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Abstract
We prove that Aldous’ Brownian CRT is the scaling limit, with respect to

the Gromov-Prokhorov topology, of uniformly chosen random graphs in
each of the three following families of graphs: distance-hereditary graphs,
2-connected distance-hereditary graphs and 3-leaf power graphs. Our ap-
proach is based on the split decomposition and on analytic combinatorics.
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1 Introduction

In the present article we obtain scaling limit results for large graphs taken uniformly
at random in the class of distance-hereditary graphs (DH-graphs for short) and in
two interesting subclasses: 2-connected distance-hereditary graphs and 3-leaf power
graphs. In all cases, the limit is the celebrated Brownian continuum random tree
(Brownian CRT for short). We start by giving some background on these graph
classes.

1.1 Distance-hereditary graphs and interesting subclasses

DH-graphs are the connected graphs for which the distances in any connected in-
duced subgraphE] are the same as in the original graph. (See an example and a
counter-example in Fig. ) They enjoy many other characterizations, for instance
by avoidance of induced subgraphs. Among other properties, they form a subclass of
perfect graphs and have clique-width at most three. They have been widely studied
in the algorithmic literature: in particular, it has been proved that many NP-hard
problems can be solved in polynomial time for DH-graphs (see e.g. [15]); additionally,
DH-graphs can be recognized efficiently, both in the static and dynamic framework
(see [23], and references therein).

Figure 1: Left: A DH-graph with 5 vertices: for instance, dg(vs,v4) = 2 in the
original graph GG, and considering an induced subgraph H containing vs and v,
either we have dg(vs,vq) = 2 (if H contains vy, v; or vy), or H is disconnected
(if the vertex set of H is {vs,v4} or {vs,v4,v5}). Right: A graph which is not
a DH-graph: dg(vs,vs) = 2 while dg(vs,v4) = 3 in the subgraph H induced
by {vi,v2,v3,v4} (which is the path vs — v; — vo — v4).

To establish such algorithmic properties, a key feature of distance-hereditary
graphs is that they are nicely decomposable for the so-called split decomposition.
More recently, this split decomposition has also been used to give precise enumerative
results and sampling algorithms on the class of distance-hereditary graphs and some

1 We recall that, if W is a subset of the vertex set V of a graph G, the subgraph of G induced
by W consists of the vertices in W, and of all edges of G connecting two vertices in W.
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of its subclasses [14], [4]. The analysis of distance-hereditary graphs (and subclasses)
via the symbolic method, as done by Chauve, Fusy and Lumbroso [I4] (and reviewed
in Section [3| below) is a starting point for the present paper. More precisely, in our
work, we aim at illustrating the usefulness of the split decomposition (combined with
symbolic and analytic combinatorics) to study large random DH-graphs.

Let us comment on the choice of graph classes considered in this article, in addi-
tion to the DH-graphs already discussed. The class of 3-leaf power graphs has been
studied in [23] (respectively [14]) to illustrate the versatility of algorithmic (respec-
tively enumerative) results obtained through the split decomposition. It is therefore
natural for us to use it to illustrate as well the versatility of the probabilistic ap-
proach through the split decomposition. Since 3-leaf power graphs are defined via
trees (see Theorem , their convergence to an infinite tree might seem expected.
On the contrary, conditioning random DH-graphs to be 2-connected makes them
less tree-like. Our result indicates that, nevertheless, at the level of scaling limits,
2-connected DH-graphs are tree-like and converge to the Brownian CRT.

Another motivation for considering 3-leaf power graphs and 2-connected DH-
graphs is that, unlike unconstrained DH-graphs, they do not form what is called
a block-stable class of graphs. Indeed, such block-stable graph classes have already
been studied in the discrete probability literature [I8], [19]. In particular, a scaling
limit result for random graphs in such classes (under an additional subcriticality
hypothesis) is provided in [32], covering the case of unconstrained DH-graphs. When
a class is not block-stable, performing the decomposition often causes one to leave
the original category, making it impossible to straightforwardly apply the previously
established global convergence results. It is therefore important to show that our
approach through split decomposition works also for classes which are not block-
stable; and an obvious way to obtain a class of graphs which is not block-stable is to
impose the constraint of being 2-connected.

1.2 The results

A standard question in the theories of random trees, random maps and more recently
random graphs is to look for limits of random graph sequences, for various topolo-
gies. To this end, we consider graphs as discrete metric measure spaces. A metric
measure space (mm-space for short) is a triple (X, d, ), where (X, d) is a complete
and separable metric space and p a probability measure on X. A finite connected
graph can be seen as a mm-space, where X is the vertex set of the graph, d the
graph distance, and p the uniform probability measure on X. In this setting scaling
limits of random graphs correspond to the convergence of random mm-spaces, after
renormalization of the distances.

For metric measure spaces there are two classical topologies used in the literature,
the Gromov—Prohorov (GP) topology and the stronger Gromov—Hausdorff-Prohorov
(GHP) topology. Our result holds with respect to the GP topology (see Section
for the definition). We believe that it could be extended to the GHP topology, using
a criterion provided by Athreya-Lohr-Winter [3]. However, this would likely require
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tools and methods very different from those of the present paper, and is therefore
beyond its scope.

For n > 1 denote by G\ (respectively Gi| respectively Gir') the set of DH-
graphs (respectively 2-connected DH-graphs, respectively 3-leaf power graphs) with
vertex set [n] := {1,...,n} (we say that such graphs have size n).

We also denote by (T, dso, ftoo) the Brownian CRT equipped with its natural
mass measure jio.. 1he Brownian CRT has been introduced by Aldous in [2] and is a
now standard object in the discrete probability literature (for details and references,
see Section [2)).

Theorem 1.1 For every family f € {d,2¢,3¢} and n > 1 let G;") be a uniform

random graph in g}”). Let p,, be the uniform probability measure on the set of vertices

[n] and dw be the graph distance in G;n). Then there exists a constant c; > 0
f

such that the following convergence holds in distribution for the Gromov—Prohorov
topology:

(1Lt ) "5 (T ). 1)

Constants in Eq. are explicit: namely,

V2

cg = — =~ 0.3602 where vy is defined in Eq. (31)) p. [292]
YH
V2 . .

Coe = ~ 0.1885 where g 9. is defined in Eq. (58) p.
VH,2¢
V2

~0.9266 where g3 = v/2(1 + €)log(1 + 1), see Eq. p. [310]

C3¢ =
YE,3¢

Figs. 2 to [4] show two realizations of uniform distance-hereditary graphs with a
few hundred vertices, respectively in the unconstrained, 2-connected and 3-leaf power
graph cases.

As mentioned above, in the case f = d (i.e. random unconstrained DH-graphs),
Theorem is not new. Indeed, DH-graphs form a subcritical block-stable class of
graphs, and it is proved in [32] that uniform random graphs in such classes converge
to the Brownian CRTP] On the contrary, 3-leaf power graphs and 2-connected DH-
graphs are not block-stable graph classes, and Theorem [I.T]is new in these cases. The
stronger connectivity of 2-connected DH-graphs is reflected in the value of the renor-
malizing constant, which is smaller in the 2-connected case than in the unconstrained
and 3-leaf power cases.

2In [32], the convergence is proven only for the Gromov-Hausdorff (GH) topology, which is
incomparable with the GP topology we use here. We believe however that without much further
effort, their argument in fact proves convergence in the stronger GHP topology, see Section [C] for
details.



F. BASSINO ET AL./AUSTRALAS. J. COMBIN. 92 (3) (2025), 266-319 270

Figure 2: Two samples of uniform random DH-graphs of respective sizes n = 290
and n = 388. Both graphs were generated with a Boltzmann sampler (see [21])
using the combinatorial specification given in Eq. p- and plotted with
the function spring_layout from the python library networkx (i.e. using a
force-directed graph drawing algorithm).

Figure 3: Two samples of uniform random 2-connected DH-graphs of respective
sizes n = 186 and n = 197. Graphs were generated with the combinatorial

specification given in Eq. p-

We can restate Theorem [I.1] in more concrete terms, which actually describe
how we intend to prove Theorem It is known (see [25] or Section [2| below)
that convergence in distribution in the Gromov—Prohorov sense is equivalent to the
convergence in distribution of the relative distances between £k uniform vertices in the
graph, for every k. For k = 2 Theorem[I.1]says that if vo, v; are uniform i.i.d. vertices
in G;") then

c (d)
\/—%dc;n) (Vo, V1) —"— du(v0, 01) (2)

where vy, v1 are independent and p.-distributed in 75. It turns out that the ran-
dom variable d,(vg, v1) is known to follow the Rayleigh distribution, i.e. has density
ze~"/2 on R,. More generally Theorem amounts to saying that holds jointly
for k uniform i.i.d. vertices in G;n). The joint limiting distribution, .e. the dis-

tribution of the distances between k random points in the CRT, is given below in
Theorem [2.4 (see also [2]).

We finish by discussing how our result fits in the literature on convergence of
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Figure 4: Two samples of uniform random 3-leaf power graphs of respective
sizes n = 170 and n = 231. Graphs were generated with the combinatorial

specification given in Eq. p.

discrete graph models to the CRT. It is now well established that the Brownian CRT
is the universal limit of many important families of random trees, see, e.g., [2§]. In
addition, a few families of graphs which are not trees are also known to converge
towards the CRT, although such results are less common in the literature. We can
cite some models of random planar maps [I], 10, 13, 27], some models of random
dissections [16], and random graphs in subcritical block-stable graph classes [32], as
mentioned above. Our paper exhibits two new families of nontree graphs classes
converging to the CRT (and an alternative proof for a third class).

1.3 Proof strategy

In this section, we present the main lines of the proof of Theorem [I.I] The start-
ing point is a standard representation of distance-hereditary graphs as trees whose
internal nodes are decorated with stars and cliques (see Theorem , called here
DH-trees. Vertices of the graph correspond to leaves of the DH-tree. Moreover, it
turns out that the distance between two vertices in the graph can then be read on
the DH-tree, by couting the number of some particular patterns, which we call here
Jumps, along the path between the corresponding leaves (Theorem [3.4]).

As mentioned above, convergence for the Gromov—Prohorov topology is equiva-
lent to the convergence for each k£ > 1, of the random matrix recording the distances
between k uniform random vertices in the graph. We therefore need to consider DH-
trees with & marked leaves and to compute the distribution of the number of jumps
between these leaves. To do that, we define a notion of enriched tree induced by
k marked leaves, which records the genealogy between these leaves and the number
of jumps between the marked leaves and their common ancestors. Then we prove,
for each of the three models, a local limit theorem for the enriched tree induced by
k uniform random leaves in the DH-tree of a uniform random graph in the fam-
ily. Namely, given (to, ai, ...asr_2), where ¢y is tree with &k leaves, and ay, ..., as_o
are prescribed numbers of jumps (one for each edge of #;), we find an asymptotic
equivalent for the number of DH-trees in the family with £ marked leaves inducing
(to, a1, ...a2k—2). These local limit theorems are stated below as Theorems
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and Such theorems imply the convergence in distribution of the induced trees
with renormalized numbers of jumps, and, consequently, of the distance matrices
of uniform graphs whithin each family. The limiting distance matrix can then be
identified with that of the Brownian CRT, using the work of Aldous, see [2] and
Theorem here. These final arguments are the same for all three families and are
presented only once, after the local limit theorem for induced trees in all DH-graphs

(see in particular Theorems [5.8 and [5.10)).

Our method to obtain the local limit theorems for enriched induced trees is
through analytic combinatorics. Thanks to the description of DH-graphs via DH-
trees, one can write down systems of equations characterizing their generating series,
as well as those of the subclasses that we consider (see [14] or Theorem and
Equations and ) We must refine these systems of equations to account for
series of DH-trees with marked leaves with a given genealogy, introducing additional
variables to keep track of the number of jumps along each edge of the induced tree.
Writing equations for these refined multivariate series is a delicate task, requiring
the introduction and analysis of several intermediate series (see Section [4)). The
local limit theorems are then obtained by extracting coefficients from these series;
namely we use a slightly generalized version of the Semi-large powers Theorem (see
Section [A]). Since this theorem is known for providing an analytic explanation for
the appearance of the Rayleigh distribution, it is not surprising that we use it here.

The main steps of our proof strategy can then be summarized as follows:

encoding DH-graphs as DH-trees;

finding combinatorial equations for multivariate generating series of families
of DH-trees with one or several marked leaves, counting both the size and
numbers of jumps;

performing asymptotic analysis of the generating functions;

proving the convergence to the CRT via distance matrices.

Let us compare the method employed here with those used in previous works on
related models. The correspondence between DH-graphs and DH-trees is a special
case of the split decomposition for graphs. While we are not aware of prior use of
split decomposition for probabilistic purposes, other tree decompositions have been
used in the past to obtain scaling limit results: the substitution decomposition for
permutations [0} [7, 8, 1], and the modular decomposition for graphs [9 B3]. Most
of these papers also use analytic combinatorics to analyze the tree induced by k&
uniform random leaves in the decomposition tree. However, the need to track the
number of jumps on each edge, and therefore to use multivariate generating series,
is an important novelty of the present work. In particular, the Semi-large powers
Theorem and the Rayleigh distribution do not appear in the above-cited papers.

On the other hand, in his seminal paper [2], Aldous proves the convergence of
conditioned Galton—Watson trees to the Brownian CRT by establishing local limit
theorems for the trees induced by k random vertices. Such local limit theorems
are obtained through a mixed of combinatorial and probabilistic techniques. Such
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techniques seem hard to apply to our case where nodes of the trees have different
types, making the combinatorics much more involved. This is why we need powerful
techniques from analytic combinatorics to establish our local limit theorems.

To conclude on our proof strategy, we are not aware of other works where con-
vergence to the Brownian CRT is proved through the same set of tools as here, and
we hope that this method will prove useful in other contexts in the future.

Remark 1.2 A natural alternative strategy to prove our main result would be the
following: first prove that the split decomposition tree T;") associated with Gscn)

tends to the CRT, and then prove that chn) and Tf(n) are close, up to some scaling
factor, for the GP topology. This is in essence the approach used in [32] for subcrit-
ical block-stable classes of graphs, except that the block-decomposition tree is used
instead of the split decomposition tree. There are however important difficulties to
implement this strategy in our case (though they are not necessarily impossible to
overcome).

First, the split decomposition trees T}E") associated to our three models can be

represented as multitype Galton-Watson trees conditioned to having a given number
of leaves (as witnessed by the systems of equations ([5), and (61))). Convergence
results to the CRT for conditioned multitype Galton-Watson trees are available in
the literature (see, e.g., [30]). However, such results are usually obtained for trees
conditioned to having a given number of vertices, and in the irreducible case. Here
we want to condition on the number of leaves, and, in one of our models, namely for
3-leaf power graphs, the system of equations defining the class is not irreducible; see
Eq. . Therefore proving the convergence of the split decomposition trees to the
CRT would need some work on models of random trees.

A second difficulty is that the convergence of the split decomposition trees does
not imply directly the convergence of the associated graphs. For this, we would need
to prove that distances in the graph are close, up to a constant factor, to that in
the tree. But distances in the graph are determined by the decoration of vertices in
the split decomposition (see Section . One would therefore need to understand
the distribution of such decorations (i.e. of types in our multi-type model) on paths
between marked leaves and branching points in split decomposition trees. Again,
this might be feasible but certainly requires more work.

We have preferred to develop an approach via analytic combinatorics, as explained
above, which is in some sense more direct and more original.

1.4 Outline of the paper

In order to simplify the presentation of the proofs we chose to focus first on the class
of unconstrained DH-graphs. We explain later (in Sections [0 and [7)) how to adapt
the result to 2-connected DH-graphs and to 3-leaf power graphs.

e In Section [2] we state a criterion for the convergence towards the Brownian
CRT with respect to the Gromov—Prohorov topology. This criterion essentially
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follows from [25] 29] and from Aldous’ construction of the Brownian CRT [2].

e In Section |3| we give the necessary background of graph theory. We will see
that there is a correspondence between DH-graphs and certain clique-star trees.
Section |3|ends with exact and asymptotic enumerative formulas for DH-graphs.
The material of this section is mainly taken from papers of Gioan-Paul [23]
and Chauve—Fusy-Lumbroso [14].

e Section[dis devoted to the combinatorial and analytic study of clique-star trees
with a marked leaf. These are building blocks for the combinatorial decompo-
sition of trees with several marked leaves done in Section 5] keeping track of
distances in the graph between the corresponding vertices. The convergence
of a uniform random unconstrained DH-graph to the Brownian CRT, i.e. the
case f = d in Theorem [I.1], is proved at the end of Section

e In Sections [f] and [7] we extend the main result to 2-connected DH-graphs and
to 3-leaf power graphs, respectively.

e In Section [A] we give a complete proof of a (minor) generalization of the Semi-
large powers Theorem (|22, Theorem IX.16]), which is central in our proofs.

e Section [Bland Section [C] clarify the relation between the present work and the
paper [32].

Note: Some computations in the proofs of our main results require the use of
a computer algebra system. To help the reader, we provide a companion Maple
worksheet, both in mw and pdf formats. These files are embedded into this pdf
(alternatively you can download the source of the arXiv version to get the files).

2 Toolbox: the Gromov—Prohorov topology and the Brown-
ian CRT

2.1 A criterion for Gromov—Prohorov convergence

Definition 2.1 A metric measure space (called mm-space for short) is a triple (X, d, ),

where (X,d) is a complete and separable metric space and p a probability measure
on X.

Gromov-Prohorov distance. We let M be the set of all mm-spaced’, modulo the
following relation: (X, d, u) ~ (X', d’, 1) if there is an isometric embedding ¢ : X —
X'’ such that the image measure (or push-forward) of u by ®, denoted by ®.(u),
satisfies @, (u) = 1/, i.e. u(®@1(A")) = p/(A’) for every Borel set A’ of X'

3To avoid Russell’s paradox, throughout the section, we actually take the set of mm-spaces whose
elements are not themselves metric spaces.
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Note that ® does not need to be surjective, so that we need to consider the
transitivity and reflexivity closure of that relation. In particular one always has
(X,d, ) ~ (Supp(p), d, i), where Supp(p) is the support of p.

On the set M, one can define a distance as follows. First we recall the notion of
Prohorov distance: for Borel probability measures i and v on the same metric space
Y, we set

dp(p,v) = inf{e > 0: p(A) <v(A%) +e and v(A) < p(A%) +¢
for all measurable sets A C Y},

where A° is the e-halo of A, i.e. the set of all points at distance at most € of A.
This distance metrizes the weak convergence of probability measures. Then, given
two mm-spaces (X, d, u) and (X', d', i), we set

d X,d X, d )= inf dp(P. (1

GP(( ) 7[1’)7( ’ ,,U)) (Y,dg%,{),@’ P( (lu)a *(:U“ ))7

where the infimum is taken over isometric embeddings ® : X — Y and ¢’ : X' — Y
into a common metric space (Y, dy). One can prove [25, Section 5| that dgp is a
distance on M and that the resulting metric space (M, dgp) is complete and separable.

Criterion of convergence. Let X = (X, d, u) be an mm-space and fix an integer
k > 0. We let x1,...,x; be i.i.d. random elements of X, with law u. We record
their pairwise distances in a matrix, namely we set
X
Ay = (d(xi7xj))1§z’,j§k‘
This is a random k X k square matrix, whose law depends on the mm-space X we
start with.

We will also consider random mm-spaces, which we denote with boldface letters.
In this case, conditionally on X = (X,d, ), we let xy,..., 2, be i.i.d. random
elements of X, with law p and we define as above A;¥ to be their distance matrix.

We have the following characterization of convergence in distribution in (M, dgp),
essentially given in [25, 29].

Theorem 2.2 Let X,, = (X, dny pn) foranyn > 1 and X = (X, d, p) be random
mm-spaces. Then the following properties are equivalent:

i) X, converges in distribution to X for the Gromov—Prohorov distance dgp as
n — 400.

ii) For any fized k > 1, the random distance matrix AkX" converges in distribution
to A¥ asn tends to +oo.

Proof. In [25, Theorem 5], it is proved in the deterministic setting that convergence
for Gromov—Prohorov distance is equivalent to the convergence of the so-called poly-
nomial functions, i.e. of bounded continuous functions of (the entries of) distance
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matrices. It is then observed in [29, Corollary 2.8| that polynomial functions are
convergence-determining, i.e. one has convergence in distribution of random mm-
spaces if the expectations of all polynomial functions converge. On the other hand
since polynomial functions are the continuous bounded functions of distance ma-
trices, the convergence of expectations of polynomial functions is equivalent to the
convergence in distribution of the distance matrices. This completes the proof. [J

2.2 Distance matrix of the Brownian CRT

We now present the key properties of the Brownian Continuum Random Tree (CRT),
which is the limiting object appearing in Theorem (it is also known as the
Brownian Tree or Aldous’ Tree). This consists in a random metric measure space
(Toos doo, 11oo) that appears as a scaling limit for many sequences of random trees with
n nodes, when the lengths of edges are divided by y/n. (Among these families are
critical Galton-Watson trees conditioned to having n nodes, when the reproduction
law has finite variance.)

We first recall the usual construction of the CRT (see |28, Section 2| for more
details). Starting from a normalized Brownian excursion e, 7., is defined as the
quotient [0,1]/ ~¢ where ~¢ is the "gluing” procedure which identifies any two
points of ¢ at the same height having only higher points of ¢ between them. Through
the latter construction, the mass measure ji, is defined as the push-forward of the
Lebesgue measure by the quotient map associated with ~g.

We now introduce another characterization of the CRT, which is the one we
use in this paper. Informally, this states that the mutual distances of k£ points in
(Toos doo, f1oo) have the same distribution as the distances between the k leaves of a
uniform random k-proper tree (defined below) in which edges have random length
distributed according a multivariate Rayleigh distribution.

Definition 2.3 A k-proper tree ty is an (unrooted) nonplane tree with k + 1 leaves
labeled ly, 1, ..., 0 and where each internal node has degree 3. The leaf £y is con-
sidered as the root-leaf.

Let 7 be the set of k-proper trees. In the sequel we let cnt and Leb be respectively
the counting measure on 7T and the Lebesgue measure on R,. From [2] Lemma 21|,
we know that the function

2%k—2 1 (%2 2
f(to, g, -+, Top_2) = (Z xz> exp —3 (Z xz> (3)
i=0 i=0

defines a density on Ty X Ri’“’l with respect to the measure cnt @ Leb®* ™1, Note
that f does not depend on tq, which means that if (tg, Xo, ..., Xox_2) is a random

tuple in 7 X Rik_l with that density, then ty is uniform and independent from
(X(), e ,ng_g).
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Vs
3 n

Vo

U2

Figure 5: Ilustration of Theorem Left: an artistic view of the Brownian
CRT T, with k4+1 = 4 points vy, . . . , v3 independently drawn with distribution
loo In Too. Right: A k-proper tree, whose edge lengths are given by distances
in To. For instance doo(v2,v1) = X7 + X2 + X4, as emphasized by colors.

Lemma 2.4 (See Fig. |p| for notation.) For every k > 2 and every k-proper tree t,
in T, we fix a labeling of its edges eq, . .., €a_s.

The distribution of (Too, oo, fleo) 1S characterized by the property that for every
k > 2, if we take vy,...,vx uniform and independent in T, with distribution i,

then
(d)
(doom,vj)) =( 3 Xr) | (4)
0<i,j<k 0<i,j<k

t
T 67-6731-2-

where in the RHS, the random tuple (ty, Xo, ..., Xog_2) has density given by and
the sum runs over edges e, on the path Pf‘; joining leaves {; and {; in ty.

Aldous proved that this property properly defines a random metric space [2,
Lemma 21| which coincides with the previous construction of the CRT (as gluing of
a Brownian excursion) [2, Cor.22].

3 Combinatorial analysis of distance-hereditary trees

In this section, we first recall the encoding of distance-hereditary graphs by clique-
star trees (which is a special case of the encoding of general graphs by split decom-
position trees). This is done in Section [3.1] and largely follows 23] Sections 2.1-2.2]
(itself inspired by [17]). We then explain how distances in a DH-graph can be recov-
ered from the associated clique-star tree (Section [3.2)). We could not find this result
in the literature, though this might be known to experts. The last two sections
provide a combinatorial and analytic study of the generating series of DH-graphs
(or rather of the associated trees); this mainly follows the work of Chauve-Fusy—
Lumbroso [14]. This whole section can be seen as combinatorial preliminaries for the
proof of the convergence of unconstrained DH-graphs to the Brownian CRT (case

f = d in Theorem .

Throughout the paper, all trees are labeled on their leaves.
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3.1 Clique-star trees

Definition 3.1 A gmph—decomtecﬁ tree is a (nonplane unrooted) tree T in which ev-
ery internal node v of degree k is decorated with a graph I, with k vertices; moreover,
for each v, we fix a bijection p, from the tree-edges incident to v to the vertices of I',,.

See Fig. [0] left for an example of graph-decorated tree.

We fix some terminology and conventions. To avoid confusion between decoration
graphs I, and other graphs, we use the term decoration for I', and marker vertices
for its vertices. An edge e of 7 between two nodes v and v’ is sometimes seen as
connecting the marker vertices ¢ = p,(e) to ¢ = py(e). In particular in graphical
representations, we draw an edge e of the tree between nodes v and v from g = p,(e)
to ¢ = py(e). When we refer to the bijection p,, we say that an edge e incident to
v is attached to the corresponding marker vertex (say, ) of I',. When e is incident
to v and to a leaf ¢, we make a small abuse of notation by saying that ¢ is attached
to x.

Let 7 be a graph-decorated tree and ¢, ¢’ be leaves of 7. We consider the (unique)
path p from ¢ to ¢ in 7. For any node v on this path, we denote e;,(v) (respectively
eout(v)) the edge of p entering (respectively leaving) v. Then ¢ is said to be accessible
from ¢ (or equivalently ¢ accessible from ¢') if, for every node v on p, the pair
{pv(ein(v)), pu(€out(v))} is an edge of the decoration I',. With this notion in hand,
we can associate to 7 a graph Gr(7), whose vertex set is the leaf set of 7, and where
{¢,0'} is an edge in Gr(7) if and only if ¢ is accessible from ¢ in 7. Since 7 is labeled
on its leaves, the vertices of Gr(7) are naturally labeled as well. This construction is
illustrated on Fig. [6]

In the sequel, we only consider graph-decorated trees 7 where all decorations
[, are either cliques (i.e., complete graphs) or stars (i.e., graphs where one vertex,
called the center, is connected to all others, which form an independent set among
themselves) — following [14], we speak of clique-star trees. It is known (see [23]
Section 3.1]) that the graphs which can be obtained as Gr(7) where 7 is a clique-star
tree, are precisely the distance-hereditary graphs (DH-graphs). By convention the
graph with a single vertex and the connected graph with two vertices are DH-graphs.

We note that a DH-graph G can possibly be obtained as Gr(7) for several clique-
star trees 7. Uniqueness can nevertheless be ensured by adding extra conditions
on T.

Definition 3.2 A clique-star tree T is called reduced if it satisfies the following
conditions:

i) every internal node v has degree at least 3;
ii) no edge of T connects two internal nodes both decorated with cliques;

4In [23], the term graph-labeled tree is used; we prefer here to speak of graph-decorated tree to
avoid confusion with labeling in the sense of labeled combinatorial classes [22], a notion that we
will use throughout the article.
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Figure 6: Left: A clique-star tree 7 with n = 9 leaves drawn with its 4 deco-
rations. Right: The corresponding graph Gr(7). To illustrate the construction
of Gr(7), we have highlighted two pairs of leaves and the paths between them.
Following the blue path, we say that 3 is accessible from 2 in 7; accordingly
{2,3} is an edge in Gr(7). On the opposite, 6 is not accessible from 7 in 7;
accordingly {6, 7} is not an edge in Gr(7). (Jumps are defined in Section )

iii) no edge of T connects marker vertices ¢ and ¢ where q is the center of a star
[y, and ¢' a leaf of another star T'y.

Then uniqueness follows directly from [23, Theorem 2.9| (which considers all graphs,
not only DH-graphs). Namely, the following holds.

Proposition 3.3 For every labeled DH-graph G of size at least 3, there exists a
unique reduced clique-star tree T such that G = Gr(1).

3.2 Distances in DH-graphs through their clique-star trees

Let 7 be a clique-star tree and G = Gr(7) be the corresponding graph (which is
a DH-graph as we have seen). We denote by dg the graph distance in G. In this
section, we explain how dg can be read on the tree 7. We recall that the leaves of 7
are identified with the vertices of G.

For a path p in 7, the jumps of p are defined as follows. When p goes through
a node v, it enters and exits through edges e;,(v) and ey, (v) (both incident to v).
If {py(ein(v)), po(€out(v))} is not an edge in I',, we say that v is a jump of p. (In
particular, and unless otherwised specified, the starting and ending points of p are
not jumps of p.) Now, for two leaves ¢ and ¢’ of 7, letting p be the unique path from
¢ to ¢ in 7, the number of jumps of p is denoted by jp(7, ¢, ().

Lemma 3.4 Let 7 be a clique-star tree with corresponding DH-graph G = Gr(1),
and let ¢, U' be leaves of 7. Then we have dg(¢,0") = jp(7,¢,0") + 1.
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Example 3.5 Consider the clique-star tree 7 of Fig. [6] and its leaves 6 and 7. The
path from 6 to 7 (in red on the picture) has exactly two jumps. Accordingly, the
distance between vertices 6 and 7 in the associated DH-graph (also drawn on Fig. @
is 3.

Remark 3.6 According to Lemma[3.4] ¢ is accessible from ¢ in 7 (i.e. jp(t, ¢, ') =
0) if and only if {¢, ¢’} is an edge of G (i.e. dg(¢,¢') = 1). In other words, the lemma
superseeds and generalizes the definition of the edge set of Gr(7).

Proof. We proceed by induction. If 7 has a single internal node, then G is isomorphic
to the decoration of that node (hence, either a clique or a star), and the statement
holds trivially.

Let 7 have k > 1 internal nodes and assume that the statement holds for all clique-
star trees with fewer internal nodes.

Consider a node v of 7, all of whose neighbors but one are leaves (such a node always
exists). Denote by d > 3 the degree of v, by ¢1, ..., €41 the leaves adjacent to v, and
by w the internal node of 7 adjacent to v. We also denote by I', the decoration of v,
and by x the marker vertex of I', corresponding to the edge (v,u). We let 7* be the
clique-star tree obtained by replacing v and ¢1, ..., £4_1 by a single leaf ¢* (adjacent
to u), and denote by G* = Gr(7*) the associated graph. All these notations are
sumarized on Fig. [7] for the reader’s convenience.

u v i 7

Figure 7: Illustration of the proof of Theorem

As we shall see, G can be obtained by performing some local modifications on G*,
which depend on I', and z. First note that leaves of 7 and 7* different from ¢*, /1,
..., ¥4_1 are the same and are therefore vertices in both G and G*; we call them old
vertices, while we call /1, ..., {41 new vertices. By construction, adjacency relations
between old vertices are identical in G and G*. So, knowing G*, to know G entirely,
we just have to describe the adjacency relations among new vertices, and between
the new vertices and the old ones. To this end, we distinguish several cases.

o If I', is a clique, then the definition of the construction Gr implies that G is
obtained from G* by replacing ¢* with d — 1 vertices ¢1,...,¢;s_1, which form a
clique of size d — 1, and such that the old neighbors of each ¢; are the neighbors
of /* in G*.
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e If I', is a star with x the center of the star, then similarly G is obtained from
G* by replacing ¢* with d — 1 vertices {1, ...,¢;_1, which form an independent
set of size d — 1, and such that the old neighbors of each ¢; are the neighbors of
0 in G*.

e Finally, assume that I', is a star and x is not the center of the star. Let ¢;
be the leaf of 7 attached to the center of I',. Here, GG is obtained from G* by
keeping the vertex (* (with its adjacent edges) but renaming it ¢;, and adding
d — 2 vertices (1, ...,0;_1,0j;1,...,Lq—1, which form an independent set of size
d — 2, and all connected only to ¢;.

In particular, G always contains at least one vertex with exactly the same old neigh-
bors as £* in G*; call such vertices copies of £*. Moreover, new vertices of G which
are not copies of ¢* are pendant vertices incident to a copy of ¢*.

With this remark, it becomes clear that distances between old vertices are the same in
G and G*. Moreover, the path between any two old leaves ¢ and ¢ in 7 also matches
the path between ¢ and ¢ in 7*, so that we have dg(¢,0') = dg+(¢,0') = jp(7+,4,0') +

= jp(7,4,0') + 1 as claimed. When ¢ and ¢’ are both new vertices, their distance
dg(¢,0) is either 1 or 2, depending on whether the corresponding marker vertices in
[, are connected or not. Thus, in this case also, we have dg (¢, ') = jp(7,0,¢') + 1.
The interesting case is when / is a new vertex and ¢ an old vertex. Again, we proceed
by case analysis. Denote by p the path from ¢ to ¢ in 7 and by p* the path from
¢* to ¢’ in 7*. The path p is obtained from p* by replacing the first edge (£*,u) by
the two edges (¢,v), (v,u). (Recall that u is the only nonleaf node of 7 adjacent to
v, corresponding to the marker vertex = of I',.)

e Assume first that ¢ is a copy of £*. Note that this happens when I';, is a clique,
or when I';, is a star with ¢ attached to the center of I',,, or when I', is a star with
x the center of the star. Since ¢ is a copy of ¢*, of course dg(¢,0') = dg-(€*, ).
On the other hand, in all cases, the marker vertices of I', attached to ¢ and u
are adjacent. Therefore, we have jp(7*,¢*,¢') = jp(7,¢, ('), and it follows that
da(0,0) = jp(7,0,0') + 1.

e The last case to consider is when I',, is a star with x an extremity of the star, and
¢ attached to another extremity of the star. In this case, p has one more jump
than p*, since the marker vertices to which z and ¢ are attached are not adjacent
in I',. On the other hand, the only neighbor of ¢ in G is the leaf of 7 attached
to the center of I',, previously denoted ¢;. Since ¢; is a copy of £*, we have
da(6,0) =1+ da(l;,0') =1+ dg(€*,0'), which gives dg(¢,¢') = jp(r,0,0') + 1
as desired. [

3.3 Clique-star trees as a labeled combinatorial class

In Section [3.1], we have seen that DH-graphs are in bijection with reduced clique-star
trees. We recall that the latter are nonplane unrooted trees. To use the symbolic
method and tools of analytic combinatorics, it is more convenient to deal with rooted
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trees. Starting from a DH-graph with vertex set {0, 1,...,n}, we consider the reduced
clique-star tree associated with it by Theorem and see the leaf with label 0 as
the root.

Definition 3.7 A distance-hereditary tree (DH-tree for short) of size n > 2 is a
reduced clique-star tree with n+ 1 leaves labeled from 0 to n, where the leaf 0 is seen
as the root, therefore called the root-leaf.

By construction, DH-trees of size n are in bijection with DH-graphs with vertex
set {0,1,...,n}. Most of the time, we forget the root-leaf and think at the tree as
rooted in the internal node to which the root-leaf is attached; this node is referred
to as root-node below. The root-leaf is represented by the symbol L in pictures (see
for instance Fig. [§)).

Having broken the symmetry when selecting a root, a node v decorated with a
star can be of two types.

e Either the path from v to the root-leaf exits v through an edge attached to an
extremity of the star I',. In this case, we say that v is of type Sx. Note that
one of the children of v is attached to the center of the star. We see this child
as distinguished.

e Or the path from v to the root-leaf exits v through the edge attached to the
center of the star. In this case, we say that v is of type S¢. Note that all children
of v are attached to extremities of the star so that there is no distinguished
child in this case.

A node decorated with a clique is of type K.

With this in mind, and recalling the conditions of Theorem [3.2] one can describe
DH-trees directly as follows.

Proposition 3.8 A DH-tree is a nonplane tree T rooted at a node such that

i) T has n leaves labeled 1, ..., n;
ii) internal nodes of T (including the root) carry decorations, called types, taken
from the set {K,Sc,Sx};
ii1) every node of type KC has at least 2 children, none of which can be of type K;
iv) every node of type Sc has at least 2 children, none of which can be of type Sc;

v) every node of type Sx has at least 2 children, one of which is distinguished;
the distinguished child cannot be of type Sx, while other are forbidden to be of
type Sc.

Fig. [§ shows an example of DH-tree.

We will now translate this description into the framework of labeled combinatorial
classes (see [22] for an introduction). We recall that + is used for the disjoint union of
combinatorial classes; A X B is the set of pairs (a, b) where a is in A and b in B (with
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Figure 8: A DH-tree of size n = 22, omitting the labels of the leaves for
readability. For both nodes of type Sx one indicates with three *’s the edge
going to its distinguished child (which is, because of Item [v| not of type Sx.)

the convention that the label sets of a and b are disjoint; we refer to [22] for details
on how to deal with labelings in combinatorial classes). Also, if C is a combinatorial
class with no element of size 0, then Set(C) is the class of (unordered) sets of elements
of C. An index on Set indicates restrictions on the number of elements in the set.

We say that a DH-tree is of type t if its root-node is of type t. We let Dx
(respectively Ds., Dsy) be the (labeled) combinatorial class of DH-trees of type K
(respectively Sg, Sx). As usual, we use the symbol Z to represent the trivial tree
reduced to one vertex (which is a leaf).

Proposition 3.9 (Chauve-Fusy-Lumbroso[14]) f|  The combinatorial classes
D, Ds,, Ds, have the following specification:

Di = Setso(Z + Ds, + Dsy);
Ds, = Set>a(Z + D + Dsy); (5)
Ds, = (Z+ Dx + Ds.) x Set>1(Z + Dx + Dsy).

The class D of all DH-trees is simply the disjoint union of the three classes above,
i.e.
D =Dk + Ds. + Ds,.

®The equation given for Ds, in [14, Theorem 3| is different from the one given here. The one
given here can however be found in the proof of [I14] Theorem 3.
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3.4 Singularity analysis of the specification

We associate to each combinatorial class of DH-trees a generating function D = D(z),
D}C = D;C(Z), DSC = DSC (Z) and DSX = DSX(Z)Z

7] IT] IT] LIT]

D:ZFT—“, DK:ZW, DSC:ZW, DSX:ZW.

TeD TeDx TGDSC TG'DSX

By loose estimates on the number of DH-trees, it is easy to see that each of the
above series has a positive radius of convergence. A key step in the proof of our
main theorem will be given by the singularity analysis of the above series. A similar
analysis is provided in [14] in the unlabeled case; we here give all the details of the
labeled case.

We first note that using Eqgs. and an immediate induction on 7 > 0, we have
[2)]|Dx = [#|Ds, for all i > 0, i.e. Dx = Dgs,. as formal power series. We will
therefore drop Dg, and use only Dy. Using the standard translation of equations
from combinatorial families to exponential generating functions [22], Theorem II.1],

Eqgs. yield:
Dx = expsy(z + Dk + Dsy);

(6)
Ds, = (24 2Dg) exp21(z + D+ Ds,) ,

where exps,.(y) = >, v /0.

The system @ satisfies the assumptions of the Drmota—Lalley-Woods Theorem
(see [8, Theorem A.6[F). It follows that the series Dy, Ds, have the same radius
of convergence p and both have a square-root singularity at p. Moreover they are
A-analytic, meaning that they are defined and analytic on some set of the form

{z € C,|z| < Ry and | Arg(z — p)| > 6},

for some Ry > p and 6 > 0, where Arg is the principal determination of the logarithm.
The notion of A-analyticity is standard in analytic combinatorics, see [22, Chapter
VI]. Let us introduce an auxiliary series

F(z) := exps,(2 + Dx + Dsy). (7)
Lemma 3.10 We have
1( F )
Dr= 5 (37—2);
Ds, =

F2 (8)

X 1+F*
Proof. Using F', we can rewrite the system @ as

D}C: F—(Z+D]C+D3X);
DSX = (Z+2ch) F.

SMore classical references for variants of this theorem are [22, Section VIL6| and |20, Section
2.2.5], but the first one assumes that we have a polynomial system, while the second one has a
different well-posedness condition, which is not satisfied here (and uses extra parameters which are
not needed here).
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We solve this linear system for Dy and Dg,, seeing F' as a parameter. This gives
the formulas of the lemma. O

Proposition 3.11 The series F' is A-analytic at p and admits the following singular
expansion around p:

F(2) = F(p) = ve/T—2/p+ O(1 = 2/p), (9)

o F(p) = ¥3=1 is the unique positive root of 2F(p)*+2F(p) —1 =0;
V2(1++/3)?

.7_4\/3—|—T\/_

The expression for yr is computed in the companion Maple worksheet. This also
holds for other constants g, vm 2., Ve 3¢ arising later.

Throughout the paper, when a series S has a square-root singularity, we denote
by vs the coefficient of the square-root term in the singular expansion of S near its
radius of convergence, with the same sign convention as above. Also, for a variable
x and a (multivariate) function A(z,...), we denote by A, the partial derivative of
A with respect to z.

Proof. By Eq. the series F' is A-analytic at p and has a square-root singularity
at p, therefore the expansion of F' around p is given by Eq. @ for some F'(p),vr
which are to be determined. In addition, since F' is a series in z with nonnegative
coefficients, the transfer theorem ensures that vz > 0.

Thanks to Eqgs. one can eliminate Dx and Dg, in Eq. . We obtain that F'is
the solution of the equation F' = G(z, F'), where

+1 w N w?
24— =2z )
2\1+4+w 1+w

Plugging Eq. @ into F' = G(z, F') and comparing the expansions of both sides show
that necessarily

G(z,w) = exps,; (10)

F(p)=G(p, F(p)) and Gu(p,F(p)) =1. (11)

These equations are usually referred to as the characteristic system [22, Section
VII.4]; if this system has a solution within the domain of convergence of G, then p
is the radius of convergence of F', and F' has a square-root singularity in p, see the
Singular Implicit Function Lemma [22, Lemma VIL.3].

In our case, observing that
Gu(z,w) = (1 = gpmp) (1 + G(z,0)),
the characteristic system yields the following equation

2F(p)* 4+ 2F(p) — 1 =0, (12)
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whose only positive solution is ‘f L

Using that F'(p) = ‘/?;2_1, we can solve for p the first of Egs. , giving an explicit

expression for p and the numerical estimate p ~ 0.1597 (see Maple worksheet).
Furthermore, using the Singular Implicit Function Lemma [22] Lemma VIIL.3|, the

constant yg is given by
= 2pG(p, F(p))
Guww(p; F(p))

We note that G.(z,w) = 3(1 + G(z,w)), so that 2G.(p, F(p)) =1+ F(p). Thus we
have

14+ F 1++/3)?
o= = LYY
Guu(p, F(p)) 2v/6 + 4v/3
where the last equality is justified in the companion Maple worksheet. O

Remark 3.12 Since F' is the solution of the implicit equation F' = G(z, F), it is
tempting to use the smooth implicit-function schema [22] Theorem VII.3] to find
its dominant singularity and asymptotic expansion. We can however not proceed
like this since the expansion of G contains negative coefficients, contradicting [22]
Hypothesis (Iz) p. 468|. This explains the indirect path used here. In short, the
system @ has the advantage of having nonnegative coefficients: it is used to prove
without effort that all series have square-root singularities. On the other hand, F
is defined by a single equation, giving simpler computations to determine explicitly
the coefficients in its singular expansion.

In the sequel we also need the asymptotic expansion of Dy, Ds, and its derivative.
Recall from Theorem 3.10|that Ds, = 5 +2F

be useful here to see it also as a function of F'; we will denote by g its derlvatlve
with respect to F' and D (2) the derivative with respect to z. Using Theorem
and basic calculus, we get that Dg, is A-analytic and that

DSX(Z>:DSX(p>_7X\/1_Z/p+0(1_z/p)7 (13)

Usually, Ds, is a function of z, but it will

where:

_ P _ 2-V3,
* Dsc(p) = 55y = 1o’

ODsy

b 7)(:,9_F(F(P))’YF:<1 W) W\/_
By singular differentiation [22, Theorem VI.8|, we also have that D _is A-analytic

and that N
D (2) = Fe(1=2/p) 2+ O(1) (14)
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Similarly we obtain that Dy is A-analytic and that

D,C(z):mi;%—g—wm/l—z/p%—O(l—z/p), (15)

where v = %(F(P)) TR = m YE = - /641r4\/§\/ﬁ

Summing, we have for D the following expansion:

D(2) = D(p) = yp\/1 = 2/p+O(1 = 2/p), (16)

where vp = \/QJTT\[?/E\/E

4 DH-trees with a marked leaf

In this section, we introduce and analyze combinatorial classes of DH-trees with a
marked leaf and certain conditions. This is a first step in the proof of Theorem
for unconstrained DH-graphs (f = d). Indeed, the classes studied here are build-
ing blocks in the decomposition of trees with several marked leaves, which we will
consider in the next section in order to study distance matrices of uniform random
DH-graphs.

4.1 A combinatorial system of equations for DH-trees with a marked
leaf

Definition 4.1 Let T be a DH-tree and v a vertex of T which is neither its root-leaf
nor its root-node. Let p be the parent of v in T. Informally, the cotype of v is the
type that p would have if v were the root-leaf or root-node. More precisely,

e if p is of type K, then v is of cotype K;

e if p is of type Sc, then v is of cotype Sx;

e if p is of type Sx and v is the distinguished child of p, then v is of cotype Sc;
e ifp is of type Sx and v is not the distinguished child of p, then v is of cotype Sx.

In most cases, v will be a leaf of T, but we will need occasionally to consider the
cotype of internal vertices as well. The reader is invited to look at the example of

Fig. [0

Definition 4.2 Let a,b € {K,Sc,Sx}. We define Db as the set of DH-trees of type
a with one marked leaf of cotype b.

We further set, for a,b € {K,Sc, Sx},

Dt = DX D3¢ D,
Db = Db +Dgc + Dy, .
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Figure 9: In this DH-tree, the leaf ¢; has cotype K, the leaf /3 has cotype Sc
and the node v has cotype Sx: its parent has type Sc but would have type Sx
if v were the root-node (meaning that the root-leaf would be one of the four
children of v).

In other words, a bullet as index (respectively exponent) denotes an unconstrained
type of the root-node (respectively cotype of the marked leaf).

We now introduce the following statistics. Let (7),¢) be a DH-tree with one
marked leaf ¢. We denote by jp(7,¢) the number of jumps on the path from the
marked leaf ¢ to the root-leaf in 7' (in particular, the root-node might be a jump in
this path, see Fig. [10).

We consider (exponential) bivariate generating series of families of DH-trees with

one marked leaf with respect to the size (variable z) and to the number of jumps
(variable u). Namely, for a,b € {o K, Sc, Sx},

Db(z,u) = Z

(T6)eD},

IT0)

(T, on"

ip(7,6)

We take the convention that for a DH-tree with a marked leaf (7, ¢), its size |(T, /)]
is the number of unmarked non-root leaves of (7', ¢) (in other words, the root-leaf
and the marked leaf are not counted).

Proposition 4.3 The bivariate series D%(z,u) for a,b € {K,Sc,Sx} are solutions



F. BASSINO ET AL./AUSTRALAS. J. COMBIN. 92 (3) (2025), 266-319 289

of the following systems of equations:

(Dig = (14 D5, + D§,) expsy(Dse + Dsy + 2);
D§, = (D, + Dg) expsi(Dsy + Di + 2) a7
+u - (Dg + D§X) (Ds., + Dk + z) exp(Dsy + Dic + 2);
(DS, = (Dg + D§,) expsy(Dsy + D + 2);
(DX = (DX + ng) exps,(Dse + Dsy + 2);
) Dgﬁ = (Dgé( + D}?() exps(Dsy + D + 2)
+u- (1+ DX + DY) (Dse + Dic + 2) exp(Dsy + D + 2);
\Dgé( =(1+ D/‘gx + D§§> exps(Dsy + Di + 2);
(18)
DR = (DgC + D) expsy(Dse + Dsy + 2);
DS = (1+ DS + D) expsy (Ds, + Dy + 2) o)

+u - (DR + D) (Ds, + Dx + 2) exp(Ds, + Dx + 2);
D = (D + DES) expsy (Dsy + Dy + 2).

Proof. We prove in details the case of Dgf (second equation in the system ([19))).
The eight other equations are proved in a similar way.

Hence we consider a DH-tree T of type Sx with a marked leaf of cotype Sc. We can
decompose T' as a root-node v, to which several subtrees are attached. (Notations
are summarized in Fig. [10]) The subtrees attached to v are:

e The subtree 7" containing the marked leaf. In order to keep track of variable u
we need to consider two cases.

— First, 7" may be attached to the center of I, (Case A of Fig. . In this
case, there is no jump in v. Also, T (if not reduced to a leaf) is of type
KC or S¢. Note that 7" may also be reduced to a leaf (hence, the marked
leaf), since a leaf attached to the center of T', has indeed cotype Sc.

— Otherwise, 7" is attached to an extremity of T, (Case B of Fig. [10). In this
case, there is a jump in v. Here, 7" can be of type K or Sx, and T” cannot
be reduced to a leaf since a leaf attached to an extremity of I', would have
cotype Sx.

e Attached to every (other) extremity of v one has a tree of type K or Sx or a
leaf.

e Attached to the center of v (if this is not where 7" is attached, i.e. in Case B
in Fig. there is a tree of type IC or S¢ or a leaf.

We now translate this decomposition on generating functions. According to the case
analysis above, T is counted by:
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<" Maked leaf "= Marked leaf

Case A Case B

Figure 10: Decomposition of a tree in Dg}c(

e in Case A: 1+ Dgg + D,‘zc (since a single marked leaf, counted by 1, is allowed
for T");

e in Case B: D,‘zc + Dg}f
The remaining trees attached to v are counted by:

e in Case A: exps,(Dsy, + Dk + z) (because they form a nonempty unordered
sequence of trees in Dg, + Dx + Z)

e in Case B: (Ds.+Dx+2) exp(Dsy+Dx+2) (with a distinguished tree attached
to the center which is either in Dg, or in D or a leaf, and other trees which
form an unordered sequence of trees in Dg, + Di + Z).

Finally, a factor u appears in Case B to take into account the jump in v. Hence
Sc Sc Sc
Dsi = (14 Dgg + Di°) expsy(Dsy + Dk + 2)
+u- (DR + D) (Ds, + Dx + 2) exp(Dsy + Dx + 2).

O

4.2 Resolution of the system
Recall (see Section that

Ds, = Dk, exps(Dx + Dsy +2)=F and Ds, + Dk + 2 =2Dx + 2 = HLF



F. BASSINO ET AL./AUSTRALAS. J. COMBIN. 92 (3) (2025), 266-319 291

This implies (Ds, + Dx + z) exp(Dsy, + Dx + z) = F, allowing simplification of the
systems to as follows:

(Df = (14 D+ DX, F;
{ D& = (DS + DE)F +uF - (D + DX ); (20)
| Dse = (DK + Ds,) Fs

(DR = (D3 + D) F

DX = (D + D) F +uF - (14 D + DZ); (21)
| DX = (14 D& + D) F;

(DR = (D52 + D) F

D = (14 DL + D) F +uF - (DR° + DgY); (22)
| DSE = (Dg° + D) F.

Solving the systemm gives the following formulas (put under a suitable form for the
subsequent asymptotic analysis):

F F?
Dg = ; 2
k F+1+(1+F)(1—2F)—Fu’ (23)
-1 (1—F)?
DX = ; 24
5x F+1+(1+F)(1—2F)—Fu’ (24)
2
D3¢ = F - (25)
S¢ " (1+ F)(1 —2F) — Fu’
~F F(1-F)
D =D = ; 2
K Sx F+1+(1+F)(1—2F)—Fu’ (26)
F2
K S¢ T (1+F)(1—2F)—Fu’ (27)
F(1-F
D =D = ) (28)

1+ F)Y1—2F)— Fu’

Remark 4.4 Symmetries D? = D¢ in above equations can easily be explained com-
binatorially. Indeed, we can see a DH-tree with root-leaf » and a marked leaf ¢ as
a DH-tree rooted in ¢ where r is a marked leaf; doing so, the type of the (old) root
becomes the cotype of 7 and the cotype of ¢ becomes the type of the (new) root.

Recalling that F' depends only on z (not on u), in each case, the series can be
written under the form

Mg (2)

b __ b
Da_Qa(z)+ ].—UHg(Z)’

(29)

"see Maple worksheet.
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where Q%, M? and H? are rational functions in F. For example, looking at Eq. ,
we have
F F? F
K K K
U=Frr M= arma e M T g ma o
Similar formulas are easily written for other a,b € {K,S¢, Sx}, looking at Egs.

to . Such expressions are keys for applying the semi-large powers theorem (see
|22, Theorem IX.16], or Appendix [A)) as we will see in Section [5]

Interestingly (and we shall later use these remarks), H? = H = %
same for all a,b € {K,Sc,Sx} and M? factorizes as M? = A,A,, where
F 1-F
P Asg = .
V(1 + F)(1-2F) V(1 + F)(1—2F)
Recall from Section (see in particular Eq. (12))), that the radius of convergence p
of F satisfies 1 — 2F(p) = 2F(p)?. Consequently, (1 + F(2))(1 — 2F(2)) ¢ (—o0,0)

for z close to p. Hence, the definitions of Ak, As, and As, make sense near p; we
shall only use them in this domain.

is the

Ak = As, =

Moreover all these formulas immediately extend to the case where a or b or both
is/are equal to @ (unconstrained type of the root-node or cotype of the marked leaf),
with the natural convention that

H!=H,=H;
M? = Mg + Mg, + M3,
A, = AIC + ASC + AS}(;

and conventions similar to the second line for M?, Q% and Q5.

Since I has nonnegative coefficients and 2F(p) = v/3 — 1 < 1, the denominators
of Q%(2), Mb(2), Ab(z) and H(z) are positive for z in [0, p] and thus, the series Q°,
M?, Ab(z) and H all have the same radius of convergence p as F', and a square-root
singularity in p, inherited from that of F. Later (in the proof of Proposition
the function H will play a particular role in the asymptotic analysis so let us now
compute its expansion at p:

H(z) = H(p) —vuv/1—2/p+ O —z/p),

where
F(p) _
Mo = T Fpa—2rg) " )
oH 1 2
v = I (F () 7 = (3<1+F(p))2+3<1_2F<p))2) v G

. 2:(3-V3)
B 6+4\/§(2—\/§)2\/ﬁ

whose numerical estimate is vy ~ 3.9258 (see Maple worksheet).
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5 k-point distances and induced subtrees

The goal of this section is to obtain the joint convergence in distribution of distances
between marked leaves in a uniform DH-tree (see Theorem below). This allows
us to complete the proof of Theorem in the case of unconstrained DH-graphs

(f=4d).
5.1 Marked leaves and induced subtrees

In this section, we consider DH-trees with k& marked leaves ({1,...,¢;) with the
following convention.

Definition 5.1 A DH-tree of size n with k marked leaves is a nonplane tree T such
that

o T is rooted at a leaf labeled O;

e 1" has n nonmarked non-root leaves labeled 1,...,n;

e additionally, T has k ordered non-root leaves carrying marks (€1, ..., 0k);
e items i1) to v) p. are satisfied.

Equivalently, it is a DH-tree of size n 4+ k where leaves with labels n +1,... n+k
are seen as marked and get marks ¢y, ..., {y, respectively. These marked leaves are
not counted in the size. With this convention, the exponential generating series of
DH-trees with k marked leaves is D*)(z) (the k-th derivative of D). Theorem [3.3]is

immediately rephrased as follows.

Proposition 5.2 Labeled DH-graphs of size n+k+1 are in bijection with DH-trees
of size n with k marked leaves (when n+k+1> 3).

To simplify notation, we write £ = (¢1,...,0).
We recall the definition of induced subtrees.

Definition 5.3 Let T be a DH-tree with k marked leaves £. We call essential vertices
of T (with respect to the marked leaves £) its root-leaf, its k marked leaves € and their
pairwise first common ancestors. Then, the subtree of T induced by £ is obtained as
follows:

e its vertices are the essential vertices of T';

e its genealogy (ancestor/descendant relation) is inherited from that of T

Fig. [11] illustrates this definition. We remark that the subtree of T" induced by &
marked leaves £ is naturally rooted at the vertex corresponding to the root-leaf of 7.
This vertex is always of degree 1, and will be called root-leaf of the induced subtree.
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Vo “,ﬂw

.AL ! \ w
,; QL Y

Figure 11: Left: A DH-tree T of size n = 28 with k& = 3 marked leaves. The
nodes v and w are the first common ancestors of £1,¢s and ¢3. Right: The
subtree ty of T" induced by (¢1, {2, ¢3). We have highlighted the correspondence
between first common ancestors in 7" and internal vertices of the induced subtree
to. The enriched subtree of (T, ({1, f2,¢3)) for the ordering of the edges shown
on the right is (¢p,0,0,1,0,1).

We now enrich the notion of induced subtrees to record the number of jumps
along some paths of 7. Consider a DH-tree T" with k£ marked leaves £. Let ¢, be
the associated induced subtree. Each edge e in t; corresponds to a path between
two consecutive essential vertices of T'. We define jp.(7;£) as the number of jumps
of the path corresponding to e, with the convention that essential vertices are not
counted as jumps (but note that the root-node of 7" can be a jump). We call enriched
induced subtree of (T, £) the induced subtree ¢y, with the quantities jp,(7'; £) attached
to its edges. It will be convenient to fix for each tree ¢ with k leaves an enumeration
(o, €1, ...) of its edges such that e is the edge adjacent to the root-leaf (for instance
a breath-first traversal of the tree with an arbitrary planar embedding). Then the
enriched induced subtree of (T, £) can be written as a tuple (¢, ag,. .., ay), where
to is the induced subtree of (7', £) and a; = jp,,(T;£). In the following we denote

r(T,£) := (to, a0, -, m)-

We recall from Theorem that the distances in a DH-graph are closely related
to the jumps in the associated DH-trees. Hence understanding the enriched subtree
induced by uniform random leaves in a uniform random DH-tree is a crucial step
to understand the asymptotic behaviour of the distance matrices of DH-graphs. We
now study these enriched subtrees via combinatorial decompositions and analytic
combinatorics.
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5.2 Combinatorial decomposition

Recall that a k-proper tree is an (unrooted) nonplane tree with k + 1 leaves where
each internal node has degree 3 (with one leaf considered as the root-leaf and the
other leaves denoted {¢1,...,¢}). It is easily observed that a k-proper tree has k+ 1
leaves, k—1 internal vertices and 2k —1 edges. It is also a standard fact (see, e.g., [2])
that the cardinality of the set of k-proper trees is exactly (2k —3)!! , where (2k — 3)!!
is the product of all odd positive integers less than or equal to 2k — 3. Indeed, a
k-proper tree can be obtained in a unique way from a (k — 1)-proper tree by selecting
one of its 2k — 3 edges and grafting in the middle a new edge with a leaf ¢, at its
extremity.

Let us fix a k-proper tree t3. We consider the following class of marked DH-trees.

Definition 5.4 We let D,, be the labeled combinatorial class of DH-trees (T, £) with
k marked leaves such that:

i) the subtree of T induced by £ is to;
ii) no two essential vertices of T are neighbors of each other.

Item ii) is a technical condition to have a nicer combinatorial decomposition in
Eq. below.

Recall that we have fixed an enumeration (eq, €1, . . ., €ax_2) of the (2k—1) edges of
our k-proper tree ty, in which eq is the edge attached to the root-leaf of ty. Consider
the following multivariate generating series for D;,:

S(T,0)] ibeg (T16) Peyy_o (T:8)

rgpte e

DtO(Z,Uo,...,'LLQk_g) = Z

(T;f)eDtO

where |(T,£)| is the number of non-root unmarked leaves of (T, £).

In order to compute the series Dy, we introduce the following new classes of DH-
trees. For a,b,c € {o, K,Sx,Sc}, let J2¢ be the set of DH-trees T' with two (ordered)
marked leaves such that

e the two marked leaves are children of the root-node;

e if T} is a DH-tree of type b, one can glue T7 on the first marked leaf of T' (merg-
ing the marked leaf and the root-node of 77) without violating the adjacency
restrictions defining DH-trees (conditions iii) to v) p. [282));

e the same condition holds with gluing a DH-tree of type ¢ on the second marked
leaf;

e additionally, if Tj is a DH-tree with a marked leaf of cotype a, one can glue T

on the marked leaf of T, without violating the adjacency restrictions defining
DH-trees.

The generating function of J°¢ will be denoted by J°¢(z).
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Lemma 5.5 For a,b,c € {o K, Sx,Sc}, it holds that

ch(2> = (1,4 + 1B + 10) exp(Dgx + D/c + Z) + 11C¢{a,b,c} exp(DgX + DSC + Z) (32)
+ Lseg{ape(Dse + D + 2) exp(Dic + Dsy + 2)
= (1A +1p+ 1C + 1]C¢{a,b,c})(1 + F) + 1Sc§§{a,b,c}Fa

where
A={(a,b,c) | a# Sx,b# Sc,c# Sc},
B = {(a,b,c) | b+# Sx,a # Sc,c# Sc},
C ={(a,b,c) | ¢ # Sx,a # Sc,b # Sc}.

Proof. We consider different cases depending on the type of the root-node. The trees
of J%¢ having a root-node of type K are counted by lic¢{ap.cr €xp(Dsy + Ds. + 2).
The ones having a root-node of type S¢ are counted by 14 exp(Ds, + Dic+2). Finally
the ones having a root-node of type Sx are counted by (1p + 1¢)exp(Dsy + Dx +
2) + Lsggtane (Dso + D + 2) exp(Dx + Ds, + z) since the center of the star may be
connected to the first marked leaf, to the second marked leaf or to neither of them.

To conclude the proof, we use that Dx = Ds,,, and Egs. and (). O

For 0 < i < 2k —2 let v; (respectively w;) be the vertex incident to e; in to closest
to (respectively farthest from) the root-leaf of ¢y. In particular, some v;’s are equal
to each other, vy is the root-leaf and some w; are leaves (see Fig. [12] right).

If w; is not a leaf, let s; (respectively g;) be the smallest (respectively greatest)
index of the edges from w; to its (two) children.

Proposition 5.6 We have

2k—2

Dy, (z,ug, - . ., Ugg—2) Z H D (z,u;) H Jzz%tpgl(z) (33)

(tp,ct)e¢ i=0 g

w; s an internal node

where

€ = {(tp, ct) = (Ips, cti)o<i<on—2 | tpi, ct; €{®, K, Sx,Sc} and tp; = @ iff i =0
and ct; = o iff w; is a leaf }.

Proof. We shall build a size-preserving bijection from Dy, to the disjoint union

2k—2

+ H Dtpl H jtpsltpgl )
)

(tp,ct)e€¢ i=0

Let (T,£€) € D;,. Then T is a DH-tree. Let v; (respectively w;) be the essential
vertex of T corresponding to v; (respectively w;). We set tpy = e, and ct; = e when
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jtmtpz
cty

Figure 12: Decomposition of a DH-tree in D,. The groups of nodes indicated
by orange and green areas correspond to the pieces defined in the proof of

Theorem

w; is a leaf of 3. Otherwise, we denote by ct; the cotype of w;, and by tp; the type of
the child of v; which is the root of the subtree containing w; (this type is well-defined
thanks to item ii) of Theorem . We then have (tp;, ct;)o<i<or—2 € €. For example
with (7, £) given in Fig.

tpo =@, tp1 = tps = tpy = Sx, tps = K, cty = Sx, cti = Sc, cty = cty = cty = o.

We decompose (7', £) as follows. For each i such that w; is an internal node of ¢y, we
cut the parent edge from w;, as well as the two edges incident to w; which are the
start of a path going to a marked leaf (since t, is a k-proper tree, there are always
exactly two such edges). This operation turns (7, £) into a disjoint union of trees,
which we call pieces. Each edge that is cut is replaced by a marked leaf (in the piece
closer to the root of T') and a root-leaf (in the piece further away from the root of
T). Then the piece containing w; belongs to ‘ﬂgs"tp % (for every internal node wj).
Moreover, the pieces containing none of the w; are in bijection with the edges of ¢y,

and the piece corresponding to e; belongs to foj
By decomposing (T, £) we have indeed obtained an element of
2%k—2
CIRIE R
(tp,ct)e€ =0
Conversely, let (tp;, ct;)o<i<or—2 € € and take a tuple

2k—2
ct; tps,;tpg,
(T%,)o<i<or—2 X (T, )w; internal node € H Dy, Hthi .

=0
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From these trees, we build a tree uniquely as follows. For every internal node w; of
to, we glue the root-leaf of T, to the marked leaf of Tt , where e; is the edge from
w; to its parent (when gluing, the two edges from the root-leaf and from the marked
leaf become one edge, and the leaves disappear). Moreover, we glue the first marked
leaf of T, to the root-leaf of T, and we glue the second marked leaf of T, to the
root-leaf of T, (recall that s; (respectively g;) is the smallest (respectively greatest)
index of the edges from w; to its children).

Since t( is a k-proper tree, once these gluings are done, we obtain only one tree T,
with one root-leaf (the one of T.,) and k& marked leaves (those of T,, where e; is
incident to a leaf of #y) which are in one-to-one correspondence with the leaves of
to. By construction (recalling also the definition of J°¢), T is a DH-tree, whose k
marked leaves induce ty, and which satisfies item ii) of Theorem (since elements
of D’ are DH-trees thus have one or more internal node(s)). All together, we have
T € Dy,.

Finally, we have a size-preserving bijection, since the size of T" is the sum of the sizes
of the T,, and of the T,. Indeed, for Dy, D’ and J¢, the root-leaf and marked

leaves are not counted in the size, and the leaves which have disappeared when gluing
are all marked leaves or root-leaves. 0

5.3 Asymptotic analysis

Recall the notation (7', £) from the end of Section 5.1} denoting the enriched induced
subtree of (7', £).

Proposition 5.7 Let (T, £) be a uniform random DH-tree of size n with k marked
leaves (not counted in the size). Fix a k-proper tree to and real numbers xg, ...,
Top_o > 0. We set a; = |x;\/n|. Then

B (S
P[T(Tna ‘e) = (t07 g, - - - aa2k:—2):| ~ WS exXp < 4 > s (34)
where s = Y .x;. Moreover, this estimate is uniform for (xo,...,To—2) in any

compact subset of (0, +00)* 1.

Proof. We first note that, for n large enough,

T(Tn,E) = (to, ag, - . - ,agk,Q)

implies that (T},, £) is in Dy,. Indeed, item i) of Theorem 5.4 comes from the definition
of to; item ii) follows from the fact that for every i > 0, we have a; > 0 (for n large
enough): so, there must be some jumps between each pair of essential vertices, and
thus they cannot be neighbors.

Therefore, writing p(n) := P[r(Tn,E) = (to,ag,...,a%,g)], we have, for n large
enough,
[2"ug® . . Ugp 5] Do (2, ug, - . ., Usg—2)

p(”) = [z”]D(k)(z) (35)
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We first analyze the denominator. From Eq. and singular differentiation, we
have

1-3---(2k —3)

DW(z) = o vop (1= 2/p) >+ O((1 = 2/p) 7).

Applying the transfer theorem then yields

1-3-.- (Qk — 3) e nk—3/2
- IDp o
2 T(k—1/2)

"D () ~

Since D(k — 1/2) = (k — 3/2)(k — 5/2) -~ 1/2 - T(1/2) = X2:2k3) /e get

S DE) (o) o P —k—n k=3/2 26
D) ~ 5 (36)
Consider now the numerator of Eq. (35)), i.e. the coefficient of z"uf’...uq 5 in
the series Dy, (z,uo, ..., us—2). The exponents a; are all positive since we assumed

Zo,...,Top_o > 0. We start from Eq. and use that from Eq. all D are of

the form
Mp(z)

1—uH(2)
The first term Q°(2) is 1ndependent of u. Therefore, when expanding the product

Db = Q0 (z) +

H% 2 D{i(z,u;) in Eq. , we can forget the terms Q) (z) without changing the
coefficient of z"ug° . ugik 22 Also clearly, [uf ]#H(Z) H(z)%. We therefore get

[Znugo . u;ik 22] Dto (27 uo, - - - 7u2k—2> = Z [Zn] M(tIJ,Ct)<Z>H<Z)a0+m+a2k727 (37)

(tp,ct)e€
where
2k—2
v c tPs; tPy;
Mp.ery(2) = [ ] Migi(2) 11 T (2), (38)
1=0 i

w; is an internal node

We applyﬂ the Semi-large powers Theorem (see Theorem pf313) with s =
Z?ko x;. Using that H(p) =1 (see Eq. ) we have

—~ s —52 2 1~
wmwme%wm¥m(jﬂwftmm

where we recall that vy is given by Eq. . Therefore we have

2 9
[2"ul° .. us?* 2] Dy, (2,u U ) ~ ST e (2200 E M p).
0 - 2%k —9 to\ <> UQy - - -, W2k—2 2 p 4 n\f tpct)
(tp,ct)e¢

(39)

80f course, when (g, . .., Zor_2) spans a compact subset of (0, +00)2*~1, then s spans a compact
subset of (0, 400).
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—~

To make notation hghter we set K= coyce Mtpiet)(p), which we will evaluate

later. From Eqgs. and ( . we have

S’)/H ’YH 1
exp( ) R — k12 B JHE D (—32%%{) .

n) ~ =n
p( ) mp—k—nnk—3/2 p YD 4
To conclude the proof of Theorem it remains to check that
2%
RIHE 7_12 (40)
YD 2

To this end we simplify the quantity £ = > ¢ ce ]\A/f(tpyct)( ). Since M? = A, Ay,

we have
2k—2

Mitp.et) H Ay, (p) A, (p) I 7™

7
w; is an internal node

The first product runs over edges of t5. We can rearrange its terms according to
vertices. Namely, we get a term A4(p) for the root-leaf of ¢y and one for each leaf of
to (the type of the root-leaf and the cotypes of the leaves are o; see the definition of
¢ in Theorem . Additionally, for each i such that w; is an internal vertex, we get
a factor A, (p) from the parent edge e; of w;, and two factors Ay, (p) and Ay, (p)
from the children edges e, and e, of w;. The above display therefore rewrites as

Miipety(p) = Ma(p)F* [T  Ac(0Du, (0)Auy, (0) T (p).

[
w; is an internal node

We now want to sum this quantity over (tp,ct) in €. Note that choosing an element
of € consists in choosing ct;, tps, and tp, for each internal vertex w;. The sum

K = Z(tp,ct)é@ ]\Aj(tp,ct)(P) therefore factorizes over internal vertices of ¢y (there are
k — 1 of them) and we get

k-1
k= No(p)"! > Aet(P)Mip, (0) Asp, (p) Tt (p)
ct,tps tpg €{K,Sx,Sc}?
We can write x = puv*, with
1
1= Ad(p) > Aet(P) Mg, (0)Ai, (p) It (0) | (41)
ctytps,tpg €{K,Sx,Sc}3
v =Adp) > Act(9) i, () N, (0) T2t ™ (p) | - (42)

ct,tps,tpg €{K,Sx . Sc}?
Then Eq. holds for any k£ > 1 if
’Y?{ =2pv and ygp =p,

which we verify using Maple, from the definitions of the A, and Theorem for the
JV¢ (observing that Jo¢ = J = J° for all a, b, c). O
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Theorem is a kind of local limit theorem for r(7T;,, £). It is rather standard
that such statements imply convergence in distribution, as we will see in our next
result. Recall that 7 denotes the set of k-proper trees and that cnt is the counting
measure on 7.

Corollary 5.8 Recall that (T, £) denotes a uniform random DH-tree of size n with
k marked leaves (not counted in the size). We set

(t5, Ao, ..., Agp—o) = 1(T, £).

Then

A Aor_ d
(tg,\/—%,..., f/’f;> Dty Xo, -+, Xop_s)

where (to, Xo, ..., Xok—2) has density

2%k
TH

5 S exp(—75 s /4), with s == xo+ -+ - + Top_2

with respect to the measure cnt @ Leb®** ™! on Ty x (RT)2-1,

Proof. The proof is an adaptation to the random variable (T}, £) which lives in
T x Z%~1 of the so-called “discrete Scheffé’s lemm" for Z%-valued random variables
(see the wikipedia page in French on Scheffé’s lemma, or |34, Corollary A.3| for a
published reference). We let Uy, ..., Us_ be independent uniform random variables
in [0, 1], and consider the variable

o Ao + Uy As—o + Usgg—o
(VTR 7 )

This variable has density

VI P[r(T) = (to, Vil | Vi)

with respect to the measure cnt x Leb®?*~!. where cnt is the counting measure on 7y
and Leb the Lebesgue measure on R*T. By Eq. , this density converges pointwise

to
2k

72—123 exp(—5s°/4), with s :=xg + -+ + Top_o.

We note that the latter function defines a density on 75 x (RT)?~! (make the change
of variables y; = x;yy /2 in , which has been proven to be a density by Aldous [2,
Lemma 21]).

By Sheffé’s lemma, the convergence of density functions implies the convergence
in distribution of the corresponding random variables. Since the terms U;/y/n are
asymptotically negligible, this proves the lemma. 0
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5.4 Gromov—Prohorov convergence of DH-graphs

Let G™ be the uniform DH-graph of size n. We want to deduce from Theorem
the convergence in distribution of the marginals of the distance matrix of G™. To
do this recall that Theorem [3.4] allows us to estimate distances in G™ in terms of
jumps in the associated DH-tree.

We first reformulate Theorem with the vocabulary of induced subtrees. For
k > 2 let G be a DH-graph of size n+ k+1 (whose vertex set is therefore {1,...,n+
k + 1}). Let vy be the vertex of G with label n + k + 1 and, for 1 < i < k, let v;
be the vertex of G with label n + i. Denote by (7, £) the DH-tree associated to G
in the following way: the tree T, whose root-leaf ¢, corresponds to vy, has size n
and k marked leaves /1, ..., ¢} respectively corresponding to vertices vy, ..., v,. We
denote by (%o, ap, . . ., agg_2) the enriched induced subtree r(T, £€) (defined at the end
of Section |5.1]).

Lemma 5.9 For0<1,5 <k, let Pf(; be the path joining leaves {; and {; in ty. Then

where e, . .., eax_o is the enumeration of edges of ty.

Proof. Theorem [3.4] states that

de(vi,vj) = Z o, + #{ jumps in essential vertices} + 1.

t
T oep Epi(}

The lemma follows observing that there are at most £ — 1 essential vertices. 0

Proposition 5.10 Let (G'™),,>3 be a sequence of uniform random labeled DH-
graphs of size m. Let k > 1 and Vi, Vi,..., Vi be uniform i.i.d. vertices in G™.
Then we have the joint convergence in distribution:

1 V2 (d)
——d (m)(‘/},V')) — (doo(%v‘)) (43)
(\/m ¢ ’ 0<ij<k M ’ 0<ij<k

where the right-hand side denotes the marginals of distances in the Brownian CRT
defined by Eq. ().

Proof. We fix k > 1. We first observe that with probability 1 — O(k*/m) we have
that &k i.i.d. uniform vertices in G(™ are distinct. Therefore we can prove ([43)) where
(Vo, Vi, ..., V&) is a uniform k + 1-tuple of distinct vertices.

Since the distribution of GU™ is invariant by relabeling of vertices, we have that

(dc<m> Vi, Vj)> < <dek1 (Wi, Wj)>

0<i,j<k 0<i,j<k
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where H,,_;_1 is a uniform DH-graph of size m — k — 1 with k + 1 marked vertices
Wo, ..., Wy not counted in the size.

Using Theorem with G = H,,_;_; yields

d
(dG<m> (Vi vj)> 21 Y Ao
0<i,j<k ) t
T 67-67720- 0<i i<k
We finally use the convergence obtained in Theorem [5.§ (put n = m — k — 1) and
the criterion of Theorem 2.4] . O

From Theorem 2.2 Theorem implies the convergence of uniform DH-graphs
of size n towards the Brownian CRT with respect to the Gromov—Prohorov topology.
Thus this concludes the proof of Theorem in the case f = d.

6 The case of 2-connected DH-graphs

The goal of this section is to prove the convergence of a uniform random 2-connected
DH-graph to the Brownian CRT, i.e. the case f = 2c in Theorem [I.1] We start by
giving a characterization of 2-connected DH-graphs through the associated (reduced)
clique-star tree. The proof of the case f = 2¢ in Theorem then follows essentially
the same steps as that of the case f = d (unconstrained DH-graphs). We shall
indicate all necessary modifications.

6.1 Combinatorial characterization

Recall that a vertex v in a connected graph G is called a cut-vertez if removing v (and
edges incident to v) disconnects G. A connected graph G without cut-vertices is said
to be 2-connected. Cut-vertices in DH-graphs, and hence 2-connected DH-graphs,
are easily characterized through the associated reduced clique-star tree.

Lemma 6.1 Let G be a DH-graph and let T be a clique-star tree such that G = Gr (7).
A vertex £ in G is a cut-vertez if and only if the associated leaf in T is connected to the
center of a star. Consequently, a distance-hereditary graph G = Gr(7) is 2-connected
if and only if no leaf of T is connected to the center of a star.

Proof. We abusively call also ¢ the leaf of 7 corresponding to the vertex ¢ of GG, and
v the unique vertex of 7 adjacent to ¢. We also denote by I', the decoration of v,
and by x the marker vertex of I', corresponding to the edge (v, ¢). Finally we denote
G\/ the graph obtained by removing ¢ (and its incident edges) from G.

By construction G\¢ = Gr(7\¢), where 7\¢ is the decorated tree obtained from 7
by erasing the leaf ¢ and replacing in v the decoration I', by I',\z (note that 7\¢
might not be a clique-star tree). By [23, Lemma 2.3], G\ is connected if and only if
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all decorations of 7\¢ are connected. The only potentially non-connected decoration
is I',\z and it is disconnected precisely when I', is a star, and x its center. This
proves the characterization of cut-vertices given in the lemma. The characterization
of 2-connected graphs follows immediately. O

By abuse of terminology, we say that a clique-star tree, or a DH-tree, is 2-
connected if the associated DH-graph is 2-connected , 7.e. if it does not contain
a leaf (including the root-leaf in the case of DH-trees) linked to the center of a star.
Specializing the bijection between DH-graphs and DH-trees to 2-connected objects,
the above lemma allows to easily adapt the system of equations to this setting:

Dx = Setss(Z + Ds, + Dsy);
550 = Setzg(z + 5IC + 5Sx>;
Ds, = (Dx+Ds,.) x Sets1(Z + D + Ds,);

D= 2_)K+2_)SX-

(44)

Here D is the class of all 2-connected DH-trees, while Dy and 55)( are the subclasses
of D, consisting of trees with root of type K or Sx, respectively. The class Dg,, is the
class of DH-trees with a root of type Sc, such that no other leaf than the root-leaf
is connected to the center of a star. DH-trees in @30 are not 2-connected DH-trees
since one of their leaves, namely the root-leaf, is connected to a center of a star. This
explains why Y_)SC does not appear in the equation defining D above. We nevertheless
need to introduce this auxiliary class to write a full system of equations.

6.2 Singularity analysis of the system

As usual, for a class D,, we denote by D, its exponential generating function. From
Eq. (44)), we immediately check that, as in the unconstrained case, we have Dy =
Ds,,. Also, from the Drmota-Lalley-Woods theorem, all series D, Dy and Dg, have
the same radius of convergence po. and square root-singularities.

Again, it is useful to introduce the series
Fye = exps (2 + D + Ds,).

The system is then rewritten as

Dx= Fop—z—Dyx—Ds.:
K 2T ET KT U (45)
Dsy = 2D Fa,
which is easily solved as
Di= £
i (46)
-DS — 2¢ ZL2¢

X 1+F2c
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This implies that F, is solution of an equation of the type Fy. = G(z, F3.), with

2

w—z w?—zw
G(z,w) = exps; <Z+2+2w+ T > (47)

Arguing as in Theorem we find, after some elementary computations (the last
equality being computed in the companion Maple worksheet), that:

® Vo = 2 (F2c(p20>>2 + 2 FQc(pQC) - 17
o Fy(pa) is the unique positive solution of the equation s = exp-,(2s — %),
b FQC(Z) = F2c(ﬂ2c) — VF2¢\/ 1-— Z/pQC + O(l — Z/pzc) with YF2¢ > 0 and

2 P21+ F(pa)) <2 (Fae(pac))? + 2 Foelpae) — 1> <1 + Fgc(p26)>
(7F,2c) - 1+ 2F(P2c) - 1+ 2F20(p20> .

6.3 2-connected DH-trees with a marked leaf

As in the case of general DH-graphs, the next step is to analyze families of 2-
connected DH-trees with a marked leaf. For a,b in {IC, Sx, Sc}, we denote 52 the
class of DH-tree with a root of type a, a marked leaf of cotype b, and such that no
leaf is connected to the center of a star, except possibly the root-leaf or the marked
leaf (when a and/or b is equal to S¢). Moreover, we let ﬁZ(z, u) be the corresponding
bivariate (exponential) generating series, where the exponent of the variable z is the
size (number of nonmarked nonroot leaves) of the tree and the exponent of wu is the
number of jumps on the path from the root-leaf to the marked leaf.

These nine series satisfy the following system of equations, whose proof is similar
to that of Theorem [4.3k

(Dyc = (1+ D, + Ds,) expsy(Ds. + Dsy +2);
ng = <E§c - El,g) expsy(Dsy + Di + 2)

tu- (DX + DY) (Ds. + D) exp(Dsy + Dy +2): 48)
\Egc = (EE + EEX) expsy(Dsy + D + 2);
(D = (D + Dsy) expsy (D + Dy +2):
Dt = (Dgy + D) exps, (Ds, + D + 2)

tu- (14D + D) (D, + D) exp(Ds + D42 )
| Da = (1+ D +D3Y) expsy (D, + D + 2);
(DY = (Dsg + Day) expsy(Ds, + Dy + 2);
D = (14 D + Dy°) exps, (D, + D + 2)

fu- (D + DE) (Ds, + D) exp(Dis, + D +2): o0)
Dy = (Dy + Dg.) exps;(Dsy + Dic + 2).
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Recall that we have exps(Ds + Dsy + 2) = exps;(Dsy + D + 2) = F.. Further-

more, using that ESC + Dy = 2Dx = ficéz, we have

(ESC + E;C) exp(ﬁgX + Dy + z) = Fy — 2.

After these simplifications, the system is similar to that of Eqgs. (20]) to , except
that F' is replaced by Fy. and uF by u (Fy. — z). This system is solved as follows
(either directly or by substituting F' with Fy, and uF with u (Fy. — z) in Egs.

to (28)):

2
Bﬁ B FQF: 1 1+ F)( —(2F;i) — u(Fhe — Z>; (51)
- o 2

Eﬁi Fy, Jlr 1 (1+ FQC)(l(—1 2F§j§)— u(Foe — z); (52)

2
D = (14 Fo)(1 —(2%1) —u(F—2) (%9)
D =T = gt [ FQC)(?E(;F;)F iC)u(Fgc —2) oy

2
Eic B Eg@ (1+ Fy)(1 —(§;Zi) —u(Foe — 2); (55)
Eﬁi _ E?C( Foo(1 — Fy.) (56)

(1 + FQC)(l — 2FQC> — U(FQC — Z) '

Recalling that Fy. depends only on z (not on ), we note that in each case, the series
can be written under the form

(57)

where @Z, MZ and Hz are rational functions in Fy. (and z in the case of FZ) For
example, looking at Eq. , we have
F2 —K (FQC)2 —K FQC —Z
M = and Hy = .
Qi = Foe+ 17787 (14 Foo)(1 - 2F,) T+ )1 - 2F,)
Slmllar formulas are easily written for other a,b € {K,Sc, Sx}, looking at Eqs (52)

to . As in the case of unconstrained DH-graphs, the auxiliary series H =
do not depend on a and b. At z = py., H admits an expansion of the form i (2)

p2c — VH,2¢ \V 1— Z/p2c + 0(1 - Z//)2c) with

2\/ 1 + 2F2c(ﬂ2c)) : (2F2c(p2c) + 4F20(p2c)2 + F2c(p2(:) - 1)
1— F2c<,02c) - 2F2c<,02c)2 ’

whose numerical estimate is vy 2. &~ 7.5022 (see Maple worksheet).

[ ml

VYH2¢c = (58)

Furthermore we have

_ _ F2c(:020) — P2
H(pse) = (14 Fae(pac)) (1 = 2F2c(pac))

thanks to the relation ps. = 2F5.(pac)? +2F5:(p2c) — 1 given at the end of Section .

=1,
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6.4 2-connected DH-trees with marked leaves inducing a given subtree

Using the same terminology as in Section , we define D,, to be the class of 2-
connected DH-trees with k£ marked leaves inducing a given k-proper tree ty,. Further-
more, we let Dy, (2, ug, ..., uar_2) be the multivariate (exponential) generating series of
D,,, where the exponent of z is the size of the tree and the exponent of u; the number
of jumps in the path corresponding to e; (in the fixed enumeration (eg, €y, . . ., €2r_2)
of the edges of ).

To write a combinatorial decomposition for Dy, (2, ug, ..., ugx_2), we need to in-

troduce a subclass 720 of jab ¢, where the nonmarked (and nonroot) leaves are not
allowed to be attached to the center of a star. The generating function of this aux-
iliary class is given by
_bC — J— — JR—
J, (2) = (Qa+ 1+ 1c)exp(Dsy + Dic + 2) + Lig(ap,er €xp(Ds, + Ds, + 2) (59)
+ 13(3%{(171,75} (ESC + E;C) exp(b;g + ESX + Z)
= (1A +1lp+1c+ 1/C(£{a,b,c})(1 + F2c) + 1SC¢{a,b,c}(F2c - Z),

where A, B, C' are given in Theorem . Note that the factor (Ds. + Dx + 2) in the
second line of in Lemma [5.5|is here replaced by (Ds, + Dx). Indeed, this factor
corresponds to a subtree attached to the center of a star, which is not allowed to be
a leaf in the 2-connected case.

At this stage, there is a small difference with the case of unconstrained DH-trees.
In a 2-connected DH-tree, the root cannot have type S and no leaves (in particular
the marked ones) can have cotype Sc. Therefore in the combinatorial decomposition
of Fig. the piece corresponding to ey has a root type different from S, and pieces
corresponding to leaf-edges of ¢y have a marked leaf with a cotype different from S¢
as well. This is easily captured in equations by defining

D,
D.

=K =S
=D, +D,

=b  =b
In the unconstrained case, each of these equations had an extra term corresponding
to the type (or cotype) Sc. With these definitions, Theorem [5.6] is still valid when
replacing each series by its 2-connected counterpart. The asymptotic analysis in

the 2-connected case is then identical to that of the unconstrained case, up to the
verification of the identities

2
YH2c = 2p2c Vae and Yu pefl2e = VD 2¢;

where 5. and 9. are defined via the obvious analogs of Eqs. and . Verifying
these identities is done in the companion Maple worksheet. We therefore have the
following analog of Theorem [5.7]

Proposition 6.2 Let (T, £) be a uniform random 2-connected DH-tree of size n with
k marked leaves (not counted in the size). Fiz a k-proper tree ty and real numbers
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T, ..., Top_2 > 0. We set a; = |x;\/n]. Then
2% 22
VH,QC _’}/H,ch
P[T(Tn,E) = (to, ag, - . . 7a2k—2)] ~ WS exXp (T) s (60)
where s = Y .x;. Moreover, this estimate is uniform for zo, ..., Tok_o in any

compact subset of (0, +00)* 1.

From here, the convergence to the Brownian CRT in Gromov-Prohorov topology,
i.e. the second case of Theorem [I.1] follows using the same arguments as in the case
of unconstrained DH-graphs.

7 The case of 3-leaf power graphs

The goal of this section is to prove the convergence of a uniform random 3-leaf
power graph to the Brownian CRT, i.e. the case f = 3¢ in Theorem [I.1] We start by
recalling a characterization of 3-leaf power graphs through their associated (reduced)
clique-star tree, given in [23]. The proof of convergence then follows essentially the
same steps as in the two other cases. There is however one notable difference. As
we shall see, in this model, first common ancestors of marked leaves are of type and
cotype Sx with probability tending to 1; therefore, we only need to consider two
types of trees with one marked leaf, simplifying significantly the analysis.

7.1 Definition and combinatorial analysis of 3-leaf power graphs

This section follows closely [14, Section 2.

Definition 7.1 Let T be a tree and L its set of leaves. The k-leaf power graph G
of T has by definition vertex set L, and { and ¢’ are connected in G if they are at
distance at most k inT'. And a graph is a k-leaf power graph if it is the k-leaf power
graph of some tree.

We are interested in the case k = 3. An example of a tree, together with its 3-leaf
power graph, is given on Fig. . It is known, see e.g., [14, Section 2| that 3-leaf
power graphs form a subclass of distance-hereditary graphs, and that they can be
characterized on the clique-star trees as follows (see [23], Section 3.3]).

Proposition 7.2 A distance hereditary graph G is a 3-leaf power graph if and only
if its reduced clique star-tree T satisfies the following properties:

e the set of star nodes forms a connected subtree of T;
e no edge connects two centers of star nodes.

In the sequel, we call 3-leaf power trees the DH-trees corresponding to (rooted)
3-leaf power graphs. Let £ be the combinatorial class of 3-leaf power trees. To get a
combinatorial decomposition of this class, it is convenient to introduce the following
subclasses:
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Figure 13: A tree (on the left) and the associated 3-leaf power graph (on the
right). For instance, the leaves 0 and 3 are at distance 3 from each other in
the tree, and hence connected by an edge in the graph. On the other hand, the
leaves 5 and 8 are at distance 4 in the tree, and not connected by an edge in
the graph.

o &s,, Es. and &g are the subclasses of £, where the root-node is required to
have type Sx, Sc and K respectively;

e [ is the class containing the tree restricted to a single leaf, and trees consisting
of a single internal node, of type I, with at least two pending leaves.

Recall also that Z is a class with only one element, which is of size 1, representing
a leaf. The following set of equations, characterizing all these classes, is obtained
easily:
IE = Z —|— S€t22(2>,
SSX =L X Setzl(ﬁ + 53X);
Esc = Setxa(L + Esy); (61)
Ex = L+ (Esy + Es) Set>1(Z);
\g = 55)( + 550 + Ex.
In terms of generating series (with the usual convention that Y'(z) is the exponential
generating function of a class )), the first equation implies L = ¢* — 1. The second
equation yields:

Esy =L (exp(L+ Esy) —1) = (¢* = 1) - (exp(Es, + € — 1) —1). (62)

We note that other equations of the system Eq. are nonrecursive and simply
express Es,, Ex and E in terms of Es,. It is thus not surprising that most of the
asymptotic analysis reduces to that of Es,. We first prove the following result.

Proposition 7.3 The series Es, is A-analytic at p3 = log(1+e~') and admits the
following singular expansion around psp:

Esy =(1—e) = vp3ev/1— 2/pse + O(1 — 2/ p3e), (63)
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where

Yeae = V2(1 4+ ¢)log(1 + e 1), (64)

whose numerical estimate is yp 3 ~ 1.5263 (see Maple worksheet).

Proof. As in the proof of Theorem [3.11] we use the smooth implicit-function schema.
We write Es, = G(z, Es,) where

G(z,w) = (e — 1) (exp(w+¢€* —1) — 1)
which is analytic in z,w on the whole complex plane and which has nonnegative
coefficients. The characteristic system {G(r,s) = s;Gy(r,s) = 1} is easily solved
and the unique solution is

r=log(l+e), s=1-—et.

We apply [22, Theorem VIIL.3| and obtain Eq. (63). O

With system and the singular expansion of Eg, given above, we find that of the
other series. In particular,

E=(e—e'—e?) —(e+Dvpav/1—2/pse + O(1 — z/pa), (65)

which will be useful later.

7.2 3-leaf power trees with a marked leaf

We now consider families of 3-leaf power trees with a marked leaf. It turns out
that the only classes relevant for the asymptotic analysis are the classes 5“;’: and
&, defined as follows: we let Egjf (respectively EX or £2 ) be the subclass of 3-
leaf power trees with a marked leaf such that the root has type Sx and the marked
leaf has cotype Sx (respectively with no constraints on the type of the root or on
the cotype of the marked leaf). As above, we consider the associated exponential
bivariate generating series Ef;f, ESX and E3,, where the exponent of z is the size of
the tree (number of nonmarked nonroot leaves) and that of u is the number of jumps
on the path from the root-leaf to the marked leaf. By symmetry we have ESX = E3. .

We also let £* be the class of objects in £ with a marked leaf. Its generating
series is L® = ¢* (there is no jumps in such objects). An easy combinatorial analysis
yields the following equations:

ES =u- (14 EZX) - L-Set(L + Es,);
E‘;‘X = L. . SetZI(L + ESX) +u - (L' + E.;'X) . L . Set(L+ ES)()'

This is a 2 x 2 linear system of equations in the unknown series Eg;( and £ . The
solutions can be put under a form similar to Eq. :

EZ)=-1+1——

e* exp(e* — 1+ Eg,)

ng(u):_ez+ 1—uP ’
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where
P=P(z)=(e®—1) exp(e* — 1+ Es,).

Using Eq. , we immediately see that P has radius of convergence ps,, is A-analytic
and admits the following singular expansion for z near psp:

P=1—vg3\V1—2/pse+ Ol —z/ps). (66)

7.3 3-leaf power trees with k£ marked leaves

Let us fix a k-proper tree t,. We consider the following class of marked 3-leaf power
trees.

Definition 7.4 We let &, be the labeled combinatorial class of 3-leaf power trees T
with k marked leaves € such that:

i) the subtree of T' induced by £ is to;
i) no two essential vertices of T' are neighbors of each other;

iii) every internal essential vertex of T has type and cotype Sx and its children
which are roots of subtrees containing marked leaves are also of type Sx.

As above, we fix an enumeration (e, .. ., es_2) of the edges of g such that the edge
adjacent to the root-leaf is labeled with eg; here, we additionally require that the
edges incidents to leaves of ¢y get labels ey, ..., ex. Recall that we defined jp,(7’; £)
as the number of jumps on the path corresponding to e, with the convention that
essential vertices are not counted as jumps (but the root-node of T' can be a jump).
We consider the following multivariate generating series for &,:

ipey (T:€) JPey, o (T:6)

Ety(uo, - - -, ugg—2) = Z muo o Ugg—g )

where we recall that |(7), £)| is the number of non-root unmarked leaves of (T, £).

Moreover, let Z°¢ be the set of 3-leaf power trees T with two marked leaves such
that

e the two marked leaves are children of the root-node;

e if T is a 3-leaf power of type b, one can glue 77 on the first marked leaf of T’
(merging the marked leaf and the root-node of 77) such that the tree obtained
is a 3-leaf power tree;

e the same condition holds with gluing a 3-leaf power tree of type c on the second
marked leaf;

e additionally, if Tj is a 3-leaf power tree with a marked leaf of cotype a, one can
glue T' on the marked leaf of T; obtaining a 3-leaf power tree.
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Lemma 7.5 The generating function ofIg,q;f 5% s
I5°%(2) = Lexp(Es, + L). (67)

Proof. Because of the allowed adjacencies between nodes of various types in 3-leaf
power trees, a 3-leaf power tree in Ig)’(( % necessarily has a root-node r of type Sx.
The factor L then accounts for the tree pending under the center of the star labeling
r, and exp(Fs, + L) accounts for the trees pending under its extremities which do
not correspond to the marked leaves. O]

Proposition 7.6 We have

2k—2
k—
By (tg, - . ., us—2) (HESX u> (H EX( u) (z8x5)F (68)

i=k+1

Proof.[Sketch of proof] We use the same decomposition as in the proof of Theorem .
The main difference is that, because of item iii) in Theorem above, all types tp;
and cotypes ct; which do not correspond to the marked leaves or the root-leaf must
be equal to Sx. Consequently the tuple (¢p;, ct;)o<i<or—2 can only take one possible
value and we get

2%k—2
k—1
Eto(u07 s 7u2k—2) E X U’O (H ESX U’Z ) ) < H E‘gj(((uz)> ' (Ig;: SX)
i=k+1
We conclude using the symmetry £5 = ESx. 0

Proposition 7.7 Let (T,,£) be a uniform random S3-leaf power tree of size n with
k marked leaves (not counted in the size). Fix a k-proper tree ty and real numbers
Ty ..., Top_g > 0. We set a; = |x;\/n|. Then

VHa —Vh35”
(T, £) = (to, ao, . - ., azp—2) N (T, £) € &y | ~ ——5—5€xp (—) , (69)
2k\/n

where s = Y .x;. Moreover, this estimate is uniform for xg, ..., To_o in any
compact subset of (0, +00)* 1.

Proof. Writing p(n) := P[r(T,, £) = (to, ao, . - , azk—2) A (T, £) € &, ], we have

[2"ug® .. ust® )] By (2, u, - - . Usk—2)
= 70
We first analyze the denominator. From Eq. , routine computations yield:
2" EW)(2) = (1+e)ves3e _pn k=312 (71)

2\/— p3€
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With the same reasoning as in Theorem [5.7], we have

(2"l . ul )] By (2, U, - . Usps) = [2"] N(2) P(z)%F Ha2k—2 (72)
where
k+1 k—1
N(z) = (ez exp (ez — 1+ ESX)) . ((ez —1)-exp (ez — 1+ ESX)> . (73)

Applying the Semi-large powers Theorem (Theorem [A.1]) and using Eq. (66), we have

22 1
n N P aot-tasp—2 SVYE,3¢ E.3¢ N ‘
N () P(:) Tt () LN

And since N(psz) = (e + 1)*1, it follows that

2.2
SYE,3¢ —S3" VB3¢ 1 k+1
1 2.2
p(n) ~ 2 eXp( 4 ) np5 T (e+1) = (e+1)kpk nH 2 s exp —5" VB3¢
(1+25\)/’YEE,3£ pgfk—nnk—3/2 3t 4 '

Using the explicit expressions of vz 3, and ps; given in Theorem , we observe that
V&30 = 2(1+ €)pse. Thus the above formula coincides with (69). O

From here, the convergence to the Brownian CRT in Gromov—Prohorov topology,
i.e. the third case of Theorem [I.1] follows using the same arguments as in the case
of unconstrained DH-graphs.

Appendix A The Semi-large powers Theorem

In order to prove Theorems [5.7] [6.2] and [7.7, we need to estimate quantities of the
form [2"|M(z)H (z)? where p is of order y/n. The following statement is essentially
the Semi-large powers Theorem ([22, Theorem IX.16] for A = 1/2; see also [5] for the
original reference) which deals with the case M(z) = 1. As we will see, there are no
particular difficulties in generalizing the proof.

Theorem A.1 Let p > 0 and let M, H be A-analytic functions at p. Assume that
i) H has a square-root singularity at p: for some o, h >0
H(z)=0—h/1—2/p+0O1—z/p).
ii) M converges at p.

Let us fix a compact subset K of (0, +00) and a constant C' > 0. Take (a,) a sequence
of real numbers such that

la, — xv/n| < C, (74)
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for some x in K. Then we have

M(p)o®,

z ,—a? /4

where Ray(z) = Se

The error term in the above convergence is uniform for all x € K, and all se-
quences (a,) satisfying (74), but depends on M, H, K and C.

1s the Rayleigh density.

Proof of Theorem

We mimic the proof of [22, Theorem IX.16]. By assumption there exists R; > p
and € > 0 such that M, H are analytic on

{z:]z| < Ry et | Arg(z — p)| > 6}.
Fix R in (p, Ry) and write

FIMEHE™ = o [ MEHE" S

where 7 = v U735 Uy Uy is a closed counter-clockwise contour surrounding 0
consisting of the following pieces (see Fig. :

e 7 is a line segment starting at p + i/n, with a slope 6 and stopping when it
reaches the circle {z : |z| = R};

e 7y is its complex conjugate (in reverse direction);
e 7 is a semi-circle centered at p of radius 1/n from p —ip/n to p + ip/n;

e 7, is an arc of circle of radius R closing ~.

The modulus of the integral on ¥, is easily bounded by O(BY™R~") for some constant
B. On the remainder of the contour, we set z = p(1 —t/n), i.e. t = n(l — z/p) and
get

M = 5= [ e Mol = ) H (1= D)™

where g is the image of 79 U7y U~ by the change of variable.

We write g = g,Ug, (for small and big), where g, = {t € g; Re(t) < —n3/°} (this
set is not connected) and g, = {t € g; Re(t) > —n%/°}; see again Fig.

On g,, we have

1= L > (140720 = o).



F. BASSINO ET AL./AUSTRALAS. J. COMBIN. 92 (3) (2025), 266-319 315

2

Figure 14: Left: The contour . Right: The contour g, which is the image of
Yo U7 o U1 in the variable ¢, where t = n(1 — z/p).

Since H and M are bounded on the integration path, for a, asin (74) , we have

—pdt

—O(p™ B'\/n—n3/3
np" (1 — t/n)n (b e ):

[ M1 = p (o - Dy

gs

for some constant B’. For t in g,, a simple computation gives
M(p(1 = £)H(p(1 = L)) ~ M(p)o™ exp (—=1)

Besides (1 — £)™"! = exp(t + O(L)) = exp(t + o(t)). We obtain

[ Mo = £ H(p(1 - L) Ll ey R
2ir J,, np" (1 —t/n)rtl 2irn J,,
where i .
—hx\1t t
6A(n,t) _ eteTGO(;).

The big-O term above is uniform for x in any compact subinterval of (0, +o00). Ex-

panding e~havi/o putting u = —t, and using Hankel’s formula for the Gamma func-
tion [22, Eq.(13) p. 745| yields (writing M H* for M (p(1 — £))H(p(1 — £))*)

z - —xh/o)t
L MH® d ~ —M(p)a“" P Z ( h/ ) /_ e—u(_u)é/Q(_du)

2 J,, Zntl 2imn = 14
—n ¢
~—M(ppor L ; Hj}!/ o) (F (_1€ /2)) |
Now we use the complement formula I'(s)I'(—s) = —Ssm(rsy o rewrite the RHS:
1 _ —sin(wl/2)I'(¢/2+ 1)

T(—(/2) 7r '
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The sine factor vanishes for even ¢ so we are left with

1 dz p" (—zh/o)?mt!
— | MH*® ~ —M an -1)"T 2
20 J,, Zntl (0)o n Z>o w(2m + 1)! (=1)"T(m +3/2)

(zh/o) 2m+1 e
~ Z \/_22m+1ml )

We observe that the integral on g; does not contribute to the asymptotics and we
get the announced result. O

Appendix B DH-graphs form a subcritical block-stable class

We start by recalling the definition of blocks and block-stable graph classes; we refer
to [32] for details. Recall first that the notion of cut-vertices and of 2-connected
graphs have been defined at the beginning of Section [0l A block in a graph G is
a maximal induced subgraph B of G without cut-vertices (of itself). A class C of
graphs is called block-stable if the following holds: a graph G is in C if and only if all
its blocks are in C.

We now argue that DH-graphs form a block-stable class of graphs. It is known,
see e.g. [12, Theorem 10.1], that DH-graphs are the graphs avoiding as induced
subgraphs the following graphs: the house, the holes, the gem and the domino. Since
all these graphs are 2-connected, an induced copy of any of them in a graph G is
necessarily included in a single block of GG. Therefore the avoidance of these induced
subgraphs can be checked for each block separately, and the class of DH-graphs is
indeed block-stable.

Since the class is block-stable, the generating series D(z) of rooted DH-graphs
or, equivalently of DH trees, satisfies the equation

D(z) = zexp(B'(D(2))), (75)

where B is the generating series of (unrooted) blocks (this is eq.(14) in [32]).
remains to check that the class of DH-graphs is subcritical, i.e. that D(p) is smaller
than the radius of convergence pg of B. (Recall that D and p were defined in

Section [3.4])

For this, we recall that in general, blocks are either 2-connected graphs, or re-
stricted to a single vertex or to two vertices with a single edge. Hence the series B’
of rooted blocks of DH-graphs coincide, up to the coefficients of 1 and z, with the
generating series D of rooted 2-connected DH-graphs. In particular, pg = ps. and
our analysis in Section shows that B”(pg) = +oo. Consequently, there exists
7 < pp such that 7B”(7) = 1. This implies that D(z) belongs to the smooth inverse-
function schema in the sense of |22, Definition VIL.3, p.453]. From [22, Theorem
VIL.2], we have that D(p) = 7. Therefore D(p) < pp as wanted, and the class of
DH-graphs is indeed subcritical.
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Appendix C Gromov—Hausdorff-Prohorov convergence in [32]

The main result of [32] is the convergence for the Gromov—Hausdorff topology of a
uniform random graph in a subcritical block-stable class to the Brownian CRT. We
argue here that without further effort, the authors could have proven convergence
for the stronger Gromov-Hausdorff-Prohorov topology. We use here notation from
[32]. The proof compares a uniform random graph C? in the class and its block
decomposition tree 7T;,. It uses the fact that the identity map from 7}, to C does not
modify much distances. Obviously this identity map brings the uniform distribution
on vertices of T,, to that on vertices of C?%. Therefore, using [31, Prop.6, p.763],
we see that C7 and 7, are close for the GHP topology. Besides, since 7}, has the
distribution of a conditioned Galton—Watson tree, it is known that 7}, converges to
the Brownian CRT for the GHP topology (for the GH topology, a classical reference
is |28]; for the GHP topology, a much stronger result is given in [26]). We conclude
that C7 also converges to the Brownian CRT for the GHP topology, as claimed.
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;We first justify the formula given for gamma_F in Section 3.4.

2
Z F F
2 Yo Fr2 TFErI

> Gi=(z F) —e ~1
2
z F " F
] Gim (2 F) e 2F¥2 F+l )
> G_FF = simplify(diff (diff (G(z, F), F), F) );
2F2 + (z4+1) F+2z
e 2F+2 (3F+2+F4+4F3+5P2)
G_FF = (2)

(F+1)

[ For convenience, we introduce the function G_FFbis of F such that G_FFbis(F(rho))=
| G_FF(rho,F(rho)).;

. o G_FF(F-I—l))
FFbis := 1
G_FFbis smwzfy( 1+ Gz F)
4
G Frbis = AF +16F3+20F23—|—12F—|—5 @)
i 4 (F+1)
J3 1
FRho == Y2 — =
7 PRROE= T T
FRho::JZ?—; (4)

> rho = simplify(solve(FRho = G(z, FRho), z)):
_ (2+423)m(1+V3) +(-2n(2) +1) /3 —2In(2) -3
1+43

0.1597091023 (6)

[ In this Maple worksheet quantities gamma_F, gamma_H, ... are computed without
| the factor sqrt(rho)

(5)

=> evalf (rho);

> gamma_F_wo_rho = Simplify( sqrt( 1 + FRho ) ))

subs(F = FRho, G_FFbis
2
(1+3)
2J6+43

We now compute the coefficients of square-root terms in other series.

gamma_F_wo_rho :=

(7)

1
(1 + FRho)*
gamma_K_wo_rho := simplify(gamma_F_wo_rho/(2*(1 + FRh0)"2));
gamma_D_wo_rho := simplify(gamma_X_wo_rho + 2*gamma_K_wo_rho);

> gamma_X_wo_rho := Simplify( [1 — ) gamma_F_wo_rho];






J3
J6+43

I S

J6+43
243

J6+43

[ We now solve the system of equations of Section 4.1 - 4.2

gamma_X_wo_rho =

gamma_K_wo_rho =

gamma_D_wo_rho =

(8)

B eql := KK= (1 + CK+ XK)-F,
eq2:= XK= (CK+ KK)-F+ u- (KK + XK) - F;
eq3 = CK (KK + XK) - F;
eq4 = = (XX+ CX)-FE,
eqs = XX (CX+KX)-F+u- (1 +KX+XX)-E
eqb = CX= (1 + KX+ XX)-F,

eq8:=XC=(1+CC+KC)-F+u (KC+XC)-F,

(
eq7 = KC= (CC+XC)-F,
(
eq9 = CC= (KC+ XC)-F,

eql .= KK= (1 + CK+ XK) F
eq2 = XK= (CK+ KK) F+ u (KK+ XK) F
eq3 = CK= (KK+ XK) F
eq4 = KX= (XX+ CX) F
eq5:=XX=(CX+KX) F+u (1 +KX+XX)F
eqb:=CX= (1 +KX+XX) F
eq7 :=KC= (CC+XC) F
eq8:=XC=(14+CC+KC) F+u(KC+XC)F

i eq9:=CC= (KC+XC) F (9)
>
Sol := solve({eql, eq2, eq3, eq4, eq5, eqb, eq7, eq8, eq9}, [ KK, XX, CC, KX, XK, KC,
CK, XC, CX));
SOI==HKK= F(P2+L1F—1) XX = - F(F2+F+u) ’ (10)
(F+1) (2 P +uF+F—1) 2P +FPu+3F +ufF-1
F F(Fru+1)
CC=- , KX= - , XK =
2F tuF+F—1 2P+ FPu+3F +ufF-1
F(Fru+1) F

;  KC= - CK=
2P +F u+3F +uf—1 2F +uF+F—1






) F oo FF-L o F(F-1) ”
2F +uF+F-1 2F +uF+F-1 2F +uF+F-1

;We put the solution under a suitable form for the asymptotic analysis.
> map(proc(x) convert(x, parfrac, u) end proc, Sol);

[KK: F F S FP42F-1 o 11)
F+1 2P 4y Fu+F—1 F+1 2P 4 Fu+F—-1
) F ke F L FE-1) 4 F
2F +Fu+F—1 F+1 2P 4 Fu+F—1 F+1
n F(F-1) ,KC= - F2 , CK= - F2 , XC
2F +Fu+F—1 2F +Fu+F—1 2F +Fu+F—1

__ F(F-1) cx—  FF=1) H
2F +Fu+F—1 2F +Fu+F—1

>

_We compute the coefficients in the singular expansion of H, given at the end of
Section 4.

. . FRho
HRho = [ ;
g 0 S'mplfy(u +FRh0)~(1—2-FRh0))
i HRho =1 (12)
> gamma_H_wo_rho = SiMDlif)’[( ! > T : 2
3-(1 + FRho) 3-(1 —2-FRho)
-gamma_F_wo_ rhoj ,
gamma_H_wo_rho = - 2(-3+/3) 5 (13)
] J6+4y3 (-2+/3)
> evalf(gamma_H_wo_rho-sqrt(rho));
i 3.925750480 (14)
e[ Sart(2) )
> eva f( % 5
0.3602403080 (15)

| We now check the relations between constants in the proof of Proposition 5.8.

FRho
Lambda_K = :
7 RAMBAdR = (1 + FRho)- (1 — 2-FRho) )’

(16)






V3

Lambda_K := 2

T

1 - FRho _
sqrt((1 + FRho)-(1 —2-FRho))’

J3

2

1
2

Lambda_X :=

3 _
2

Lambda_X :=

4/[1E;+1J(2—f§)
2 2
Lambda_pt := simplify(2 Lambda_K + Lambda_X);

J1+/3
V3 -1

Lambda_pt :=
JKKK := 3 +4- FRho;
JKKK =1+23

JXXX =1+ 2-FRho;

JXXX =3
JCCC =1 + FRho;
J3 1
CCC:=-~—+ =
J 2 * 2
JKKX := 2 + 3-FRho;
1 33
KKX = —
J 2 * 2
JKKC =1 + FRho;
J3 1
KKC := — + —
I 2 * 2
JCCK := 0;
JCCK:=0

JCCX:= 1+ FRho;

JCCX = g +%

JXXK := 1 + 2 FRho;
XK =3
JXXC := 2 + 2 FRho;
JXXC:=1+4++3
JXCK := 1 + FRho;

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)

(27)





_ V3 1
JXCK := TN + 5
;We define BigSum as the sum inside the parenthesis in the definitions of mu and nu.
> BigSum := Simplify(Lambda_K3 - JKKK + Lambcla_K3 -JCCC + Lambda_X3 - JXXX

+3 -Lambda_K2 -Lambda_X- JKKX + 3 -Lambda_K2 -Lambda_K- JKKC + 3

-Lambda_K2 -Lambda_X-JCCX+ 3 ~Lambda_X2 -Lambda_K- JXXK + 3

-Lambda_X2 -Lambda_K- JXXC +6~Lambda_X~Lambda_K2 . JXCK);

52 st 2 (29)
(1+v3)  (-2+v3) (V3 -1)
> mu = Lambda_pt-BigSum'l;

(1+/3)° /3 (2+y3)° 50)

24

(28)

BigSum =

W=

> nu := Lambda_pt- BigSum;
V= 2 843 2 2 (31)
(1+V3) (V3 -1) (-2+/3)

> Simplify(gamma_H_wo_rho2 -2 nu);

0 (32)
[ > simplify(gamma_H_wo_rho-mu - gamma_D_wo_rho);
0 (33)

;We now do the computation for the case of 2-connected DH graphs

To simplify notation, we use the same variable names as in the case of unrestricted
| DH graphs. The following command re-initializes the values of the variables.

| > restart;
Since FRho is the solution of a non-polynomial equation, we express everything in
 terms of FRho

> rho = 2- FRho° + 2-FRho—1:

o := 2 FRho® + 2 FRho — 1 (34)
i . . rho- (1 + FRho)
> F:= [ t ;
gamma. simp lfy(sqr ( L+ 2-FRho j)
2
gamma_F — / (2 FRho® + 2 FRho —1) (1 + FRho) (35)
i 1+ 2 FRho
| We now compute gamma_H and its numerical value

(F—2) .
(1+F)-(1=2-F)’
gamma_H = simplify(subs(z = rho, F = FRho, diff (HF, F) )-gamma_F);

> HF:=






F—=z
(1+F)(1—-2F)

HF =

3 2
(_2_4FRhO)/ 2 FRho® + 4 FRho” + FRho — 1
1 + 2 FRho

gamma_H = 5 (36)
i 2 FRho™ + FRho — 1
> FRho_num := evalf(op(Z, {SOIWZ(S= (exp(Z- S— %) — 1), s) }) );
FRho_num = 0.428211471 (37)
> evalf (subs(FRho = FRho_num, gamma_H) );
i 7.502199061 (38)
sqrt(2) )
> I 248 2] ).
eva f( %
i 0.1885065367 (39)
| We check the relations given in Section 6.4
(F—2z)
> KF: ’
(242-F)
_ (F2 — Z-F) .
(1+F) °
gamma_X := simplify(subs(z = rho, F = FRho, diff(XF, F) )-gamma_F);
gamma_K := simplify(subs(z = rho, F = FRho, diff(KF, F) )-gamma_F);
gamma_D = simplify(gamma_X+ gamma_K);
KF= L2
2+2F
ypo F—zF
1+F
3 2
(FRho 1)/ 2 FRho® + 4 FRho” + FRho — 1
gamma. X —- 1 +2 FRho
- 1 + FRho
2 FRho® + 4 FRho” + FRho — 1
FRho
1+ 2 FRho
gamma_kK =
1 + FRho
/ 2 FRho® + 4 FRho" + FRho — 1
1 + 2 FRho
D:= 40
i gamma. 1 + FRho (40)
i FRho
> Lambda_K := ;
sqrt((1 + FRho)- (1 — 2-FRho))
Lambda_X := 1 - FRho

sqrt((1 + FRho)-(1 — 2-FRho))’
Lambda_pt = simplify(Lambda_K + Lambda_X);






FRho

Lambda_K =
J (1 + FRho) (1 — 2 FRho)
Lambda_X := -FRho +1
J (1 + FRho) (1 — 2 FRho)
Lambda_pt = 1 (41)
i J - (1 + FRho) (-1 + 2 FRho)
(> JCCC:= 1+ FRho;
JKKK := 4 FRho + 3 —rho;
JXXX := 2 FRho + 1 —rho;
JKKX := 2 + 3-FRho — rho;
JKKC = 1 + FRho;
JCCK = 0;
JCCX := 1 + FRho;
JXXK := 2 FRho + 1 —rho;
JXXC := 2 FRho + 2:
JXCK := 1 + FRho;
JCCC:= 1 + FRho
JKKK = -2 FRho® + 2 FRho + 4
JXXX :=-2 FRho® + 2
JKKX := -2 FRho® + FRho + 3
JKKC := 1 + FRho
JCCK = 0
JCCX:= 1+ FRho
JXXK :=-2 FRho* + 2
JXXC := 2 + 2 FRho
JXCK := 1 + FRho (42)

> BigSum := simplify(Lambda_Kg-]KKK—l— Lambda_KS-JCCC + Lambda_Xa-]X)Q(—i- 3
-Lamloda_K2 -Lambda_X- JKKX + 3-Lambda_K2 -Lambda_K- JKKC + 3
-Lamloda_K2 -Lambda_X-JCCX+ 3 -Lambda_X2 -Lambda_K- JXXK + 3
-Lamloda_)(2 -Lambda_K- JXXC —i—6-Lambda_X-Lambda_K2 . ]XCK);

mu = Lambda_ptBigSum_l;
nu := Lambda_pt BigSum,

BigSum =

-2 — 4 FRho
J -2 FRho®* —FRho+1 (-1 + 2 FRho)

J -2 FRho®* —FRho+1 (-1 + 2 FRho)

V - (1 4+ FRho) (-1 + 2 FRho) (-2 — 4 FRho)





Vi -2 —4 FRho (43)

J - (1 + FRho) (-1 + 2 FRho) \/—ZFRhOZ—FRhO—l-l (-1 + 2 FRho)

> Simplify(gamma_Hz—Z- nu-rho);
simplify(gamma_H-mu - gamma_D);

0
. 0 (44)
We now evaluate numerically gamma_E, 3| whose expression is given in Section 7
Land c_3l.
> gamma_ES’l:sqrt(Z.(l +exp(1)).log(1+ 1 )j,
exp(1)

gamma_ESl:/(2.+2.e)ln(1 -l—%) (45)
> evalf (%);
i gamma_E31=1.526299603 (46)
> evalf(—sqr;(z) );

1414213562 _ ) 9565635391 (47)

gamma_E3l







 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
     

 
 
   We first justify the formula given for gamma_F in Section 3.4.


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSJHR0YoZio2JEkiekdGKEkiRkdGKEYoNiRJKW9wZXJhdG9yR0YoSSZhcnJvd0dGKEYoLCYtSSRleHBHRiU2IywoKiYjIiIiIiIjRjxGMEY8RjwqJkYxRjwsJiomRj1GPEYxRjxGPEY9RjwhIiJGPComKUYxRj1GPCwmRjFGPEY8RjxGQUY8RjxGPEZBRihGKEYoNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVHX0ZGR0YoKigtSSRleHBHRiU2IyomLCgqJiIiIyIiIilJIkZHRihGNUY2RjYqJiwmSSJ6R0YoRjZGNkY2RjZGOEY2RjZGO0Y2RjYsJiomRjVGNkY4RjZGNkY1RjYhIiJGNiwsKiYiIiRGNkY4RjZGNiMiIiYiIiVGNiokKUY4RkRGNkY2KiZGREY2KUY4RkFGNkY2KiZGQ0Y2RjdGNkY2RjYpLCZGOEY2RjZGNkZERj43I0Yu


 
  For convenience, we introduce the function G_FFbis  of F such that G_FFbis(F(rho))=G_FF(rho,F(rho)).;


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SShHX0ZGYmlzR0YoLCQqKCMiIiIiIiVGMSwsKiZGMkYxKUkiRkdGKEYyRjFGMSomIiM7RjEpRjYiIiRGMUYxKiYiIz9GMSlGNiIiI0YxRjEqJiIjN0YxRjZGMUYxIiImRjFGMSksJkY2RjFGMUYxRjohIiJGMTcjRi4=


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVGUmhvR0YoLCYqJiMiIiIiIiNGMSkiIiRGMEYxRjFGMCEiIjcjRi4=


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRyaG9HRigqJiwqKiYsJiIiIyIiIiomRjJGMykiIiQjRjNGMkYzRjNGMy1JI2xuR0YlNiMsJkYzRjMqJEY1RjNGM0YzRjMqJiwmKiZGMkYzLUY5NiNGMkYzISIiRjNGM0YzRjVGM0YzRj9GQkY2RkJGM0Y7RkI3I0Yu


 
   LUklbXJvd0c2Iy9JK21vZHVsZW5hbWVHNiJJLFR5cGVzZXR0aW5nR0koX3N5c2xpYkdGJzYnLUkjbWlHRiQ2JVEmZXZhbGZGJy8lJ2l0YWxpY0dRJXRydWVGJy8lLG1hdGh2YXJpYW50R1EnaXRhbGljRictSShtZmVuY2VkR0YkNiQtRiM2JS1GLDYlUSRyaG9GJy9GMFEmZmFsc2VGJy9GM1Enbm9ybWFsRicvJStleGVjdXRhYmxlR0Y+Rj9GPy1JI21vR0YkNi1RIjtGJ0Y/LyUmZmVuY2VHRj4vJSpzZXBhcmF0b3JHRjEvJSlzdHJldGNoeUdGPi8lKnN5bW1ldHJpY0dGPi8lKGxhcmdlb3BHRj4vJS5tb3ZhYmxlbGltaXRzR0Y+LyUnYWNjZW50R0Y+LyUnbHNwYWNlR1EmMC4wZW1GJy8lJ3JzcGFjZUdRLDAuMjc3Nzc3OGVtRidGQUY/

   JCIrQjU0KGYiISM1


 
   In this Maple worksheet quantities gamma_F, gamma_H, ... are computed without the factor sqrt(rho) 


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SS9nYW1tYV9GX3dvX3Job0dGKCwkKigjIiIiIiIjRjEpLCZGMUYxKiQpIiIkRjBGMUYxRjJGMSksJiIiJ0YxKiYiIiVGMUY2RjFGMUYwISIiRjE3I0Yu


 
   We now compute the coefficients of square-root terms in other series.



 
   
gamma_K_wo_rho := simplify(gamma_F_wo_rho/(2*(1 + FRho)^2));
gamma_D_wo_rho := simplify(gamma_X_wo_rho + 2*gamma_K_wo_rho);


   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SS9nYW1tYV9YX3dvX3Job0dGKComKSIiJCMiIiIiIiNGMiksJiIiJ0YyKiYiIiVGMkYvRjJGMkYxISIiNyNGLg==

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SS9nYW1tYV9LX3dvX3Job0dGKCokKSwmIiInIiIiKiYiIiVGMikiIiQjRjIiIiNGMkYyRjchIiI3I0Yu

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SS9nYW1tYV9EX3dvX3Job0dGKComLCYiIiMiIiIqJCkiIiQjRjFGMEYxRjFGMSksJiIiJ0YxKiYiIiVGMUYzRjFGMUY1ISIiNyNGLg==


 
    We  now solve the  system of equations of Section 4.1 - 4.2



 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTFHRigvSSNLS0dGKComLCgiIiJGMkkjQ0tHRihGMkkjWEtHRihGMkYySSJGR0YoRjI3I0Yu

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTJHRigvSSNYS0dGKCwmKiYsJkkjQ0tHRigiIiJJI0tLR0YoRjRGNEkiRkdGKEY0RjQqKEkidUdGKEY0LCZGNUY0Ri9GNEY0RjZGNEY0NyNGLg==

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTNHRigvSSNDS0dGKComLCZJI0tLR0YoIiIiSSNYS0dGKEYzRjNJIkZHRihGMzcjRi4=

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTRHRigvSSNLWEdGKComLCZJI1hYR0YoIiIiSSNDWEdGKEYzRjNJIkZHRihGMzcjRi4=

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTVHRigvSSNYWEdGKCwmKiYsJkkjQ1hHRigiIiJJI0tYR0YoRjRGNEkiRkdGKEY0RjQqKEkidUdGKEY0LChGNEY0RjVGNEYvRjRGNEY2RjRGNDcjRi4=

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTZHRigvSSNDWEdGKComLCgiIiJGMkkjS1hHRihGMkkjWFhHRihGMkYySSJGR0YoRjI3I0Yu

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTdHRigvSSNLQ0dGKComLCZJI0NDR0YoIiIiSSNYQ0dGKEYzRjNJIkZHRihGMzcjRi4=

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcThHRigvSSNYQ0dGKCwmKiYsKCIiIkYzSSNDQ0dGKEYzSSNLQ0dGKEYzRjNJIkZHRihGM0YzKihJInVHRihGMywmRjVGM0YvRjNGM0Y2RjNGMzcjRi4=

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRlcTlHRigvSSNDQ0dGKComLCZJI0tDR0YoIiIiSSNYQ0dGKEYzRjNJIkZHRihGMzcjRi4=


 
   

   


 
  We put the solution under a suitable form for the asymptotic analysis. 


 
   

   


 
  


 
   LUklbXJvd0c2Iy9JK21vZHVsZW5hbWVHNiJJLFR5cGVzZXR0aW5nR0koX3N5c2xpYkdGJzYjLUkjbWlHRiQ2I1EhRic=


 
   We compute the coefficients in the singular expansion of H, given at the end of Section 4.



 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVIUmhvR0YoIiIiNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SS9nYW1tYV9IX3dvX3Job0dGKCwkKioiIiMiIiIsJiIiJCEiIiokKUYzI0YxRjBGMUYxRjEpLCYiIidGMSomIiIlRjFGNkYxRjFGN0Y0KSwmRjBGNEY1RjFGMEY0RjQ3I0Yu


 
   

   JCIrIVtdZCNSISIq


 
   

   JCIrITMuQ2ckISM1


 
   We now check the relations between constants in the proof of Proposition 5.8.


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSlMYW1iZGFfS0dGKComLCYqJiMiIiIiIiNGMikiIiRGMUYyRjJGMSEiIkYyKSomLCZGMEYyRjFGMkYyLCZGM0YyKiRGNEYyRjZGMkYxRjY3I0Yu


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSlMYW1iZGFfWEdGKComLCYjIiIkIiIjIiIiKiYjRjNGMkYzKUYxRjVGMyEiIkYzKSomLCZGNEYzRjVGM0YzLCZGMkYzKiRGNkYzRjdGM0Y1Rjc3I0Yu


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSpMYW1iZGFfcHRHRigqJiksJiIiIkYxKiQpIiIkI0YxIiIjRjFGMUY1RjEsJkYyRjFGMSEiIkY4NyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKS0tLR0YoLCYiIiJGLyomIiIjRi8pIiIkI0YvRjFGL0YvNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKWFhYR0YoKiQpIiIkIyIiIiIiI0YyNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKQ0NDR0YoLCYqJiMiIiIiIiNGMSkiIiRGMEYxRjFGMEYxNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKS0tYR0YoLCYjIiIiIiIjRjAqJiMiIiRGMUYwKUY0Ri9GMEYwNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKS0tDR0YoLCYqJiMiIiIiIiNGMSkiIiRGMEYxRjFGMEYxNyNGLg==


 
   LUklbXJvd0c2Iy9JK21vZHVsZW5hbWVHNiJJLFR5cGVzZXR0aW5nR0koX3N5c2xpYkdGJzYoLUkjbWlHRiQ2JVElSkNDS0YnLyUnaXRhbGljR1EldHJ1ZUYnLyUsbWF0aHZhcmlhbnRHUSdpdGFsaWNGJy1JI21vR0YkNi1RKiZjb2xvbmVxO0YnL0YzUSdub3JtYWxGJy8lJmZlbmNlR1EmZmFsc2VGJy8lKnNlcGFyYXRvckdGPS8lKXN0cmV0Y2h5R0Y9LyUqc3ltbWV0cmljR0Y9LyUobGFyZ2VvcEdGPS8lLm1vdmFibGVsaW1pdHNHRj0vJSdhY2NlbnRHRj0vJSdsc3BhY2VHUSwwLjI3Nzc3NzhlbUYnLyUncnNwYWNlR0ZMLUkjbW5HRiQ2JFEiMEYnRjktRjY2LVEiO0YnRjlGOy9GP0YxRkBGQkZERkZGSC9GS1EmMC4wZW1GJ0ZNLyUrZXhlY3V0YWJsZUdGPUY5

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKQ0NLR0YoIiIhNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKQ0NYR0YoLCYqJiMiIiIiIiNGMSkiIiRGMEYxRjFGMEYxNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKWFhLR0YoKiQpIiIkIyIiIiIiI0YyNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKWFhDR0YoLCYiIiJGLyokKSIiJCNGLyIiI0YvRi83I0Yu


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSVKWENLR0YoLCYqJiMiIiIiIiNGMSkiIiRGMEYxRjFGMEYxNyNGLg==


 
  We define BigSum as the sum inside the parenthesis in the definitions of mu and nu.


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSdCaWdTdW1HRigsJCosIiIpIiIiKSIiJCNGMSIiI0YxKSwmRjFGMSokRjJGMUYxIyIiJkY1ISIiKSwmRjVGO0Y4RjFGNUY7LCZGOEYxRjFGO0Y7RjE3I0Yu


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSNtdUdGKCwkKiojIiIiIiNDRjEpLCZGMUYxKiQpIiIkI0YxIiIjRjFGMUY3RjFGNkYxKSwmRjkhIiJGNUYxRjlGMUYxNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSNudUdGKCwkKiwiIikiIiIpLCZGMUYxKiQpIiIkI0YxIiIjRjFGMUY4ISIiKSwmRjRGMUYxRjlGOEY5RjVGMSksJkY4RjlGNEYxRjhGOUYxNyNGLg==


 
   

   IiIh


 
   

   IiIh


 
   LUklbXJvd0c2Iy9JK21vZHVsZW5hbWVHNiJJLFR5cGVzZXR0aW5nR0koX3N5c2xpYkdGJzYjLUkjbWlHRiQ2I1EhRic=


 
   We now do the computation for the case of 2-connected DH graphs


 
  To simplify notation, we use the same variable names as in the case of unrestricted DH graphs. The following command re-initializes the values of the variables.


 
   LUklbXJvd0c2Iy9JK21vZHVsZW5hbWVHNiJJLFR5cGVzZXR0aW5nR0koX3N5c2xpYkdGJzYmLUkjbWlHRiQ2JVEocmVzdGFydEYnLyUnaXRhbGljR1EldHJ1ZUYnLyUsbWF0aHZhcmlhbnRHUSdpdGFsaWNGJy1JI21vR0YkNi1RIjtGJy9GM1Enbm9ybWFsRicvJSZmZW5jZUdRJmZhbHNlRicvJSpzZXBhcmF0b3JHRjEvJSlzdHJldGNoeUdGPS8lKnN5bW1ldHJpY0dGPS8lKGxhcmdlb3BHRj0vJS5tb3ZhYmxlbGltaXRzR0Y9LyUnYWNjZW50R0Y9LyUnbHNwYWNlR1EmMC4wZW1GJy8lJ3JzcGFjZUdRLDAuMjc3Nzc3OGVtRicvJStleGVjdXRhYmxlR0Y9Rjk=


 
  Since FRho is the solution of a non-polynomial equation, we express everything in terms of FRho


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSRyaG9HRigsKComIiIjIiIiKUklRlJob0dGKEYwRjFGMSomRjBGMUYzRjFGMUYxISIiNyNGLg==


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SShnYW1tYV9GR0YoKiQpKigsKComIiIjIiIiKUklRlJob0dGKEYzRjRGNComRjNGNEY2RjRGNEY0ISIiRjQsJkY0RjRGNkY0RjQsJkY0RjRGN0Y0RjgjRjRGM0Y0NyNGLg==


 
   We now compute gamma_H and its numerical value LUklbXJvd0c2Iy9JK21vZHVsZW5hbWVHNiJJLFR5cGVzZXR0aW5nR0koX3N5c2xpYkdGJzYjLUkjbWlHRiQ2I1EhRic=


 
   

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SSNIRkdGKCooLCZJIkZHRigiIiJJInpHRighIiJGMSwmRjFGMUYwRjFGMywmRjFGMSomIiIjRjFGMEYxRjNGMzcjRi4=

   LV9JLFR5cGVzZXR0aW5nRzYkJSpwcm90ZWN0ZWRHSShfc3lzbGliRzYiSSxtcHJpbnRzbGFzaEdGKDYkNyM+SShnYW1tYV9IR0YoKigsJiIiIyEiIiomIiIlIiIiSSVGUmhvR0YoRjRGMUY0KSomLCoqJkYwRjQpRjUiIiRGNEY0KiZGM0Y0KUY1RjBGNEY0RjVGNEY0RjFGNCwmRjRGNComRjBGNEY1RjRGNEYxI0Y0RjBGNCwoKiZGMEY0Rj1GNEY0RjVGNEY0RjFGMTcjRi4=
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   We check the relations given in Section 6.4
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   We now evaluate numerically gamma_E, 3l  whose expression is given in Section 7 and c_3l.
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