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Abstract

Let my, ma, n be three positive integers, m; < mg < n. An (my, ms)-near-
Skolem sequence of order n with defects m; and msy is a sequence S =
(81,82, .,89,—4) of 2n — 4 positive integers which satisfies the following
two conditions: (1) Forevery k € {1,2,...,n}\{m1, ms} there are exactly
two elements s;,s; € S, such that s;, = s; = k; (2) If s;, = s; = k then
|7 —i| = k. In this paper, we prove that the necessary conditions are also
sufficient for the existence of (1, m)-near-Skolem sequences.

1 Introduction

The concept of an (mq,msg)-near-Skolem sequence was first introduced by Shal-
aby [18]. Let my, ma, n be three positive integers, m; < mo < n. An (mq, ms)-near-
Skolem sequence of order n and defects m; and my, is a sequence S = (s1, Sa, .. ., S2n—4)
of 2n — 4 positive integers which satisfies the following conditions:

(1) Forevery k € {1,2,...,n}\ {my, my} there are exactly two elements s;, s; € .S,
such that s; = s; = k.

(2) If s; = s; = k then |j —i| = k.

Reid and Shalaby [15] conjectured the necessary conditions for the existence of
(mq, mg)-near-Skolem sequences of order n are sufficient.
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Conjecture 1.1. ([15]) An (mq, mgy)-near-Skolem sequence of order n exists if and
only if one of the following is true: (1) n =0,1 (mod 4) and my and my are of the
same parity; (2) n = 2,3 (mod 4) and my and my are of opposite parity.

The research of related sequences can be traced back to Skolem [21] who first
proposed the concept of Skolem sequences in 1957. Since then various generalizations
of Skolem sequences have been studied by many people—for example: hooked Skolem
sequences [14]; Rosa sequences and hooked Rosa sequences [16]; Langford sequences
and hooked Langford sequences [20]; extended Skolem sequences [1, 2] and hooked
extended Skolem sequences [10]; near-Skolem sequences and hooked near-Skolem
sequences [18]; near-Rosa sequences and hooked near-Rosa sequences [19]; (p, q)-
extended Rosa sequences [11]; and k-extended m-near-Skolem sequences [3, 4]. There
are numerous open problems on the existence of related generalizations of Skolem
sequences [13, 17, 8].

An m-near-Skolem sequence of order n is a sequence S = (s1,Sg,. .., So,_2) of
2n — 2 positive integers which satisfies the following conditions:

(1) For every k € {1,2,...,n} \ {m} there are exactly two elements s;,s; € S,
such that s; = s; = k.

(2) If s; = s; = k then |j —i| = k.

Near-Skolem sequences can be used to construct various types of designs. For exam-
ple, Billington applied near-Skolem sequences to obtain several types of designs [6, 7],
Fu and Wu [9] used near-Skolem sequences to obtain a cyclic decomposition of com-
plete graphs, and Meszka and Rosa [12] used near Skolem sequences to construct
cubic graphs with at most 22 vertices which are leaves of partial triple systems.

Theorem 1.2. ([18]) An m-near-Skolem sequence of order n exists if and only if
n=0,1 (mod 4) and m is odd, or n = 2,3 (mod 4) and m is even.

A few results have been obtained on Conjecture 1.1. Recently, we proved Con-
jecture 1.1 under the condition that ms —my < 2, or mg —my > 2 and n > 3mq + 1.

Theorem 1.3. ([22]) (1) For n = 0,1 (mod 4), there is an (my, mg)-near-Skolem
sequence of order n, where n > 3ms + 1 and my —m; =0 (mod 2).

(2) For n = 2,3 (mod 4), there is an (my, mg)-near-Skolem sequence of order n,
where n > 3mg + 1 and my —my =1 (mod 2).

Theorem 1.4. ([22]) (1) An (m, m + 2)-near-Skolem sequence of order n exists if
and only if n = 0,1 (mod 4), n >4, and (m,n) # (1,4), (1,5).
(2) An (m,m + 1)-near-Skolem sequence of order n exists if and only if n = 2,3

(mod 4), n > 3, and (m,n) # (1,3), (1,6).

In this paper, we mainly prove that a (1,m)-near-Skolem sequence of order n
exists if and only if n = 0,1 (mod 4), n > 5, m =1 (mod 2), and (m,n) # (3,5),
orn=2,3 (mod4),n>6,m=0 (mod 2), and (m,n) # (2,6).
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2 Main result

We first introduce the concept of extended near Skolem sequences. A k-extended
m-near-Skolem sequence of order n is a sequence S = (s1,S2,...,82,-1) of 2n — 1
positive integers which satisfies the following three conditions:

(1) Forevery l € {1,2,...,n}\ {m} there are exactly two elements s;, s; € S, such
that s; = s; = L.

(2) If s;, =s; =1 then |j —i| = k.
(3) Sk:O.

Theorem 2.1. ([3, 4, 5]) There exists an (n — 4)-extended 1-near-Skolem sequence
of order n — 2 if and only if n = 0,3 (mod 4), n > 7.

Theorem 2.2. A (1,n — 1)-near-Skolem sequence of order n exists if n = 0,3
(mod 4), n > 7.

Proof: By Theorem 2.1 since there exists an (n—4)-extended 1-near-Skolem sequence
of order n — 2, so we put n in positions n — 4 and 2n — 4 of this sequence. Then we
get a (1,n — 1)-near-Skolem sequence of order n. 0

Before proving our main conclusions, we briefly describe the main methods used.
Let M ={2,3,...,n}\ {m}. Now M can be partitioned into three subsets M; =
{D:DeM,D-—m=0 (mod4)}, Mo ={D:D € M,D—m =2 (mod 4)}, and
Ms={D:DeM,D—m=1 (mod 2)}.

(1) For all the differences in M; we put the biggest one at the end of the sequence,
i.e. in position P = 2n — 4. Then move inward two positions each time and put the
largest difference of the remaining differences. This continues until m — 4 is the
maximum of the remaining differences in M;. Now we move inward two positions
and four positions, respectively, and put 2 in both. Then continue to move inward two
positions each time again and put the largest difference of the remaining differences.
This discontinuous subsequence is denoted by S in the next example.

(2) For all the differences in M, we put the biggest one at the end of the sequence,
i.e. in position P = 2n — 5. Then move inward two positions each time and put
the largest difference of the remaining differences. This continuous subsequence is
denoted by S5 in the next example.

(3) For all the differences in M3 we distinguish three subcases and use a simi-
lar method to obtain two continuous subsequences S3 and Sy, and a discontinuous
subsequence Ss.

Example 1. A (1,33)-near-Skolem sequence of order 64 and its five subsequences.
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Plr| 2| s\ 4516 7| 8| 9|1w]|1r|12|15|1y|15|16]17]18|19| 2| 20)|20)|29|2/]|25
D| 58| 56 52 | 50 | 48 gz | g0 96 | 34 | 52 28 | 26| 24 20 | 18 | 16 2| 10
Ploc| ov| 28| 20| 30| 31| 52| 33| 34| 35|36 37 38|39 40| 41| 42| 45| 44|45 46| 47| 48| 49| 50
D| s s | 10| 12 16| 18 | 20 2/ | 26 | 28 92| 3| 96 40
Pl 51| 5259|5455 56|57 58| 59| 60| 61|62|635|64|65|66]|67]68|69| 70|70\ 72| 05|75
D| 42| 44 48| 50 | 52 56 | 58 | 63 59| 61 55| sm | 51| 58| 47| 49| 43| 45| 39| 41| 55| a7
Pl76| 17| 18| 19| 80| 81| 82| 83| 84| 85| s6|sr|8s| 89| 90| 91| 92| 93| 95| 95| 96| 97| 98| 99| 100
D| st 20| or|es| oz ot | 19| 17| 15|13 1t| 9| 7] 5 s 7| 9 || 1s| 5] 17
101 | 102 | 103 | 104 | 105 | 106 | 107| 108 | 109 | 110 | 111 | 112 | 118 | 114 | 115 | 116 | 117 | 118 | 119 | 120 | 121 | 122 | 123 | 124
19 21| 23| 25| 27|20 31| 2 | 35| 2 | 59| 7| 45| 41| 47| 45| 51| 49| 55| 53| 59| 57| 63| 61
s,
Pl st | 52| 53| 54| 55|56 5758|5960/ 61| 62|63 64|65|66|67 68|69 70| 70| 72| 78| 17|75
D 61 57 53 49 45 41 97
Plas| 7| 78| 79| 80| s1|82| 85| 8/ | 85| 86| 87| 88| 89| 90| 91| 92| 93|94 95| 96| 97| 98| 99| 100
D 29 25 21 17 18 9 5 5 9 13 17
P | 101 102 103 104 | 105 106 | 107 | 108 | 109 | 110 | 111 | 112 113 | 114 | 115 | 116 | 117 | 118 | 119 | 120 | 121 | 122 | 123 124
D 21 25 29 2 2 97 41 45 49 59 57 61
5]
Pl st | 52| 53| 54| 55|56 5758|5960/ 61| 62|63 64|65|66|67 68|69 70| 70| 72| 78| 17|75
D 63 59 55 51 47 43 39 %5
Plas| 77| 78| 79| 80| s1|82| 85| 8/ | 85| 86| 87| 88| 89| 90| 91| 92| 93|94 95| 96| 97| 98| 99| 100
D 31 27 23 19 15 11 7 7 11 15
P | 101 102 103 104 | 105 106 | 107 | 108 | 109 | 110 | 111 | 112 113 | 114 | 115 | 116 | 117 | 118 | 119 | 120 | 121 | 122 | 123 124
D 19 23 27 31 95 39 43 47 51 55 59 63
Ex
P 1 21 8| 4 S5 1 6| 7| 8|9 |10 11121314 15|16 17| 18| 19| 20| 21| 22| 23| 24| 25
D 56 52 48 14 40 36 32 28 2/ 20 16 12
Pl26| 27| 25| 29|30 31|392|35| 34| 3536|397 38| 39| 40| 41| 42|43\ 44| 45| 46| 47| 48| 49| 50
D | 8 8 12 16 20 24 28 32 30 40
P | 5152|5354 |55|56(57|58|59|60|61|62|63|64|65|66|67|68|69|70|71|72|73| 7|75
D 14 48 52 56
s, |
P 1 21 3| 4 S5V 6| 7| 8| 910111213 14| 15| 16| 1718|1920\ 21| 22| 23| 24| 25
D | 58 50 42 34 20 18 10
P | 26| 27| 28| 29| 30| 31| 32|33 3834|3536 37|38 39| 40| 41| 42| 43| 44| 45| 46| 47| 48| 49| 50
D 10 18 26 34
P | 51| 52| 53|54|55|56|57|58]59]60)|61|62|63|64|65|66|67|68|69| 70| 71| 72| 73| 74|75
D |42 50 58
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20 27| 2829|3031 32|33 84|35|36| 37| 38| 39|40\ 41| 42| 43| 44| 45| 46| 47| 48| 49| 50

51| 521 53| 54 | O
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Theorem 2.3. A (1, m)-near-Skolem sequence of order n exists if and only ifn =0, 1
(mod 4), n > 5, m =1 (mod 2), and (m,n) # (3,5), orn = 2,3 (mod 4), n > 6,
m =0 (mod 2), and (m,n) # (2,6).

Proof: Necessity is obvious and the exceptions n < 5 and (m,n) # (3,5),(2,6) are
easily verified. For sufficiency, we distinguish four cases. In each case, the solution
is given in the form of a table, where a;, b; denote the first and second appearance,
respectively, of the number 4. Define c(n, k) =n — k[7].

Case 1: n =0 (mod 4), m =1 (mod 2).

i a; b;
n+c(m,4) —4 —4r n—c(m,4) + 2r 2n—4 —2r 0<r< |n=msd
m—4—4r gn—2["F] =34 2r | fn 2P -6 -2 | 0<r <[]
2 n+2|mt] -4 Sp2(md] -2
n —c(m,4) — 4r n+c(m,4) — 5+ 2r In—5—9r 0<r<nl2

Case 1.1: n =0 (mod 8).

Forn > 16 and m = 3, a (1, 3)-near-Skolem sequence of order n exists by Theorem
1.3. Forn > 16 and 5 < m < n — 1, we split into two cases: m = 1 (mod 4) and
m =3 (mod 4).
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Case 1.1.1: m=1 (mod 4),5<m <n-—3,n>16.

7 a; bz
n—8—4r 24 2r n—6—2r 0<r <o
5 —10—8r T+ T +4r 3—4r OSTSL—RI(?Q
3
5 —2 n—3 5=
3n 3n
7 T T
3n 3n
5 P Fi
4 i1 1+3
n—6— 0 gy | 14 Al gy |y 5 A gy g << 0l
n_10+c(n ,16) — 8| 3— c(n;llﬁ) + 4y 7+c(n ,16) — 4y 0§7”< Ln724
c(n,16) 3 ¢(n,16)
n 3y %—B—T
n—2 n_ 44 (n16) 6+3c(n16)
2
n (16) 3n (16)
n—4 E_cn4 7_4_cn4
3 2+c(n16) +1+c(n16)
Case 1.1.2: m=3 (mod 4), 7<m<n-—1,n>16.
) a; bl
n—6—4r 2+ 2r n—4—2r 0<r<ntz
n—12 —8r 3+ 4r n—9—4r 0<r<nt
n—8—8r 1+4r n—7—4r 0<r <[22
; - -
A T R LRy P ) N A L A ==
n 3¢(n,16) n 3¢(n,16)
n 5_1_T 37_1_ 4
n—2 — 5 4 210 Bn_ 7 4 Jelndo)
n c¢(n,16 n c(n,16
n c(n,16 cnlb
5 7+c(n16) 2+cn16)
4 7+C”16) 3+cn16)

For n = 8 and m = 3, the conclusion comes from Theorem 1.4.
Forn=8and m=5:827236438746

For n = 8 and m = 7, the conclusion comes from Theorem 2.2.

73
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Case 1.2: n =4 (mod 8).

Forn > 12 and m = 3, a (1, 3)-near-Skolem sequence of order n exists by Theorem
1.3. Forn > 20 and 5 < m < n — 1, we split into two cases: m = 1 (mod 4) and
m =3 (mod 4).

Case 1.2.1: m=1 (mod 4), 5 <m <n-—3,n > 20.

0} a; bi
7 3(n;4) —9 3(n;4) + 5
n—6— c(n—44,16) — Yy 1+ c(n—84,16) +9or n—>5— c(n—84,16) —rlo<r< 2n—24—(;(n 4,16)
n—8— c(n—44,16) _ & 2+ c(n—4,16) + 4y n—6— c(n—84,16) — 4y 0<r< ;20
n—12+ 30(71;4,16) — & 4— 3c(n— 416 +dr — 8+ 3c(n— 416) — 4y 0 <r< \_ni?s
n c(n—4,16) n—4 c(n 416 3n—44 c(n 4,16) n—28
— 10 4 drblO) gy |zt )y 4y T+7—4r 0<r< |2
2+c(n 416) n—3 5+cn416)
n—4 3+c(n416) —74 n416)
n c(n—4,16 3n c(n—4,16
n—2 5 — ool 52 %
n g 4+c(n 41()) 4+cn 41())
5 % 6+ c(n— 4 ,16) 1+ c(n— 4 ,16)
3n c(n— 4,16) c(n— 4 ,16)
4 i 7+ - -3+ =
3n c¢(n—4,16) 3n c(n— 4,16)
3 P P
Case 1.2.2: m=3 (mod 4),7<m<n-—1,n>20.
1 a; bi
n— 10 — 4r 3+2r n—17-—2r 0<r<=2
—4 3(n—4) —36
e _ 8 —8r e+ 8+ 4r T —4r O§T§Ln1—6
n nT_4 _ 1 3(n—4) + 3
n—2 443 0t 45
n—4 = ) 41
n—06 1 n—>5
—4 3(n—4)
3 n—4 2
3 (n2—4) 1 3(n2—4) +9
—4 —4
4 T T4
5 nd— 442
n—6— o g |14 C(n 1) 4 4r | p—5— C(njlm) r | 0<r< _820
n—14+ 420 g |5 C<" O 4 gr | n—9+ 420 gy |0 << |58
6 __5+c(n16) _+1+cn16

Forn=12and 5<m <9:
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m=5:1281141039438671211109627 2
m=7:12101163593865101211498242
m=9:12411510438536712111086272

For n = 12 and m = 11, the conclusion comes from Theorem 2.2.

Case 2: n=1 (mod 4), m =1 (mod 2).

{ a; bi
n—c(m,4)+1—4r +c(m,4) —5+2r 2n —4—2r 0<r < [mm=t]
m—4 — 4r §n—2Lm—_1J—%+2T Snt+2lmd] B —2r | 0<r< [
2 sn+2[m] - 4 Sn+2[m] — g
n+c(m,4)—3—4r | n—c(m,4)—2+2r 2n—5—2r 0<r<o?

Case 2.1: n =1 (mod 8).

Forn > 17 and m = 3, a (1, 3)-near-Skolem sequence of order n exists by Theorem
1.3. For n > 25 and 5 < m < n, we split into two cases: m =1 (mod 4) and m = 3

(mod 4).

Case 2.1.1: m=1 (mod 4),5 <m <n,n > 25.

? a; b;
n—T7—dr 2+2r n—>5—2r 0<r<nls
nl_ g gy nl |34 dr ) gy | 0<r< |28
nlyg n—6 sl g
4 rl_5 nl_q
5 3(n;1) _7 3(n;1) _9
n—Q—M—ST 1+M—|—47‘ n—8—c("_4#6)—4r ()Srg"_s%
n =13+ b0 _gp | g O gy | 104 LD gy |0 < < [ 250
n—1 nTA _3_ c(n—41,16) 3(n2—1) _3_ c(n—41,16)
n—3 __2_|_ (n116) 3(n;1) 4 4 o= 116)
n—>y __1+c(n 116) 3(n2—1) 5+(’n 116)
8 7+cn116) ( +1+M
3 %—% mgt 3 o
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Case 2.1.2: m=3 (mod 4),7<m<n-—2n>25.

i a; bl
”_7_w_47“ 1_,_@4_27« n_(;_@_% OSTSQn—?G—CS(n—l,lﬁ)
n—13+ M — 8| 4-— w “dr | n—9+ 36(71;1,16) 4 0<r< n—25+c§(§n71716)
n—9— @ — 8r 24+ C(n781,16) + 4y n—"7— c(n781,16) . 0<r< I_TLIGan
Ll Y c(n=1,16 . n+42: ¢(n—1,16 3n— c(n—1,16 e
217+( S L _223_( 3 ) 4 4r 34“4—( 3 ) _ 4y 0<r< |22
n=3 _ ¢(n=1,16) 3n—5 _ c(n—1,16)
n—1 2 T 8 7 8
n=9 , c¢(n—1,16) 3n—15 , c(n—1,16)
n—3 TS dnold )
n—1 3(n—1)
n—35 =N S -4
n=l 4 c(n—1,16) 3n-9 , c(n—1,16)
7 T n—4 R
5 n=7 _ c¢(n=1,16) nt+3 _ ¢(n—1,16)
2 8 2 8
n=9 c(n—1,16) n+7 _ c(n—1,16)
4 T T s S
3 3n—13 _ ¢(n=116) 3n—7 _ c(n—1,16)
2 8 2 ]

For n =9 and m = 3, the conclusion comes from Theorem 1.4.
Forn=9and 5<m<T:

m=5:96834736498272
m=7:94853463598262

For n =9 and m = 9, the conclusion comes from Theorem 1.2.
Forn=17and 5 <m < 15:

76

m=5:1715169614813712611910871517161413121110423243
m=7:171516108144136124118106915171614131211592325 3
m=9:171516710146135127116510815171614 1312118423243
m=11:17151679145136127510968151716141312108423243
m=13:17151669145712611510978 15171614 1211108423243
m=15:17141613978412101147981413171610121163523265

For n = 17 and m = 17, the conclusion comes from Theorem 1.2.

Case 2.2: n =5 (mod 8).

For n > 21 and m = 3,5, a (1, m)-near-Skolem sequence of order n exists by
Theorem 1.3. For n > 21 and 7 < m < n, we split into two cases: m = 1 (mod 4)

and m = 3 (mod 4).
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Case 2.2.1: m=1

(mod 4), 9 <m <n,n>21.

) a; b;
n—9+ M 4r 1+ M + 2r n—8+ 7‘“(" 5160 _9p | 0 <r< 72"73“;("75’16)
n—11+M 8r 4—736(71516—1—41“ n—?—chSIG)—4T‘ 0<r<og
n—7— 3dn=518) 9 _gr| 2+ w +4r |n—-5-— 756(7";5’16) —4r 0<r<|22Z]
nT,g _ w _gr n%w _ c(n785,16) L4y 3n131 B 3c(n;5,16) 4 0<r< Ln%lj
n—1 = 3c(n;5,16) 3(n75) Lo 3c(n75,16)
n—3 "——‘“HJ“’;;J“) (n— 5>+37w
n—5 1 3c(n 5,16) (n2 5) _ 1 4 3e(n=516)
n-5 | g dnbif) n—6 nh) 4 5 clnhilf)
4 3(n;5) _ 3(:(7:;5,16) (n— 5) 44 Bl 85 ,16)
3 LU | 3nd) 44

Case 2.2.2: m=3 (mod4),7<m<n-—2,n>21.

1 a; b;
n—94 0y | g B o gy 7y 0BG g | < < 2B RI0)
n—17— w _8r 1+ w + 4y n—6— c(n785,16) —4r | 0<r< nfliifc(n75,16)
n—11— @10 _gp | g4 dnbI8) 4 yp |y g AnSIE gy, 0<r< |2l
n—17 17 +M S %23 c(n— 516 +4r 377,;11 + [:(n785,16) . 0<r< Lnlﬁ
n—1 n=5 4 1 _ z’n85 ,16) 3('n;5) +5_3c(n;5,16)
n—3 g o= 516) 3(7;5) n c(n725,16)
n=5 4 9 4 dr=5d6) n—4 (”5+3+L5“’”
5 "’/;5_@ u.,.o_w
3 3n;13 _ c(n—85,16) ’i(nz 5 4 @

For n = 13 and m = 3, the conclusion comes from Theorem 1.4.
Forn=13 and 5 <m < 11:

m=5:131112734103947811131261092826
m=7:131112641059468511131210938232

m=9:131112645108465711131281037232

m=11:1310126359386510713129842724

For n = 13 and m = 13, the conclusion comes from Theorem 1.2.

For n =5 and m = 5, the conclusion comes from Theorem 1.2.

7
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Case 3: n =2 (mod 4), m =0 (mod 2).
n+c(m,4)—2—4r | n—c(m,4)—2+2r o2n —4 —2r 0<r< 2=t
m—4—4r Sn—2)—2[2+2r | 3(n—2)+2[2] —4—-2r | 0<r <[22
2 Sn—2)+2[2) -2 $(n—2)+2]2]

n—c(m,4) — 4r

n+c(m,4) —5+2r

2n—5—2r

Case 3.1: n =2 (mod 8).

Forn > 18, m = 2, 4, a (1, m)-near-Skolem sequence of order n exists by Theorem

78

1.3. For n > 18 and 6 < m < n, we split into two cases: m =0 (mod 4) and m = 2

(mod 4).

Case 3.1.1: m=0 (mod 4),8<m<n-—2,n>18.

8

1 a; b;
n—"T7—4r 1+ 2r n—=6-—2r Ogrg%
27y 2+ 4r 32 9 —4p 0<r <o
241 n2_3 n—4
1 D 5 -1
n—13 4 <210 gy |4 =26 4y, — g IOy | <o 26y cnm26)
n—9-— 28 g | gy dnBI6) g, n—?—wwxr 0<r< |
n—1 %4 _9_ c(n742,16) 3(7;2) 11— c(n742,16)
n—3 %2 44 c(n— 2 ,16) 3(71272) — 54 [:(71722,16)
n—5 % 11— c(n742,16) 3(n;2) _9_ c(nf42,16)
6 R
5 # 4 (:(n782,16) 3(71272) 1 [:(71782,16)
3 3( 3(n—2) 34 c(n— 2 ,16) 3(1;2) 4 ¢(n—2,16)
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Case 3.1.2: m=2 (mod 4),6 <m <n,n>18.

i a; b;
n—9—4r 24 2r n—17-—2r 0< <”414
n—"7-—38r 1+4r n—6—4r 0<r _818
n—11-8r 3+4r n—_8—dr ogrgw;gﬁ
n—>5 ";2 @_3
6 w_ﬁ 3(n;2)
n2 g dn2l0) g ;2+7+M+4r ) g A2l gy o< <250
n—1 — 34 =218 32 g 4 dn2l0)
n—3 %24»27 C(n82 116) 3(n2 2 41 c(n82,16)
n2 ] n2l0) *2—2+M n—>5
4 A n2 | 34 o-216)
3 3('n22) 44 clne 216) 3(2 2) 1+M

For n = 10 and m = 2, the conclusion comes from Theorem 1.4.

Forn=10and 4 <m <8&:

m=4:105968357361098272
m=6:104958437531098272
m=8:106934736451097252

For n = 10 and m = 10, the conclusion comes from Theorem 1.2.

Case 3.2: n =6 (mod 8).

79

For n > 22 and m = 2,4,6, a (1, m)-near-Skolem sequence of order n exists by

Theorem 1.3. For n > 22 and 8 < m < n, we split into two cases: m = 0 (mod 4)

and m = 2 (mod 4).
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Case 3.2.1: m=0 (mod 4),8<m<n-—2n>22.

) a; b;
n—9—4r 24 2r n—"7-—2r 0§7'§"118
n—6 -6 3(77 6) n—30
e —5—8r —1+4r S 6 —4r 0<r<|"%"]
2643 8 _1 n—4
4 3(n476) _9 3(71476) +9
n—17— (:(nfgﬁ,lﬁ) _ 8 1+ (:(7L76,16) + 4y n—6— c(n746,16) —4r |0 <r< n—814 (
n711+7c(" 6.16) _ g 3775(71 616)+4 n78+70" 6.16) _ 4y 0<r< |22
n—6 ¢(n—6,16) 5(717()) c¢(n—6,16)
n—1 2 T T 1 +5-"7
n—3 —6 _ 2+ ¢(n—6,16) ( 6) +1+ c(n— 6 ,16)
2
n,(; ¢(n—6,16) 5(717()) c(nf(),l()')
n—>5 o 1 +4— 1
6 5+C(TL 616) n6+1+cn 6,16)
S(n 6) c(n—6,16) 3(n—6) c(n—6,16)
5 ) 49— S +7— 5
3 ( +3+C(TL 616) ( +6+cn 616)
Case 3.2.2: m =2 (mod 4), 10 <m <n, n > 22.
) a; b;
n—9—4dr 24 2r n—"7-—2r 0§7’§"—418
2843 nb_2 n—>5
n_7_w_8r 1+M+4 n_ﬁ_w_m« Ogrg%_c(”%:vw)
Tz—ll—i-M 8r 3—M+4 'L—8+Cn—616) 4r OSTSL%J
20 —5—8r BT Ar %—&- — 4r 0<r< |22
n—1 =642 M0 47
n—6 3(n—6)
n—3 3 oo +3
n—>5 n6 43 Hn6) 4
3(n—6) 3(n—6)
6 = =5 +6
n—6 c(n—6,16) n—=6 c(n—6,16)
5 S R el I i ol e w
4 nb_1 843
3 3(712—6) +2 3(n 6) +5

For n = 14 and m = 2, the conclusion comes from Theorem 1.4.
Forn=14 and 4 <m < 12:

m=4:1412137561191057681214139111038232
m=6:1412137411510497581214131110938232
m=8:1412135611310536971214131110479242

80
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m=10:14121364511946578121413911738232
m=12:1411134561049586117141310983 7232

For n = 14 and m = 14, the conclusion comes from Theorem 1.2.
Forn=6and m=4:63523265
For n = 6 and m = 6, the conclusion comes from Theorem 1.2.

Case 4: n =3 (mod 4), m =0 (mod 2).

n+c(m,4) —3 —4r n—c(m,4) —1+2r 2n — 4 —2r OgrgL%J
m—d—dr Sn—3)—2[m]+2+2r | 3(n—3)+2(2] —2-2r | 0<r < |12
2 S(n—3)+2%) S(n—3)+2(m|+2
n—c(m,4) — 1 —4r n+c(m,4) —4+2r 2n—5—2r 0<r<nll

Case 4.1: n =3 (mod 8).

For n > 19 and m = 2,4,6, a (1, m)-near-Skolem sequence of order n exists by
Theorem 1.3. For n > 19 and 8 < m < n—1, we split into two cases: m =0 (mod 4)

and m = 2 (mod 4).

Case 4.1.1: m=0 (mod 4),8<m<n-—3,n>19.

i a; b;
n—10—4r 3+ 2r n—"7-—2r 0§r§”_419
n 98 nd 484 dr W) 1 —4r | 0<r< |25
n ang_ 3(71;3)
n—2 nd gl LU
n—6 n342 @3 g
31 3 n—>5
n—4 1 n—3
6 -9 _ 3 09 g
4 it n3 4y
3 M8 9 8 4
n—8— B0 g |9 BI04 gy gy 6 B gy < < nn D
n—12+ 4288 gy |y B0 4 gy |y g ROy g < < 222
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Case 4.1.2: m=2 (mod 4),10<m<n-1,n>19.

n—10+ 4229 g,
n
n—2
n—4
6

3—6("_4&—1-4” n—7+w—4r
n3 34 30(71;3,16) 3(n;3) I 30(n;3,16)

n=s g 50(71;3,16) 3(n;3) L3 50(n;3,16)
sy c(n743¢16) 3(71;3) 9 c(n743¢16)

1 a; bi
n—8—dr 24 2r n—6-—2r O§r§"’415
nd 7 —8r nS 14 4r B g dr0<r <[5
n2 nd 2 n—4
5 At Md 41
4 S8y 3n8)
3 ) Hn=3) 42
I R I R T PO e T R =

0<r< | =2

For n =11 and m = 2,

Case 4.2: n =7 (mod 8).

the conclusion comes from Theorem 1.4.
Forn=11and 4 <m < 8&:
m=4:1151069358367111092827
m=6:1141059483573111098272
m=8:114105943753611109726 2

For n = 11 and m = 10, the conclusion comes from Theorem 2.2.

82

For n > 15 and m = 2,4, a (1, m)-near-Skolem sequence of order n exists by
Theorem 1.3. For n > 23 and 6 < m < n — 1, we split into two cases: m = 0
(mod 4) and m = 2 (mod 4).
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Case 4.2.1: m=0 (mod 4),8<m <n-—3,n>23.

‘ Q; bl
n—8—4r 2+ 2r n—6—2r Ogrgn—415
-7 n—7 3(n=7) n—31
—3—-8r n 14 4r I 4 —A4r 0<r< |22
n=17 n="7
ts o n—3
5 3(”;7)+4 3(n;7)+9
3(n=17) 3(n—7)
4 1 T +4
3 5(”;7>+3 d(n;7)+6
n—6— O gy | )y |y IOy | < p g nlOodn TG
n_10+c(n 716) —8r 3_w+4T n_7+C(TL 7,16) . OgrgtnIgIJ
n n—"7 c(n— 71()) 3(n—7) ¢(n—7,16)
" + T A
n—2 L7+3_3C("787716) erg_w
n—4 ns 7+2+M U S AL
6 5+M n— 7+1+M

83

Case 4.2.2: m=2 (mod 4),6 <m<n-—1,n>23.

1 a; bi
n—6—4r 14 2r n—>5—2r 0<r<ntd
nT 5 8r nT g gy ST 5 — 4 0<r< |32
n g | D 16
n—2 2l 44 @D 49
n—4 nl42 D 45
2T 43 nt n—4
6 Mt 42 @D 48
A 3@:7)_1 B(n=7) | 3
3 ) 4y ) 47
n—8—c("72¢6)—8r 2—1—%—1—47“ n—G—W—M ogrgi"*“’c;"’?’m)
n—12 4 €018 g, 4—w+4r g IO gy | 0 << 2B
5 — 4 do=Tl8) ”7+1+M

Forn=15and 6 <m < 12:
m=6:1513147412511410758913151412111083 9232
m=8:151314641251146105791315141211 71039232
m=10:15131486 127511968 5713151412911423243
m=12:151314857116105987613151411109423243
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For n = 15 and m = 14, the conclusion comes from Theorem 2.2.
For n = 7 and m = 2, the conclusion comes from Theorem 1.4.
Forn=7andm=4:7526235736

For n = 7 and m = 6, the conclusion comes from Theorem 2.2. 0

3 Conclusions

In this paper, we have shown that the necessary conditions for the existence of a
(1, m)-near-Skolem sequence are sufficient. It is easy to show that the existence
of a (1, m)-near-Skolem sequence of order n implies the existence of an m-near-
Skolem sequence of order n. Thus we also give new constructions for m-near-Skolem
sequences. For example, if we take a (1,5)-near-Skolem sequence of order 8, S =
(8,3,4,7,3,6,4,2,8,2,7,6), and append (1,1) to S, then we get a 5-near-Skolem
sequence of order 8: (1,1,8,3,4,7,3,6,4,2,8,2,7,6).

It should be mentioned that there is still a long way to go before Conjecture 1.1
is solved. We hope that the results of this paper can promote the research of the
Conjecture.
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