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Abstract

A Tutte style necessary and sufficient, condition
for n-extendable graphs is proposed. Let G be a conn-—
ecﬁed graph and let u and v be two vertice§ of G such
that d'GCu,vD = Z. We define divergence _on*Cu,vD as
follows: Iu,va).= max{ |S| | w e NGFUD N NGCV), S is

an independent set containing u and v in Gi<{w} U NGCWDJ >

and a#(u,v) = max { I Cwd | we N ud n N Cvdy., It is
w u, v G G
proved that if for any two vertices u and v of G such
>
that dGCq,V) =2, [NCud m NEwI | =2 a0 Cu,vD + 2n — 1 andg
if G has even order, then G is n—extendable. It is also

proved that if for each v in V(E, G’ = G[<{v> U NGCVDB

and x2(G’) 2 alG’) + 2n - 1 and if G has even order, then

G is n-extendable.
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1. Introduction and terminoclogy

All graphs in this paper.afe finite, undirectea,
connected and simple. -

Plummer (8] intrqduced the concept of n-extendable
graphs. Let G be a graph on v vertices with a perfect
matching. Let n be a positive integer such that n <
Cv-2>-2. G is said to be n—extendable if there are n
indeﬁemdent edges in G and any n independent edges of G
are contained in a perfect matching of G.

Let G be a connected graph. For a pair of vertices

G

nCu,v) to denote |[NCu,vD|. Let u and v be two vertices of

u and v of G, we use N(u,v) to denote N _Cud n NGCVD and

' G such that defu,vD = 2. We define divergence a*Cu,vD as

following:

H
N
£
v
1

max{ [S] | w € NCu,vDd, S is an independent

set containing u and v in GI<w> U NGFWD] >

and o Cu,vd max < I Cw) | woe NCu,vd .

u,v

We use w(Gd to denote the number of compénents of G.
And we use o(B) to denote the number of odd components of
G.

All terminoclogy and notation not defined in this

paper are from [11.

In (21, [3] and [4], Holton and Lou showed that when
the connectivity is large, line graphs, power graphs and

total graphs are n-extendable. This shows that a locally
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dense graph is n—-extendable under some conditions. In (5],
Lou showed that a locally dense graph is‘Handltonian Cand
fprthermore, pancyclic). Ronghua Shi (7] introduced a
local condition for Hamiltonian graphs by using the conc-
ept of divergence. However, n-extendable graphs and Hamil-
tonian graphs have many similar properties. In this paper,
we give a sufficient condition for n-extendable graphs
which is a Shi’s type condition. This condition implies a
result of Plummer that for a connected graph G with even
order, if &(GD = w2 + n, then G is n—extendable.

First, we introduce a Tutte style necessary and
sufficient condition for n—extendable graphs which is an

immediate corollary of a result of Plummer (see [(81).

2. A necessary and sufficient condition for n-extend-

able graphs

In this section, we give a Tutte style necessary and
sufficient condition for n-extendable graphs. It is an

immediate corollary of the following lemma.

Lemma 1 Let v and n be integers with n =2 2, v even and
v 2 2nt2. Let G be a graph with v vertices. Then if G is
n—extendable, it is alsoc (n-1)-extendable.

Proof See [6]. ) [=}
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Thecrem 2 A graph G is‘n~extendable if and only if for

any S € V(G, oG~ = |S| - 2d, where d = min {indCSD,nd>
and ind(S) is the maximum number of independent edges in
GlsI.

Proof Suppose G is n-extendable. Let S be any subset of
VCG. Let d = min <indCS), n . By Lemma 1, G is d-extend-
able. Let e, = uivi i =1,2,...,dd be d indepehdent edges
in G(S1l. Let 6 =6 - {Ui’vi i =1,2,...,d > By the
d-extendability of G, G"has a perfect matching. Let S =
S - (ui,Vi [ 1 =1,2,...,d >. Then olG’'-S’) = olG- <

IS’ | = |S| - 2d, as required.

Conversely, suppose that for any S € VC(GE), olG-5D <

[S| - 2d, where d = min < ind(SD, n >. Let e T UV, c i
= l,2,...,n)‘be any n independent edges of G. Let &’ =
G - <Ui'vi | i =1,2,...,n >. For any S’ € VC(G’), let S
=S’ U {ui,vi [ i =1,2,...,n 3, then oCG’-S’) = oG-
= {S|-2n = |S’]|. So G’ has a perfect matching. Hence G
is n-extendable. a

3. . Local cgonditions for n-extendable graphs

In this section, we introduce some sufficient local
conditions for n—extendable graphs. This type of conditien
was first introduced by Ronghua Shi for Hamiltonian graphs.

We first give a connectivity result.
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Lemma 3 Let G be a connected graph. If nlu,v) = a*Cu,v)

+ k — 1 for any two vertices u and v of G such that‘
dGCu,VO = 2, then G is (k+1D-connected Ck > 1>.
Proof Suppose that G is not (k+l)-connected. lLet S <

V(G> be a minimum vertex cutset such that |S| < k. Assume

C1 and CB are two components of G-S. Let w e S. By the

minimality of |S}|, w is adjacent to a vertex u in Cl,ahd
a vertex v in Ca, Then dGCu,vD = 2. So nCu,vd > a*Cu,VD -+
k — 1. But NCu,vd € S and a*Cu,vD 2 2. Hence |S| = Q*CU,V3
+ k -1 2 k+1, a contradiction. o

Theorem 4 Let G be a connected graph and let k.2 0. If
nCu, v> = a*Cu;v) + k for any two vertices u and v of &
such that dGCu,v) = 2, then (G- < |S| - k for all
cutsets S € VC&E.

Proof Let S € V(G be a vertex cutset of 6. By Lemma 3,

IS| 2 k+2. Let |S| = s, &G-S =t and C .C,,...,C, be

= t

the components of G-S. Let S = {vl,va,...,vs} and ki be

the number of comﬁonents in G-S which are adjacent to vy

Without loss of generality, assume that k1 =< ka =< =<

k .

s

Let k = max <k, | v, is adjacent to C, and 1 < i

m, i i J
J

= s> (j =1,2,...,td. Without loss of generality, assume

k < k < < k

™y Mz e

We choose S & V(G) such that |S|-k-w(G-SD is as small




as pdssible.
Claim 1 There is no ki such that ki =1 1 =i £ sD.

Suppose this is not the case and ki < 1 for some 1.
We use S’ = § - <Vi} to replace S. Then o(G-S’) 2 &(G-3D.
But |S'| = |S| = 1. So [S’|-k-CG-5' < |S|-k-w(G-S>, a
contradiction to the choice of S.

If vj is adjacent to a vertex u in component C and a
vertex v in component C’, by the hypothesis of the theo-
rem, u and v have at least kj + k common heighbours in S.
Therefore, if VJ is adjacent to at least two components of
G~S, then all components adjacent to Vj each have at least
kj + k neighbours in S. Consider all vertices in S adjacent
to a comﬁonent Ci, then Ci has at least_km‘+ k neighbours

i .
in S by the definition of km‘. For the convenience of
i
explanation, if a vertex in S is adjacent to k compon-—
ents of G-S, then we say that it sends k edges to the
compenents. If a component C of G-S has k neighbours in
S, then we say that C sends k edges to S. Now the verti-
ces in S send k1 + k_ o+ Lol F kS edges to the components

2
of G-S. And the components of G-S send at least Ckm + kD

1
4 Ck_ + KD + ... + Ck_ + k) edges to S. So we have
m - m
2 t
ky kgt * kg
ZCk_ + kD + Ck_ + k> + ... +Ck +kd> C15
t s t
and so b ki + ¥ k.2 ¥ k + tk cad
i=1 J=t+1 3 i=r 0™y




By induction, we shall prove that km = k, i =1,2,
5 .

.»t2. Then the claim holds. By the definition of km ,
i

Assume that km = ki for all i < j. Now i = j. If
i

there is a component C e <C,,C_,...,C.> such that C is
' P 1772 J p

adjacent to Vq for some g 2 j, then km = k Z k =k

J ) 9 J

Ctherwise, Ci,Ca,....Cj are only adjacent to VyVgre

v .. Then k, + k_ + ...+ k, 2 Ck_+ kD + Ck_ + kD> +
Jj-1 1 = Jj-1 m, m.,

.+ Ckm + k2. By the induction hypothesis, k =2 k, (i =

5 m i
1,2,...,J-12 and k Z 1. So k + k + ...+ k + k
m, m, m m, m,
J 1 2 J-1 J
> k1 + ka + ...+ kj—l' a contradiction.
Hence we have that km > kJA
J
By €23 and Claim 2, § k., 2 tk [@cH]
J=tt 9

But there are at most t components adjacent'to_vl,

Vo Vg respectively. Hence




k, =t i =1,2,...,8D 4>

s
By C3) and C4>, Cs-tdt 2 L k. 2 tk - s
J=t+1 Y

By (53, we have s—-t 2 k. Therefore t = s-k. So

oG-S0 = |S|-k. o
Corollary B Let G be a connected graph with eve$ order.
If nCu,vd = a*Cu,yD -+ 2n — 1 for any two vertices u and

v of G such that dGCu,vD = 2, then G is n—-extendable.

Proof Suppose G is not n-extendable. There are n inde-—
pendent edges e = uv, i =1,2,...,nd such that G -
(ui,vi | i =1,2,...,n> has no perfect matching. Let G’
= G - {ui,vi | i =1,2,...,n>. By Tutte’s Thecorem, there

is a set S € VC(G’) such that oCG’~-S’) > |{S*|. In fact,

o(G’-S*D = |S’]| + 2. Let’S = S U {Ui,Vi [ 1 =1,2,...,n>.
Then wCG-S) = «CG'-S’) = oCG’~S'> 2 [S'| + 2 = |S| - 2n +
2. But by Theorem 4, «(G-3 < |S| - (2n-1) = [S| - 2n +
1, a contradiction. o

Next we shall give another kind of local densiﬂy
condition for n—extendable graphs which concerns the

induced subgraph on each vertex of G and its neigh-

bours.

Theorem 6 Let G be a connected graph. For any v e

VCEd, let G = GILv> U NGFVD] and suppose that for any




two nonadjacent vertices u,w € V(G’D, Cud + dG,CwD Z

dG'

dGCvD + 1 + k. Then for any two vertices u and v at

distance 2 in G apart, nCu,vd = o Cu,vd + k Ck = 0.

Proof Let u and v be two vertices in VCGE) such that

dGCu,VD = 2, and w € NCu,v). Then u,v € NCw). So u and
v are two nonadjacent vertices in G’ = GI<{w> U NGCWD].

By the hypothesis of this theorem, dg.Cud + dg,Cvd 2

dGCw) + 1 + k.

Let n’Cu,vd = lNG,CuD o] NG,CVDI. Let o«’Cu,v) be the
order of the maximum independent vertex set in G’ which

contains u and v.

There are at most CdGCwD +1 -2 - Ca’Cu,vd - 20

vertices adjacent to either u or ¥ in G’. So nCu,vd =

n*Cu,v> = [dGCwD + 1 + kil - CCdGCw) + 1 — 2) - Caxt”’Cu,vd

- 201 = a’'Cu,vd + k.

But w can be any vertex in NCu,vD. Hénce nCu,vd =

¥

a Cu,vd + k. =}

Corollary 7 Let G be a connected graph with even order.
For any vertex v in V(GD, let G* = GI<v> U N _Cvd]1 and

G

suppose that for any two nonadjacent vertices u and w in

vCeG' D,
>
dG,CuD + dG,Cw) = dGCv) + 2n.
Then G is n—extendable.

Proof By Thecrem 6, for any two vertices u and v in

VCGE) of distance 2, ndu,vd = a*Cu,v) + 2n — 1. By Coro-—




llary 85, G is n-extendable. o

Corollary S also implies a result of Plummer. The

following corollary is due to Plummer ([81.

Corollary 8 Let & be a connected graph of even order.
If 8CG> =2 vs2 + n, then G is n-extendable.

Proof Let u,v € VCG) such that dGCu.vD = 2. Let w be
a vertex in NCu,vd. By the hypothesis, dGCuD + dGCv) =
v + 2n. Let aCu,v) be the order of the maximum indepen-
dent vertex set in G which contains u and v. Then there
ére at most Cv-23 - Calu,vd - 21 vertices‘adjacent to u

or v in G, So

nCu,vd 2 [v+2nl - [Cv-2) - CaCu,vd — 221

aCu,v) + 2n

a*Cu,v) + 2n

1\

> a*Cu,v) + 2n -1.

By Corollary S, G is n—extendable. o

Now we introduce another kind of local condition
for n—extendable graphs concerning the local connecti-
vity and local independence number. The proof of the
following theorem is the same as in that of Theorem 4.

We use x#(G).to denote the connectivity of G and alB) to

denote the independence number of G.




Theorem 9 Let G be a connected graph and let k 2 O. For

any v € V(G), let G = GIL{v> U NGCVD] and suppose that
#(G’D 2 alB’) + k. Then o(G-3D £ |S| ~- k for any cutset
S € Ve,

Corollary 10 Let G be a connected graph. For any v «

VOGS, let G = GILv> U NGCv)] and suppose that 206’2 =

alG’) + 8n — 1. Then G is n-extendable.

Proof By Theorem 8 and the same argument as in Coroll-
ary 5, the result follows. o
4. Concluding remarks

Now we give some remarks to show the sharpness of

the results in this paper.

Remark 1 The bound of nCu,v) in Lemma 3 is sharp. Let

H = Kk and let u and v be two vertices not in VCHD. We

construct G by joining each of u and v to all vertices of
2
H. Then nCu,vd 2 a Cu,vd + k - 2. But 6 is only k—connec-—

ted.

Remark 2 The bound of nlu,v) in Corollary 5 is sharp.
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Let H = Kan and let u and v bé two vertices not in VCHj.
We construct G by joining each of u and v teo all vertices
of H. Then we have only two vertices of distance 2 and
nCu,vd 2 o Cu,vd + 2n - 2. Let VCHY = Cug LU, .,uy >

2 2n
Then e

1T Yoy g Usy Ci =1,2,...,n) do not lie in any per-
fect matching of G. The above graph alsoc shows the sharp-
ness of the bound of the degree sum in Corollary 7. And

it also shows the sharpness of the bound on connectivity

in Corollary 10.

Remark 3 Corollary 5 and Corollary 10 include many
n-extendable graphs which Corollary 8 cannot describe.

Let Hi = k2n+l i = 1,2,...,m and m is a positive even

integer not less than 2). Let G = Hl U Ha U o... oy Hm U

{uv | u e VCHiD and v e VCHi+ >, i =1,2,...,m-1>. Then

1
G satisfies the hypotheses of Corellary 5 and Corollary

10 and G is n—extendable. But no vertex in G has dearee

at least v/2 + n when n is sufficiently large.

Remark 4 The local conditions in Corollary 5 and Coro-—

llary 10 cannot imply each other.

Let H = CU,VD be a K , where U = {u, ,u_,...,u >
m,m 1 2 m
and V =<v, ,v_,...,v >, Let H, be a K with vertex set
1’2 m 1 2n
<w1,wa,‘..,wan} and Ha be a Kan with vertex set {xi,xé,




..X_ >, Let G =H UH uUH UL uw, | 1 24i<m 1<
2n 1 2 i :

J
jszn}u{vix‘115i$m,15j52n}u{wix, |1

A

i <2n, 1 =< j 2

2n >. Then G satisfies that nCu,v) >
a*Cu,v) + 2n - 1 for any two vertices u and v of & such

that dGCu,v) = '2. But consider G’= G[(vr} U N Cvl)].

€]
#(G’D 2 alG’D> + 2n - 1 doesn’t hold.

Let H be a K4n+l with vertex set {vl,va,...,v4n+i}.
Let ul and UE be two vertices not in VCHD. Let G = H U

{ul,u Y U Lu, v

5 1 1’U2V1} U <u

v, | 1 = 2,3.‘..,2n+i} U

11

< UBVJ [ J = 2n+2,8n+3, ... ,4n+1>. Then G satisfies that
for any v € VI(G), 2(GIL{v) U NGFVDJD z alGI<vy U NGCVDJ)
+ 2n - 1. But dsﬁui,ua) = 2 and uy and U, have only one

common neighbour.
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