...,n;) has maximum size. If #
has maximum size, then the inequality in (4) is an equality and so %, is a star of
Kr(ny,...,ng) for all r € R. As the union of the stars %, over r € R is intersecting
and ny > 3, Lemma 2.2 implies that all the stars .%, must have the same centre C.
Therefore, .Z is the star of Kg(ny,...,ng) with centre C'. O

3.1 t-intersecting theorems for k-partite k-graphs

In this subsection we prove t-intersecting analogues of Theorems 1.3 and 3.1. First we
briefly provide some background of previous work related to t-intersecting families of
sets and permutations. Erdds et al. [11] also proved that for » > ¢ and n sufficiently

larger than r any t-intersecting subfamily .%# of ([:f]) has size at most (1:::) and

moreover .# has exactly that size if and only if .# is a t-star of ([Z]). Frankl [13]
proved that result for n > (t 4+ 1)(r —t + 1) and ¢ > 15. Finally, Wilson [25] proved
the same result for all n > (¢t + 1)(r —t + 1) and ¢ > 1, except the uniqueness of
maximum sized families when n = (t + 1)(r —t + 1). This is the best possible with
respect to n as larger families than ¢-stars exist for n < (t+1)(r —t+1) and families
equally as large as t-stars exist when n = (¢t + 1)(r —t + 1); see the Conclusion.

Frankl and Deza [14] conjectured that maximum sized t-intersecting family of
permutations are t-stars for n sufficiently larger than ¢. This conjecture was later
confirmed by Ellis, Friedgut, and Pilpel [9]. Meagher and Razafimahatratra [22]
proved that a 2-intersecting subfamily of &, (n,n) has size at most (n — 2)! (the
size of a 2-star of &,,(n,n)) and gave a algebraic characterisation of maximum sized
families for all n > 2t + 1. More recently, Keller et al. [16] proved, using a method
based on hypercontractivity for global functions, that there is a universal constant
co such that for all t < ¢on any t-intersecting family of permutations .% C £, (n,n)
has size at most (n — t)!. Furthermore, they showed that if [.%| > 0.75(n — t)!, then
Z is contained in a t-star. Kupavskii and Zakharov [18], using an approach they
call spread approximations method, were able to prove a similar result, namely that
any t-intersecting family of permutations .# C Z,(n,n) has size at most (n — t)!
for any ¢ and n which satisfy n > 2%tlog,(n)?* and, if |#| > 2(n — t)!, then .7
is contained in a t-star. Crucially, Kupavskii and Zakharov [18] were are able to
prove their result without exploiting the properties of &, (n,n), most notably the
representation theory of &2,(n,n), unlike many other proofs which heavily rely on
the algebraic structure of &, (n,n).
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Borg [3] proved the following result for ¢-intersecting families . # C Kg(ny,n2)
for max{n,ny} sufficiently larger than r and ¢.

Theorem 3.2. Let % C Kr(ni,ns), where ny is sufficiently larger than max{r € R}

and t. Then 5,
7| < =t
LR
reR

Furthermore, equality is attained if and only if F is a t-star of Kr(ni,ng).

Brunk and Huczynska [6] independently proved Theorem 3.2 for the cases when
R = {r} and r = ny. An analogous result was found for families of perfect matchings
of the complete graph that are 2-intersecting by Fallat, Meagher and Shirazi [12].

Using Theorem 3.2 we will prove the following t-intersecting analogue of Theo-
rem 1.3 and subsequently a t-intersecting analogue of Theorem 3.1.

Theorem 3.3. Let F C K.(n1,...,nx) be a t-intersecting family, where ny, the
second smallest n;, is sufficiently larger than r and t. Then

(nl - t)r—t o (nk - t)r—t
(r—1t)!

Furthermore, equality is attained if and only if F is a t-star of KCr(ny, ..., ng).

7| <

Proof. We proceed by induction on k. The base case, k = 2, is Theorem 3.2 for
R = {r}. So, suppose k > 3 and the theorem holds for £ — 1. By Lemma 2.1(i)
and (ii), N (.Z) is t-intersecting and N (.F) C K, (V1(X), [ng]) for all X € R(.F).
Since |V1(X)| =7, Nx(Z) is a t-intersecting subfamily of K,.(V1(X), [ng]) and ny is
sufficiently larger than r and ¢, Theorem 3.2 (with R = {r}) implies that for each
X e R](ﬁ)

1 VilX)| —t)p—e(ng — t)r_s

where equality is attained if and only if Ny (%) is a t-star of K,.(V1(X),[n]). By
Lemma 2.1(i), Rx(F) C Ri(K,(n1,...,nk)) is also t-intersecting. As ny is sufficiently
larger than r and ¢, by the inductive hypothesis,

(nl - t)r—t o (nk—l - t)r—t
(r—1t)! ’

with equality if and only if Rg(%) is a t-star of Rg(KC.(n1,...,n%)). Then by
Lemma 2.1(iv) and inequalities (5) and (6)

= (g = )y (5)

| Ri(F)| <

(6)

(1 =)y -~ (1 — 1)

Fl= 3 INKENE Y w—th < et

XeRy(ZF) XeRy(ZF)

which establishes the bound of the theorem.
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So it suffices to prove that maximum sized families are t-stars of K, (nq, ..., ng).
When Z is a t-star of K,.(ny,...,n) it is easy to check that .# has maximum size.
So suppose that % has maximum size and so the inequalities in (7) are equalities.
Then equality holds in (5) for each X € Ry(:#) and equality holds in (6) from
which it follows that Nx(.Z) is a t-star of K, (V;(X),[ng]) for all X € Ry(F) and
Ry (F) is a t-star of R(K,.(ny,...,nx)). Thus by Lemma 2.3, .# must be a t-star of
/CT(nl,...,nk). ]

In fact, we expect that Theorem 3.3 is true even if the condition “n, is sufficiently
larger than r” is replaced with “ny is sufficiently larger than ¢t” (and r < n, is the only
condition placed on the size of r compared with each of nq,...,n;). However we can
say something about the special case when r = ny = --- = n;, as follows. By using
Ellis et al. [9] result that any maximum sized t-intersecting family of permutations
is a t-star for n sufficiently larger than t as the base case, the proof above can easily
be amended to prove the following.

Theorem 3.4. Let F C K, (n,...,n) be at-intersecting family, where K, (n, ..., n)
has k parts. Then for n sufficiently larger than t

((n—t)r—)*
e T

Furthermore, equality is attained if and only if F is a t-star of K,(n,...,n).

After the submission this paper, the results of Keller et al. [16] and Kupavskii
and Zakharov [18] on t-intersecting families of permutations describe earlier were
published. Either of these results could be used in place of Ellis et al. [9] result to
strengthen the theorem above slightly, by requiring a weaker condition on n.

Katona [15] proved a t-intersecting analogue of Erdés et al. [11] result for in-
tersecting families of 2", Perhaps surprisingly, t-stars of 2" are not maximum
sized t-intersecting families of 2. We end the section by proving the following
t-intersecting analogue of Theorem 3.1, which suggests that the behaviour of -
matchings of K(nq,...,ny) differs from sets in that regard, in general.

Theorem 3.5. Let .7 C Kg(n,...,nx) be a t-intersecting family, where ny is suf-
ficiently larger than max{r € R}. Then

|ﬁ| S Z (nl _t>r7t"'(nk_t)r7t ‘

reR (7“ N t)'
Furthermore, equality is attained if and only if F is a t-star of Kr(ny, ... ,ng).
Proof. Let %, = . Z NK,.(n1,...,nx) for all r € R. By Theorem 3.3,

D
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and equality holds if and only if .%, is a t-star of KC,.(nq,...,ng), for all r € R. We
complete the proof by showing that .# has maximum size if and only if .% is a t-star
of Kr(ny,...,ng). Clearly a t-star of Kg(ni,...,n) has maximum size. If . has
maximum size, then the inequality in (8) is an equality and so .%, is a t-star of
K.(ny,...,ng) for all r € R. By Lemma 2.2, the union of the t-stars %, over r € R
is t-intersecting only if each .%#, has the same centre. Therefore, each .%, must have
the same centre C' from which it follows that .# is the t-star of KCr(n4,...,ng) with
centre C'. O

As with Theorem 3.3, we expect the above theorem to hold under the weaker
assumption that ny is sufficiently larger than ¢ and no conditions (other than the
obvious condition max{r € R} < n;) are placed on the size of the elements of R
with respect to nq, ..., ng.

4 Concluding Remarks

The following families demonstrate that there are t-intersecting subfamilies of ([’Z])
which are larger than ¢-stars of ([:f}), whenever n < (¢t + 1)(r —t + 1). For each

0<i:<r—t,and C € (tﬂz) let

%(C):{Ge <[:]):|GHC\2t+i}.

Ahlswede and Khachatrian [1] proved that any maximum sized ¢-intersecting sub-
family of ([Z]) is ¢;(C) for some i and C. In very special cases of n, 4;(C) and
“,11(C") can be the same size and both be maximum sized t-intersecting families.
In particular, when n = (¢t + 1)(r — ¢t + 1) the families % (C) and ¥4,(C") both are
maximum sized t-intersecting families; as the former is in fact a t-star of ([:]), this
explains why the uniqueness of maximum sized families could not be obtained when
n=(t+1)(r —t+1) in Wilson’s [25] result mentioned earlier.

Natural analogues of the families ¢;(C') have been proposed previously for per-
mutations and r-matchings of K(n,ns); see for example [9] and [6]. Here we give
the more general natural analogue of ¥;(C) for r-matchings of K(ny,...,nx), as we
will discuss these shortly. Let 0 < ¢ < min{r — ¢, 2}, and C' € Kypoi(na, ..., ).
Then we define:

H(C) ={M € Ky(n,....ng) - [IMNC| =t +i}.

As with the families 4;(C), every J#/(C) is t-intersecting and in special cases can be
larger than t-stars, as the following example demonstrates.

Example. Let k =2, t =4, r =ny =ny = 8 and C = {(j,7) : j € [6]}. Then
6 (C) has size (3! — 2!)() 4 2! = 26, while a 4-star of K;(8,8) has size 4! = 24.

Ellis et al. [9] conjectured that any maximum ¢-intersecting family of permutations
must be % (C') for some i and C'. This conjecture remains largely open for cases when
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t-stars are not maximum sized t-intersecting families. Some progress has been made

recently by Ellis and Lifshitz [10] who established the conjecture for ¢ = O(lnl(?n”n)).
Brunk and Hucvzynska [6] made a similar yet more precise conjecture to that of
Ellis et al. [9] for t-intersecting subfamilies of K, (r,ns2), by also specifying which
of the families .7/(C) should have maximum size for all values of ny. Brunk and
Hucvzynska (see Theorem 3.5 [6]) were able to prove that an (r — a)-intersecting
subfamily of K, (r,r+b) must be .7(C') for some i and C, provided that a and b are

positive and r is sufficiently larger than a and b.

Naturally we expect a similar result to the conjectures of Ellis et al. [9] and Brunk
and Hucvzynska [6] should hold for t-intersecting families .# C IC,.(ny, ..., ng). How-
ever we now demonstrate why one cannot expect such a result to follow from the con-
jectures of Ellis et al. [9] and Brunk and Hucvzynska [6] directly using the techniques
of this paper. Let B, ;(ni,...,n;) be the maximum size of a t-intersecting family
F C K.(ny,...,ni). Using Lemma 2.1(iv) and the definitions of B,.;(ni,...,nk_1)
and B,:(ni,ni), one can immediately obtain the following bound for the size of a
t-intersecting family .# C K, (nq, ..., ng)

(1 Z]= > INK(F)| < Bralna, ..., m1)Bra(r,mp) (9)

since Nx(F) C K(V41(X), [ng]), by Lemma 2.1(ii), which is isomorphic to K (r, n;,) for
all X € Ry(.#). To prove the bounds on t-intersecting families .# C KC,.(nq, ..., ng)
in Theorems 3.3 and 3.4 it was sufficient to use (9) as the bound in (9) was tight for
some families .%, namely t-stars of IC,(ny, ..., nx) and, for such families, R;(.#) and
Ni(.F) are maximum sized t-intersecting families for all X € Ry (.%).

We will prove that the bound in (9) cannot be tight if 7(C') is a maximum sized
t-intersecting family that is not a t-star. For simplicity we maintain the convention
r<n < <my Let 1 < i < min{r — ¢, 2%} and C; = {(a,...,a) : a €
[t+i+j]} € Kipivj(ng,...,ng) for all 0 < j < and consider (C;). Assume that
t+2 < ng when i = 1 and r = t+2 = nq, so that #(C;) does not trivially contain one
element in that case. Let X € Ry (J%(C;)) and let D be the subset of C; such that
X NRL(C;) = Rp(D) and |D| = t+i+j where 0 < j <4. For any Y € Nx(4(C})),
X 1Y must contain at least t + i edges of C;, by the definition of 7;(C;) and, as
X NRL(C;) =Ri(D), (X x1Y)NC; € D. Soin fact (X x;Y) contains at least ¢ 44
edges of D for all Y € N%(J(C;)) and so every Y € N%(J/(C;)) contains at least
t+1i edges of S}(D). Conversely, any Y € K(V;(X), [ng]) that contains at least ¢ + i
edges of S}(D) will be a member of N ((C;)), since |(X x; Y)N D| >t +4 and
thus X x; Y € J(C;) for such a Y. Hence

NY(A(C)) = {Y € K (Vi(X). i) [V 1 SUD)| > 1+ 1}

As the size of the above only depends on j = |D| (and r = |V;(X)]), for simplicity
we only consider

Ny ={Y € K,(r,m) : [Y N Sp(C))| >t +1i}
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for 0 < j <. Clearly, N; C N; 4 for j <i—1, since [YNSE(C;)| > t+i implies that
Y N Si(Cji1)| > t+i. One can easily construct a matching Y’ € K, (r,ny) which
contains (a,a) € Ky(r,ny) for all j +2 < a <t+4i+ j+ 1 but no other elements
of S3(Cj41), where, in the exceptional case when i =1, j =0 and r =t + 2 = ny,
the assumption that ny > ¢ + 2 ensures that there is an edge in K o(t + 2,ny)
that is disjoint from all the edges in S;(Cy) \ {(1,1)} that isn’t (1,1). Clearly
Y'NSHCi1)| =t+iand Y NSHC))| =t+i—1. Thus Y’ € N;;; but Y' ¢ N;.
It follows that the size of N; is increasing with respect to j and, in particular,
Ny, ..., N; cannot all be the same size and so can not all be of the maximum size of
a t-intersecting family. Thus the bound in (9) is not tight.
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