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Abstract

Let #€5 denote the set of 5-connected graphs G which have a vertex x
such that G — x is a 4-connected 4-regular graph. Two edges of a graph
are said to be “independent” if they have no common end vertex. A
set of edges of a graph is said to be “semi-independent” if there exists a
pair of edges having a common end vertex and all other pairs of edges
in the set are independent. Let G be a 5-connected graph. We consider
the following operation on G : (I) delete a vertex z from G, (II) add
two new vertices x; and xq, and (III) join z; to N; U {z3_;} for i = 1,2,
where Ng(x) = Ny U Ny, |N;| > 4 for i = 1,2. We call this operation
“vertex-splitting”. If |[N; N Ny| < 1, the vertex-splitting is said to be
“semi-proper”. We also consider the following operation on G: (I) choose
3 semi-independent edges of G, (II) subdivide each of the chosen edges by
one vertex, and (III) identify the new vertices arising from the subdivision
(we replace the resulting pair of multiple edges by a simple edge). We
call this operation “pseudo edge-binding”.

In this paper we prove that every 5-connected graph can be obtained
from a graph in #€; by repeated applications of edge additions, semi-
proper vertex-splittings and pseudo edge-bindings.
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1 Introduction

In this paper, we deal with finite undirected graphs with neither self-loops nor mul-
tiple edges, unless otherwise stated.

For a graph G, let V(G) and E(G) denote the set of vertices of G and the set
of edges of G, respectively. Let G be a graph. For a vertex z € V(G), let Ng(z)
denote the neighborhood of x in G and let deg.(x) denote the degree of x. For a
subset S C V(G), let G[S] denote the subgraph of G induced by S. Let K, and
K, ,,, denote the complete graph on n vertices and the complete bipartite graph with
partite sets of cardinalities n and m, respectively. Take a cycle and a vertex, and
join the vertex to all vertices of the cycle. We call the resulting graph a wheel; in
other words, a wheel GG is a 3-connected graph which has a vertex x such that G —z
is a cycle. Let k be an integer such that £ > 3. An edge of a k-connected graph G is
said to be k-remowvable if its removal results in a k-connected graph. A k-connected
graph is said to be minimally k-connected if it has no k-removable edges. Let F;
denote the set of k-connected graphs G' which have a vertex x such that G — z is a
(k — 1)-connected (k — 1)-regular graph. Note that #€5 is the set of wheels.

Let G be a k-connected graph. Tutte introduced the following operation on G:
(I) delete a vertex x from G; (II) add two new vertices z; and xo; (III) join x; to
N; U {x3_;} for i = 1,2, where Ng(z) = Ny U Ny and |NV;] > k—1 for i = 1,2.
This operation is called vertez-splitting. If Ny N Ny = @ (or [Ny N Ny| < 1), the
vertex-splitting is said to be proper (or semi-proper).

Figure 1: Semi-proper vertex-splitting (k = 5).

Tutte proved the following theorem, Tutte’s Wheel Theorem, for 3-connected
graphs. This is one of the most important generating theorems, which marks the
beginning of a continual study of operations in graphs which preserve connectivity.

Theorem A [7] FEvery 3-connected graph can be obtained from a graph in #€s3 by
repeated applications of edge additions and proper vertez-splittings.

Two edges of a graph are said to be independent if they have no common end
vertex, and a set of edges of a graph is said to be independent if any two edges in the
set are independent. A set of edges of a graph is said to be semi-independent if there
exists a pair of edges having a common end vertex and all other pairs of edges in the
set are independent. Let £ > 3 be an integer, and let G' be a k-connected graph. We
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consider the following operation on G: (I) if k is even, then choose g independent
edges of G and, if k is odd, then choose fg} semi-independent edges of G; (II)
subdivide each of the chosen edges by one vertex; (III) identify the new vertices
arising from the subdivision (in the case where k is odd, we replace the resulting
pair of multiple edges by a simple edge). If k is even, then we call this operation

edge-binding and if k is odd, then we call this operation pseudo edge-binding.

Y3 Y3
Ys Ys

Ya Y4
n U1

Figure 2: Pseudo edge-binding (k = 5).

We add that this operation with k even was first defined for multi-graphs (for
multi-graphs, it is not necessary to choose independent edges, and we keep the re-
sulting multiple edges as they are), and was used in a generating theorem for k-edge-
connected k-regular multi-graphs which was obtained independently by Kotzig [4]
and Simmons [6] (see also Problem 52 in Section 6 of Lovész [5]).

In an earlier paper, we gave the following 4-connected analogue of Tutte’s Wheel
Theorem.

Theorem B [1] Every 4-connected graph can be obtained from a graph in €4 by
repeated applications of edge additions, proper vertex-splittings and edge-bindings.

In this paper, we prove the following 5-connected analogue of Tutte’s Wheel
Theorem.

Main Theorem Fuvery 5-connected graph can be obtained from a graph in €5 by
repeated applications of edge additions, semi-proper vertex-splittings and pseudo edge-
bindings. In other words, if G is a 5-connected graph, then there exists a sequence
G1,Go, -+ Gy (m > 1) of 5-connected graphs with Gy € #65 and G, = G such that
for each i (2 <i<m), G; is obtained from G,y by an edge addition, a semi-proper
vertex-splitting or a pseudo edge-binding.

In words, the Main Theorem shows that we can generate all 5-connected graphs
starting with graphs in #¢;. The class #€; of graphs which we start with is rather
large. However, in [2], we have recently obtained another theorem which generates
all 4-connected 4-regular graphs from two graphs, K5 and K,4. Thus the Main
Theorem and the result in [2] together show that we can generate all 5-connected
graphs from K and the join of K; and Ky 4.

This paper consists of nine sections. In Section 2, after giving some notation,
we introduce two operations, semi-proper edge-contraction and proper lifting which
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are the inverse operations of semi-proper vertezx-splitting and pseudo edge-binding,
respectively. We let %8 (5) denote the set of connected non-tree graphs on five vertices
with maximum degree 3. In Section 3, we classify the graphs in %(5), and we
prove basic lemmas for investigating 5-connected graphs. In Section 4, we give some
sufficient conditions for a degree 5 vertex of a 5-connected graph to be properly
5-liftable. In Section 5, we show that if G is a minimally 5-connected graph with
E*(G) = £*(G) = ( and z is a vertex of G with deg.(x) = 5, then G[Ng(x)] is
not isomorphic to any of the graphs in % (5) (the term 5-liftable and the symbols
E**(G) and £*(G) will be defined in Section 2). In Sections 6 through 8, we show
that a minimally 5-connected graph with [V(G)| > 7 and E*(G) = £*(G) = () has
a dominating vertex y and, if ¥ dominates z, then y also dominates each neighbor of
z other than y (the term dominating will be defined in Section 2). In Section 9, we
give a proof of the Main Theorem.

We remark that arguments in Sections 3 through 6 are rather technical. Thus we
suggest that after reading Section 2, readers not interested in technical details should
read the first three paragraphs in Section 3, the statements of Lemmas 3.2, 3.4, 3.5
and 3.6, the first three paragraphs in Section 4 and the statements of Lemmas 5.3,
6.1 and 6.5, and proceed to Section 7 (Lemmas 4.3 and 4.5 are used in the proof of
Lemma 8.3 (1) (i) in Section 8, but we believe that readers will understand the idea
of the proof of Lemma 8.3 (1) (i) without referring to Lemmas 4.3 and 4.5).

2 Preliminaries

In this section, after giving some more notation, we introduce two operations, semi-
proper edge-contraction and proper lifting, which are the inverse operations of semi-
proper vertex-splitting and pseudo edge-binding, respectively. We also give some
preliminary results.

Let G be a graph. For a subgraph A of G, when there is no ambiguity, we simply
write A for V(A). Thus |A|, G — A and Ng(A) mean |[V(A)| and G — V(A) and
Ne(V(A)), respectively. Also for a subgraph A of G and a subset S of V(G), ANS
and AU S stand for V(A) NS and V(A) U S, respectively.

For a subset S C V(G), let Ng(S) = UzesNg(x) — S. For a vertex x € V(G),
let Fg(x) denote the set of edges incident with z. Since G is simple, deg.(x) =
|Ng(z)| = |Ec(z)|. For an edge e of G, let V(e) denote the set of end vertices of e.
For X, Y C V(G) with X NY = 0, let Eg(X,Y) denote the set of edges between
X and Y. If X = {z}, we write Eg(z,Y) for Eg({z},Y). Let A(G) denote the
maximum degree of G. Let Vi (G) denote the set of vertices of G having degree k
and let V5, (G) denote the set of vertices of G having degree at least k. Let x(G)
denote the connectivity of G. For two graphs G and H, we let GU H and G + H
denote the union of G and H, and the join of G and H, respectively. Moreover, for
a positive integer m, let mG stand for the union of m copies of G.

Let G be a connected graph. A subset S C V(@) is said to be a separator of G if
G — S is disconnected. If |S| = s, then a separator S is said to be an s-separator. A
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separator S is said to be trivial if G — S has a component of order one; S' is said to be
nontrivial if it is not trivial, i.e., if each component of G — .S has at least two vertices.
Let S be a separator of G. An induced subgraph A of G is called an S-fragment of
G if A is a nonempty union of components of G — S such that V(G) — A — S # 0.
If Ais an S-fragment of GG, then G — A — S is also an S-fragment of G. Let H be a
subgraph of G and let S be a separator of G. We say that S divides H (or S is an
H-dwiding separator) if every component of G — S intersects with H, i.e., ANH # )
for every S-fragment A of G. An induced subgraph A of G is called a fragment of
G if A is an S-fragment for some r(G)-separator S of G. In this case, having in
mind the fact that S = Ng(A), we let A stand for G — A — S. Note also that from
S = Ng(A), we see that neither Ng(z) N A nor Ng(z) N A is empty for every x € S.
For a positive integer ¢, we let F(G) denote the set of fragments A of G such that
|AJ,|A] > t. Thus F,(G) is the set of fragments of G. A fragment A € F(G) is said
to be F(G)-minimum if |A| < |B| for any B € %(G). For z,y € V(G) with z # y,
if Ng(z) U{z} C Ng(y) U {y}, then we say that y dominates = and, x is dominated
by y. Note that if y dominates z, then yx € E(G). A vertex is said to be dominating
if it dominates some other vertex.

Let k£ > 3 be a fixed integer and let G be a k-connected graph. An edge e of
G is said to be k-contractible if G/e, the graph obtained from G by contracting
e, is k-connected. Note that, in the contraction, we replace each resulting pair of
multiple edges by a simple edge. If e is not k-contractible, then e is said to be k-
noncontractible. Note that if |V (G)| > k+2, then e is k-noncontractible if and only if
there exists a k-separator S of G which contains V'(e). Let E.(G) and E,(G) denote
the set of k-contractible edges of G and the set of k-noncontractible edges of G,
respectively. If at most one multiple edge arises in the contraction, then we say that
the contraction is semi-proper. A k-contractible edge e is said to be semi-properly
k-contractible if the contraction is semi-proper; in other words, if there is at most one
triangle which contains e, then a k-contractible edge e is semi-properly k-contractible.
Let £**(G) denote the set of semi-properly k-contractible edges of G. By definition,
xy € E*(G) if and only if xy € E.(G) and |Ng(x) N Ng(y)| < 1. A semi-proper
edge-contraction is the inverse operation of a semi-proper vertex-splitting.

Let again G be a k-connected graph. For S C V(G), a set M of independent
(resp. semi-independent) edges on S, not necessarily belonging to E(G), is called
a perfect matching (resp. perfect pseudo-matching) on S if UeepV(e) = S. We
consider the following operation on G: (I) delete a vertex z of degree k from G,
(IT) if k is even, then add a perfect matching M on Ng(x) and, if k is odd, then
add a perfect pseudo-matching M on Ng(x), and (III) replace each resulting pair
of multiple edges by a simple edge. We call this operation lifting on x with M and
let G@M) denote the resulting graph. If no multiple edge arises in the lifting, i.e.,
M N E(G) =0, we call the lifting proper.
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Figure 3: Proper lifting (dotted lines indicate that {y1y2,y1ys, yays} N E(G) = 0).

A vertex x of G is said to be k-liftable if there is a lifting on = which preserves
k-connectedness; in other words, if there is a perfect (semi-perfect) matching M on
N¢(z) such that G@M) ig k-connected, then z is k-liftable. A vertex z of G is said to
be properly k-liftable if there is a proper lifting on x which preserves k-connectedness.
Let £*(G) denote the set of properly k-liftable vertices of G. A proper lifting is the
inverse operation of an edge-binding or a pseudo edge-binding according as k is even
or odd. We now state lemmas, which we use in later sections. The following result
is well known.

Lemma 2.1(Halin [3]) Every minimally k-connected graph contains a vertex of
degree k. O

The following lemma can be found in [1].

Lemma 2.2 Let G be a graph with k(G) > 3. Let A be a fragment of G and let
UCNG(A) [f|Ng(U>ﬁA’ < |U‘, th@nAINg(U)ﬂA O

The following lemma can be found in [2].

Lemma 2.3 Let G be a graph with k(G) > 3. Let A be a Fo(G)-minimum fragment
of G. Then the following hold.

(1) If |A] > 3, then |[Ng(x) N A| > 2 for any x € Ng(A).
(2) If |A| > 4, then |[Ng({x,y}) N A| > 3 for any {z,y} C Ng(A).

The following lemma summarizes elementary properties of dominating vertices in
minimally k-connected graphs.

Lemma 2.4 Letk > 3, and let G be a minimally k-connected graph with |G| > k+2.
Suppose that G has two vertices y, z such that y dominates z.

(1) If G has a k-separator S which contains z, then y € S.
(2) Ne(z) U{z} —{y} € Vi(G).

3) ¥ € Varia(G).

(4)

There is no vertex other than y which dominates a vertex of Ng(z) — {y}.

Proof. (1) Let A be an S-fragment of G. Since z € S and S is a k-separator of G,
neither Ng(z) N A nor Ng(z) N A is empty. Suppose that y & S, say y € A. Since S
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separates A and A, we have Ng(y)NA = (). Since Ng(z)NA # 0, this contradicts the
assumption that y dominates z. This contradiction shows y € S and (1) is shown.

(2) Suppose that Ng(z) U {z} — {y} € Vi(G), say € (Ng(z) U{z} — {y}) N
Vok+1(G). Since y dominates z, o € Ng(y). Let G’ = G — zy. Since G is minimally
k-connected, G’ has a (k — 1)-separator S” which separates = and y. Let A’ be the
S’-fragment of G’ which contains z. Since x € V541(G), we see that x € Vsr(G'),
which implies that |A’| > 2. Hence S = S’ U {z} is a k-separator of G such that
y & S. We show that z € S. If z = z, then 2z € {} C S. Hence we may assume
x # z. Then x € Ng(z), which implies that xz € E(G’). Since xz,yz € E(G') and
S’ separates x and y, we see that z € S C S. Thus it is shown that z € S. Since
y & S, this contradicts (1), and this contradiction shows (2).

(3) Suppose that y € Vi(G). Since Ng(y) U{y} D Ng(z) U {2z}, we observe that
Ne({z,y}) = Na(2) N Ng(y). Since |G| > k+ 2 and |Ng(2) N Ne(y)| = k — 1, we
see that V(G) — (Ng({z,y}) U{z,y}) # 0. Hence Ng(z) N Ng(y) separates {z,y}
and V(G) — (Ng({z,y}) U{z,y}), which contradicts the k-connectedness of G. This
contradiction shows y € V5j41(G) and (3) is shown.

(4) Assume that w € V(G) dominates x € Ng(z) — {y}. We show w = .
Suppose that w # y. Since y dominates z and © € Ng(z) — {y}, we observe that
zy € E(G). Since w dominates x, (2) assures us that Ng(z) — {w} C Vi(G). Since
y € Ng(z) — {w}, this contradicts (3). This contradiction shows w = y and (4) is
shown. O

We conclude this section by introducing a notion which we will use in later sec-
tions. Let now H be a graph. A triplet (A; B; C) is said to be a separating triplet of
H if (i) A, B and C are mutually disjoint subsets of V(H), (ii) V(H) = AU BUC,
(iii) neither A nor C' is empty, and (iv) Ey(A,C) = 0. Thus (A; B;C) is a sepa-
rating triplet if and only if B is a separator and A and C' are (the vertex sets of )
disjoint B-fragments such that AUC' = V(H)— B. We regard two separating triplets
(A; B;C) and (C; B; A) as the same. Let J(H) denote the set of separating triplets
of H.

3 5-connected graphs

In the first half of this section, we classify the connected non-tree graphs on 5 vertices
whose maximum degree is three (see Lemma 5). In the latter half of this section, we
give some basic tools for investigating 5-connected graphs.

Let G be a 5-connected graph. For a given vertex z € V(G) and W C V(G), we
let W, = Ng(z) N W. For a given vertex € V(G) and an induced subgraph A of
G, we let A, denote V(A), or G[V(A),]; in particular, G, denotes G[Ng(z)].

Let %8 (5) be the set of connected non-tree graphs on 5 vertices whose maximum
degree is three. To describe % (5), we need to introduce some specific graphs on 5
vertices. For a graph G, we denote the complementary graph of G by G, and let
diam(G) denote the diameter of G. A tree G with diam(G) = 2 is called a star. In
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other words, a star is a complete bipartite graph K ,. A tree G with diam(G) = 3
is called a double star. Each double star is obtained from two stars K, and K,
by joining their centers. We denote the resulting double star by D, ,,. By the
definition, D;; = Py. Let H be the graph on 4 vertices obtained from K3 by adding
one pendant vertex, i.e., H = Kj + (K7 U K3). We observe that H has one pendant
edge and three non-pendant edges. Let C'h (Chair) stand for the graph obtained
from H by subdividing one of its non-pendant edges by one vertex. We observe
that the complementary graph of Ch is isomorphic to the graph obtained from H
by subdividing its pendant edge by one vertex. Let Bu (Bull) stand for the graph
obtained from H by adding another pendant vertex so that A(Bu) = 3. We observe

that Bu is a self-complementary graph.
LI VoV K) ; .
Ch Ch B P Dis

u

Figure 4: Some graphs in % (5).

Lemma 3.1 %(5) = {Ch, é\_}/L, B'LL, DLQ, pg), Kz’g, 2K1 + (Kl U KQ)}

Proof.  Let G be a connected graph on 5 vertices with A(G) = 3. We take into
consideration the condition that G is not a tree only in the last stage of the proof.
Let V(G) = {x1, 29, -+ ,x5}. Since A(G) = 3, we observe that V3(G) # 0.

First we consider the case where G has an edge whose end vertices both have
degree 3, say x1, x5 € V3(G) and x129 € E(G). Since |G| = 5, we see that Ng(x1) N
Ng(x2) # 0. Since x1x9 € E(G), |Ng(z1) N Ng(za)| < 2. We consider the subcase
where |Ng(21) N Ng(x2)| = 2, say Ng(21) N Ng(x2) = {x3,24}. Since G is connected,
we see that Ng(x5) N {z3, 24} # 0. Hence we have either G = 2K; + (K; U K>)
(INg(x5) N {3, 24} = 2) or G = Dy (|Ng(ws) N {xs, 24} = 1). We consider the
subcase where |Ng(x1) N Ng(z2)| = 1, say Ng(z1) N Ne(22) = {3}. We may assume
that Ng(x1) = {z9, 3,24} and Ng(x2) = {z1, 23, 25}. If 23 € V3(G), then we have
either |Ng(z1) N Ng(z3)| = 2 or |[Ng(z2) N Ng(x3)] = 2, and are reduced to the
previous subcase. Thus we may assume that x5 € Vo(G) and Ng(z3) = {z1, 22}
Thus we have either G 2 P; (2425 € E(G)) or G = Bu (2425 € E(G)).

Next we consider the case where V' (e) € V5(G) for any e € E(G). Let 21 € V3(G)
and let Ng(z1) = {x2,x3,24}. Then degq(z;) € {1,2} for ¢ = 2,3,4, which implies
that |E(G[{xa, x3,24}])| < 1. We consider the subcase where |E(G[{xq,x3,24}])| =
1, say E(G[{xg,x3,24}]) = {xox3}. Since degy(z2) = degq(x3) = 2 and G is con-
nected, we observe that xyxs5 € E(G). Hence, in this subcase, we have G = Ch.
Finally we consider the subcase where E(G[{x2,23,24}]) = 0. Since G is con-
nected, we see that Ng(xs) N {xa, 23,74} # 0. Hence, in this subcase, we have
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G = K273 ({ZE27$3,I4} Q Ng(x5)), G = Ch (|N0(ZE5) N {ZEQ,JZ3,$4}| = 2) or G = Dl’g
(|Ng(l’5) N {ZEQ,?E;}, l’4}| == 1)
Now we have checked all cases, and we have shown that, except for D, 5, which is

a tree, no graph other than the desired 7 graphs occurs. Hence we obtain the desired
conclusion that % (5) = {Ch,Ch, Bu, D1 5, Ps, K33, 2K, + (K; U K»)}. O

By inspection, we see that there are two connected graphs G on 5 vertices with
A(G) < 2, P; and C5. Thus we see from the proof of Lemma 3.1 that the set of
connected graphs G on 5 vertices with A(G) < 31is B(5) U {D1 2, Ps, C5}.

We proceed to prove lemmas concerning 5-separators in 5-connected graphs. The
main result is Lemma 3.6.

Lemma 3.2 Let G be a 5-connected graph and let S and T be 5-separators of G.
Let A and B be an S-fragment and a T-fragment, respectively.

(1) IfANB#0, then (SNB)U(SNT)U(ANT) is a separator separating AN B
and AU B.

2) [(SNB)USNT)UANT)|-5=|ANT|—-|SNB|=|SNB|—|ANT].

(3) If|[(SNB)U(SNT)U(ANT)| =5 and ANB # 0, then (SNB)U(SNT)U(ANT)
is a 5-separator separating AN B and AU B; that is to say, ANB is a fragment
of G and we have Ng(ANB) = (SNB)U(SNT)U(ANT) and AN B = AUB.

(4) If|ANT|>|SNB|or|SNB|>|ANT|, then AN B = 0; that is to say, if
ANB#0, then |SNB| > |ANT| and |ANT| > |SN B|.

(5) IfANB#0 and ANB # 0, then (SNB)U(SNT)U(ANT) is a 5-separator
separating AN B and AU B, and (SN B)U(SNT)U(ANT) is a 5-separator
separating AN B and AU B.

(6) Suppose SNT # 0, and let € SNT. If (ANB), =0 and AN B # 0, then
we have |(SNB)U(SNT)U(ANT)| >6, |[ANT|> |SNB|, |SNB| > |ANT]|

and ANB = 0.
(7) Suppose SNT # 0, and let x € SNT. If ANB # 0 and (AN B), =0, then
ANB=4.

(8) Foreachy e A, |[Al > |(SUA)— Ng(y)|; in particular, |A] > |S — Na(y)| + 1.

Proof. Statements (1) through (3) are easy observations. Set S" = (SN B)U (SN
TYU(ANT)and S”" = (SNB)U(SNT)U(ANT). If we have |[ANT| > |SN B| or
SN B| > |ANT|, then applying (2) with A and B replaced by A and B, respectively,
we get |S”| < 5 and, applying (1) with A and B replaced by A and B, respectively,
we get AN B = (). This prove (4). We now prove (5). Suppose that AN B # ()
and AN B # (0. By (4), |[SNB| > |[ANT|. Applying (4) with A and B replaced
by A and B, respectively, we also get |ANT| > |S N B|. Hence |S'| =5 by (2).
Similarly |S”| = 5. Consequently, the desired conclusion follows from (3). To prove
(6), suppose that (AN B), = 0 and AN B # (. By (1), |S'| > 5. Suppose that
|S’| = 5. Then, by (3), No(AN B) =5". Since x € 5, it follows that (A N B), # 0,
which contradicts the assumption that (AN B), = . Thus |S’| > 6, and the
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desired conclusion follows from (2) and (4). Statement (7) follows from (6). We
show (8). If y € A, then since Ng(y) € S U A and |Ng(y)| > 5, it follows that
((SUA) — Ng(y)| =1|S|+ |A| — |[Na(y)| <5+ |A| —5 = |A|, which proves (8). O

Lemma 3.3 Let G be a 5-connected graph and let x € V(G). Let S and T be 5-
separators of G such that x € SNT'. Let A and B be an S-fragment and a T'-fragment,
respectively, and suppose that |A| > 2, |B| > 2 and |(SNB)U(SNT)U(ANT)| > 6.
Then AN B # 0 and AN B # ().

Proof. By Lemma 3.2 (2), (4), |[ANT| > ISNB|, |SNB|>|ANT|and ANB =
Suppose that AN B = (). Then A = AN T, which implies |ANT| = |A] >
Since |S N B| > |[ANT|, we have |S N B| > 3, and it follows that |S N B|
5—1SNT|—|SNB| <1. Consequently |SN B| < |ANT|. Applying Lemma 3.2
(4) with the roles of A and A replaced by each other, we get AN B = (). Therefore
B = SN B, which implies |B| = |S N B| < 1. This contradicts the assumption that
|B| > 2. Thus AN B # (. By the symmetry of A and B, we also obtain AN B # 0,
as desired. O

0.
2.

Lemma 3.4 Let G be a 5-connected graph. Let x € V(G), let S be a 5-separator
with x € S, and let A be an S-fragment. Let T be a 5-separator with {x} U A, C T,
and let B be a T-fragment. Suppose that |B| = 1, and write B = {y}. Then
y €S, NV5(G) and T = Ng(y).

Proof. Since T = Ng(B), we have T'= Ng(y). Hence y € V5(G), y € Ng(x) and
y € Ng(A;). Fromy € Ng(A,), we get y € SUA, which implies y € (SUA),. Since
A, CT and y €T, we see that y € A,. Consequently y € S,., as desired. O

Lemma 3.5 Let G be a 5-connected graph. Let x € V(G) and let S be a 5-separator
such that x € S. Let A be an S-fragment of G such that |A| = 2. Let T be a 5-
separator such that {x}UA, C T and let B be a T-fragment of G. Then the following
hold.

(1) ACT.
(2) If|B|,|B| > 2, then |SNB|=|SNB| =2 and SNT = {z}.

Proof. (1) If |A | = 2, then we have A = A, C T. Thus we may assume that
A, = 1, say A {y} Let A = {y,u}. We show v € ANT. Suppose that
u géAﬂT say u E AN B, which implies ANB = {u}, ANT = {y} and AN B = .
Since A, = {y}, we observe that (AN B), = 0. Hence, by Lemma 3.2 (6), ANB = ()
and |S N B| < |ANT|, which implies S N B = ) because |ANT| = 1. Consequently
3 = (). This contradicts the fact that B is a fragment, and this contradiction shows
ue ANT.

(2) Assume |B|, |B| > 2. We show |S N B| > 2. Suppose that |[S N B| < 1. Since
|ANT| = 2, applying Lemma 3.2 (4), we see that AN B = . Since AN B = (), we
observe that B = SN B and |B| = |S N B| < 1, which contradicts the assumption
that |B| > 2. This contradiction shows |S N B| > 2. By symmetry, we also obtain
ISNB| > 2. Sincex € SNT, we have |[SNB|=|SNB|=2and SNT = {z}. O
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The following lemma summarizes important properties of 5-separators in 5-conn-
ected graphs.

Lemma 3.6 Let G be a 5-connected graph and let v € V(G). Let S be a 5-separator
of G which contains x and let A be an S-fragment such that |A| > 2. Suppose that
G has a 5-separator T which contains {x} U A,, and let B be a T-fragment of G.

(1) If |A| > 3, then |B| = 1 or |B| = 1. Further if |B| = 1 and if we write
B = {y}, theny € S, NV5(G) and T = N¢(y).

(2) If|A| > 3, then |SNT| < 2. Further if |[SNT| =2, then A, — T # ().

(3) If|Al > 2 and |B|,|B| > 2, then |A| =2 and SNT = {z}.

Proof. Since T contains {z} U A,, we observe that (AN B), = (AN B), = 0.

Claim 3.6.1 Suppose that |B|,|B| > 2. Then ANB=ANB = 0.

Proof. By way of contradiction, suppose that AN B # (). Then by Lemma 3.2 (6),
ANB=0and [(SNB)U(SNT)U(ANT)| > 6. Hence by Lemma 3.3, AN B # 0.
Applying Lemma 3.2 (6) and Lemma 3.3 with the roles of B and B replaced by each
other, we now get AN B # 0, which contradicts the assertion that AN B = (). Thus
AN B = 0. By the symmetry of B and B, we also obtain AN B = (. O

We show (1). Thus assume that |A| > 3. In view of Lemma 3.4, it suffices to show
that we have |B| = 1 or | B| = 1. Suppose that |B| > 2 and |B| > 2. Then Claim 3.6.1
assures us that AN B = AN B = (), which implies A = ANT and |[ANT| = |A| > 3.
Since z € SN T, we observe that |[ANT| = |T| —|SNT|—]ANT| < 1. Since
x € SNT, we also observe that either |[SN B| <2 or |[SN B| <2, say |SNB| <2.
Since |ANT| > 3, applying Lemma 3.2 (4), we see that AN B = (). Consequently
B=SnNBand |SNB|=|B|>2. Since |[ANT| < 1, applying Lemma 3.2 (4), we
see that AN B = (. Since ANB = (), we see that A= ANT and |[A| = |[ANT| <1,
which contradicts the assumption that |A| > 2. This contradiction shows that if
|A] > 3, then |B| =1 or |B| = 1.

Next we show (2). Thus again assume that |A| > 3. By (1), we may assume that
1Bl = |SNB| =1. Then ANB = AN B = . We show that [SNT| < 2. We
may assume that |[S NT| > 2. Note that if ANT =@, then [ANT| < 1=1[SnNB],
and hence AN B = () by Lemma 3.2 (4), which implies A = (}, contradicting the
definition of a fragment. Hence ANT # (). Since [SNT| > 2, it follows that |[ANT| =
IT|—|SNT|—|ANT| < 2. Since ANB = ) and |A| > 3, we observe that AN B # 0.
Since (AN B), = 0, applying Lemma 3.2 (6), we see that |ANT| > |[SNB|+1=2.
Since ANT # 0, we get |SNT| = |T| - |ANT|—|ANT| < 2. Now the first assertion
of (2) is shown.

To show the second assertion of (2), assume that |S N7T| = 2. Then by the
argument in the preceding paragraph, |[ANT| = 1. Since |A| > 2 and AN B = 0), it
follows that AN B # 0. If (AN B), = 0, then by Lemma 3.2 (6), |ANT| > |SN B,
which contradicts the fact that [ANT| =1 = |S N B|. Thus (AN B), # 0, which
implies A, — T # 0. This shows the second assertion of (2).
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We show (3). Thus assume that |A| > 2 and |B|,|B| > 2. Then (1) assures us
that |A| < 2, which implies |A] = 2. Hence SNT = {z} by Lemma 3.5 (2), and (3)
is shown. ]

Lemma 3.6 has the following consequence.

Lemma 3.7 Let G be a 5-connected graph and let x € V(G). Let S be a 5-
separator of G which contains x and let A be an S-fragment such that |A| > 2.
Suppose |Ay| =1, say A, = {y}. Further suppose that xy is 5-noncontractible.

(1) If |A] > 3, then S, N Ng(y) N V5(G) # 0.

(2) If |A| > 3 and z € S, N Ng(y) N V5(G), then |S N Ng(z)| < 2. Further if
|INa(2) N S| =2, then A, — Ng(z2) # 0.

(3) If S — Ng(y) # 0 and there exist a 5-separator T and a T-fragment B such
that v,y € T, |B| > 2 and |B| > 2, then |A| =2, SNT = {z}, y € V5(G) and
A(Gy) = 3.

Proof. Since zy is 5-noncontractible, there is a 5-separator 7" which contains {z, y}.
Since A, = {y} and {y} C T, we see that T contains {z} U A,.

First we show (1). Assume |A| > 3. Applying Lemma 3.6 (1), we see that there
is a vertex z € S, N V5(G) such that T = Ng(z). Since y € T, we observe that
z € Ng(y). Now (1) is shown.

Next we show (2). Assume that |A| > 3 and z € S, N Ng(y)NVs(G). Then Ng(z)
is a b-separator containing {z,y}. Thus we may assume that T = Ng(z). Hence
applying Lemma 3.6 (2), we see that |S N Ng(2)| < 2 and, if [S N Ng(2)| = 2, then
A, — Ng(z) # 0. Now (2) is shown.

Finally we show (3). Assume that S — Ng(y) # 0 and B is a T-fragment with
|B|,|B| > 2. Since S — Ng(y) # 0, Lemma 3.2 (8) assures us that |A| > 2. Applying
Lemma 3.6 (3), we see that S NT = {z} and |A] = 2, say A = {y,u}. Since
S—Naly) # 0, [Na(y)| < [SUA[={y}| =[5 = Ne(y)| < 5, which implies y € V5(G).
Hence, to show (3), it suffices to prove A(G,) = 3. Since A, = {y}, we observe
that zu ¢ E(G). Let S = {x,v1,vs,v3,04}. Since Ng(u) € S U A, it follows
that Ng(u) = {y,v1,v2,v3,v4}. In view of Lemma 3.5 (2), we may assume that
SN B = {v,n} and SN B = {vs,v4}. Recall that S — Ng(y) # 0. By the
symmetry of B and B, we may assume yv; € E(G). Then Ng(y) = {z,u,vi,v2,v3}.
Since zu ¢ E(G,), we get degg, (v) < 3. Since uvy,uve,uvy € E(G,), we also get
degg (u) = 3. Since Eg(B,B) = 0, we have Eg, (vs, {v1,v2}) = 0, which implies
degG; (v;) < 3 for each ¢ € {1,2,3}. Consequently A(G,) =3 and (3) is shown. O

4 Properly liftable vertices

In this section, we introduce some more notations concerning the neighborhood of a
degree 5 vertex of a 5-connected graph. We also give some sufficient conditions for a
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degree 5 vertex to be properly 5-liftable. The contents of this section are of technical
nature, but important results are Lemma 4.3, Lemma 4.4 and Lemma 4.5.

Let G be a 5-connected graph and let € V5(G). Recall aliftingon 2 € V(G) is an
operation in which, we (I) delete = from G, (II) add a perfect pseudo-matching M on
N¢(z), and (IIT) replace each resulting pair of multiple edges by a simple edge. Also
recall that G denotes the resulting graph. Let Ng(x) = {y1, yo, ¥3, Ys, y5}. Let
G M) denotes G@M[Ng(z)]. A perfect pseudo-matching M = {y1y2, yoys, Yays } is
said to be a perfect non-edge pseudo-matching on Ng(z) if {y1y2, yous, yays }NE(G) =
(). If there is no danger of confusion, we write {y1y2y3, yays } for {y1ys, y2y3, yays}. We
see that a lifting on x with M is proper if M is a perfect non-edge pseudo-matching
on Ng(z).

Let M be a perfect non-edge pseudo-matching on Ng(x). Let & (G@M)) be the
set of separating triplets (A4;5"; B) of G@M) with |S’| = 4. Note that if (A;S"; B) €
S (G@M) then B = G@M) — A— Ng@an (A) = A. Let ,(G) be the set of separating
triplets (A;S; B) of G with |S| =5 and z € S. Note that if (A4; S; B) € #.(G), then
B=G—A— Ng(A) = A (if (4;5;B) € Z(G=M) then (A;S" U {z}; B) € %,(G)
and G@M) — A — Ngean(A) = G — A — Ng(A), and thus the notation A will not
cause any confusion). Let %.(G; M) = {(4; 8" U {z}; B)|(A;S"; B) € S (G=M)],
Note that &, (G; M) C Z(G).

For X C ¥,(G), we say that X is nontrivial if |A] > 2 and |B| > 2 for every
(A; S; B) € X. Note that if X = ), then X is nontrivial by definition. We remark that
even if X C ,(G) is nontrivial, it is possible that S is trivial for some (4;5; B) € X.

Note that V(GI™) = Ng(z). Recall that J (G is the set of separating
triplets in G, Let (C; X;C") € ?Y(G;(f M)). We say that a separating triplet
(A; 5, B) € L(G=M)) admits (C; X;C") if S% = X, A, = C and B, = C’' (or
S =X, A, = C" and B, = C} recall that (C;X;C") and (C'; X;C), as well

s (A;5;B) and (B;S'; A), are regarded as the same). Let & ((C; X;C"); G@M)

be the set of separating triplets in & (G@M)) which admit (C; X;C"). Note that
since G, is a spanning subgraph of G we have T (G (= M)) - ?7( z). Let now

(C; X;C") € I(Gy). We say that a separating triplet (A S;B) € #,(G) admits
(C; X;CN)if S, = X, A, = C and B, = C". Let ,((C; X;C"); G) be the set of
separating triplets in &, (G) which admit (C; X;C"). If there is no ambiguity, we
write £, ((C; X;C")) or #,(C; X;C") for Z,((C; X;C"); G). For ¥ C J(G,), we let
oY) = Ueix.onen I (C; X5 C7).

Lemma 4.1 Let G be a 5-connected graph and let = € V5(G).

(1) Every 5-separator S of G with x € S divides G,.
(2) If M is a perfect pseudo-matching on Ng(z), then every 4-separator of G®M)
divides G

Proof. Let S be a 5-separator of G with z € S. Let A be an S-fragment of G. Then
S = Ng(A). Since x € S, this implies A, # (). Since A is arbitrary, this means that
S divides G,. This proves (1).
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Let now M be a perfect pseudo-matching on Ng(x), and let S” be a 4-separator
of G@M) Then S’ U{x} is a 5-separator of G, and every S’-fragment of G is an
(8" U {z})-fragment of G. Thus (2) follows from (1). O

Lemma 4.2 Let M be a perfect non-edge pseudo-matching on Ng(z), and let
(C; X;C") € T(GE™M). Then

Io(C1 X;C) = {(4; 8" U{a}; B) | (4; 5" B) € F((C; X3 C'); G,

Proof. Let (A;S;B) € 4,(C;X;C"). Then Eg(A,B) = (). By the definition of
G@M) it follows that Egean (A — Ay, B — B,) = 0, Egeon(A — A,, B,) = 0 and
Egean(Ay, B— B,) = 0. Since A, = C and B, = C' and (C; X;C") € T(G&™M),
we also get Eg@a(Ag, By) = 0. Hence Eg@an(A,B) = (. This means that
for every (A;S;B) € Z.(C;X;C"), if we let 8" = S — {x}, then (A4;5";B) €
F(C; X;:C"); G@M)Y and (A; S; B) = (A; S’U{z}; B). On the other hand, for every
(A;8":B) € $((C; X;C"); G@M) we clearly have (A4; 8" U {z}; B) € %,(C; X;C").

O

Lemma 4.3 Let G be a 5-connected graph and let x € V5(G). Let M be a perfect
non-edge pseudo-matching on Ng(x).
(1) The graph G®M) js 5-connected if and only if S»(G; M) is empty.
() FC) = U o (€5 ;€ G0,
(3) Z:(G; M) = (T (GE)).
Proof. (1) Note that the existence of M implies |V(G)| > 8. Hence G@&M) is 5-
connected if and only if # (G@M)) = (). By the definition of #,(G; M), %.(G; M) = ()
if and only if & (G@M)) = ().
(2) Let (A; S"; B) € $(G@M). Since S’ divides G&™) by Lemma 4.1 (2), neither
A, nor B, is empty. This implies that (A;S.; B,) € Q(ng;M)) and (A;S";B) €
S ((Ay; S By); G@M)). On the other hand, if (C; X;C") € T(G"M)) and (A; S'; B)
c S ((C; X;C"); G@M) then (A;S"; B) € #(G™M) by definition.
Since
Fo(T(GE))
=U )S/’x(C’;X;C”)
Coxiones ey LA U {a}; B)|(4; 5 B) € #((C; X: C1); G&4D)}
= {(4; 8" U {z}; B)|(4;8"; B) € Z(GM)}
by Lemma 4.2 and (2), (3) follows from the definition of &, (G; M). O

(C:X:0MeT (G5
=U

Lemma 4.3 (1) shows that « € V5(G) is properly 5-liftable if and only if there is
a perfect non-edge pseudo-matching M on Ng(z) such that &,.(G; M) = 0.

Lemma 4.4 Let G be a 5-connected graph and let x € V5(G). Let M be a perfect
non-edge pseudo-matching on Ng(z).
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(1) For every (A;S"; B) € (G®M) S is nontrivial.
(2) For every (A; S; B) € #.(G; M), we have |A|,|B| > 2; that is to say, #.(G; M)
is nontrivial.

Proof. Statement (1) follows from the fact that §(G@M)) > 5. To prove (2), let
(A;S; B) € 4,(G; M). By the definition of #,(G; M), (A; S — {z}; B) € (G=M).
Hence |A|, |B| > 2 by (1). O

Lemma 4.5 Let G be a 5-connected graph and let x € V5(G). Let (C; X;C")
and (D;Y; D") be distinct separating triplets of G,. Suppose both &,(C; X;C") and
S(D;Y; D) are nontrivial. Suppose further that one of the following four conditions
holds:

(1) Ng(xz) = X UY, and either X NY # 0 or |[V(G)| > 10;

2) (X[ =Y]=3

(3) |X| =3, |Y|=2,|D|=1 and, either C =D and D' C X or XN D" =0; or

4) X =] =2 |C|=|D| =1 Cc D, DCC [Ne(x)n Na(C)| =
|

Ng(z) N Ne(D)| = 1, and there is a vertez y € X NY N V5(G) such that
[Ne(z) N Ne(y)| = 3.

Then #,(C; X;C") or #,.(D;Y; D) is empty.

Proof. Suppose that neither #,(C; X; C") nor &,(D;Y; D) is empty; say (A; S; A) €
F.(C; X;C") and (B;T;B) € #.(D;Y;D'). Then z € SNT and X = S, and we
may assume that C' = A, and ¢’ = A, (recall that (C; X;C") and (C’; X;C) are
regarded as the same), and Y = T, and we may assume that D = B, and D' = B,.
Since %,(C; X;C") and &,(D;Y; D) are nontrivial, we have |A|,|A|,|B|,|B| > 2.
Hence |V (G)| = |A| + |S| + |A| > 9.

(1) Suppose that Ng(z) = S, UT,, and S, N T, # O or |V(G)| > 10. From
Ng(z) = S, UT,, we get (ANB), = (ANB), =(ANB), = (AN B), = 0. Note
that |[SNT| > [(S. NT) U{x} = [Se NT|+ 1. It S,NT, # 0, then |[SUT| <
IS|+|T|—|SNT| <8 < |V(Q)|; if S;NT,, = @, then |V(G)| > 10 by assumption, and
hence |SUT| < |S|+|T|—]SNT| <9 < |[V(G)]. In either case, we have V(G) # SUT.
We may assume that AN B # (). Since (AN B), =, it follows from Lemma 3.2 (6)
and Lemma 3.3 that ANB # () and ANB # ). Hence we see from Lemma 3.2 (5) that
(SNBYU(SNT)U(ANT)| =5 and ANBis an ((SNB)U(SNT)U(ANT))-fragment.
Consequently Ng(ANB) = (SNB)U(SNT)U(ANT), which contradicts the fact
that (AN B), = 0. This contradiction shows that &,(C; X;C") or #,(D;Y;D') is
empty.

(2) Suppose that |S,| = |T.| = 3. Since A,, A, By, B, # 0, we observe that
’Aoc| = |Ax| = |Bx’ = ’Bx‘ =1, say A, = {y}v Ay = {y,}v B, = {Z}a B, = {2/} We
also have S, N T, # 0, which implies S NT # {x}. Assume for the moment that
{y,y'}N{z,2'} = 0. Since {z, 2’} = B, U B,, it follows that {y,y'} C Ng(x) — (B, U
B,) = T,. Since Ng(x)—{y,y'} = S., we see that Ng(z) = S,UT,. Since S,NT, # 0,

this implies that condition (1) is satisfied, and hence the desired conclusion holds.
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Thus we may assume that {y,y'} N {z,2'} # 0, say y = 2. Then B, = A, = {y}.
Note that this implies 3 & B,. Since (A,; Sy; A,) and (B,;T,; B,) are distinct, we
observe that B, # A, = {y'}, which implies that 3 ¢ B,. Consequently y' € Tj.
Hence {z} U A, = {z,y'} CT. Since x € SN T and |A|,|A|,|B|,|B| > 2, Lemma
3.6 (3) assures us that S NT = {x}, which contradicts the earlier assertion. This
contradiction proves that &, (C; X; C") or #,(D;Y; D') is empty.

(3) Suppose that |S,| = 3, |B.| = 1, |T,| = 2, and either A, = B, and B, C S,
or S, N B, = (. Since |S,| = 3, we observe that |A,| = |4,| = 1, say A, = {y},
A, = {y'}. Since |B,| = 1 and |T,| = 2, we observe that |B,| = 2, say B, = {z} and
B, ={7,2"}.

First assume A, = B, and B, C S,, namely, y = z and {2/, 2"} C S,. Sincey = z,
we see that S, C T,U{%, z”"}. Since |T,| = 2 and |S,| = 3, it follows that (SNT"), # 0,
which implies SNT # {z}. On the other hand, since {z} U B, C {z} U S, C S,
x € T and |A|,|A|,|B|,|B| > 2, Lemma 3.6 (3) assures us that SN T = {z}, which
is a contradiction.

Next assume S, N B, = (). Then S, C B, UT,. Since |S,| = 3 = |B,| + |T}/|, it
follows that S, = B, UT,. Hence (SNT), =T, # 0, which implies SNT # {z}.
On the other hand, since {z} U B, C {z}US, C S,z € T and |A|, |A|,|B|,|B| > 2,
Lemma 3.6 (3) assures us that S N7 = {z}, which is a contradiction.

Now in both cases, we have a contradiction, and it is shown that &,(C; X;C") or
S:(D;Y; D) is empty.

(4) Suppose that |S,| = |T,| = 2 and |A,| = |B.| = 1. Write A, = {¢/} and B, =
{2z}, and suppose that y' € B,, z € A, and |Ng(x) N Ng(y')| = |[Na(r) N Ng(2)| = 1.
Further let y € S, NT,NV5(G), and suppose that |Ng(z) N Ng(y)| = 3. Since v/ € B,
and z € A,, we observe that (ANB), = {y'} and (ANB), = {z}. Since neither ANB
nor AN B is empty, it follows from Lemma 3.2 (5) that AN B and AN B are fragments
with Ng(ANB) = (SNB)U(SNT)U(ANT) and Ng(ANB) = (ANT)U(SNT)U(SNB).
Since A, = {y'}, (ANT), = 0. Hence T, = Ng(x) N (ANT)U (SNT)), which
implies |[Ng(z) N ((ANT)U (SNT)U (SN B))| > |T,| = 2. By symmetry, we also
have |[Ng(z) N ((SNB)U(SNT)U(ANT))| > 2. Since |Ng(x) N Ng(y)| = 3 and
y € V5(G), we see that |Ne(y) — (Ne(x) U{z})| = 1, say Na(y) — (No(r) U{z}) =
{w}. Since (AN B)N (AN B) =, without loss of generality, we may assume that
w ¢ AN B. Then Ng(y) N (AN B) C Ng(x) N (AN B) = {z}. On the other hand,
since Ng(ANB) = (ANT)u (SNT)U (SN B), we have Ng(y) N (AN B) # .
Hence Ng(y) N (AN B) = {z}. Consequently Ng({x,y}) N (AN B) = {z}. Applying
Lemma 2.2 with A and U replaced by AN B and {z,y}, respectively, we see that
AN B = {z}, which implies that Ng(z) = (ANT)U (SNT)U (SN B). Since
INa(z) N ((ANT)U(SNT)U (SN B))| > 2, we obtain |[Ng(z) N Ng(z)| > 2, which
contradicts the assumption that |Ng(z) N Ng(z)| = 1. This contradiction shows that
S(C; X;C") or S(D;Y; D') is empty.

Now the proof of Lemma 4.5 is completed. O
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5 Graphs in %(5)

Throughout the rest of this paper, we consider 5-connected graphs. Let G be a
5-connected graph. Recall that E,(G), E**(G) and £*(G) denote the set of 5-
noncontractible edges, semi-properly 5-contractible edges and properly 5-liftable ver-
tices, respectively. Recall that % (5) is the set of connected non-tree graphs on five
vertices whose maximum degree is three.

In this section, we show that if G is a minimally 5-connected graph with E**(G) =
£*(G) =0 and z € V5(G), then G, & B(5). Let B'(5) = {2K, + (K, UKy), Ka3, Ps,
Ch, Ch}. We show that G, ¢ %'(5) in Lemma 5.1 and we show that G, & % (5) —
B'(5) = {D15, Bu} in Lemma 5.3.

Lemma 5.1 Let G be a minimally 5-connected graph G with E**(G) = £*(G) = 0.
If v € V5(G), then G, is not isomorphic to any of the graphs in B'(5).

Proof. Let x € V5(G) and let Ng(x) = {y1, Y2, Y3, Ya, Ys }- By ~way of contradiction,
suppose that G, is isomorphic to 2K; + (K U K3), Ky 3, Ps, Ch or Ch.

If G, = 2K +(K1UKy), say E(Gy) = {y1y2, Y2Ys, Y3Ya, YaYs, YsY1, Yala, Y3ys }, then
M = {y3y1y4,y2y5} is a perfect non-edge pseudo-matching on Ng(x), GUM ~ g
and 7 (GEM)) = 0, and hence &, (G; M) = 0 by Lemma 4.3 (3) and, applying Lemma
4.3 (1), we see that x is properly 5-liftable, which contradicts the assumptlon that
2L*(G) = 0. Hence G, 2 2K, + (K, UK3). Thus G, = Ko 3, B, Ch or Ch.

First suppose that G, = K3, say E(Gy) = {v1Ys: Y1Ya, Y1Ys, Y23, YoYa, Y2Us }-
We consider two perfect non-edge pseudo-matchings on Ng(z), My = {ysy4ys, y1y2}
and My = {ysysys. 1192} We observe that 7(Ga™) = {({ya}: {1, v2.va}: {v5})}
and Q(GmMQ)) = {{ys}{v1,v2,95}; {ys})}. Thus, Lemma 4.3 (3) implies that
Fo(G; M) = Fo({yshi {yr, vz, va}s {ys}) and Fo(G; M) = Fo({ys}; {1, 42, ys}: {yal)-
By Lemma 4.4 (2), both #,(G; M) and #,(G; M) are nontrivial. Consequently ap-
plying Lemma 4.5 (2), we see that #,(G; M;) or &,(G; M) is empty. By Lemma 4.3
(1), this implies that z is properly 5-liftable, which is a contradiction.

[

Next suppose that G, = Ps, say E(G.) = {y1y2, Y193, Y2s, Ysts, Yas, Ysya}-
We consider two perfect non-edge pseudo-matchings on Ng(z), My = {y194Y2, Y3ys}
and My = {yrysys, yoa}. We observe that 7 (G5) = {({m}s {2 us, wa}: {u5))}
and T(GEM) = {({y1}; {y2,y3,y5}: {ya})}. Thus, Lemma 4.3 (3) implies that
Fo(G; My) = Fo({yn 3 {v2, ys, yat; {ys}) and Fo (G5 M) = Fo({yn s {y2, us, ys 5 {va})-
By Lemma 4.4 (2), both #,(G; M;) and &,.(G; Ms) are nontrivial. Consequently, ap-
plying Lemma 4.5 (2), we see that #,(G; M;) or &,(G; M) is empty. By Lemma 4.3
(1), this implies that x is properly 5-liftable, which is a contradiction.

Suppose now that G, C'h say E(Gy) = {v1Y2, Y23, Y3Ya, Y3Ys, Yays }. We con-
sider two perfect non-edge pseudo-matchings on Ng(x), My = {ysy19s, y2ys} and

M, = {ygylys,yzy4} We have g( () ) = {({yl} {?/2,y3 y4} {ys}) ({92}; {y17y37
ys}; {ya})}. Hence Lemma 4.3 (3) 1mphes that

Su(G; My) = Lo({y1}5{v2, v, vati {ys }) U SLe({y2}s {y1, ¥3, Us }5 {va})-
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Similarly, %o (G; Ma) = So({1}; {y2, ys, ys}i {va}) U Sa( {u2} {yr, ys, wa}i {ys}). By
Lemma 4.4 (2), both &, (G; M;) and &, (G; Ms) are nontrivial. Now since z is not

properly 5-liftable by assumption, it follows from Lemma 4.3 (1) that there exist
Y e FJ(GEM)Y and B € T(GEM)) such that F,(X) # 0 and F,(X') # 0. On the
other hand, since &, (X) and ¥, (¥’) are nontrivial, we see from Lemma 4.5 (2) that
(X)) or ,(¥) is empty. This is a contradiction.

Finally suppose that G, = Ch, say E(G:) = {y142,y2ys, ysya, yays, ysy2}. We
consider two perfect non-edge pseudo-matchings on Ng(x), My = {ysy1ys, y2y4} and
My = {y19ay2, ysys}. We have

FT(GEM) = {({yn} {ye yso us b5 {vad)s Qs ds {yn, o, wads {ws )}

Hence Lemma 4.3 (3) implies that

Se(G; My) = Fol{yn b {y2s v, vs }5 {va}) U La{ys} {vr, v, vats {us )

Similarly, ¥.(G; Ma) = Fo({y1}; {2, vat; vz, ys}) U Fu {va}i {y2, ys, vat; {ys}) U
Fe{y1};{ve, ys,us};{ys}). By Lemma 4.4 (2), both #,(G; M;) and ¥,(G; M;) are
nontrivial. Now since z is not properly 5-liftable, we see from Lemma 4.3 (1) that
there exist & € T(GEM)) and 3 € T(GY™)) such that Z, (%) # 0 and F, (%) # 0.
Note that <, (¥) and <, (¥’) are nontrivial. Hence if

Ye {{w iy vz vati {vs}), Qo ks {ve, va, ys b5 {ysh) 1,

then it follows from Lemma 4.5 (2) that &,(X) or &,(¥') is empty, a contradiction.
Thus ¥' = ({y1}; {y2, va}; {vs,ys}). Take (B;T;B) € () with B, = {y:} and
B, = {ys,ys}. Also take (A;5;A) € Z,(X). Suppose that ¥ = ({y1}; {v2, ys, ¥5};
{y4}). We may assume that A, = {y;}. Then we observe that |S,| = 3, |B,| = 1,
IT,| =2, A, = B, and B, C S,. Consequently applying Lemma 4.5 (3), we see
that &,(2) or #,(¥) is empty, a contradiction. Thus ¥ = ({ys}; {y1, v, va}; {ys}).
We observe that |S,| = 3, |B,| =1, |T,| = 2 and S, N B, = . Therefore applying
Lemma 4.5 (3), we see that &£,.(2) or &,(X’) is empty. This is a contradiction, which
concludes the discussion for the case G, = Ch.

Now the proof of Lemma 5.1 is completed. O

Before proceeding to the analysis of the remaining two graphs in %8(5), we need
to prove the following technical lemma.

Lemma 5.2 Let G be a minimally 5-connected graph with E**(G) = 0. Let x €
V5(G) and let (A;S;A) € Fo(G) with |Al,|A] > 2. Suppose that |A,| = 1, say
A, = {y}. Further suppose that |Ng(y) N Ng(z)| = 1, say Ne(y) N Ne(x) = {y'}.
Then the following hold.

(1) PEither |S;| <2 or |Ng(y') N Ne(x)| < 2.
(2)  Suppose that |S.| = 2, say S, = {V,¥"}. If vy € E(G) and Ng(z) C
Ng(y') U Ng(y"), then y' € V5(G).
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Proof. Since E**(G) = () and |Ng(y) N Ng(x)| = 1, we observe that xy € E,(G).
Since |A,| =1, we have ¢’ € S, i.e.,, No(y) N S, = {v'}.

(1) Suppose that |S,| > 3 and |Ng(y') N Ng(x)| > 3. Since |S;| > 3 and |[Ng(y)N
Ne(z)| = 1, we see that |S — Ng(y)| > |S: — Na(y)| > 2, which implies |A| > 3 by
Lemma 3.2 (8). Hence applying Lemma 3.7 (1), we see that S, N Ng(y) N V5(G) # 0,
which implies ¢ € S, N Ng(y) N V5(G) because Ng(y) NS, = {y'}. Applying Lemma
3.7 (2), we see that |Ng(y') N'S| < 2, which implies |Ng(y') 0S| < 1 because
v € Na(y) N S. Since [Na(y) N Ay = |Au] = [{y} = 1, No(y') N S| < 1 and
INg(y') N Na(x)| > 3, we observe that |[Ng(y') N A,| > 1. On the other hand, since
A, = {y} and |S,| > 3, we see that |4,| = 1. Therefore |[Ng(y/) N A, = |A,] =1
and |Ng(y') N Sy| = 1. From |Ng(y') N A, = |As|, we get A, — Ng(y') = 0. From
|INa(y') 0S| =1, we get |Ne(y') 0S| > 2, and hence it follows from Lemma 3.7 (2)
that A, — Ng(y') # 0. This is a contradiction. This contradiction shows that either
|Sz] <2 or |Ng(y') N Ne(x)] <2 and (1) is proved.

(2) Suppose that S, = {¢,v"}, v'v" € E(G), Ng(x) C Ng(y') U Ne(y”) and
Yy € Vs6(G). Since zy € E,(G), there is a 5-separator 7' which contains {z,y}.
Let B be a T-fragment of G. If |B| = 1, say B = {z}, then z € V;(G) and
zx,zy € E(G), which contradicts the assumption that Ng(y) N Ng(z) = {y'} and
y € Vs6(G). Thus |B| > 2. Similarly |B| > 2. Consequently |A] = 2 by Lemma
3.6 (1). Hence by Lemma 3.5 (2), we have [SNB|=|SNB|=2and SNT = {x}.
Since {y/,y"} C S and y'y” € E(G), without loss of generality, we may assume that
SN B ={y,y"}. Since {¢,y"} C B, we observe that Ng(y') U Ng(y") C BUT.
Since Ng(z) € Ng(y') U Ng(y”), it follows that Ng(x) € B U T, which implies
B, = (. This contradicts the fact that B is a T-fragment, and this contradiction
shows y' € V5(G). O

Lemma 5.3 Let G be a minimally 5-connected graph G with E**(G) = £*(G) = (.
If v € V5(G), then G, is not isomorphic to any of the graphs in B (5).

Proof. Let x € V5(G). Note that B(5) — B'(5) = {D1, Bu}. In view of Lemma
5.1, it suffices to show that G, is isomorphic to neither D1,2 nor Bu. Let Ng(z) =
{1, Y2, Y3, Y1, Us }-

First suppose that G, = Dy, say E(G.) = {y192, Y213, Y3Ya, Yals, YsY2, YaYs }-
Then M = {ysy1ys, y2ys} is a perfect non-edge pseudo-matching on Ng(x). We
observe that T (G™)) = {({u1}; {v2, ys, ys}: {v4})}. By Lemma 4.3 (3), we have
I (G M) = Lo} {y2,ys, ys }; {ya}). Since z is not properly 5-liftable, we have
F.(G; M) # 0 by Lemma 4.3 (1), say (A4;S; A) € #,(G; M). We may assume that
A, ={y} and A, = {y4}. By Lemma 4.4 (2), |A|,|A| > 2. Since Ng(y1) N Ng(x) =
{y2}, applying Lemma 5.2 (1), we see that either |S,| <2 or [Ng(y2) N Ne(z)| < 2,
which contradicts the fact that S, = {2, ys3,y5} and Ng(y2) N Nag(x) = {y1,vs, Y5},
completing the discussion for the case where G, = DLQ.

Next suppose that G, = Bu, say E(G.) = {y12, Y2ys, Y1Y3, Y2Ya, Y3ys}. We
consider two perfect non-edge pseudo-matchings on Ng(x), My = {y1y4ys, y2ys} and

My = {1952, Y3ya}-

>~
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Claim 5.3.1 %,(G; M) = %:({ys}: {v2. ys}; {v1, va}).

Proof.  We have T,(G5™"™) = {({ys}: {2, us}; {vn, wa}), ({ys}s (w1, 92, s} {u}),
({ys}; {y2, ¥z, ya}; {1 })}. Hence by Lemma 4.3 (3), #.(G; My) = Fo({ys}; {ye, y3};
{y1, ya}) USe (s} {yn, 2, ys s {ya ) USe({ys ) {y2, y3, ya}s {yn }). Thus it suffices to
show that &, ({ys}; {41, v2, Ys}; {va}) = Le({ys}; {v2, Y3, ya}; {1 }) = 0. Suppose that
(A; 55 A) € Lu({ys}i {yr v, yshs {ya}) U La({ys}s {y2, ys, yati {vr}). We may assume
that A, = {ys}. By Lemma 4.4 (2), |A|,|A| > 2. Since Ng(ys) N Ng(x) = {y3},
applying Lemma 5.2 (1), we see that either |S;| < 2 or |Ng(ys) N Ng(x)| < 2,
which contradicts the fact that S, = {y1,y2,y3} or Si = {y2,93,y4} and Ng(ys3) N
Ne(z) = {y1,92,y5}. This contradiction shows that <. ({ys}; {v1,y2,y3}; {va}) U
Fe({ys}: {y2, v, yat; {nn}) = 0. O

By Claim 5.3.1, we know that &,(G; M) = L. ({ys}: {v2, ys}; {v1,v4}). By sym-
metry, we have &,.(G; Ma) = FLo({ya};{v2,ys}; {v1,y5}). Since x is not properly
5-liftable, we have %4 ({ys}; {y2, ys}; {y1, va}) # 0 and Fo({ya}; {2, ys}: {yr, us}) # 0
by Lemma 4.3 (1). By Lemma 4.4 (2), both Z.({ys};{v2,ys};{v1,y4}) and
SLe({ya}; {y2,y3}; {v1,y5}) are nontrivial. Now fix (4;5;4) € F({ys}; {ve, y3};
{y1,v4}) and (B;T; B) € S:({ya}; {y2, 3} {v1,y5}) with A, = {ys}, Ar = {y1,9a}
and B, = {ys4}, B: = {v1,ys5}

Claim 5.3.2 y; € V5(G) .

Proof. Since &, ({ys}; {v2, ys}; {1, ya}) is nontrivial, Ng(ys) N Ne(z) = {ys}, Se =
{Y2,y3}, yoys € E(G) and Ng(x) € Ng(ys) U Ng(y2), applying Lemma 5.2 (2), we
see that y3 € V5(G). O

Now since %, ({us}: (e, o }: (. 0i}) and 4§y (v, o {on,95}) ave nontriv-
ial, |5,] = |T2] = 2, |No(x) 0 Na(s)| = |Na(e) 0 Na(ga)| = 1, 95 € Be, ys € A,
and |Ng(z) N Ng(ys)| = 3, and since y3 € S, N T, N V5(G) by Claim 5.3.2, applying
Lemma 4.5 (4), we see that &, ({ys}; {y2, ys}: {y1, va}) or Ful{yati {ve, ys}: {v1, 45}
is empty, which contradicts the fact that (A4;S;A) € Fo({ys}; {v2, ys}; {v1,v4}) and
(B;T; B) € %o({ya}; {y2,ys};: {y1, y5}), completing the discussion for the case where
G, = Bu. O

6 Fragments of order two

In the following three sections, we consider minimally 5-connected graphs G with
E*(G)=2*(G)=0.

In this section we show that if a minimally 5-connected graph G with E**(G) =
£L*(G) = () has a fragment A such that |A| = 2 and A C V;5(G), then there exists
x € A such that A(G,) =4 (see Lemma 6.5).

Before investigating fragments of order two, we prove the following two lemmas.
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Lemma 6.1 Let G be a minimally 5-connected graph with E**(G) = L*(G) = ()

and let © € V5(G). Suppose that A(G,) < 3. Then the following hold.

(1) There is a perfect non-edge pseudo-matching M on Ng(z).

(2) If M is a perfect non-edge pseudo matching on Ng(x), then S (G@M)) £ (),
and for every (B;T'; B) € (G@M), T' is G M _dividing and nontrivial.

(3) If M is a perfect non-edge pseudo-matching on Ng(x), then $(G; M) # 0,
and for every (B;T; B) € %,(G; M), T is G,-dividing and |B|,|B| > 2.

Proof. (1) Let Ng(x) = {uy,uz, -+ ,us}. We show that G, has no K. Suppose
that Ky C G,, say G[{u1,us,us,us}] = Ky. If zus € E,(G), then there exists a
5-separator S with x,us € S and, since G[{u1, ug, uz, us}| = Ky, letting A be an S-
fragment, we have {uy, us, uz, us}] € SUA or {uy, uz, us, us}] € SUA, which implies
A, = 0 or A, = 0, a contradiction. Thus zus € E.(G). Also since A(G,) < 3,
we observe that Ng(us) N {uy, ug, us, us} = 0. Hence we have zus € E**(G), which
contradicts the assumption that E**(G) = (). This contradiction shows that G, has
no Kj.

Assume for the moment that G, has a triangle, say G[{uq, us, uz}] = Ks. Since
A(G,) < 3, we observe that Ng(us) N Ng(us) N{uy, uz, uz} = 0. Since G, has no Ky,
we observe that |Ng(u;) N {uy, us, us}| < 2 for ¢ = 4,5. Thus we may assume that
Ne(ug) N A{ug, ug,us} C {ur} and Ng(us) N {ug, ug, us} C {uz,us}. We now find a
perfect non-edge pseudo-matching M = {usuyug, ujus}. Thus we may assume that
G, has no triangle. Then we see that for some four vertices in {uy, us,--- ,us}, say
Uy, U, Uz, ug, G[{uy,us,us, us}] has a perfect non-edge matching. We may assume
that wyug, usuy ¢ E(G). Since A(G,) < 3, |Ng(us) N{uy, ug, us, us}| < 3, say usuy &
E(G). We now see that G, has a perfect non-edge pseudo-matching {usuyus, usuy},
as desired. This proves (1).

(2) Since x is not 5-liftable, Lemma 4.3 (1) together with the definition of
S:(G; M) shows that y(G(‘”'M ) # (0, and it follows from Lemma 4.1 (2) and Lemma

4.4 (1) that 7" is G M_dividing and nontrivial for every (B;T'; B) € P (G@M)),

(3) Since x is not 5-liftable, Lemma 4.3 (1) shows that &,(G; M) # 0, and it
follows from Lemma 4.1 (1) and Lemma 4.4 (2) that T'is G,-dividing and | B|, | B| > 2
for every (B;T; B) € #,(G; M). O

Lemma 6.2 Let G be a 5-connected graph. Let S be a 5-separator of G and let
A be an S-fragment of G such that |A| = 2. Let y1,y2 € S. Let T} and Ty be 5-
separators of G such that AU{y;} C T;, and let B; be a T;-fragment of G fori =1,2.
If |ISNB;| = |SN By =2 fori = 1,2, then neither Ng(y1) N (S — {y1,y2}) nor
Na(y2) N (S = {y1,y2}) is empty.

Proof. Let S = {y1,v2,y3,Ys,ys}. Suppose that |S N B = |SN B;| = 2 for
i = 1,2. For each ¢ € {1,2}, since S NT; = {y;}, we may assume that y3_; €
S N B; by the symmetry of B; and B;. Thus y; € SN By and 3y, € SN By. Let
SN By = {ys,y} and let SN By = {y1,4y'}. Assume for the moment that y = ¥/,
say y =y = y3. Then, ACTiNTs, y3 € BiN By, y1 € T1 N By, yo € By NIy
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and {ys4,ys5} € By N B,. Hence, by Lemma 3.2 (5), B; N By is a fragment of G with
Ng(BlﬂBg) = (TlmBg)U(TlﬂTQ)U(BlﬂTQ) 2 {yl,yg}UA Since A g Ng(BlmBg),
Ne(A)N (BN By) = SN (BN Bs) ={ys} and |A| = 2, applying Lemma 2.2 with
U and A replaced by A and B; N By, respectively, we see that By N By = {ys}.
Since {y1,y2} € Ng(By N By), we get {y1y3,y2ys} € E(G), which implies that
Nea(yi) N (S — {yl, y2}) # 0 for i = 1,2, as desired. Thus we may assume that y # v/,
say y = y3 and v/ = y4. Then, A C Th'NTs, ys € BiN By, ys € B1N By, 11 € T1 N B,

Yo € BiNT;y and ys € By N By. Hence by Lemma 3.2 (5), B; N By is a fragment of G
with NG(BlﬂBQ) 2 AU{yQ} Since A g NG(Bl HBQ), NG(A)H(Bl ﬂBg) = {yg} and
|A| = 2, applying Lemma 2.2 with U and A replaced by A and B; N B, respectively,
we see that B; N By = {y3}. Since yo € Ng(B; N By), we get yoys € E(G). By
symmetry, we have y;y, € E(G), which implies that Ng(y;) N (S — {y1,y2}) # 0 for

t = 1,2. This proves Lemma 6.2. O
Lemma 6.3 Let G be a minimally 5-connected graph with E**(G) = £*(G) = 0.
Let A be a fragment of G with |A| =2 and E(A) = (. Then A(G[Ng(A)]) = 4.

Proof. Write A = {x1,23}. Then x1,29 € V5(G) and Ng(A) = Ng(z4 ) G(xg).
Let S = Ng(A) and write S = {y1, y2, Y3, Y, y5}. Note that G,, = G[S] for i = 1, 2.

Claim 6.3.1 Let € {x1,x2} and suppose that S has a vertex y such that xy €
E,(G). LetT be a 5-separator of G which contains {x,y} and let B be a T-fragment.
If No(y)n S =10, then ACT and |[SNB|=|SNB| =2.

Proof. We may assume that x = x;. We show that xy € T. Suppose that zo & T.
We may assume that 2o € B. Then Ng(29) N B = (). Since Ng(z1) = Ng(x3), it
follows that Ng(z1) N B = (). Since x; € T, this contradicts the fact that B is a
T-fragment. Thus x5 € T. Hence A C T. Now if |B| = 1, then applying Lemma 3.4
with x replaced by y, we see that the vertex of B is in Ng(y) NS, which contradicts
the assumption that Ng(y) NS = (). Thus |B| > 2. By symmetry, we have |B| > 2.
Consequently |S N B| = |S N B| =2 by Lemma 9. O

Claim 6.3.2 The graph G[S] has at most one isolated verte.

Proof. Suppose that G[S] has two or more isolated vertices. We may assume N¢g(y;)N
S =0 fori=1,2. If yy21 € E.(G), then since Ng(y1) N Ng(z1) = Ng(y1) NS = 0,
we get y1r1 € E**(G), a contradiction. Thus y;x1 € E,(G). Let T} be a 5-separator
of G which contains {z1,y;} and let B; be a Tj-fragment of G. By Claim 6.3.1,
{;}UA C Ty and |SN By| = |SN B;| = 2. Similarly there exists a 5-separator T
with {52} U A C Ty such that for a Ty-fragment By, we have |S N By| = [SN By| = 2.
Hence Ng(y1) NS # 0 by Lemma 6.2, which contradicts the choice of y;. This
contradiction proves Claim 6.3.2. O

Claim 6.3.3 If there is a verter y € S such that Ng(y) NS = 0, then G[S] =
Ky U2K,.
Proof. Suppose that y € S and Ng(y) NS = 0. Since E**(G) = 0, we see that xy

is 5-noncontractible for x € {r;,z9}. Let T be a 5-separator which contains {z,y}
and let B be a T-fragment of G. By Claim 6.3.1, |[SN B| = |S N B| = 2. Since y
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is the only isolated vertex of G[S] by Claim 6.3.2, this forces G[S N B] = K, and
G[S N B] & K,. Consequently G[S] = K| U 2K, as desired. O

Claim 6.3.4 Let M be a perfect non-edge pseudo-matching on S and let x €
{21, 25}. Then G@MIS] does not contain Cs.

Proof. Suppose that Cs C G@M)[S]. Since £L*(G) = 0, #,(G; M) # 0 by Lemma 6.1
(3). Take (B;T; B) € 4,(G; M). By Lemma 6.1 (3), |B|,|B| > 2. By the definition
of (G; M), (B;T — {z}; B) € $(G®M). By Lemma 6.1 (2), T — {x} divides
G = GEM[S). Since Cs € G@M[S], it follows that [SNT| = |SN(T—{z})| > 2.
By the definition of &, (G; M), x € T. Since Ng(x1) = Ng(z2), arguing as in the
proof of Claim 6.3.1, we get A C T. Therefore, applying Lemma 3.5 (2) with z
replaced by a vertex in S N7, we obtain |S NT| = 1, which contradicts the earlier
assertion that [SNT| > 2. O

We are in a position to complete the proof of Lemma 6.3. By way of contradiction,
suppose that A(G[S]) < 3. If G[S] has an isolated vertex, then by Claim 6.3.3,
G[S] = K, U2K,. If G[S] has no isolated vertex and G[S] is disconnected, we have
either G[S] = Ky U K3 or G[S] = Ky U Ps. In each case, we can find a perfect non-
edge pseudo-matching M on S such that C5 C G@M)[S], which contradicts Claim
6.3.4. Thus G[S] is connected. If G[S] = Cs, then by Lemma 6.1 (1), we get a
contradiction to Claim 6.3.4. Thus G[S] % Cs. Since A(G[5]) < 3, we now see from
Lemma 5.3 and Lemma 3.1 that either G[S] = P5 or G[S] = D (see the paragraph
following the proof of Lemma 5). In each case, we can again find a perfect non-edge
pseudo-matching M on S such that C5 C G@M)[S], which contradicts Claim 6.3.4,
and this contradiction completes the proof of Lemma 6.3. O

Before proceeding to the analysis of connected fragments of order two, we prove
the following lemma.

Lemma 6.4 Let G be a minimally 5-connected graph with E**(G) = £L*(G) = 0.
Suppose that G has a fragment A with |A| = 2, say A = {x1, 22} and write Ng(A) =
{y1, 92,93, y2,y5} = S. Moreover suppose that Ng(x;) = {@3-i, Y, Y3, Ya, Y5} and
A(G,,) <3 fori=1,2.

(1) Letie{1,2} andj € {3,4,5} and suppose that y;y; € E(G). Write {3,4,5} =
{4,7,7"}. Then G., = D15 and G has a 5-separator T and a T-fragment B
such that (i) ACT, (ii) |[SNB| = |SN B| =2, and (iii) either SNT = {y;}
and T separates {ys—i,y;} and {y;,y;»}, or SNT = {y;} and T separates
{yisyjrt and {ys—i, y;n }.

(2) (Ne(y) N Ne(y2)) 0 {ys, yas ys} = 0.

Proof. (1) Let 4,j,7',j"” be as in (1). Since y;y;, y;25-i, T3—iYj, T3—iY;» € E(G),
Dy C Gy, In view of Lemma 5.3, it follows that E(G,,) = {yiy;, y;xs—i, T3_;y;r,
x3_;y;»} and Gy, = Dio (see the paragraph following the proof of Lemma 5).
Hence M = {x3_;y;y;:,y;y;»} is a perfect non-edge pseudo-matching on G,,. By
Lemma 6.1 (3), #,,(G; M) # 0. Take (B;T;B) € &,.(G; M). By Lemma 6.1 (3),
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|B|,|B| > 2. Set T" = T — {z;}. We have (B;T"; B) € (G®M) by definition.
By Lemma 6.1 (2), T" is chf“M)—diViding. Since {yi, Yj, Yjr, Yjr } © Nyeion (v3-;) and

Gy, Yj, Y, Yo ] is a path y;y;y,y,0, it follows that z3_; € T and {y;, y; }NT" #
0. Hence A C T and {y;,y;} NT # 0. Applying Lemma 9(2) with x replaced by a
vertex in {y;,y;} NT, we get |[SN B| = |SNB| =2 and we have SNT = {y;} or
SNT ={y;}. Thus (i) and (ii) are shown. Since Gy, Yjs Uirs Yir ) = Yy ym
and S = {ys_i, i, Y;, Y7, y;» }, we see that if SNT = {y;}, then T separates {ys_;, y; }
and {y;,y;»}, and that if SN7T = {y;}, then T separates {y;,y;/} and {ys_;,y;»}.
Now (iii) is shown.

(2) Suppose that (Ng(y1) N Ne(y2)) N {ys, ya,y5} # 0, say y3 € Ne(y1) N Ne(y2).
Applying (1) with j =3, j' =4 and j” = 5, we see that, for i = 1,2, G, = D; 5 and
G has a 5-separator T; and a Tj-fragment B; such that (i) A C T;, (i) |SN B;| =
S N By| =2, and either S NT; = {y;} and T; separates {ys3_;, ¥4} and {y3,ys}, or
SNT; = {ys} and T; separates {y;,y4} and {ys_;, ys}. By the symmetry of the B; and
B;, we may assume that either SNT; = {y;}, SNB; = {ys_i, y4} and SNB; = {y3, ys5},
or SN T; = {y3}7 SN Bz = {yz,y4} and SN Bz = {yg_i,yg,}.

We divide the proof into three cases according to S N7T; and S N 7Ts.

Casel: SNT) = {y}

In this case, SN By = {y, 94} and SN B = {y3,ys5}, and hence ypys € E(G),
which contradicts the assumption that y3 € Ng(y1) N Ng(yo)-

Case IT: SNT) ={y3} and SN Ty = {ys}

In this case, SN By = {y1, 44} and SN By = {y3,ys5}, and hence y1y3 € E(G),
which contradicts the assumption that y3 € Ng(y1) N Ng(ya)-

C&SG IIT : S N T1 = {y3} and S N TQ = {yg}

In this case, Ysg € B N By, Y1 € BN BQ, Yo € Bl N B, {[El,l’g,yg} CTinNT,
and y5 € B; N By. Hence by Lemma 3.2 (5), B; N By is a fragment of G with
Ne(BiNBy) D {x1,x2,y3}. Since Ng({x1,22}) N (B1NB2) = {y4}, applying Lemma
2 with U and A replaced by {x1, 22} and By N By, respectively, we see that B;N By =
{ya}, which implies y3y, € E(G). This contradicts the fact that G,, = D5 and this
contradiction shows that Case III does not occur.

Consequently none of the three cases occurs and (2) is shown. O

Lemma 6.5 Let G be a minimally 5-connected graph with E**(G) = £*(G) = ()
and suppose that G has a fragment A with |A| = 2 and A C V5(G). Then there exists
x € A such that A(G,) = 4.

Proof. Suppose that G has a fragment A such that |[A] = 2 and A C V;(G), say
A= {x1,22}. Let S = Ng(A) = {vy1,y2,93,ys,ys5}. If 2120 & E(G), then A(G,,) =
A(S) =4 by Lemma 6.3. Thus we may assume that x;2o € F(G). By symmetry, we
may assume that Ne(z1) = {72, 91,93, 91, y5} and Ng(x2) = {21, Y2, Y3, Ys, Y5} Note
that we have x1y, & E(G) and x9y; ¢ E(G). By way of contradiction, suppose that
A(G,,) <3fori=1,2.
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Claim 6.5.1 Let y € {yi,y2}. If No(y) N {ys,ys,y5} = 0, then there is a 5-
separator T" such that A U {y} C T. Moreover, there is a T-fragment B such that
ISNB|=|SNB|=2.

Proof. We may assume that y = y;. If 21y is 5-contractible, then since E**(G) = ),
|Ng(y1) NN (z1)| > 2, which implies N (y1) N{ys, ¥4, ys5} # 0, a contradiction. Thus
x1y1 is H5-noncontractible. Let T' be a 5-separator of G which contains {z1,y;} and
let B be a T-fragment of G. Since x9y; & E(G), Ay, = {z1}. Hence applying Lemma
3.5 (1) with z = y;, we obtain A C T. Suppose that |B| = 1, and write B = {z}.
By Lemma 3.4, z € S, and T = Ng(z). Since Ne(y1) N {ys, ya, ys} = 0, this forces
z = yo, and hence T' = Ng(y2). Since 1 € A C T, this contradicts the fact that
71y2 € E(G). Thus |B| > 2. Similarly |B| > 2. Consequently it follows from Lemma
3.5 (2) that [SN B| = |SN B| = 2, as desired.

Now Claim 6.5.1 is shown. O

Claim 6.5.2 FEither Ng(y1) N{ys, ys,y5} # 0 or Na(y2) N {ys, ya, ys} # 0.

Proof. Suppose that Ng(y1) N {ys, ya,ys} = Nea(y2) N {ys,ys,45} = 0. By Claim
6.5.1, there is a 5-separator T; and a Tj-fragment B; such that AU {y;} C T; and
1SN B;| = |SNB;| =2 fori=1,2. Hence, applying Lemma 6.2, we see that Ng(y1)N
(S — {y1,y2}) # 0. This contradicts the assumption that Ng(y1) N {ys, ys,y5} = 0
and this contradiction proves Claim 6.5.2. O

Claim 6.5.3 Neither Ng(y1) N {ys, Y1, ys} nor Na(y2) N {ys, ya, ys} is empty.

Proof. Suppose either Ng(y1)N{ys, Y, ys} or No(y2)N{ys, ya, Y5} is empty. By Claim
6.5.2, we know that either Ng(y1) N {ys, ya,ys} # 0 or Ng(y2) N {ys, ya,ys} # 0, say
Ne(y1) N{ys, ya, ys} # 0 and yrys € E(G). Then Ne(y2) N{ys, ya, ys} = 0. Applying
Lemma 6.4(1) with ¢ = 1 and j = 3, we see that G has a 5-separator 77 and a
Ti-fragment B; such that (i) A C Ty, (ii) [SN By = |SN By| = 2, and either
SNTy ={y} and yoys € E(G), or SNT, = {ys} and 112 € E(G). Applying Claim
6.5.1 with y = y5, we see that G has a 5-separator T, and a T)-fragment Bs such
that AU {yo} C Ty and [SN By| = |SN By| = 2. If SNTy = {1}, then applying
Lemma 6.2, we see that Ng(y2) N {y3,vys,ys} # 0, which contradicts the assertion
that Ng(y2) N {ys,ya,ys} = 0. Thus SNT; = {y3} and y1y» € E(G). Hence applying
Lemma 6.2, we see that Ng(y2) N {y1,v4, ¥} = Na(y2) N (S — {y2,y3}) # 0. Since
Y192 € E(G), this implies that Ng(y2) N {ys,ys} # 0. This contradicts the assertion
that Ng(y2) N {ys, y4,y5} = 0, and this contradiction proves Claim 6.5.3. O

By Claim 6.5.3, neither Ng(y1) N {ys, Y4, Y5} nor Na(ya2) N {ys, ys,ys} is empty.
By Lemma 6.4(2), (Ng(y1) N Ng(y2)) N {ys,ys,y5} = 0. Hence we may assume that
ys € Ng(y1) and y4 € Ng(y2). Applying Lemma 6.4(1) with i = 1, j =3, j/ =4
and j” = 5, we see that G has a 5-separator T; with A C T} and a Ti-fragment
B such that either SNT, = {y1}, SN By = {ys,y5} and SN By = {yo, 34}, or
SNTy = {y3}, SN By = {y1,y4} and SN By = {y»,y5}. Again applying Lemma
6.4(1) withi =2, j =4, 7/ =3 and j” = 5, we see that G has a 5-separator Ty with
A C Ty and a Ty-fragment By such that either SN Ty = {y2}, SN By = {y4,ys} and
SN BQ = {y1,y3}, or SN Tg = {y4}, SN BQ = {yg,yg} and SN B2 = {yl,y5}.
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Claim 6.5.4 SN T1 = {yl} and SN TQ = {yg}

Proof. If SNTy = {y3}, then SN By = {y1,y4} and SN B; = {y2,y5}, and hence
y2ys & E(G), which contradicts the assumption that y, € Ng(yo). If SN Ty = {ys},
then SN By = {y2,y3} and SN By = {y1,ys}, and hence yy3 € F(G), which
contradicts the assumption that y3 € Ng(y;). Thus we have S NT; = {y;} and

Claim 6.5.5

(1) Bl N .?2 = @, T1 N BQ_: {yl} cmd Bl N T2 = {yg}
(2) Bl N B2 = {yg} and Bl N BQ = {y4}
(3) ITinTa| =3, |TiN By| = [BiNTa| =1 and By N By = {5}

Proof. (1) By Claim 6.5.4, SNTy = {y1} and SN Ty = {y}. Thus, y3 € B; N By,
Y1 € T QBQ, Yo € Bl N1, Us € B ﬂBQ, {.Tl,xg} C Ty NTy and Ys € Bl N Bsy.
In particular, (By N By),, = (. Hence by Lemma 3.2 (7), By N By = 0. Also it
follows from Lemma 3.2 (5) that both B; N B, and B; N B, are fragments of G and
|(B1NTy)U(TyNTy)U(TyN By)| = 5. Applying Lemma 3.2 (2) with A and B replaced
by By and Bs, respectively, we get [Ty N By| = |By N Ty|. On the other hand, since
By N By # ), we see from Lemma 3.2 (1) that |(B;NTy) U(T1NT3) U(Ti N By)| > 5.
Applying Lemma 3.2 (2) with A and B replaced by B; and Bs, respectively, we get
Ty N By| < |By N'Ty|. Hence, applying Lemma 3.2 (2) with A and B replaced by
By and By, respectively, we obtain |(B; N Ty) U (Ty N Ty) U (T} N By)| < 5. Since
Ty N By| = |BiNTy| > 1 and |T1 NTy| > 2, it follows that |17 N By| = | By NTh| = 1,
which implies Ty N By = {y1} and B; N Ty = {y2}, and (1) is shown.

(2) Recall that both B;N By and By N By are fragments of G. Since Ng({x1, z2})N
(BiN By) = {y3}, applying Lemma 2 with U and A replaced by {z1, 22} and B; N By,
respectively, we see that By N By = {y3}. Since Ng({x1,22}) N (B1 N By) = {ya},
applying Lemma 2 with U and A replaced by {z, 75} and B; N B, respectively, we
see that B; N By = {y,}. Now (2) is shown.

(3) By (1) and (2), By = {y1,y3}. Write Ty — {32} = {21, 72,u,w}. Since
e & E(G), Na(y1) = (Tz = {z2}) U{ys} = {21, 92, y3,u,w}. By Lemma 3.2 (3),
Nea(ys3) = {x1, 22,91, u,w}. In particular, y3y, € F(G) and y1,y3 € V5(G). Since
u,w & S = Ng({x1,22}), uxy,uzrs, wry, wre ¢ E(G). Since y3ya, y172 & E(G),
it follows that A(G,,) < 3 and A(Gy,) < 3. Recall that By = {y1, 92} is To-
fragment, Ty = {ya, T2, x1,u, w}, and Y129, ysy2 & E(G). Therefore we can apply
Claim 6.5.3 with A, S, x1, 2, y1,y2 replaced by Ba, T, y1,ys, Yo, T2, respectively, to
see that Ng(y2) N {z1,u,w} # 0. Since yox1 € E(G), we get Ng(yo) N {u,w} # 0.
Thus we may assume that u € Ng(y2) NTy. On the other hand, since B NTy = {y»},
we also have Ng(y2) N Ty = Ng(y2) N (11 N'T5). Consequently, {x1, zo, u} € T1 N7y,
which implies that [Ty N Ty| > 3. Since By N By # 0, |By N'Ty| > |Ty N By| = 1 and
TN By| > |BiNTy| = 1, by Lemma 3.2 (4). Since |ByNTy|+|TyNTo|+|BiNTy| =5
and |T} N By| + |11 N Ty| + |Ty N By| = 5, we obtain |B; N Ty| = [Ty N By| = 1 and
Ty N T3] = 3. Since By N By # 0, it follows from Lemma 3.2 (3) that By N By is a
fragment of G with Ng(By N By) 2 {z1,22}. Since Ng({z1,x2}) N (BN By) = {ys},
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applying Lemma 2 with U and A replaced by {x1, 22} and B; N By, respectively, we
see that By N By = {ys}. Now (3) is shown. O

We are in a position to complete the proof of Lemma 6.5. Let u,w be as in
the proof of Claim 6.5.5 and write 77 N By = {v}. Note that B; N T, = {w}. Since
wxy, wry, ¢ F(G) and |[Ng(w)| > 5, we observe that Ng(w) = {y1, y3,u,v,ys}. Since
Ng(y1) 2 To—{x2} and xex; € E(G), we see that {zox1, 191, y1u, yyw, vw} C E(G).
therefore GG, is connected and contains a cycle and A(G,) > 3. Since A(Gy,) < 3,
this contradicts Lemma 5.3. This contradiction completes the proof of Lemma 6.5.

O

7 Dominating vertex

In this section we show that every minimally 5-connected graph G with E**(G) =
£*(G) = () has a dominating vertex. Note that a vertex x in V5(G) is dominated by
some other vertex if and only if A(G,) = 4.

Lemma 7.1 Let G be a minimally 5-connected graph with E**(G) = £*(G) = 0.
Suppose that G has no dominating vertex.

(1) Let x € V5(G). Then, there is a fragment A € F(G) such that x € Ng(A); in
particular, |G| > 9.

(2) Let zy € E(G) and {z,y} C Vs6(G). Then, there is a fragment A € Fy(G)
such that {z,y} N Ng(A) # 0.

Proof. (1) Let € V5(G). Since G has no vertex which dominates x, we have
A(G,) < 3, and hence it follows from Lemma 6.1 (1) that there is a perfect non-
edge pseudo-matching M on Ng(z). By Lemma 6.1 (3), #.(G; M) # 0. Take
(A;S; A) € #,(G; M). Then A € F»(G) by Lemma 6.1 (3) and x € Ng(A) = S by
definition. We also have |G| = |A| + |S| + |A| > 9.

(2) Since V5(G) # 0 by Lemma 2.1, |G| > 9 by (1). Since G is minimally 5-
connected, G — xy has a 4-separator S’ which separates x and y. Let A’ be an
S'-fragment of G — zy such that z € A’ and y € A’. Since z,y € V>4(G), we observe
that 2,y € Va5(G — xy), which implies that |A’|, |A’| > 2. Since |G| > 9 and |S'| = 4,
we see that either |A’| > 3 or |A'| > 3, say |A'| > 3. Let S = S’ U {z}. Then S is
a b-separator of G and A = A" — {z} is an S-fragment such that [A| = |A'| —1 > 2
and |A| = |A| > 2. Hence A € F»(G) and we have x € S = Ng(A). Now (2) is

shown. O

Lemma 7.2 Let G be a minimally 5-connected graph with E**(G) = £*(G) = 0.
Then G has a dominating vertex.

Proof. Suppose that G has no dominating vertex. Then A(G,) < 3forallz € V5(G).
By Lemma 2.1, V5(G) is not empty. Hence by Lemma 7.1 (1), F»(G) # (. Let A
be a F5(G)-minimum fragment of G and let S = Ng(A). Since A € F(G), |A| > 2.
We show that |A| > 3. Suppose that |A| = 2, say A = {x1,22}. Since A(G,) < 3
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for all x € V5(G), it follows from Lemma 6.5 that {z;, 22} € V5(G). We may assume
that x1 € V56(G). Then, Ng(x2) U{z2} C Ng(A)UA = Ng(x1)U{z:} and hence x;
dominates x5, which is a contradiction. This contradiction shows that |A| > 3. Since
A is F»(G)-minimum, we have |A] > 3. Since A is F,(G)-minimum, A is connected.
Applying (1) or (2) of Lemma 7.1 according as AN V5(G) # 0 or A C V56(G), we
see that there is a fragment B € % (G) such that Ng(B)N A # (). Let T = Ng(B).

Claim 7.2.1 |[SNB|>|ANT|, |SNB|>|ANT|.

Proof. Suppose that |SN B| < |ANT|. Then AN B = () by Lemma 3.2 (4). Hence
B = [SNB|+|ANB| < |JANT|+ |AnN B| < |A|, which contradicts the fact
that A is F»(G)-minimum. Thus |[S N B| > |ANT|. By symmetry, we similarly get
ISNB|>|ANT]. O

Claim 7.2.2 |[ANB|,|ANB|<1and |[ANT|<2.

Proof. Suppose |[AN B| > 2. Then since ANT # () and A is Fo(G)-minimum, we see
that AN B is not a fragment of G, which implies that [(SNB)U(SNT)U(ANT)| > 6.
Hence, |S N B| < |[ANT| by Lemma 3.2 (2), which contradicts Claim 7.2.1. This
contradiction shows |AN B| < 1. By the symmetry of AN B and AN B, we also get
|AN B| < 1. Since |S| = 5, we observe that either |S N B| <2 or |[SN B| <2, say
SN B| <2 Thus |[ANT| < |SN B| < 2 by Claim 7.2.1. O

Claim 7.2.2 assures us that |A| < 4.

Claim 7.2.3 |A| # 4.

Proof. Suppose that |A| = 4. By Claim 7.2.2, |[ANB| = |[ANB|=1and |[ANT| = 2,
say ANT = {xy, 29}, AN B = {23} and AN B = {x4}. By Claim 7.2.1, |SN B| >
|ANT|. Since ANB # 0, |[ANT| > |SN B| by Lemma 3.2 (4). Hence |SN B| =
|ANT| = 2. By the symmetry of SNB and SN B, we also have |[SNB| = |ANT| = 2.
Consequently, |[SNT| = 1. Write SNB = {y1, 42}, SNB = {y4,ys5} and SNT = {y3}.
By Lemma 3.2 (3), Ng(x3) = {1, 22, y1,92,y3} and Ng(xs) = {21, 22, Y3, Y1, Y5}, in
particular, z3,z4 € V5(G), |Ng(x3) N S| = |Ng(z4) NS| = 3, Ne(z3) U Ng(zy) 2O S
and Ng(z3) N Ng(z4) NS = SNT. Since A is F»(G)-minimum and |A| = 4, Lemma
2.3 (1) assures us that |[Ng(y;)NA| > 2 fori = 1,2,4,5, and Lemma 2.3 (2) assures us
that |[Ng({y1,y2)}NA| > 3 and |Ng({ys,y5) }NA| > 3. Hence |Ng(y;) N{z1, 22} > 1
for i € {1,2,4,5} and Ne({y1,y2}) N{x1, 22} = Ne({ys, ys}) N {x1, 22} = {x1, 22}
Thus, without loss of generality, we may assume 3,21, Y421, Y2Z2, ysz2 € E(G). Since
xg € V5(G), it follows from Lemma 7.1 (1) that there is a fragment B’ € %»(G) such
that 23 € Ng(B'). Let T" = Ng(B’). Since |A| = 4, applying Claim 7.2.2 to B’, we
get |[ANB'| = |[ANB'| =1 and |[ANT'| = 2. Since G[A] has a 4-cycle Cy : 2331747273
and 3 € ANT', we see that ANT" = {x3,24}. By symmetry, we may assume that
ANB ={x,} and AN B = {z,}.

Applying the above argument with B replaced by B’, we obtain |[SNT'| = 1,
XT1,To € ‘/5(G), |N0<I1) N S| = 3, |NG(I’2) N S’ = 3, Ng(xl) U Ng(l,’g) 2 S and
Ng(z1) N Ng(z2) NS = SNT'. Suppose that SNT" # {y3}. By the symmetry of
{y1,92} and {y4, ys} and that of y; and y,, we may assume that SNT" = {y;}. Since
T1Y1, T1Ya, T2Y2, Toys € E(G), this forces Ng(z1) NS = {y1,ys,ya} and Ng(z9) NS =
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{y1,92, Y5}, which implies SN B’ = {y3, 4} and SN B’ = {y,y5}. Consequently
{y1, 73} € BNT", yo € BNB', ys € BNB', x5 € TNB' and {y3, y4, Y5, 1,74} C BUB'.
Hence by Lemma 3.2 (5), BN B’ is a fragment with Ng(BNB') 2 {y1, 72, v3}. Since
Ng({xa,23}) N (BN B") = {y,}, we see from Lemma 2.2 that BN B' = {y.},
which implies yoy; € E(G). Therefore {z1y1, z1y3, T2y1, T2y2, 11y2} € E(G), which
implies that G, is connected and contains a cycle and A(G,,) > 3. Since we also
have A(G,,) < 3, we obtain G,, € %(5), which contradicts Lemma 5.3. Thus
SNT = Ng(x1) N Ng(xe) NS = {ys}, which forces Ng(x1) NS = {y1,y3,ys}
and Ng(22) NS = {y2,y3,ys5}, and hence S N B = {y;,y4} and SN B = {42, y5}.
Consequently y; € BN B, ys € TNT',ys € BNB, 2, € TNB, x5 € BNT' and
{42, Y4, Y5, T2, 74} € B U B’. Hence, by Lemma 3.2 (5), BN B’ is a fragment of G
with with Ng(BNB') D {ys, z1,x3}. Since Ng({z1,23})N(BNB') = {y,}, applying
Lemma 2.2 with U and A replaced by {x1,z3} and BN B’, respectively, we see that
BN B' = {y,}, which implies 31y5 € E(G). Therefore {z1y1, x1y3, T2y2, T2y3, y1ys} <
E(G), which implies G, € %(5). This contradicts Lemma 5.3 and this contradiction
proves Claim 7.2.3. O

By Claim 7.2.3, |A| = 3.
Claim 7.2.4 |ANT|=2.
Proof. By way of contradiction, suppose that |[ANT| = 1.
Subclaim 7.2.4.1 [ANB|=|ANB|=1,|SNB|=|SNB|=1and [SNT| = 3.
Proof. Since |[A] = 3 and [ANT| =1, |[AN B| = |AN B| = 1 by Claim 7.2.2. Since
AN B # 0, it follows from Lemma 3.2 (42 that [SN B| < |ANT| = 1. Hence
|SN B| =1 by Claim 7.2.1. Similarly |S N B| = 1, which implies |SNT| = 3. O

Write ANT = {z1}, ANB = {5}, ANB = {x3}, SNB = {y1}, SNT = {42, y3,ya }
and SN B = {ys}.

Subclaim 7.2.4.2

(2) xq,23 € V5(G), Na(z2) = {z1,y1, Y2, Y3, ya} and Ne(xs) = {21, Y2, Y3, Ya, Y5 }-
(3) T2,23,Y1,Y5 g NG(ZBI)-

Proof. Since x5 € B and z3 € B, (1) clearly holds.

Since [(SNB)U(SNT)U(ANT)| = 5 by Subclaim 7.2.4.1, it follows from Lemma
3.2 (3) that o € V5(G) and Ng(z2) = {1, Y1, Y2, Y3, ya}. Similarly z3 € V5(G) and
Ng(x3) = {x1, Y2, Y3, Ya, Y5}, which proves (2).

By Lemma 2.3 (1), |Ng(y1) N {x1, 29,23} > 2. Since y; € B and x3 € B, this
implies that Ng(y1) N {x1, 22, 23} = {x1, 22}. Hence z1y; € E(G), and we similarly
get z1y5 € E(G). In view of (2), this proves (3). O

Having Subclaim 7.2.4.2 (2) and Lemma 7.1 (1) in mind, take B’ € J»(G) such
that 9 € Ng(B'), and let 7" = Ng(B').



K. ANDO AND Y. EGAWA / AUSTRALAS. J. COMBIN. 93 (1) (2025), 111-149 140

Subclaim 7.2.4.3

(1) AN T = {[L’Q,l‘g}.
(2) 1 € V5(G).

Proof. If ANT" = {3}, then applying Subclaim 7.2.4.2 (1) with x; replaced by z,
we get 123 € E(G), which contradicts Subclaim 7.2.4.2 (2). Thus |[ANT'| = 2 by
Claim 7.2.2. By symmetry, we may assume that AN B’ = () and |AN B’| = 1. Write
ANB' = {z;} (i € {1,3}). By Lemma 3.2 (4), |SNB’| < |ANT"|, which implies that
ISNB'| = |ANT’| by Claim 7.2.1. Hence |(SNB)U(SNT")U(ANT")| = 5 by Lemma
3.2 (2). Consequently it follows from Lemma 3.2 (3) that x; € V5(G) and Ng(z;) =
(SNBYU(SNT')U(ANT"). In particular, |[Ng(z;)NS| = |(SNB)YU(SNT")| = 3.
Hence i # 3 by Subclaim 7.2.4.2 (2). therefore i = 1, which implies ANT" = {zy, z3}
and z; € V5(G), as desired. O

Since Ng(z1) € AU S, it follows from Subclaim 7.2.4.2 (3) and 26.4.3 (2) that
Ne(x1) = {2, z3,y1,ys5,y;} for some j € {2,3,4}. We may assume that j = 3. By
Subclaim 7.2.4.2 (2), y1xs, T2ys3, Y33, x3ys € E(G). Since y1y5 ¢ E(G), in view of
Lemma 5.3, this implies G, = Ps and E(G.,) = {122, 22ys, Y33, x3ys} (see the
paragraph following the proof of Lemma 5). Hence M = {x3x2ys, y1y3} is a perfect
non-edge pseudo-matching on Ng(z1) and xs has degree four in Ggfi“M). Having
Lemma 6.1 (3) in mind, let (B";T"; B") € #,,(G; M). Then (B";T" — {x,}; B") €
S (G@1M) by definition, and hence T — {z1} is G -dividing by Lemma 6.1 (2).
Consequently xy € T" — {x1}. Since |B”|,|B"| > 2 by Lemma 6.1 (3), it follows
that B” € F»(G) and x1, 29 € T" = Ng(B"). Since B’ was an arbitrary member of
F2(G) with x5 € Ng(B"), this contradicts Subclaim 7.2.4.3 (1), and this completes
the proof of Claim 7.2.4. O

We proceed to the final stage of the proof of Lemma 7.2. Since |A| = 3, it
follows from Claim 7.2.4 that we have either ANB =0 or ANB=0,say ANB =
. Then AN B # (. Hence by Lemma 3.2 (4), |SN B| < |[ANT| = 2, which
implies that |S N B] = [ANT| = 2 by Claim 7.2.1. Hence by Lemma 3.2 (2),
SN(TUB) = {y3,ys,ys}. Then z3 € V5(G) and Ng(z3) = (SNB)U(SNT)U(ANT)
by Lemma 3.2 (3). Since A is F»(G)-minimum and |A| = 3, Lemma 2.3 (1) assures us
that |[Ng(y;)NA| > 2 for i = 1,2, which implies that {y;z1, y122, Y221, yoxa} C E(G).

Since z3 € V5(G), G has a fragment B’ € (@) such that x3 € Ng(B') by
Lemma 7.1 (1). Let 7" = Ng(B’). Claim 7.2.4 assures us that [ANT'| = 2 and
either ANB =0 or ANB = 0, say AN B = (). Without loss of generality,
we may assume that A NT' = {xy, 23} and AN B’ = {z;}. Then, applying the
argument in the preceding paragraph with 7" replaced by 7", we get x; € V5(G) and
ANT C Ng(z1), which implies z129 € FE(G). Since {yi1x1,y221} C E(G), we have
Neg(x1) = {z2,23,91, 2, y}, where y € {ys,va,y5}. Since {122, y222} C E(G) and
Ne(x3) = {1, %2, y3,Ys, Y5}, we have {y129, yox9, Tox3, 23y} C E(G), which implies
that D15 C G,,. In view of Lemma 5.3, we see that E(G,,) = {122, Y222, 2x3, T3y }
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and G, = D;, (see the paragraph following the proof of Lemma 5). Hence M =
{y123y2, X2y} is a perfect non-edge pseudo-matching on Ng(x1), and 25 and x3 have
degree four in G2, Having Lemma 6.1 (3) in mind, let (B”; T": B") € %, (G; M).
Then, by Lemma 6.1 (2), T — {21} is G¥")-dividing in G@™) . Consequently
zo,x3 € T" — {x1}. By Lemma 6.1 (3), B” € F(G) and {z1,29,23} C T" =
N¢(B"). This contradicts Claim 7.2.2. This is the final contradiction and the proof
of Lemma 7.2 is completed. O

8 Graphs with a dominating vertex

In this section we consider minimally 5-connected graphs G with |G| > 7 and
E*(G) = £*(G) = () which have a dominating vertex. We show that if y domi-
nates z, then y dominates every neighbor of z (see Lemma 8.4).

Lemma 8.1 Let G be a minimally 5-connected graph with |G| > 7 and E**(G) =
L*(G) = 0. Suppose that G has three vertices x,y,z such that y dominates z,
xz € E(G) and y does not dominate . Then Eq(x) N E.(G) = 0.

Proof. Since y dominates z and zz € F(G), we have yz,xy € FE(G) by definition,
and it follows from Lemma 2.4 (2) and (3) that =,z € V5(G) and y € Vs6(G).
Since y does not dominate = by assumption, it follows from Lemma 2.4 (4) that no
vertex in V(G) — {z} dominates . Hence A(G,) < 3. Let Ng(x) = {y, z,u, us, us }.
Since z € V5(G) and x2,yz € E(G), we see that degg/,,(2) = 4, and hence zy €
E.(G). We show zz € E,(G). Suppose that 2z € E.(G). Since E*(G) = 0,
|Na(2) N Ng(2)| > 2, say u € Ng(x) N Ng(z). Then, by Lemma 2.4 (2), u € V5(G).
Since zu, zu € E(G), it follows that xz € E,(G). This contradicts the assumption
that zz € E.(G), and it is shown that xz € E,(G). Let S be a 5-separator which
contains {z,z}. By Lemma 2.4 (1), y € S. Suppose that Eg(z) N E.(G) # 0, say
zu € E.(G). Since xu is 5-contractible, v ¢ S. Let A be the S-fragment which
contains u. Since {z,2,y} C S, u € Aand A, # 0, AN {uy,us} # 0, say u; € A.
Then uu; € E(G). If uz € E(G), then, since z € V5(G) and zz € E(G), it follows
that zu € F,(G), which contradicts the assumption that zu € E.(G). Thus we have
uz ¢ E(G). Since zu € E.(G) and E**(G) = 0, |[Ng(z) N Ng(u)| > 2. Consequently
{z,y,u2} C Ne(u).

Claim 8.1.1 The edge xuy is 5-noncontractible.

Proof. Suppose that zu; is 5-contractible. Then, applying the argument just be-
fore Claim 8.1.1 with u replaced by u;, we get {z,y,us} C Ng(up). Consequently
{yz, ugu, uy, yuy, usuy } € E(G,), which implies Ch C G,. Since A(G,) < 3, it fol-
lows that G, € %8(5). This contradicts Lemma 5.3 and this contradiction shows zu,
is 5-noncontractible. O

Since zuy is 5-noncontractible by Claim 8.1.1, G has a 5-separator 7" which con-
tains {z,u1}. Then x € SNT and u; € ANT. Since zu is 5-contractible, u & T
Let B be the T-fragment which contains u. Then u € AN B. Since {y, us} C Ng(u),

we see that {y,us} N (AU B) = (). Since x,u; € T and B, # (), this implies z € B.
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Hence z € SN B. Since z € B, u € B and yz,yu € E(G), we see that y € T'. Hence
y € SNT. Consequently {y,z,u,u1} N ((ANB)U(ANB)U(ANB)) = 0. Since
ug € AU B, we now obtain (ANB), =(ANB), =(ANDB), =10.

Claim 8.1.2 zu; € E(G).

Proof. Since ANB # 0 and (ANB), =0, AN B = 0 by Lemma 3.2 (7). Since
ANB#0, wealso get |[ANT| < |SNB|and |SNB| < |ANT| by Lemma 3.2 (4).
Since |[ANT|+|SNB|+|SNB|+|ANT| = (|T| - |SNT))+(|S| = |SNT]|) < 3+3,
this implies [ANT|+ SN B| < 3. Hence we have |[ANT| < 1 or |[SN B| < 1; that is
tosay, ANT = {u;} or SN B = {z}. Assume for the moment that ANT = {u;}.
Then |ANT| < |SN BJ. Since (AN B), = 0, applying Lemma 3.2 (6) with the roles
of A and A replaced by each other, we see that ANB = (). Since ANB = (), it follows
that A = ANT = {u;}. Consequently Ng(u;) = S, which implies u;z € F(G). Thus
we may assume that SN B = {z}. Then since (AN B), = (), we similarly obtain
N¢(z) = T, which implies zu; € E(G), as desired. O

N
N

We are in a position to complete the proof of Lemma 8.1. Since y dominates z, it
follows from Claim 8.1.2 that yu; € F(G). Therefore {usu, uy, yz, yuy, zus } C E(Q)
and Ch C G,. Since A(G,) < 3, this implies G, € %(5). This contradicts Lemma
5.3 and this contradiction completes the proof of Lemma 8.1. O

Lemma 8.2 Let G be a minimally 5-connected graph with |G| > 7 and E*(G) =
L*(G) = 0. Suppose that G has four vertices w,x,y,z such that y dominates z
and zw,xz € E(G). Let M be a perfect non-edge pseudo-matching on Ng(z). If
wz € E(G(x;M)), then G@M) has no 4-separator separating y and w.

Proof. Suppose that G®M) has a 4-separator S’ separating y and w. Since yz, wz €
E(G@&M) 2z S Let S =S5 U{z}. Then S is a 5-separator of G separating y and
w. Since z € S, we see from Lemma 2.4 (1) that y € S, which contradicts the fact
that S separates y and w. This contradiction proves Lemma 8.2. O

Lemma 8.3 Let G be a minimally 5-connected graph with |G| > 7 and E**(G) =
L*(G) = 0. Suppose that G has three vertices x,y,z such that y dominates z,
xz € E(G) and y does not dominate x.

(1) Suppose that Ng(x) N Ng(z) # {y}, say u € Ng(x) N Ng(z) — {y}. Then the
following hold. (i) G, % Ko U K3. (i) If G, = K; U (K + (K1 U Ky)), then
degg, (u) # 3.

(2) If Ng(z) N Ng(2) = {y}, then G, — {y, 2z} 2 Ps.

Proof. By Lemma 2.4 (2), we have x € V5(G). Let Ng(z) = {y, 2, u, uy, us }.

(1) Since y dominates z and uz € E(G), we have uy € E(G) and it follows
from Lemma 2.4 (2) that u € V5(G). Let S = Ng(u) and let A = {u}. Then S
is a 5-separator of G which contains {x,y,z} and A is an S-fragment. We have
Gz, u,y,z}| = Ky.

First we show G, 2 KoUK3. Suppose that G, = KoUK3. Since G, & KoUK3 and
Gl{u,y, z}] = K3, we see that uyus € E(G) and Eg({u,y, 2}, {u1,us2}) = 0. Let M; =
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{yuju,us_;z} for i = 1,2. Both M; and M are perfect non-edge pseudo-matchings
on Ng(z). By Lemma 6.1 (2), G@M) has a GYM)-dividing 4-separator T/ for i =
1,2. By inspection, we see that Q(Ggfle)) = {({y}; {w,u, z}; {ua}), {y, u}; {us, z};
{us}), ({ul; {ur, y, 2} {us}), {ury; {y, u, us}; {z})}. Since zuy € E(G@M)), Lemma
8.2 assures us that &, ({y}; {u,u, 2}; {us}) = L({y, u}; {us, z}; {us}) = 0. Conse-
quently ,(G; My) = S({uuk; {uny, 2 un}) U Ful{ur}: {y, 1,0 }; {2}). Sinnilaly,
So(G; Mz) = Fo({u}i {us,y, 2} {w}) U Fo({ua}; {y, v, us }; {=}). Hence by Lemma
6.1 (3) and Lemma 4.5 (2), either &,(G; M;) or #,(G; Ms) is empty. Therefore by
Lemma 4.3 (1), we see that « is properly 5-liftable, which contradicts the assumption
that £*(G) = 0. This contradiction shows that G, % Ky U K3 and (1) (i) is shown.

Next suppose that G, = K, U (K + (K, U K3)) and degg_(u) = 3. Recall that
G{u,y,z}] =2 K;. Thus either u; or uy, say ui, is the unique isolated vertex of G.,.
Then F(G.) = {yz, zu, yu,uus}. Let My = {zuju,yus} and let My = {yuju, zus}.
Both M; and Ms are perfect non-edge pseudo-matchings on Ng(z). By Lemma 6.1
(2), G@M) has a nontrivial GY*")-dividing 4-separator T/ for i = 1,2. Let B; be a
T/-fragment of G@M:) for i = 1,2. Since {y, z,u1,us} € Ny, (u) and T/ divides
G M) we observe that u € T) for i = 1,2. Let T, = T/ U {z} for i = 1,2. Then
(Bi; Ty; B;) € 9(G; M) by definition and, by Lemma 6.1 (3), T; is a G,-dividing
5-separator of G and |B, |B;| > 2 for i = 1,2.

Claim 8.3.1 z &1} fori=1,2.

Proof. Suppose that z € T]. Since y dominates z, we have y,z € T} by Lemma
2.4 (1). Thus T; separates u; and us. We may assume u; € Bj. Recall that
A = {u} and S = Ng(u). We clearly have AN B, = AN B, = 0. Also we
observe that u; € AN By, ug € SN By, {x,9,2y € SNT, and u € ANTy,
which implies (A N By), = 0. Since AN B; # ), we see from Lemma 3.2 (4) that
IANTy| >|SN By >1and |SNB;| > |ANTy| > 1. Consequently |SNT}| = 3 and
IANTy| = |ANTy| =|SN B =|SN By| = 1; in particular, |S N By| = |[ANTy|.
Since (AN By), = 0, applying Lemma 3.2 (6) with A and B replaced by A and By,
respectively, we get AN By = (), which implies B; = SN B; = {uy}. This contradicts
the fact that |B;| > 2 and this contradiction shows that z ¢ T7. Note that after
we proved that y,z € T, the roles of 77 and T, become symmetric in the above
argument. Thus we have z ¢ T7. O

Recall that T; = T U {x}.

Note that E(GY™M) —u) = {u;z, 2y, yus_;} and T/ is G&*M)_dividing for i = 1, 2.
Hence by Claim 8.3.1, y € 1] and 7] separates z and ug_; for i = 1,2. For i = 1,2,
we may assume that z € B; and us_; € B;. Since zu; € E(Ggw;Mi)), it follows that
w; € B; UT; for i = ].,2 Thus {ZL’,y,U} cT QTQ, z € By QBQ, U € Blﬂ (BQUTQ)
and u; € (B; UTy) N By, which implies (B;), = {uy} and (B; N By), = 0.

Since B; N By # 0, it follows from Lemma 3.2 (7) that By N By = ().

Recall that {zu,yu, zu,uus} C E(G), and write Ng(u) = {z,y, z,us,v}. Since
{z,9,2,us} N By = (), we see that v € B,. Since v € By and By N By = (), it follows
that v € By, which implies that Ng(u) N By = {uy}. Since Ng(x) N By = {uy},
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applying Lemma 2.2 with U and A replaced by {x,u} and B, respectively, we now
see that B; = {uy}, which contradicts the fact that |B;| > 2. This contradiction
shows (1) (ii) and now (1) is shown.

We show (2). Suppose that Ng(2)NNg(z) = {y} and G, —{y, 2} = G [{u, u1, us}|

= Py, say E(G[{u,uy,us}]) = {uug, ugus}. Since Ng(z) N Ng(z) = {y}, Nag(z) N
{u,ui,us} = 0. Since z is not dominated by any vertex by Lemma 2.4 (4),
A(G,) < 3.

Claim 8.3.2  The graph G, is isomorphic to one of the following three graphs;
K2 U P3, Dl?g and P5.

Proof. Since Ng(z)N{u,ur,us} =0, E(G,) = {uug, ugui, yz}UEq, ({y}, {u, u1,us}).
If Eq,({y},{u,u1,us}) = 0, then G, = K, U P;. Thus, we may assume that
Eq,({y},{u,u1,us}) # 0, which implies that G, is connected. By Lemma 5.3
G, & B(5). Since A(G,) < 3, it follows that |Eq({y},{u,u1,us})| = 1, which
implies that either G, = Dy, or G, = Fs. O

Claim 8.3.2 assures us that G, = KoUP;, G, = Dysor G, = B, If G = KoUPs,
then E(G,) = {zy, uus, ugus } and, if G, = Dy, then E(G,) = {zy, yua, uug, ugu, }.
In the case where G, = P5, we may assume that F(G,) = {zy, yu, uus, ugu; }. By
Lemma 8.1, zz is 5-noncontractible. Let S be a 5-separator of G which contains
{z,z}. By Lemma 2.4 (1), y € S. Let A be an S-fragment of G. Note that
neither A, nor A, is empty. Since y,z € S and E(G[{u,u1,us}]) = {uua, usu, },
we observe that [{u,uy,us} N A| = [{u,ur,us} N S| = |[{u,us,uz} N Al = 1. Thus
us € S and, by symmetry, we may assume that v € A and v, € A. If Aor A
consists of a single vertex u’ (v’ € {uy,u}), then z € S = Ng(u'), which contradicts
the fact that Ng(2) N {u,u,us} = 0. Thus |A|,|A] > 2. Let M = {yuju, zus}.
Since {yu1,uiu, zus} N E(G,) = 0, we see that M is a perfect non-edge pseudo—
matching on Ng(x). Lemma 6.1 (2) assures us that G@*) has a nontrivial G
dividing 4-separator 7”. Let B be a T’-fragment of G;f M Let T = T'U {z}.
Then (B;T; B) € #,(G; M) by definition and, by Lemma 6.1 (3), T'is a G,-dividing
5-separator of G and |B|, |B| > 2.

Claim 8.3.3 2z ¢T.

Proof. Suppose that z € T, then z € T'. By Lemma 2.4 (1), we have y € T, which
implies y € T". Since G@M)[{u, uy,us}] = Ks, this contradicts the fact that 7" is a
Gg(f‘M)—dividing 4-separator. This contradiction shows that z & T'. O

We may assume that z € B by Claim 8.3.3.

Claim 8.3.4 ycTUB, u,u; cTUB anduy € T.

Proof. Tt suffices to show that y € T U B, u,u; € T"U B and uy, € T". Since 2y €
E(GQ(CI;M)) and z € B, we see that y € T"U B. Let v’ € {u,u;,us}. If v’ € B, then
since y, z € T'U B and G@M [{u, uy, us}] = Kj, it follows that V(G"™)) € T U B,
which contradicts the fact that 7" divides G{"*). Consequently v/ € T U B. Thus
{u,u1,us} € T'U B. Since zuy € E(G@M)) and z € B, it follows that u, € 7. O
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Since z € B, it follows from Claim 8.3.4 that either B, = {z,y} or B, = {z}. In
either case, {z} U B, C S. Recall that |A|,|B|,|A],|B| > 2, and we have |[SNT| >
{x,us}| = 2 by Claim 8.3.4. Therefore we get a contradiction by applying Lemma
3.6 (3) with the roles of S and T replaced each other. This contradiction completes
the proof of (2) and now Lemma 8.3 is proved.

Lemma 8.4 Let G be a minimally 5-connected graph with |G| > 7 and E**(G) =
L*(G)=10. If y dominates z, then y dominates every neighbor of z other than y.

Proof. Suppose that there exists a vertex © € Ng(z)—{y} which is not dominated by
y. We have y € Ng(x)NNg(z). By Lemma 2.4 (2), (3), y € V56(G) and z, 2z € V5(G),
say Ng(z) = {y, z,u, u1,us}. Since z is not dominated by any vertex by Lemma 2.4
(4), A(G,) < 3.

Claim 8.4.1 |Ng(z) N Ne(2)| < 2.

Proof. Suppose that |Ng(z) N Ng(z)| > 3. Since z, z € V5(G) and G is 5-connected,
|Ne(z) N Ng(z)| < 3. Hence |Ng(x) N Ng(2)| = 3, say Ng(z) N Ne(2) = {y, u,us }.
Since y dominates z, uy, u1y € E(G). Hence if Ng(uz) N{y, z,u,u1} # 0, then G, €
% (5), which contradicts Lemma 5.3. Thus Ng(u2) N {y, z,u,u;} = 0. By Lemma
8.1, G has a 5-separator S which contains {ug,z}. Let A be an S-fragment. We
show that y € S. Suppose not, say y € A. Then, since {u,u;,z} C Ng(y), Az = 0,
which contradicts the fact that A is an S-fragment of GG. This contradiction shows
that y € S. By the same reason, z € S. Since A, # 0, A, # 0 and {y, z,us} C S,
we have |A,| = |A,| = 1, say A, = {u} and A, = {u;}. Since A, # 0, A, # 0
and {z,y} C S, we have |A.| = 1 or |A.| = 1. By symmetry we may assume that
|A,| = 1. Since u € A, it follows that A, = {u}. Consequently Ng({z, z})NA = {u}.
Applying Lemma 2.2 with U replaced by {z, 2z}, we see that A = {u}, which implies
uug € E(G). This contradicts the earlier assertion that Ng(uz2) N {y, z,u,us} = 0.
This contradiction proves Claim 8.4.1. O

Claim 8.4.1 assures us that either |[Ng(x) N Ng(z)| = 2 or [Ng(z) N Ne(2)] = 1.

First we consider the case where |[Ng(2)NNg(z)| = 2, say Ng(2)NNe(z) = {y, u}.
Since y dominates z, u € V5(G) by Lemma 2.4 (2), and uy € E(G) by definition,
which implies that G[{z,u,y, z}] = Kj.

Claim 8.4.2 wuy € E(G).

Proof. Suppose that ujus € E(G). Since G[{u,y, z}] = K3, we see that Ky U K3 C
G. In view of Lemma 5.3, this implies G, = KU K3, which contradicts Lemma 8.3
(1) (i). This contradiction proves Claim 8.4.2. O

By Lemma 8.1, zu; € E,(G) for i = 1,2. Hence G has a 5-separator S; which
contains {z,u;} for i = 1,2. Let A; be an Si-fragment of G for i = 1,2. Since
G{z,y,z,u}] = Ky, either {x,y,z,u} C A; US; or {x,y,z,u} C A; US;, say

{x,y,z,u} C A; US; for i = 1,2. Thus we have {x,y,z,u} C (A, US;) N (AU Ss).
Since neither (A;), nor (A), is empty, we have (A1), = {uz} and (Az), = {w1},

which implies uy € A; NSy and uy € 51N Ay and, hence (A1NAs), = (A NAY), =
(A1 N Ay), =0.
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Claim 8.4.3

(1) |S1 N Asl,|A; N Sy| > 2.
(2) Neither Ay NSy nor Sy N Ay is empty.
(3) Either |A; N Sy| =1 or [S1N Ay = 1.

Proof. (1) Suppose that |S; N Ay| < 1. Since u; € S1N Ay, we have S;N Ay = {uy}.
Since uy € A; NSy, we see that |S; N Ay| < |A;NS,|. Since (A, N Ay), = 0, applying
Lemma 3.2 (6) with A = A; and B = Ay, we get A; N Ay = (). Suppose that
AN Sy = 0. Then |A; N Ss| < |S1 N Ay, which implies 4; N Ay = () by Lemma
3.2 (4). Hence A; = (), which contradicts the fact that A; is a fragment of G. This
contradiction shows A;N.Sy # (). Hence |S1NAs| < |A1NSsy|. Since (A1NAy), = 0, we
get A|NAy = () by Lemma 3.2 (6). Consequently Ay = S1N Ay = {u}, which implies
Sy = Ng(uy) and wyug € E(G). This contradicts Claim 8.4.2 and this contradiction
shows |S; N Ay| > 2. By symmetry, |A; NSy > 2, and (1) is shown.

(2) Suppose that A;NS5 = 0. Then |A;NS,| < [S1NA,|, which implies A;NA; = )
by Lemma 3.2 (4). We also have |A; N.Sy| < [S) N Ay|. Since (A; N Ay), = 0, we get
A1 N Ay = 0 by Lemma 3.2 (6). Consequently A; = (), which contradicts the fact
that A, is a fragment of G. This contradiction shows A; NS, # (). By symmetry, we
obtain S; N Ay # (). Now (2) is shown.

(3) Suppose that |A; N Sy|,|S1 N Ag| > 2. Since x € S; NSy, we see from (1)
that [A; N Sy| = [S1N Ay = |S1 N Ay = |4, NS,y =2and S; NSy = {x}. Note
that {2} U (A2), = {z,u;} € S;. Hence by Lemma 3.6 (3) and Lemma 3.5 (1),
A2 = Sl N A2 and |A2| = ‘Sl N A2| = 2, say AQ = {ul,vl}. Since TU1 € E(G)
and since wjus ¢ E(G) by Claim 8.4.2, it follows that Ay C V5(G), Ng(up) =
((Al N 52) — {Ug}) U (Al N SQ)_U {$, Ul} and NG'("Ul) = (Al N 52) U (Al N SQ) U {Ul}
We clearly have Eg(A; NSy, A1 N Sy) = 0. Since vz, uqus & E(G), we now obtain
A(Gy,) < 3 and A(G,,) < 3, which contradicts Lemma 6.5. In view of (2), this
contradiction proves (3). O

We are in a position to complete the discussion for the case where |Ng(z) N
Ng(z)| = 2. In view of Claim 8.4.3 (3), by the symmetry of A; NS, and S; N Ay, we
may assume that |A;NSy| = 1, say A;NSy = {w}. Then |A;NS,y| < |S;NA,| by Claim
8.4.3 (1), and hence we have A; N Ay = () by Lemma 3.2 (4). By Claim 8.4.3 (2), we
also have |A; N S| < |51 N Ay|. Since (A; N A), = 0, we get A; N Ay = () by Lemma
3.2 (6). Consequently A; = A; NSy = {w}. Hence Ng(w) = S;. In particular,
w € Ng(x) and wuy € E(G). Since up,us € Ay, w € Ng(x) — {ur, us} = {u,y, z}. If
w = z, then zu; € E(G), which contradicts the fact that u; &€ Ng(x) N Ng(z). Thus
w # 2. Since y € Vs6(G), w # y. Consequently w = u, ie., A; = A, NSy = {u}
which, in particular, implies that uu; € E(G). If |S1NA,| = 1, then arguing as above,
we get S; N Ay = {u}, which is absurd. Thus |S; N Ay| > 2. Hence S; NSy = {x} by
Claim 8.4.3 (1). Recall that {z,y, z,u} C (A;US;)N(A3US,). Since A; = {u} and
S1NSy = {x}, we obtain {y, z} C S1NA,, which implies u1y, uz ¢ E(G). Since uu; €
E(G), it follows that G[{y, z,u,u1}] = K; + (K1 U K3) and deggqy . 40y (@) = 3.
If Ec({y,z,u,ur},{us}) # 0, then G, € %(5), which contradicts Lemma 5.3. Thus
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Ec({y,z,u,u1},{us}) = 0. Therefore G, = K;U(K;+(K;UK>)) and degg_(u) = 3,
which contradicts Lemma 8.3 (1) (ii). This contradiction completes the discussion
for the case where |[Ng(x) N Ng(z)| = 2.

Next we consider the case where |Ng(z) N Ng(z)| = 1. In this case Ng(x) N
N¢(z) = {y}. Having Lemma 8.1 in mind, let S be a 5-separator of G which contains
{z,z} and let A be an S-fragment of G. By Lemma 2.4 (1), we see that y € S. Let
S = {z,y, z,w;,wy}. Since neither A, nor A, is empty and {y, 2z} C S, without loss
of generality, we may assume that A, = {u} and u; € A. Having Lemma 8.1 in
mind, let 7" be a 5-separator of G which contains {z,u} and let B be a T-fragment
of G. Then, since A, = {u}, we have {zr} UA, CT.

Claim 8.4.4
(1) A,NA, =0, A,NA, =0
@ LAz
(3) FEither |B| =1 or|B|=1.
(4) ug € S and ugu € E(G).

Proof. (1) Recall that S = {z,y, z, wy,ws}. Since Ng(x) N Ng(z) = {y}, we see
that A,NA, =0 and A, N A, = 0.

(2) Since A, # () and A, # (), we see from (1) that |A| > |A,| 4+ ]A.| > 2, and we
similarly get |A| > 2.

(3) Recall that {z} U A, C T. Hence if |A| > 3, then the desired conclusion
follows from (2) and Lemma 3.6 (1). Thus we may assume that |A| = 2. By way of
contradiction, suppose that |B|,|B| > 2. By Lemma 3.5, A = ANT, |SN B| =
SN Bl =2and SNT = {z}. Write A = {u,v}. Since A, = {u}, we get
A, = {v} by (1). Hence zv,zu ¢ E(G), which implies u,v € V5(G), Ng(u) =
(SNB)U(SNB)—{z})U{x,v} and Ng(v) = (SN B)U (SN B))U {u}. We
have Eq(S N B,SN B) = (. Since vr,uz € E(G), it follows that A(G,) < 3
and A(G,) < 3, which contradicts Lemma 6.5, and this contradiction shows either
|B| =1 or |B| = 1. Now (3) is shown.

(4) By (3), we may assume that |B| = 1, say B = {w}. By Lemma 3.4, w €
S, NVs(G) and wu € E(G). Since S, = Ng(z) — (4, U A,) C Ng(z) — {u,u;}, we
have w € {y,z,us}. Since y € V54(G), w # y. If w = z, then zu € E(G), which
contradicts the assumption that Ng(z) N Ng(2) = {y}. Thus w # z. Consequently
w = uy. Hence uy € S and ugu € E(G) as desired, and (4) is shown, O

By Claim 8.4.4 (4), we know that A, = {u;}. Thus we can apply Claim 8.4.4
(4) with A and u replaced by A and uy, respectively, to obtain usu; € F(G). Since
u€ Aand u; € A, uuy ¢ E(G). Therefore G, — {y, 2} = G[{u, ug, u; }] = Ps, which
contradicts Lemma 8.3 (2). This contradiction completes the discussion for the case
where |Ng(x) N Ng(z)| = 1.

Now the proof of Lemma 8.4 is completed. O
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9 The proof of the Main Theorem

In this section we prove the Main Theorem.

Since “edge removal”, “semi-proper edge-contraction” and “proper lifting” are
the inverse operations of “edge addition”, “semi-proper vertex-splitting” and “pseudo
edge-binding”, respectively, to prove the Main Theorem, it suffices to show that every
minimally 5-connected graph G with E**(G) = £*(G) = ) is a member of #€5. Thus
let G denote a minimally 5-connected graph with E**(G) = £*(G) = 0. If |G| = 6,
then G = K € #6;. Thus we may assume that |G| > 7. By Lemma 7.2, G has
a dominating vertex y. By definition, there is a vertex 2’ in V(G) — {y} such that
2" is dominated by y. We show that all vertices in V(G) — {y} are dominated by
y. Suppose that there is a vertex z’ in V(G) — {y} such that 2’ is not dominated
by y. Since G — {y} is connected, G — {y} contains a path connecting z’ and x’.
Hence it follows that there exist z,z € V(G) — {y} with zz € E(G) such that z is
dominated by y and x is not dominated by y. This contradicts Lemma 8.4 and this
contradiction shows that all vertices in V(G) — {y} are dominated by y. This implies
Ne(y) = V(G) —{y}. By Lemma 2.4 (2), V(G) — {y} C V5(G), which implies that
G — y is 4-regular. Therefore G € #€5, as desired.

Now the Main Theorem is proved.
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