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Abstract

Let F be a family of n unit discs in the plane, where n is odd. A
well-known open problem seeks to determine the minimum (over all such
families F) possible area OA(F) of all the points in the plane that belong
to an odd number of discs in F. In this paper we show that if F is a
family of n unit discs in the plane whose centers lie on a circle of radius r
where 0 < r < 1, centered at the origin, then OA(F) > 7. Furthermore,
we show that as we push the discs in F towards the origin, keeping their
centers on a circle centered at the origin, the function OA(F) decreases.
Additionally, we provide a separate proof for the interesting case of r = 1
using completely different ideas.

One of the key tools we use is a new trigonometric inequality that is
of independent interest. For a fixed odd integer n > 3 and 0 < g <
a; < ... < ay,_1 <2, we show

Z (=1)7""*sin(e; — a;) > 0.

0<i<j<n

1 Introduction

For a family F of measurable sets in the plane we define OA(F) to be the area of
the set of all points in the plane that belong to an odd number of members in F (see
Figure 1).

With a slight abuse of notation, for a measurable set B we denote by OA(B)
the odd area of B. This is defined to be the infimum of OA(F) over all families F
consisting of an odd number of translates of the set B. The notion of odd area was
defined in [3]. It emerged from an Olympiad problem suggested by Uri Rabinovich
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Figure 1: A family F of 5 unit discs. The area in gray is covered an odd
number of times.

in [6]. See also [1, 5] for more results related to the notion of odd area of sets in the
plane.

The question of finding the odd area of the unit disc in the plane was suggested
by Igor Pak. It appears as an (unsolved) Exercise 15.14 in [2]. This is perhaps the
most exciting problem about odd area. The reason for this is because for discs the
problem is very symmetric and also because practically nothing until now is known
about the odd area of the unit disc, despite considerable effort.

Problem A. Given a family F of an odd number of unit discs in the plane, is it
true that OA(F) > n?

The work of the second author in [4] gives necessary geometric and analytic
conditions for a family of discs F such that OA(F) has a local minimum in the sense
that any small shift of any of the discs in F will increase OA(F). It is further shown
in [4] that if F is a family of an odd number of unit discs such that the intersection
of all discs in F is a convex region whose boundary is composed of boundary parts
of all discs in F, then OA(F) > m. A special case of this result is the case where the
centers of the discs in F lie on a circle of radius 0 < r < 1. In the current paper we
concentrate only on this special case and present several contributions beyond the
results in [4]. We provide a different proof showing that OA(F) > = if the centers
of the discs in F lie on a circle of radius 0 < r < 1. Our proof, which relies on the
first part of [4], in fact preceded the work in [4] showing this very fact.

Our main theorem, which we prove in Section 3, is in fact stronger and shows
much more than what is shown in [4] about the case where the centers of the discs in
F lie on a circle of radius 0 < r < 1. We show that the odd area of the family F is
monotone increasing in 7 in the interval 0 < r < 1. Interestingly, this monotonicity
does not necessarily exist for » > 1. More precisely, our main theorem is the following:

Theorem 1. Let n be an odd positive integer and 0 < ag, ..., q,—1 < 27 be fized.
For every 0 < r define f(r) to be equal to OA(F), where F is the family of unit
discs centered at (rcosay,rsinay) for j =0,...,n — 1. Then f(r) is a monotone
increasing function of r for 0 < r < 1.
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We remark that an immediate consequence of Theorem 1 is that OA(F) > « for
any family F of odd number of unit discs centered at points on a circle of radius
0 <r < 1. This is because the function f(r) in Theorem 1 is continuous and clearly
lim, o+ f(r) = 7 because n is odd.

In particular we conclude that f(1) > m. In Section 4 we give an independent
proof of this fact using completely different ideas, not related in any way to those in
[4], that we hope may help in obtaining future progress on Problem A. The proof is
more elementary and very elegant and suggests further ideas for study.

Theorem 2. Let F be a family of an odd number of unit discs centered at points on
a circle of radius 1 (see Figure 2). Then OA(F) > w. Equality is possible only if F
consists of pairs of identical unit discs plus another unit disc.

(T

Figure 2: A family F of 5 unit discs whose centers lies on a common unit circle.

Our proof of Theorem 1 is based on the following independently interesting
trigonometric inequality whose proof we bring in Section 2.

Lemma 1. Let n > 3 be a fized odd integer. Assume 0 < ag < a1 < ... < apq <

2mw. Then -
Z (=1)7""*sin(a; — a;) > 0.

0<i<j<n

We conclude this article with two examples. The first is an example of a family F
of discs whose centers lie on a unit circle and which satisfies the analytic conditions
required for a local minima as proved in [4]. This example motivated our study of
collections of discs whose centers are located on a circle. The second example shows
that f(r) is not necessarily monotone when r > 1 and encourages further work on
this case.

2 Proof of Lemma 1.

We prove the lemma by induction on n. For n = 3 the statement can be inter-
preted geometrically by considering the three unit vectors vy, vy, and v, in directions
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ag, a1, and ag, respectively. Then the sum Y5, ;. sin(a; — a;)(—=1)7""*" is equal
to sin(a; — ) +sin(ag — o) —sin(ag — ap). It is enjoyable to verify that as long as
0 < ap < a; < ay this is twice the area of the triangle with vertices vy, vy, and vs.

Assume n > 3 (hence, n > 5). Consider 0 < ap < ... < a,_1 < 27 such that
D o<icjen Sin(a; — a;)(=1)77" is minimum. Notice that this minimum must be
attained when oy < ... < «,_1. This is because if say a; = a1, then we can
omit both indices k£ and k + 1 and conclude by the induction hypothesis for the case
n — 2. This is because if ay = 11, then the terms involving oy and ajyq in the
sum Yoo, sin(a; — a;)(—=1)77"*1 cancel each other.

Consider now any fixed index 0 < k£ < n. For convenience define a1 = o, 1 —27
and a, = ag + 2m. We think of a4 as a variable x where a1 < x < ag,1. Let
fr : [ag—1, ars1] = R be the function defined by

fr(2) = Z sin(a; — ;) (—1)7

0<i<j<n,i,j#k

D sinfay = @)1 Y sine = o) (<)

k<j i<k

_ S sinfay - ag)(~1)

0<i<j<n,i,j#k

+ Zsin(aj — ) (1) Zsin(ai — ) (=1)F

k<j i<k

Notice that we would like to show that fi(ax) > 0. We will show something
even stronger. We will show that f, cannot have a minimum in the open interval
(a1, ags1). It will follow then that f must have a minimum either at x = ay_; or
at T = ogq41.

By our assumption, f; has a minimum at z = aj. Because ap_1 < ap < a1,
we must have f(ay) = 0. Moreover, we must also have f}(ay) > 0.

We observe that

Y(ag) = Zsm(a] — ) (=1)7F — Zsm(aZ — ag)(—1)F (2)

The equations above allow us to conclude that f/(ax) > 0 (strictly greater).
Indeed, this is because the function f, has periodic derivatives of order 4 and
D) = —fF(ag) = 0 and fP(ap) = —fP(ag). If we assume to the con-
trary that f;(ax) =0, then it will follow that all the higher derivatives of fj vanish
and therefore f; is constant. In such a case we are done.

In order to reach a contradiction we consider the unit vectors vy, ...,v,_; € R?
defined by v; = (cos a;, sin ;).
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Ui + Uit
>

Figure 3: The vectors Uy, Ug11, vk, and vgy1.

Equations (1) and (2) and the fact that fi(ax) = 0 and f}/(ax) > 0 imply that if
we rotate the vector Uy = > ;v (—=1)7% =37, v;(=1)77F by angle a;, about the
origin in the clockwise direction, the resulting vector will have z-coordinate equal to
0 and positive y-coordinate. This implies that if we rotate U, by angle 7 about the
origin in the clockwise direction, the resulting vector is a positive multiple of vy.

Consider now also the vector

Uppr = Y vy (=1)77 50— 3y (—1)77 0,

k+1<j j<(k+1)

Here we may conclude in the same way that if we rotate Uy, by angle 7 about the
origin in the clockwise direction, the resulting vector is a positive multiple of v,
(see Figure 3).

Observe that Uy + Ugy1 = vp — vgy1. This is geometrically impossible. It is
easily seen when agq1 — a3 < 5, which we may indeed assume as we can choose
such k because n > 5. In this case Uy + Uy is to the left of vgy; (in the sense that
det(vgy1, Ug+Ugy1) > 0) while vy, — vy is to the right of vy (that is, det(vgyq, v —

Uk+1) < O) O

3 Proof of Theorem 1.

The proof of Theorem 1 goes by computing f’(r) and using Lemma 1 to show that
f'(r) > 0. Let g(xo,%0,- -, %n_1,Yn—1) be the function of 2n variables that is equal
to the odd area of the family of n unit discs centered at (xo,%0),-- -, (Tn_1,Yn-1);
respectively.
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We use the result in [4] to calculate the partial derivatives of g at (zo,yo,- ..,
Tp-1,Yn-1) = (rcosag,rsinag, ..., cosa, 1,7 sina, 1).

For a circle C' and two points A and B on C we denote by C(A, B) the arc
on C that starts at A and goes counterclockwise to B. We define a function g by
letting g(zo, Yo, - - -, Tn-1,Yn—1) denote the odd area of the n unit discs centered at
(0, Y0), - - -+ (Tn—1,Yn—1). The main theorem in [4] states as follows:

Theorem 3 ([4]). Let C = {Cy,...,Ch_1} be a family of unit circles centered at the

pairwise distinct points vo = (Xo,Y0)s - - - Un—1 = (Tn_1, Yn_1), respectively. Consider
a fized index 0 < i < n — 1 and let m be the number of circles from C \ {C;} that
intersect C;. Let ug, ..., usm_1 denote the intersection points, with multiplicities, of

C; with the m circles in C \ {C;} that intersect C; (notice that the number of these
intersection points must indeed be 2m, as we count touching points on C; twice, if
there are any). We index the points ug, . .., Usm—1 according to their counterclockwise
cyclic order on C;.

Then (_5_57 %) is equal to 2M Z?Zgl(—l)juj, where M is equal either to +1,
or to —1. M = +1 if the region bounded by C; and adjacent to the arc of C;i(ug,uy)

belongs to an even number of discs bounded by C4,...,C,. Otherwise, M = —1.

In the statement of Theorem 3 we assume without loss of generality that ug # uq,
otherwise m = 0, or m = 1 and ug = u; and the theorem is almost trivially true.

To be consistent with the notation in Theorem 3, for 0 < j < n denote by C; the
unit circle centered at (rcosf;,rsinf;). Fix 0 < i < n. Consider the intersection
points of C; with the other unit circles C;. The crucial observation is that because
we assume 0 < r < 1, then C; intersects at two points with every C; where j # 1.

Let Z denote the point ((r+ 1) cos8;, (r+1)sin6;). Notice that Z lies on C; and
it does not belong to unit discs bounded by C; for j # 1.

For every j # i denote by A; and B; the two intersection points of C; and
C; such that Z, B;j, A; is the counterclockwise cyclic order of these three points
on C;. We observe (and leave the reader to verify this easy fact, which is also
shown in more generality in [4]) that the following counterclockwise cyclic order
Z, Bi+1> Bi+27 ey Bn—l; Bo, B1 N Bi—h Ai+17Ai+27 ce ,An_l, Ao, Al ce 7Ai—1 is the
counterclockwise cyclic order of these points on C; (see Figure 4).

We take ug = B;y1 in Theorem 3. Then M = 1 in Theorem 3 because u; = B;1o
and points bounded by C; very close to the arc Cj(ug,u;) = Cij(Biy1, Biy1) are
covered precisely twice: by the unit discs bounded by C; and Cj,1, respectively.

Theorem 3 gives
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Figure 4: The intersection points of C; with the other unit circles.

8yi’ (9@ n =0 I

n—1 i—1
= 2) (-1)7"7'B;+2) (1Y 7B
j=0

j=i+1

+ 2 HZ(—1)J‘“AJ-+2ZZ(—1)”AJ-. (3)

j=it1

Notice that for every j # i we have (A; — v;) + (B; — v;) = v; — v;. Hence,
A; + B; = vj 4+ v;. Inserting this in (3) we get:

99 99 S i—i—1 L -
<_8y¢’ 8xi) = 2 Z (=177 (v 4 v;) + ZZ(_l)J (v; + v3)
j=i+1 =0
n—1 o i1 N
SRS Y 0
Jj=i+1 =0

We note that we used the fact that n is odd in the second equality in (4). Because
v; = (2, y;) we conclude

ag n—1 - i—1 -
oo =2 (YT 2y (-1 (5)
7 ]:0

93
j=i+1

and

P n—1 L i—1 .
5y =2 D (FI ey =2y (-1 (6)
) §=0

j=i+1
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Observe that f(r) = g(rcos ag, rsinayg, . .., rcosa,_1,rsina,_1). We would like
to show that f’(r) > 0 for 0 < r < 1. The chain rule gives:

n—1

dg .
i sin ;). (7)

cos oy; +

8@

=0

Combining (5), (6) and (7) and keeping in mind that (z;,y;) = (r cos i, 7 sin o),
we get

n—1 i—1
f'(r)y = 27’2003041 Z —1)7""sinq; —1—27“26050422( 1) " sin o
Jj=i+1 1=0 7=0
n—1 n—1 i—1
—QTZsinai Z (=1)""cosa; — QTZsma,Z( 1)~ cos
=0 J=i+1 =0 7=0
n—1 n—1
= 21”2 Z (=1)77"(cos a; sin a; — sin q; cos ;)
i=0 j=i+1
n—1 i—1
+2r Z Z(—l)j”'(cos a; sin a; — sin ; cos o)
i=0 j=0
n—1 n—1 n—1 1—1
= 27’2 Z (=1 sin(a; — oy +27"ZZ 1) " sin(a; — ay)
i=0 j=i+1 =0 j=0
n—1n-1 -1
= 27’2 Z(—l)j_i_1 sin(a; — ;) + 2r Z Z(—l)j_i_1 sin(oy; — ay)
=0 j>i =0 j<i
- 47“2(—1)] sin(a; — a)
7>

We can now use Lemma 1 to conclude that f'(r) > 0 for 0 < r < 1, as desired. O

4 The case r = 1 revisited: Proof of Theorem 2.

In this section, we study the case where F is a family of an odd number of unit
discs whose centers lie on a fixed unit circle. We will prove Theorem 2 and show
that OA(F) > m. As mentioned before, the result already follows from Theorem 1
because of the continuity of the function f(r) in Theorem 1. The main reason for
providing a separate proof for Theorem 2 is because we can prove this case using
completely different ideas. We hope that these new ideas will find a use in other
problems related to odd area and in particular the odd area of the unit disc.

Let F be a family of an odd number of unit discs whose set of centers P =
{P,...,P,} is contained in a unit circle C' centered at the origin. (This is precisely
the case r = 1 in Theorem 1.) Let W denote the set of all points in the plane that
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belong to an odd number of discs from F. Observe that a point X belongs to W
if and only if the unit disc centered at X contains an odd number of points from
Py, ..., P,. Forevery 0 < a < 7 let S, denote the set of all points X in the plane
such that the unit disc centered at X intersects C' at an arc of length « (see Figure
5). Notice that S, is a circle of radius 7(a)) = 2cos § centered at the origin.

Figure 5: The definition of S, and Z,(6).

For every 0 < a < 7 and 0 < 6§ < 27 we denote by Z,(6) the point (r(«)cos®,
r(a)sin@). This is the point on S, with argument 6.

We observe that for every 0 < a < § and 0 < 6 < 7 at least one of the four points
Zo(0), Zrea(0+ %), Zo(0 4 7), and Zr_o(0 + %) must belong to W. This is because
the four unit discs centered at these four points partition C' into four arcs that are
pairwise disjoint except at their endpoints. At least one of these arcs must contain
an odd number of points from P, because n is odd and the points P, ..., P, lie on
C, as illustrated in Figure 6 (we neglect here cases where a point P; is a common
endpoint of two of the arcs, as these cases have measure 0).

Let I, be the set of all 0 < # < 7 such that at least one of the points Z,(#) and
Zo(0 4+ 7) is in W. Denote by |I,| the one-dimensional measure (length) of I,. We
get a contribution of

|1o|r(a)dr(a) = |14]|2 cos % sin %da

to the calculated area of W. For every 0 < § < 7 not in I, (the one-dimensional
measure of this set is 7 — |I,]) it is true that at least one of Z, (6 + ) and
Zp—o(0+2F) is in W. This contributes

(m — [La])r(m — a)dr(m — @)
= (m—|1a])2cos(5 — §)sin(5 — §)da
= (m — |1a])2sin § cos Sda

to the calculated area of W.
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Figure 6: The unit discs centered at Zn(0), Zz—a(0 + 5), Zo(0 + 7), and
Zn—a(0+ 37”) partition C into four pairwise disjoint arcs.

Altogether, we get a contribution of 72 sin § cos §da to the calculated area of W.
Therefore, the area of W is at least 7 fog sin awdae = 7. This proves that OA(F) > .

This proof allows us to analyze easily the case of equality. It follows from the
proof that the area of W is equal to 7 only if for almost (that is, up to measure
zero) every 0 < a < § and 0 < 6 < 7 ezactly one of the four points Z,(0), Zr_o(0 +
2), Za(0 4+ ), and Z,_o(0 + 37”) belongs to W. This means that precisely one of
the four arcs that are the intersections of C' with the four unit discs centered at
Zo(0), Zr-a(0 + %), Zo(0 + ), and Zr_o(0 + 2F), contains an odd number of points
from P. We may assume that the points Py, ..., P, are pairwise distinct. If not,
then we remove pairs that are equal, as this does not change the set W. The number
of points n remains odd. If we remain with n > 1 distinct points Py, ..., P,, then we
can divide C' into two half-circles, each of which contains a nonempty subset of P.
Let H; (respectively, Hy) denote the half-circle of odd (respectively, even) cardinality.
We notice that the half-circles H; that we can choose have positive measure among
all possible half-circles of C'.

Because Hs contains a nonempty subset of P, there is a such that the arc s of
length between a — € and « + € (for € > 0 small enough) starting at one endpoint
of H, contains an odd number of points of P. The partition of C' into the four arcs
s, Hy\ s, —s,—(Hs \ s) has precisely three arcs that contain an odd number of points
from P. Indeed, each of the arcs s and Hs \ s contains an odd number of points from
P. In addition, the union of the two arcs —s and —(Hs \ s) is equal to Hy. The
half-circle H; contains an odd number of points of P. Therefore, necessarily one of
—s and —(Hy \ ) must contain an odd number of points of P.

Therefore, if the discs in F are distinct, then unless n = 1, we must have a set of
positive measure of a and @ for which more than one of Z,(0), Zr—o(0+75), Zo(0+7),
and Z,_,(0 + %’r) must belong to W. Consequently, the odd area of F is strictly
greater than 7 in such a case.
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We conclude that OA(F) = = if and only if n = 1 or F is a union of pairs of
equal unit discs plus another unit disc. This completes the proof of Theorem 2. O

5 Further remarks and open problems

Consider the collection F of unit discs centered at (cos 5, sin %) for i = 0,...,5 (see
Figure 7).
The reader can easily verify that the partial derivatives (%, g—;) satisfy the con-

ditions of Theorem 1 in [4] for any i = 0,...,5. That is, the gradient of f is 0,
however, this is a saddle point rather than a local extremum.

We are not aware of a similar example with an odd number of unit discs in F
(except for trivial variations like adding another copy of a unit disc not connected
to the rest). Moreover, notice that in the example in Figure 7 there are pairs of
touching discs. It will be interesting to find similar examples in which no two discs
touch.

Figure 7: An example of a collection of discs F such that the function f has
a 0 gradient. The discs in F are centered at the vertices of a hexagon that is
enclosed inside a unit circle.

The next example shows the property f’(r) > 0, proved in Theorem 1 for the
case 0 < r < 1 is not necessarily true in the case » > 1. Hence the result regarding
the odd area of discs for the case r > 1 cannot be derived in the same manner. In
the next example, the discs are located at (r cos %, r sin %) fori=0,...,n—1. In
this example, the number of discs is 23, although this behavior of f’(r) occurs for
every n > 9. As seen in Figure 8, f/(r) fluctuate around 0 for 1 < r < 3.5 and we
note that a global minimum point is not reached in this example, i.e. f(r) > 7 for

every r.

Finally, we would like to mention an independently interesting problem directly
related to the study of this paper. Let D be any compact set in the plane. Consider
now a family F of an odd number of rotations of D about the origin O. What can be
said about OA(F)? Define the rotational odd area of D to be the infimum of OA(F)
over all such families F. Theorem 1 shows that if D is a unit disc that contains
the origin, then it has a rotational odd area that is equal to m. It is interesting to
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Figure 8: A plot of f/(r) for different v, 1 < r < 3.5. The number of discs is

23, where the i’th is located at (r cos %,rsin 22—7;) for i =0,...,22.

study the rotational odd area of other sets and in particular of unit discs that do not
contain the origin. This is the unresolved case » > 1 in Theorem 1.
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