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Abstract

We present a polynomial invariant for polymatroids. This polynomial is
a natural generalization of the Tutte polynomial of matroids. We explore
some basic properties of this invariant in an effort to establish a solid basis
for the systematic study of the polynomial, in a similar fashion as with
the Tutte polynomial. We also reveal some combinatorial interpretations
of evaluations of this invariant with the intent of encouraging further
research on polymatroid invariants.

1 Introduction

Polymatroids were originally conceived in [5] as polytopes that generalized the con-
cept of matroid polytope; however, our approach follows the work in [16] that con-
siders them as generalizations of matroids. Since their introduction in 1969, polyma-
troids have been very important in combinatorial optimization, e.g., the polymatroid
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L. CHÁVEZ-LOMELÍ ET AL. / AUSTRALAS. J. COMBIN. 80 (3) (2021), 342–360 343

parity problem [13]. In cryptology, polymatroid representability over a finite field has
a direct impact on the problem of secret sharing schemes [7]. More recently, polyma-
troid decompositions are at the core of a variety of problems: the study of tropical
linear spaces [17]; compactifying fine Schubert cells in the Grassmannian [12]; and
the study of many important invariants on polymatroids as valuations [1]. There
are currently other attempts at generalising the Tutte polynomial to polymatroids,
see [2, 4].

The paper is organized as follows: In Section 2, the definition and basic properties
of polymatroids are given; most of these results have appeared before in [10, 18]. The
polynomial N(P ;u, v) associated with a polymatroid P , the main object of study of
this work, is defined in Section 3, and some basic properties are proved. Examples
of polymatroids and polymatroid invariants coming from hypergraphs are provided
in Section 4. Some easy evaluations of N(P ;u, v) are given in Section 5; and two
more evaluations are presented in Section 6 that were considered recently in [20] in
the context of hypergraphs. The last section contains a polynomial that also seems
interesting to explore.

2 Polymatroids

Let E be a finite set and let r be a function r : 2E → Z. We say that r is normalized
if r(∅) = 0, r is increasing if A ⊆ B ⊆ E implies r(A) ≤ r(B) and r is submodular if
r(A) + r(B) ≥ r(A ∪B) + r(A ∩B) for all subsets A and B of E. The ordered pair
P = (E, r) is a polymatroid if r is normalized, increasing and submodular. We say
that E is the ground set of P and r is the rank function of P . Let k be a positive
integer. Then the polymatroid P is a k-polymatroid if r({e}) ≤ k, and it is a strict
k-polymatroid if r({e}) = k for all elements e ∈ E. A 1-polymatroid is a matroid.

We define the concept of minor on polymatroids. Let P = (E, r) be a polyma-
troid, and let A be a subset of E. The deletion of A from P is the polymatroid
P \A = (E \A, r\A) such that r\A(X) = r(X) for each X ⊆ E \A. The contraction
of A from P is P/A = (E \ A, r/A) where r/A(X) = r(X ∪ A) − r(A) for each
X ⊆ E \ A. When A = {e}, we denote by P \ e the deletion of {e} and by P/e
the contraction of {e}. Clearly, for any two elements e and f in the polymatroid P ,
P \e/f = P/f \e, as the corresponding rank functions are the same; thus, after doing
a sequence of contractions and deletions, the resulting polymatroid is independent
of the order of the operations in the sequence. The polymatroid P ′ is a minor of P
if P ′ = (P \ A)/B for some disjoint subsets A and B of E.

2.1 Loops, coloops and compactification

Let P = (E, r) be a polymatroid. As with matroids, an element e ∈ E is a loop
in P if r(e) = 0. For an element e ∈ E, let dr(e) = r(E) − r(E \ e). We call an
element e compact if dr(e) = 0. In a matroid, the non-compact elements are precisely
the coloops of the matroid. A polymatroid P is compact if every element of P is
compact. The definition of compact polymatroid is from [9].
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For a non-compact element e of a polymatroid P = (E, r), we define the com-
pactification of the element e as the polymatroid come(P ) over the set E with rank
function re such that for all X ⊆ E,

re(X) =

{
r(X), if e 6∈ X,

r(X)− dr(e), otherwise.
(1)

Proposition 2.1. The compactification come(P ) is a polymatroid and the element
e is compact in come(P ).

Proof. Clearly, re(∅) = r(∅) = 0. The only interesting case in the proof of the
inequality re(A) ≤ re(B) for A ⊆ B is when e ∈ B \A. This is a consequence of the
following.

re(A ∪ {e}) = r(A ∪ {e})− r(E) + r(E − {e})
≥ r(E) + r(A)− r(E)

= re(A),

where the inequality holds by submodularity. The submodularity of re, re(A) +
re(B) ≥ re(A ∪ B) + re(A ∩ B) for all subsets A and B of E, is trivial, since in the
three possible cases, e ∈ A ∩ B, e ∈ A \ B and e 6∈ A ∪ B, we add two, one or zero
times the constant −r(E) + r(E − e) to both sides.

The definition of re guarantees that the element e is compact in compe(P ).

Observe that in compe(P ), dre(f) = dr(f) for all f ∈ E \ e; thus the set of non-
compact elements in compe(P ) is the same as in P \ e. When every non-compact
element of P is compacted, we obtain the compactification of P , denoted by com(P ).
The following result appears in [9] but with a different proof.

Proposition 2.2. The polymatroid com(P ) is well defined.

Proof. It is enough to prove that com(P ) is independent of the order in which the
compactification of the elements is done. Let e and f be different elements in P =
(E, r). Let Pe, Pf , Pe,f and Pf,e be the compactifications of P by e, f , e and then
f , and f and then e, respectively; also, let re, rf , re,f and rf,e be the corresponding
rank functions.

Observe that dre(f) = dr(f) and drf (e) = dr(e). Then, we have three cases.
If e, f 6∈ A, then clearly, re,f (A) = rf,e(A). If e ∈ A but f 6∈ A, then re,f (A) =
r(A)− dr(e) = rf,e(A). If e, f ∈ A, re,f (A) = r(A)− dr(e)− dr(f) = rf,e(A). Thus,
Pe,f = Pf,e.

From the previous proof it is not difficult to infer that if X is the set of non-
compact elements in the polymatroid P = (E, r), then for A ⊆ E,

rcom(P )(A) = r(A)−
∑

a∈A∩X

dr(a). (2)
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2.2 Duality

For a matroid M = (r, E) its dual matroid, M∗ = (r∗, E), where r∗(X) = r(E −
X) + |X|− r(E), behaves very nicely. It is well known that this dual is an involution
(that is, (M∗)∗ = M) that interchanges the deletion and contraction of an element,
that is, (M \ e)∗ = M∗/e and (M/e)∗ = M∗ \ e for all e ∈ E. This is a rare property
in an involution of matroids, as shown in the following Theorem from [10].

Theorem 2.3. The dual is the only involution on the class of matroids that inter-
changes the deletion with the contraction of an element.

Let k be an integer and let P = (E, r) be a k-polymatroid. We define the
polymatroid P ∗k = (E, r∗), the k-dual of P , where r∗k(X) = r(E−X)+k|X|−r(E),
for all subsets X of E. We have the following extension of the previous theorem
from [18].

Theorem 2.4. The k-dual is the only involution on the class of k-polymatroids that
interchanges the deletion and contraction of an element.

Because the k-dual and the (k+1)-dual of a given k-polymatroid P are not equal,
the previous result prohibits a general involution on polymatroids.

Corollary 2.5. There is no involution on the class of polymatroids that interchanges
deletion and contraction of an element.

Let P = (E, r) be a polymatroid. We define the dual of P , denoted P ∗, as the
polymatroid (E, r∗), where, for X ⊆ E,

r∗(X) = r(E −X) + ||X||r − r(E)

and ||X||r =
∑

x∈X r({x}). We use ||X||, when the polymatroid is clear from the con-
text. This notion of duality and the following results in this subsection are from [9].

Theorem 2.6. If P is a polymatroid, then P ∗ is a polymatroid.

If P is a strict k-polymatroid, its dual is the k-dual mentioned above. And, as
noted before, this dual is not an involution on the class of polymatroids. Notice that
for a polymatroid P = (E, r), compact or not, the dual P ∗ is always compact. This
is because for any element x ∈ E,

r∗(E)− r∗(E \ {x}) = (r(∅) + ||E|| − r(E))− (r(x) + ||E \ {x}|| − r(E)) = 0.

Thus, taking (P ∗)∗ might not be equal to P , but we have the following.

Proposition 2.7. If P is a polymatroid, then (P ∗)∗ = com(P ).
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Proof. We can do the computation of (r∗)∗ for a set A ⊆ E;

(r∗)∗(A) = ||A||r∗ + r∗(E \ A)− r∗(E)

=
∑
x∈A

r∗(x) + ||E \ A||+ r(A)− r(E)− ||E|| − r(∅) + r(E)

=
∑
x∈A

(r(x) + r(E \ x)− r(E)) +
∑
x∈E\A

r(x)−
∑
x∈E

r(x) + r(A)

=
∑
x∈A

r(x)−
∑
x∈A

dr(x)−
∑
x∈A

r(x) + r(A)

= rcom(P )(A),

where the last equality follows from Equation (2).

Observe that if P = (E, r) is compact and e ∈ E, then P/e = (E \ {e}, r/e) is
compact because for any element f ∈ E \ {e}, r/e(E \ {e})− r/e(E \ {e, f})=r(E)−
r(e) − r(E \ {f}) + r(e)=0. However, P \ e is not necessarily compact. Thus, the
relation of this new dual and contraction and deletion cannot be as straightforward
as that in matroids. This relation is explained in the following.

Proposition 2.8. If P is a polymatroid, then

(P \ e)∗ = P ∗/e and (P/e)∗ = com(P ∗ \ e).

In [15], duality and compactification are used as stepping stones to prove a splitter
theorem for 3-connected 2-polymatroids.

3 An invariant for polymatroids

Associated with any 2-polymatroid, there is a well-known polynomial defined in [16].
The polynomial S(P ;u, v) of the 2-polymatroid P is defined as:

S(P ;u, v) =
∑
A⊆E

ur(E)−r(A)v2|A|−r(A).

We now introduce a variation on the polynomial S(P ;u, v); this polynomial
N(P ;u, v) is the focus of the rest of the paper.

Definition 3.1. Given a polymatroid P = (E, r) we define its polynomial N(P ;u, v)
as:

N(P ;u, v) =
∑
A⊆E

ur(E)−r(A)v||A||r−r(A)

=
∑
A⊆E

ur(E)−r(A)vr
∗(E)−r∗(E\A).
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The equivalence between the two expressions follows from the equality r∗(E) −
r∗(A) = ||E \ A||r − r(E \ A). Observe that when P is a strict 2-polymatroid,
N(P ;u, v) = N(S;u, v). We notice that this polynomial also appears in [11], and
most likely has been considered many times before.

The classical relation for the Tutte polynomial of a matroid M and its dual M∗

is that T (M∗;x, y) = T (M ; y, x). The relation between N(P ) and N(P ∗) is given by
the following.

Proposition 3.2. If P = (E, r) is a polymatroid, com(P ) = (E, rcom) is its com-
pactification and P ∗ = (E, r∗) is its dual, then

N(P ∗;u, v) =
∑
A⊆E

vr(E)−r(A)+rcom(E\A)−r(E\A)u||A||r−r(A).

In particular, if P is compact, then

N(P ∗;u, v) = N(P ; v, u).

Proof. By definition we have that

N(P ∗;u, v) =
∑
A⊆E

ur
∗(E)−r∗(A)v(r

∗)∗(E)−(r∗)∗(E\A)

=
∑
A⊆E

u||E\A||r−r(E\A)vrcom(E)−rcom(E\A).

The second equality follows from the proof of Proposition 2.7. If P is compact,
r(A) = rcom(A) for all A ⊆ E and it is clear that N(P ∗;u, v) = N(P ; v, u). If P is
not compact, rcom(E)− rcom(E \A) = r(E)− r(E \A) + rcom(A)− r(A). By making
a change of variable we obtain the result.

The Tutte polynomial can be computed using deletion-contraction. For a matroid
M and an element e that is neither a loop nor a coloop, T (M ;x, y) = T (M \e;x, y)+
T (M/e;x, y). If e is a loop, T (M ;x, y) = yT (M \ e;x, y), and if it is a coloop,
T (M ;x, y) = xT (M/e;x, y). In our case, we also have similar recursions stated in
Propositions 3.3, 3.4, and 3.6. Notice that unlike the case of Tutte polynomials of
matroids, the recurrence relations here do not cover all cases.

Proposition 3.3. If P = (E, r) is a polymatroid and e ∈ E is a loop, then

N(P ;u, v) = 2N(P \ e;u, v).

Proof. This follows from the observation that, for a loop e in P , r(A ∪ {e}) = r(A)
and ||A ∪ {e}||r = ||A||r.

Proposition 3.4. If P = (E, r) is a polymatroid and e ∈ E is a non-compact
element, then

N(P ;u, v) = (udr(e) − 1)N(P \ e;u, v) +N(come(P );u, v).
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Proof. Let come(P )=(E, re). Notice that for A ⊆ E \ e, re(A) = r(A) and re(E) =
r(E \ e). Then,

N(come(P );u, v)−N(P \ e;u, v) =
∑
A⊆E\e

ure(E)−re(A∪{e})v||A∪{e}||re−re(A∪{e})

=
∑
A⊆E\e

ur(E)−r(A∪{e})v||A∪{e}||r−r(A∪{e}).

Also, as r(E) = r(E \ e) + dr(e), we have that

udr(e)N(P \ e;u, v) =
∑
A⊆E\e

ur(E)−r(A)v||A||r−r(A).

By adding both expressions we get the result.

The above proposition also holds when e is a compact element. Observe that
if e and f are non-compact elements in P , then e is non-compact in P \ f . Also,
comf (P \e) and comf (P )\e are not necessarily equal, but in many cases, for example
if r(E \ f) + r(E \ e) = r(E) + r(E \ {e, f}), they will be equal.

From the previous two propositions, we can concentrate on compact polymatroids
with no loops. For a matroid M and element e that is neither a loop nor a coloop,
the combinatorial information in T (M \ e) and T (M/e) is enough to recover all the
information of T (M). In polymatroids, this might not be the case; see the last
example in Subsection 3.1. But in some cases, this is possible. For this purpose we
define for a polymatroid P = (E, r) and an element e, ρ(e) = mina∈E\e{r({a, e}) −
r(a)}. Note that by submodularity, ρ(e) ≤ r(e). We define the partial contraction
of e as the polymatroid P/ρ(e) = (E \ e, rρ(e)), where for X ⊆ E \ e

rρ(e)(X) =

{
0, if X = ∅,
r(X ∪ {e})− ρ(e), otherwise.

(3)

Proposition 3.5. If P = (E, r) is a polymatroid and e ∈ E, then P/ρ(e) is a
polymatroid.

Proof. Clearly rρ(e) is normalized and increasing. Now, for any pair of subsets A and
B of E \ e,

rρ(e)(A) + rρ(e)(B) = r(A ∪ {e})− ρ(e) + r(B ∪ {e})− ρ(e)

≥ r(A ∪B ∪ {e})− ρ(e) + r((A ∩B) ∪ {e})− ρ(e)

= rρ(e)(A ∪B) + rρ(e)(A ∩B).

When ρ(e) = r(e), P/ρ(e) is P/e. The raison d’être of P/ρ(e) is the following.
An element e is near-skew if r({a, e})− r(a) = ρ(e) > 0 for all a ∈ E \ e. It is called
skew if it is near-skew and ρ(e) = r(e).
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Proposition 3.6. If P = (E, r) is a compact polymatroid and e ∈ E is a near-skew
element, then

N(P ;u, v) = N(P \ e;u, v) + vr(e)−ρ(e)N(P/ρ(e);u, v).

Proof. We proceed by computing N(P \ e;u, v) and N(P/ρ(e);u, v). In P \ e =
(E \ e, r\e), we have that for all A ⊆ E \ e, r\e(E \ e)− r\e(A) =r(E)− r(A), as P
is compact. Also, ||A||r\e − r\e(A)=||A||r − r(A). Thus,

N(P \ e;u, v) =
∑
A⊆E\e

ur\e(E\e)−r\e(A)v
||A||r\e−r\e(A)

=
∑
A⊆E\e

ur(E)−r(A)v||A||r−r(A).

In P/ρ(e) = (E \ e, rρ(e)), we have that for all A ⊆ E \ e,

rρ(e)(E \ e)− rρ(e)(A) = r(E)− ρ(e)− (r(A ∪ {e})− ρ(e))

= r(E)− r(A ∪ {e}).

Also, when e is a near-skew element of P , ||A||rρ(e) = ||A||r for all A ⊆ E \ e. Then,

||A||rρ(e) − rρ(e)(A) = ||A||r − r(A ∪ {e}) + ρ(e)

= ||A ∪ {e}||r − r(A ∪ {e}) + (ρ(e)− r(e)).

Thus,

N(P/ρ(e);u, v) =
∑
A⊆E\e

urρ(e)(E\e)−rρ(e)(A)v
||A||rρ(e)−rρ(e)(A)

= vρ(e)−r(e)
∑
A⊆E\e

ur(E)−r(A∪{e})v||A∪{e}||r−r(A∪{e}).

By adding the polynomials N(P \ e;u, v) and vr(e)−ρ(e)N(P/ρ(e);u, v) we get
N(P ;u, v).

3.1 Examples

The empty matroid P∅ = (∅, 0) has N(P∅) = 1. A polymatroid with one element,
P1 = ({a}, r1), has rank function of the form r1(a) = k and then, N(P1) = uk + 1. A
loopless compact polymatroid with two elements, P2 = ({a, b}, r2), has rank function
of the form r2(a) = r2(b) = r2({a, b}) = k and then, N(P2) = uk + vk + 2. A loopless
compact polymatroid with three elements, P3 = ({a, b, c}, r3), has rank function
of the form r3(a) = k, r3(b) = l, r3(c) = m, and r3(A) = n for |A| > 1, where
k, l,m ≤ n ≤ k + l, k + m, l + m, and then, N(P3) = un + un−k + un−l + un−m +
vk+l−n + vk+m−n + vl+m−n + vk+l+m−n.

There are compact polymatroids that have no near-skew elements, for example
the polymatroid P = ({a, b, c}, r), where r(∅) = 0, r(a) = 3, r(b) = 4, r(c) = 5
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and r({a, b}) = r({a, c}) = r({b, c}) = r({a, b, c}) = 5. In this case N(P ;u, v) =
u5+u2+u+1+v2+v3+v4+v7. No element e of P is near-skew as r({x, e})−r(x) =
5−r(x), and for each e, there are two unequal options for r(x). Also, N(P \a;u, v) =
u5 + u+ 1 + v4, N(P/a;u, v) = u2 + 2 + v2 and N(P/ρ(a);u, v) = u5 + 2 + v5. The
polynomials are similar for b. For the element c, N(P/ρ(c);u, v) = u4 + 2 + v4,
N(P/c;u, v) = 4 and N(P \ c;u, v) = u5 + u2 + u + v2. Thus, a decomposition
using just deletion and (partial-)contraction seems more complicated in the absence
of near-skew elements.

4 Polymatroids and hypergraphs

Here we consider a hypergraph as a triple, H = (V,E, φ), where φ : E → 2V , that
is, φ(e) is a subset of vertices. For A ⊆ E, we write φ(A) for ∪e∈Aφ(e). When |φ(e)|
is always at most k, for all e ∈ E, we say that H is a k-hypergraph.

For this paper we consider graphs as 2-hypergraphs. Given a fixed graph G =
(V,E, φG), there are also two natural 3-hypergraphs associated with G. First, the
apex hypergraph of G, H•G = (V ∪ {w}, E, φ•G), where w 6∈ V and φ•G(e) = φG(e)∪
{w}. The second is the edge-vertex hypergraph of G, HG = (V ∪ Ê, E, φE), where
Ê = {e′1, . . . , e′m} if E = {e1, . . . , em} (that is, Ê is a disjoint copy of E) and φE(e) =
φG(e) ∪ {e′}. Both of these hypergraphs associated with graphs were considered
in [20] and they will become relevant in Section 6.

Associated with any hypergraph H we have its chromatic polynomial, χ(H;λ)
that counts the number of proper colorings of H with λ colours. A λ-colouring
c : V → {1, . . . , λ} is a proper colouring if no hyperedge of H is monochromatic.
This clearly generalizes the colouring polynomial of graphs. Also, it is clear, that if
the hypergraph has a hyperedge with just one vertex, then its chromatic polynomial
equals 0.

There are two natural polymatroids associated with a hypergraph H. First, the
Boolean polymatroid PH,B = (E, rH,B), given by the submodular function rH,B(A) =
|φ(A)|. The second is the generalization of the rank function for graphs (and ma-
troids), PH(E, rH), where rH(A)= |φ(A)|−κ(H|A). The value κ(H|A) is the number
of connected components of the hypergraph (φ(A), A, φ|A).

Associated with a polymatroid P = (E, r), we have its characteristic polynomial,

χ(P ;x) =
∑
A⊆E

(−1)|A|xr(E)−r(A).

There is a classical result of Helgason [8] (also in Whittle [19]), that elucidates
the relation between these two polynomials in the case of hypergraphs.

Theorem 4.1 (Helgason).

χ(H;λ) = λκ(H)χ(PH;λ).

Now, we relate the characteristic polynomial of a polymatroid P and the poly-
nomial N(P ).
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Proposition 4.2. If P is a strict k-polymatroid, then

χ(P ;λ) =
1

αr(E)
N(P ;αλ,

1

α
), (4)

for α = k
√
−1.

Proof. If P = (E, r) is a strict k-polymatroid, then ||A|| = k|A|, for all A ⊆ E.
Then, by expanding the right-hand side of Equation (4), we get

N(P ;αλ,
1

α
) =

∑
A⊆E

λr(E)−r(A)α
r(E)

αr(A)
αr(A)

αk|A|

= αr(E)
∑
A⊆E

λr(E)−r(A)(−1)|A|.

Notice that the previous result can be used with any k-th root of −1. Proposi-
tion 4.2 will be relevant in Section 6.

5 Some easy evaluations

For a matroid M = (E, r), its Tutte polynomial has some trivial evaluations:
T (0, 0) = 0, T (2, 2) = 2|E| and in general along the hyperbola (x − 1)(y − 1) = 1,
T (x, y) = y|E|(y − 1)−r(E). Also, it has some well-known combinatorial interpreta-
tions: T (2, 1) equals the number of independent sets, T (1, 2) equals the number of
spanning sets, T (1, 1) equals the number of bases of the matroid. It is straightforward
to prove similar evaluations for N(P ;u, v).

Proposition 5.1. For any polymatroid P = (E, r), we have the following evaluations
for the polynomial N .

• Along the hyperbola uv = 1, N(P ;u, v) = v−r(E)
∏

a∈E(vr(a) + 1).

• In particular,

N(P ;−1,−1) =

{
0, if ∃e ∈ E, r(e) ≡ 1 (mod 2),

(−1)r(E)2|E|, otherwise.

Also, N(P ; 1, 1) = 2|E|.

• N(P ; 0, 1) equals the number of spanning sets, that is, subsets A ⊆ E such that
r(A) = r(E).

• N(P ; 1, 0) equals the number of subsets A ⊆ E such that r(A) = ||A||r.
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In a 2-polymatroid P = (E, r) a subset X of E is a 2-matching if r(X) =
2|X|. In a graph G, a free loop is an edge that is not incident to any vertex. For
a graph G = (V,E), where free loops are allowed, let PG,B = (E, rG,B) be the
boolean 2-polymatroid associated with G when seen as a hypergraph. Free loops in
G correspond to loops in PG,B, but loops in G correspond to elements of rank 1 in
PG,B. With these definitions, a set A is a 2-matching in PG,B if and only if A is a
matching in G. Notice that PG,B is a strict 2-polymatroid if and only if G has no
loops or free loops.

Clearly, PG,B \ e = PG\e,B. However, the contraction of an element in PG,B
behaves in a different way. Define the graph G//e as follows. First, we delete the
edge e and its incident vertices. Then, for an edge f , f 6= e, either f has no common
vertex with e and stays the same; or has one common vertex with e and becomes a
loop at its other endpoint; or it is a parallel edge to e and becomes a free loop. In
order for the reader to visualize the operation //e, we give an example in Figure 1.
With this operation we have that PG,B/e = PG//e,B. Let us denote by m(G) the
number of matchings of G. It follows from the classical theory of matchings that
m(G) = m(G \ e) +m(G//e).

For the graph G in Figure 1 we have that N(PG,B;u, v) = u4 +5u2 +8uv+2uv3 +
8v2 + 5v4 + v6 + 2. As PG,B is a strict 2-polymatroid, N(PG,B; 1, 0) = 8, the number
of 2-matchings of PG,B. However, this is not true for PG//e,B, as N(PG//e,B;u, v) =
u2+3u+3+uv+4v+3v2+v3, then when evaluated at (1,0) we get 7, but PG//e,B has
only two 2-matching. The reason for this is that at (1,0) we are counting the family
of sets ∅,{a}, {c}, {d}, {b}, {a, c}, {a, d}. This suggests considering the following
definition: a matching in a (hyper)graph G is a set of (hyper)edges without common
vertices that does not contain free loops.

e
c a

b

ad b

d

c

Figure 1: On the left is the graph G and on the right the graph G//e

For a polymatroid P = (E, r), we define a hypermatching as any set X ⊆ E such
that r(X) = ||X||r and it does not contain any loops. If X is a hypermatching that
satisfies r(X) = r(E), we called it a perfect hypermatching. We have the following.

Proposition 5.2. For any loopless polymatroid P = (E, r),

• N(1, 0) equals the number of hypermatchings.

• N(0, 0) equals the number of perfect hypermatchings.
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Observe that if P is compact the number of perfect hypermatchings is the same
for P and P ∗.

Notice that it is not true in general that N(P ; 1, 0) = N(P \e; 1, 0)+N(P/e; 1, 0),
as it can be checked in the last example of Subsection 3.1. Also, it is not the case
that N(PG,B; 1, 0) = N(PG,B \ e; 1, 0) + N(PG,B/e; 1, 0), as it can be checked in the
example of Figure 1.

When P is matroid, N(P ; 1, 0) is the number of independent sets and also the
number of hypermatchings in this 1-polymatroid. We call these 1-matchings. Thus,
when the matroid is graphic, P ∼= M(G), we can interpret a forest in G as a 1-
matching in P .

For a loopless P = (E, r), we have that

N(P ;u, 0) =
∑

A hypermatching

ur(E)−r(A).

For the boolean polymatroid PH,B = (E, rH,B) of the hypergraph H = (V,E, φ) with
n non-isolated vertices, if we denote by mk the number of hypermatchings A with
rH,B(A) = k, we have that

N(PH,B;u, 0) =
n∑
k=0

mku
n−k.

Thus, in the case that H is the 2-hypergraph of a loopless graph G, we get as an
evaluation the matching defect polynomial, that is,

(−i)nN(PG,B; it, 0) =
∑
k≥0

(−1)kΦk(G)tn−2k,

where i2 = −1 and Φk(G) is the number of matchings in G with k edges.
Similarly, for a P = (E, r), we have that

N(P ; 0, v) =
∑

A spanning

v||A||r−r(A).

For the boolean polymatroid PH,B = (E, rH,B) of the hypergraph H = (V,E, φ) with
n vertices, if we denote by ck the number of spanning sets A with k =

∑
a∈A |a| − n,

we have that
N(PH,B; 0, v) =

∑
k≥0

ckv
k.

Thus, in the case that H is the 2-hypergraph of a loopless graph G, we get as an
evaluation the edge cover polynomial, that is,

tn/2N(PG,B; 0,
√
t) =

∑
k≥0

ck(G)tk,

where ck(G) is the number of edge covers of G with k edges.



L. CHÁVEZ-LOMELÍ ET AL. / AUSTRALAS. J. COMBIN. 80 (3) (2021), 342–360 354

6 Another two interpretations of N(P )

Recently, Zhang and Dong [20] proved the following theorems about the chromatic
polynomial of the two hypergraphs associated with the graph G = (V,E, φG) men-
tioned in Section 4. For a graph G = (V,E), the polynomial

I(G;x) =
∑

U⊆V stable

x|U |

is the enumerator of stable sets in G. Here a stable set is a set of vertices in G, no
two of which are adjacent.

Theorem 6.1 (Zhang-Dong).

χ(H•G;λ) = λ(λ− 1)nI(G;
1

λ− 1
).

The enumerator of stable sets has been considered in other works with an equiv-
alent definition. The most relevant definition for us is the one given by Farr [6],

A(G;x) =
∑

U⊆V stable

x|U |(1− x)|V \U |,

from which it is clear that

Proposition 6.2.

A(G;x) = (1− x)|V |I(G;
x

1− x
).

This invariant was already related to the boolean polymatroid of the 2-hypergraph
of a graph G. In Oxley and Whittle [16], they proved that

Proposition 6.3 (Oxley and Whittle).

A(G;x) = xrG,B(E)χ(PG,B;
1

x
).

We now give a different proof of Zhang and Dong’s result using the theory of
polymatroid invariants.

New proof of 6.1. The fundamental observation is the following. Given G and the
hypergraph H•G, the rank function of the polymatroid associated with H•G is

rH•G(A) = |φ(A)| − κ(H•G|A)

= |φG(A)|+ 1− 1

= rG,B(A).



L. CHÁVEZ-LOMELÍ ET AL. / AUSTRALAS. J. COMBIN. 80 (3) (2021), 342–360 355

Notice that κ(H•G|A) = 1 because the apex vertex makes any set of hyperedges a
connected hypergraph. Now, by Theorem 4.1 and Proposition 6.2 and 6.3

χ(H•G;λ) = λκ(H•G)χ(PH•G ;λ)

= λχ(PG,B;λ)

= λ|V |+1A(G;
1

λ
)

= λ|V |+1

(
1− 1

λ

)|V |
I(G;

1

λ− 1
)

= λ(λ− 1)|V |I(G;
1

λ− 1
).

The second theorem of Zhang and Dong, also in [20], relates the chromatic poly-
nomial of the hypergraph HG associated with the graph G and the Tutte polynomial
of G and it is the following.

Theorem 6.4 (Zhang-Dong).

χ(HG;λ) = λ|E|−|V |+2κ(G)(−1)|V |−κ(G)T (G; 1− λ2, λ− 1

λ
).

New proof of 6.4. The fundamental observation is that if G = (V,E, φG) then

rHG(A) = |φE(A)| − κ(HG|A)

= |A|+ |φG(A)| − κ(G|A)

= |A|+ |V (G|A)| − κ(G|A)

= |A|+ r(A),

where r(A) is the (matroidal) rank of A. Now, a sequence of change of variables
produces the result. On one hand, for a graph G = (V,E), the cardinality-rank
polynomial

B(G;x, y) =
∑
A⊆E

xr(A)y|A|

was define in Brylaswki [3]. This polynomial is clearly equivalent to the Tutte poly-
nomial, because

(x− 1)r(E)B(G;
1

(x− 1)(y − 1)
, y − 1) = T (G;x, y).

Then,

T (G; 1− λ2, λ− 1

λ
) = (−λ2)r(E)B(G;

1

λ
,
−1

λ
).
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On the other hand,

λ|E|+r(E)B(G;
1

λ
,
−1

λ
) = λ|E|+r(E)

∑
A⊆E

(−1)|A|
(

1

λ

)|A|+r(A)
=

∑
A⊆E

(−1)|A|λrHG (E)−rHG (A)

= χ(PHG ;λ).

The result follows from our fundamental observation and Theorem 4.1,

χ(HG;λ) = λκ(HG)χ(PHG ;λ)

= λ|E|+|V |B(G;
1

λ
,
−1

λ
)

= λ|E|+|V |(−λ2)−r(E)T (G; 1− λ2, λ− 1

λ
)

= λ|E|−|V |+2κ(G)(−1)r(E)T (G; 1− λ2, λ− 1

λ
).

To conclude this section, we give two corollaries from the previous results. For
a loopless graph G, the polymatroid PH•G is a strict 2-polymatroid. Thus, we can
recast Theorem 6.1 as follows.

Corollary 6.5. For a loopless graph G with n vertices,

(−i)nN(PH•G ; iλ,−i) = (λ− 1)nI(G;
1

λ− 1
).

Proof. Using Proposition 4.2, where in this case α = 2
√
−1 = i, we get

λ(λ− 1)nI(G;
1

λ− 1
) = χ(H•G;λ)

= λχ(PH•G ;λ)

= λ
1

irH•G (E)
N(PH•G ; iλ,

1

i
).

Also, for a loopless graph G, the polymatroid PHG is a strict 2-polymatroid, then
we obtain from Theorem 6.4 the following.

Corollary 6.6. For a loopless graph G = (V,E) with m edges and rank r(E),

N(PHG ; iλ,−i) = (iλ)|E|−r(E)T (G; 1− λ2, λ− 1

λ
).
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Proof. From the proof of Theorem 6.4, we know that

χ(PHG ;λ) = λ|E|+r(E)B(G;
1

λ
,
−1

λ
)

=
λ|E|+r(E)

(−λ2)r(E)
T (G; 1− λ2, λ− 1

λ
)

= λ|E|−r(E)(−1)r(E)T (G; 1− λ2, λ− 1

λ
).

Using Proposition 4.2, where in this case α = 2
√
−1 = i, we get

N(PHG ; iλ,−i) = i|E|+r(E)χ(PHG ;λ)

= i|E|+r(E)λ|E|−r(E)(−1)r(E)T (G; 1− λ2, λ− 1

λ
).

7 Further results and conclusion

McDiarmid [14] considered a family of duals for polymatroids by assigning weights
to the elements and using them to replace the term ||A||r. It is possible that this
could lead to other interesting polynomials associated with polymatroids, although
we have not investigated this possibility. In the absence of any other information, it
seems that the most natural weight to assign an element e is r({e}), which is what
we have done here.

However, there is also another generalization of S(P ). Let P be a class of poly-
matroids that is closed under minors. Given a polymatroid P ∈ P and an element
e ∈ P , we can consider that E(P \ e) ⊂ E(P ) and E(P/e) ⊂ E(P ). Thus, we define
E = ∪P∈PE(P ) and set an arbitrary but fixed integer function ω : E → Z. We call
ω the weight function of P .

Now, for a polymatroid P ∈ P , P = (r, E), and a weight function ω we define
N(P, ω;u, v) as:

N(P, ω;u, v) =
∑
A⊆E

ur(E)−r(A)v||A||ω−r(A),

where ||A||ω =
∑

x∈A ω(x). This in general is not a polynomial, unless ||A||ω −
rP (A) ≥ 0 for all A ∈ E and P ∈ P . In particular, ω(a) ≥ rP (a) for all a ∈ E and
P ∈ P . However, when P consists of all the minors of a fixed polymatroid P , or if
it is the class of k-polymatroids, the above condition can be satisfied for infinitely
many integer functions ω.

The relevance of N(P, ω;u, v) is that one can recover a deletion-contraction
formula, while there appears to be no reasonable deletion-contraction formula for
N(P ;u, v).

Proposition 7.1. If P = (E, r) is a polymatroid and e ∈ E, then

N(P, ω;u, v) = udr(e)N(P \ e, ω;u, v) + vω(e)−r(e)N(P/e, ω;u, v).



L. CHÁVEZ-LOMELÍ ET AL. / AUSTRALAS. J. COMBIN. 80 (3) (2021), 342–360 358

Proof. As in the proof of Proposition 3.6, in P \ e = (E \ e, r\e), we have that for all
A ⊆ E \ e,

r\e(E \ e)− r\e(A) = r(E \ e)− r(A)

= r(E)− r(A)− (r(E)− r(E \ e))
= r(E)− r(A)− dr(e).

Also, ||A||ω − r\e(A)=||A||ω − r(A). Thus

N(P \ e, ω;u, v) =
∑
A⊆E\e

ur\e(E\e)−r\e(A)v||A||ω−r\e(A)

= u−dr(e)
∑
A⊆E\e

ur(E)−r(A)v||A||ω−r(A).

Again, for P/e = (E \ e, r/e), we have that for all A ⊆ E \ e,

r/e(E \ e)− r/e(A) = r(E)− r(e)− (r(A ∪ {e})− r(e))
= r(E)− r(A ∪ {e}).

Also,

||A||ω − r/e(A) = ||A||ω − r(A ∪ {e}) + r(e)

= ||A ∪ {e}||ω − r(A ∪ {e}) + r(e)− ω(e).

Thus

N(P/e, ω;u, v) =
∑
A⊆E\e

ur/e(E\e)−r/e(A)v||A||ω−r/e(A)

= vr(e)−ω(e)
∑
A⊆E\e

ur(E)−r(A∪{e})v||A∪{e}||ω−r(A∪{e}).

By adding the polynomials udr(e)N(P \ e, ω;u, v) and vω(e)−r(e)N(P/e, ω;u, v) we
get N(P, ω;u, v).

Notice that, if ω(e) = rP (e) for all e ∈ E, we get N(P ;u, v) = N(P, ω;u, v);
however, since ω cannot depend on P , the equality ω(e) = rP (e) can hold for P but
fail if P is replaced by one of its proper minors. We do not know of any relation-
ship between N(P, ω;u, v) and N(P ∗, ω;u, v), in the case that both expressions are
polynomials.

Clearly, the polynomials N(P ;u, v) and N(P, ω;u, v) are very general and more
families of polymatroids need to be explored in order to find interesting evaluations.
For example, in [11], the authors use the matroids M = (E, r) and M∗ = (E, r∗) to
construct the polymatroid P = (ρ, E), where ρ = r+ r∗. This polymatroid has rank
n = |E| and the authors consider also the quantity s = max{r(E), r∗(E)}. They find
that N(P ;x + 1, 1) =

∑s
i=0Hix

n−i is the generating function for the number Hi of
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bi-independent sets, that is, sets independent in both M and M∗, of size i. Similarly,
they find that y−n/2N(P ; 1,

√
y + 1) =

∑n
i=0 Siy

i is the generating function for the
number Si of bi-spanning sets, that is, sets spanning in both M and M∗, of size i.

As pointed out in [20], evaluating at λ = −1 in Theorem 6.4 we get T (G; 0, 2)
that has a combinatorial interpretation as the number of totally cyclic orientations
of G. A combinatorial proof of this fact could be interesting.

As we mentioned in the introduction, there are currently other attempts at gener-
alising the Tutte polynomial to polymatroids in [2] and [4]. In principle, our approach
is different as both of the aforementioned papers investigate the maximal facet of
the polytope associated with a polymatroid, while our work stays in the realm of
polymatroids. There are obvious differences between the definition of duality in our
work and the other two papers. However, for compact strict k-polymatroids, this
difference becomes less obvious. Thus, it would be very interesting to check if the
polynomial presented here is related to any of the polynomials in [2] or [4].
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