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Abstract

The notion of Parikh-friendly permutations, originating from the study
of Parikh matrices, was recently introduced by [Salomaa, Lec. Notes in
Comp. Sci. 11011, Springer, Cham (2018), 100-112]. In this study, we
show not only that every permutation is Parikh-friendly, but also that
there exists a single word that witnesses the Parikh-friendliness of every
permutation on a given ordered alphabet. In fact we introduce a rela-
tivized version of a Parikh-friendly permutation. As a result, words that
are uniformly Parikh-friendly in a wider sense are effectively constructed.

1 Introduction

Although the Parikh vector of a word simply gives very minimal information about
the word, it is useful in the study of formal languages. The classical Parikh Theorem
[8] says that the set of Parikh vectors of a context-free language is a semilinear set.
Parikh matrices were introduced by Mateescu, Salomaa, Salomaa, and Yu [6] as
a canonical generalization of Parikh vectors. The Parikh matrix of a word carries
more combinatorial information as its upper triangular entries are counts of certain
subword occurrences of the word. The injectivity problem asks when two words
share the same Parikh matrix. A satisfactory solution to this problem has been
elusive, even for the ternary alphabet, despite various attempts over almost two
decades [1-4,9,11,15-18].

A subword condition was initially introduced in [13] as a conjunction of finitely
many equations of the form |wl, = n, where |w|, denotes the number of occurrences
of u as a (scattered) subword of w. It can be extended to more complex subword
conditions, for example, |wl, = [wly = [w|. A |[W]ae = (w]|.)®, which defines the
language {a"b"c" | n € Z and n > 0}. Languages defined by subword conditions
normally cannot be described by other standard means. However, study of these
languages has led to interesting results. For example, the simple subword condition
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|wl|, = |wl|, defines languages belonging to different classes in the Chomsky hierarchy
for u = b, ab,aba (see Theorem 4 in [10]).

The study of Parikh matrices naturally gives rise to languages defined by subword
conditions. In 2018, Salomaa [12] introduced the notion of Parikh-friendly permu-
tation based on Parikh matrices. By definition, a permutation is Parikh-friendly
if there is a word nontrivially belonging to the corresponding language defined by
some subword condition. Which permutation is Parikh-friendly was posed as an open
problem. Here, we answer this question completely and it turns out unexpectedly
that every permutation is Parikh-friendly. In fact, we manage to show that with
respect to any ordered alphabet, a single word can be effectively constructed such
that it witnesses the Parikh-friendliness of every permutation. Such a word exhibits
somewhat stratified and uniform behavior with respect to subword occurrences. Fur-
thermore, a generalization of Parikh-friendly permutations relative to a given word
will be introduced. Our main result shows the existence of words that are uniformly
Parikh-friendly not only with respect to every permutation but also relative to any
word with a given length over the alphabet.

2 Preliminaries

2.1 Basic Notation

Suppose X is a (nonempty finite) alphabet. The set of words (respectively nonempty
words) over ¥ is denoted by X* (respectively 3*). The empty word is denoted by
A. An ordered alphabet is an alphabet with a total ordering on its set of letters.
Frequently, we will abuse notation and use ¥ to stand for both the ordered alphabet
and its underlying alphabet. Let v,w € ¥*. The concatenation of v and w is denoted
by vw while the length of w is denoted by |w|. The alphabet of w, denoted alph(w),
is the set {a € ¥ | |w|, > 1}. If the underlying alphabet is not explicitly mentioned,
then alph(w) is understood to be the minimal alphabet containing the letters of w.
Suppose I' € 3. The projective morphism 7p:3* — I'* is defined by

(a) a, ifael
mr(a) =
: A, otherwise.

A word u is a (scattered) subword of w € ¥.* if there exist x1,xa, ..., Zn, Yo, Y1,-- -,
Yn € 2%, possibly empty, such that

U =TT Ty and W = YoT1Y1 Yn-1TnYn-

The number of occurrences of u as a subword of w is denoted by |w|,. For example,
laababl,, = 5 and |baachc|ae = 2. By convention, |w|y = 1 for all w e ¥*. It will be
helpful later to observe that for all w e {a,b,c}*, we have

|w|abc + |w|acb + |w|bac + |w|bca + |w|cab + |w|cba = |w|a|w|b|w|c'

Let Sym(X) denote the symmetric group on a given set X. Suppose X is an
alphabet. If o € Sym(X), then o naturally induces a morphism from >* into ¥*, also
denoted by o. Observe that |o(w)], = |w|,-1(,) for all w,u e ¥*.
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2.2 Extended Parikh Matrices

For any integer k > 2, let Mj denote the multiplicative monoid of k x k upper
triangular matrices with nonnegative integral entries and unit diagonal.

Definition 2.1. [14] Suppose X is an alphabet and u € £*. Let u = uyuy---u),|, where
u; € ¥ for each 1< < |u|l. The Parikh matriz mapping induced by w, is the morphism
U, X% » My defined as follows: for each a € 3, if W, (a) = (M ;)1 j<ju+1, then
m;; =1 for each 1 <4 < |u|+ 1, my 11 = 0au, for each 1 <i <|u|, and all other entries
of the matrix ¥, (a) are zero, where § is the Kronecker delta function.

Matrices of the form W, (w) for some u,w € ¥* are called extended Parikh matri-
ces. Note that X can be suppressed from the notation ¥, not only for convenience,
but also because W, (w) = Wy (Tappn(u)(w)) for all we X*. If ¥ = {ag <ag <---<ay} is
an ordered alphabet, then the associated standard Parikh matriz mapping [6] is the
mapping ¥, induced by the word u = ajas---a,.

The following characterization of extended Parikh matrices is essential through-
out this work. It presents Parikh matrices as powerful tools in studying subword
occurrences. Words sharing a given Parikh matrix canonically form a language de-
fined by some subword condition.

Theorem 2.2. [14] Suppose X is an alphabet and v e X*. Let u = uyug---uy,,|, where
u; € X for each 1 <i<|u|. For every w e ¥*, the matriz W,(w) = (M, )1<i j<fu/+1 has
the following properties:

e mi;=1forl1<i<|u|l+1;
e m;;j=0 for1<j<i<|ul+1;
o My i1 = (W, for 1< <5 < ul.

Ezample 2.3. U0 (cbac) = Vawa (€)W acha(0) Vacha ()W aepa (€)

1 0 0 O O\ 1 00 0 0\/1 1 00 O0\/f1L O O0O0O
0110001 0 O0OJJ0 1 0 0 0110 11 0 O
={0 01 0 OJfj0 0 1. 1 OO0 0 1 0 010 0 1 0 0O
O 00100001 O0I]0 001 11100 010
0 00O0T1/\0 OO 0 1/JXO O O O 1J\0O O 0 0 1
11100 1 |wle |[Wae [Wlaeh  [W0]acha
01211 0 1 |we |we |Wwa
=10 01 1 1}=]0 0 1 |w|b |w|ba
ooo0o11l o o o 1 |l
000 O01 0 0 0 0 1

2.3 t-Spectrum

The t-spectrum (also known as t-deck) of a word is defined as follows.
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Definition 2.4. Suppose X is an alphabet. Let ¢ be a positive integer. For every
word w € ¥*, the t-spectrum (over ¥) of w is the function that sends every u € ¥*
with |u| <t to |wl,.

Hence, if two words wy,wy € X* have the same t-spectrum, then
|wily = Jws|,  for all ue ¥* such that |u| < . (4)

The following lemma is a variant of a classical fact. The reader may wish to verify
it himself intuitively. This simple fact shows that no ¢ is sufficiently large such that
every word is uniquely determined by its t-spectrum [5]. Some variant of the lemma
can also be found in [7].

Lemma 2.5. Suppose wq,ws, ..., w, € X* have the same t-spectrum. Then for every
permutation o € Sym({1,2,...,n}), the two words wiwy-wy, and We1)We(2)" We(n)
have the same (t + 1)-spectrum.

3 Uniformly Parikh Friendly Words

Definition 3.1. [12] Suppose ¥ = {a; < as < -+- < a4} is an ordered alphabet. A
permutation o € Sym(X) is Parikh-friendly with respect to % if there exists a word
w € ¥* with alph(w) = ¥ such that

Uayasas (W) = Vo (ayagas) (W)
We also say that w is a Parikh-friendly witness for o with respect to X.

Ezample 3.2. Consider the word w = abccba. Let o denote the permutation (abc) and
so 07t = (cba). Note that W p(w) = Upee(w) # Uogp(w). Hence, w is a Parikh-friendly
witness for o (but not for o7!) with respect to {a <b<c}.

Ezample 3.3. Let X = {a < b < ¢ < d < e}. The word abcddcbace (respectively
acddcabeeb) is a Parikh-friendly witness for the permutation (abed)(e) (respectively
(acd)(be)) with respect to 3.

By constructing witnesses along the lines illustrated by Example 3.3, Salomaa
arrived at the following result.

Theorem 3.4. [12] With respect to any ordered alphabet, every product of transpo-
sitions such that no two transpositions have a common element is Parikh-friendly.

The same construction does not work for every cyclic permutation. For example,
consider the ordered alphabet ¥ = {a < b < ¢ < d}. The word w = acbddbca is not
a Parikh-friendly witness for the permutation (acbd) because |w|spea # |W|cdpa, but
dbcaachd is a Parikh-friendly witness for the same permutation. Meanwhile, acbd is
a Parikh-friendly witness for both (abdc) and (ac)(bd) with respect to X. Salomaa
then posed the characterization of Parikh-friendly permutations as an open problem
and this study was initiated with the aim of solving this problem.
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As it turns out, for any ordered alphabet X, our result shows that every permu-
tation on X is Parikh-friendly with respect to X. In fact, we obtain more than we
expect. Since there are finitely many permutations, it is conceivable that there could
exist a single word which is a common Parikh-friendly witness for every permuta-
tion on X, especially when the size of X is small. Not only is our conjecture true
for any ordered alphabet, such universally Parikh-friendly words can be effectively
constructed, thus bringing us to the following definition.

Definition 3.5. Suppose ¥ is an alphabet and w € ¥*. We say that w is uniformly
Parikh-friendly with respect to ¥ if ¥, (w) = ¥,(w) whenever u,v € ¥* such that
lulg = |v|o =1 for all a € X.

Remark 3.6. Suppose w is uniformly Parikh-friendly with respect to 3. Then it must
be the case that alph(w) = ¥ and thus the reference to 3 can be safely omitted. Also,
w is a Parikh-friendly witness for every o € Sym(X) with respect to ¥/, where ¥
is any ordered alphabet with underlying alphabet ». Furthermore, the reverse w”
of w is uniformly Parikh-friendly as well because ¥, (w") = ¥, (w") if and only if
U, (w) = VU, (w) whenever u,v € ¥* such that |u| = |v].

Theorem 3.7. Suppose w is a uniformly Pam’kh-fm’elcdly word with respect to an
alphabet X2. Let 1 <k <|X| be an integer. Then |w|, = S5 for every u € X* with |u| = k
such that |u|, <1 whenever a € X3, where |w|, = « for all a € X.

Proof. Let ¥ = {a1,as,...,a;y}. Fix an integer 1 < k < |X[. Suppose u € ¥* with
|u| = k such that |u|, < 1 whenever a € 3. Let v be any word over ¥ having u as
a prefix such that |v|, = 1 for all a € ¥. Since w is uniformly Parikh-friendly with
respect ¥, by definition, W, (w) = W4 4,...q, (w). By comparing the (1, k + 1)-entries,
it follows that |w|, = |W|aag--a,- Since u is arbitrary, this (when k& = 1) implies that
|wl|, is equal to a constant, say «, for every a € ¥.. Now, it can be seen that

k
klwlayas ar = Z |Wlo(araz-ay) = H jwla, = o,
ceSym({a1,a2,...,ar}) i=1
Therefore, |w|, = |W|ayay-a;, = ‘z—lf O

By Theorem 3.7, it follows that if a uniformly Parikh-friendly word exists, then its
Parikh matrices have a special form. For example, if w is uniformly Parikh-friendly
with respect to a quarternary alphabet X, where |w|, = « for all a € ¥, then the
Parikh matrix of w is

[N

01 a 5§ %
00 1 a &
00 0 1 «
00 0 0 1

with respect to any ordering of . Hence, the notion of uniformly Parikh-friendly
naturally gives rise to these languages defined by special numerical parameters. Fur-
thermore, the existence of a uniformly Parikh-friendly word over ¥ guarantees not
only that each such language is nonempty but so is their intersection.
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The following theorem is a consequence of Theorem 4.6 in the next section. There
we generalize the notion of Parikh-friendly permutations and prove the existence
of words with a much stronger Parikh-friendly property which will imply uniform
Parikh-friendliness.

Theorem 3.8. For any alphabet X2, there exists a uniformly Parikh-friendly word
with respect to Y.

By Remark 3.6, the next corollary follows immediately.

Corollary 3.9. Suppose 3. is an ordered alphabet. Every permutation on ¥ is Parikh-
friendly with respect to 3.

Note that if w is a Parikh-friendly witness for a cyclic permutation on >, then
there is a constant « such that |w|, = o for all @ € ¥. Our numerical computations
suggest that every cyclic permutation has a Parikh-friendly witness with a equal
to one or two. Furthermore, it is plausible that through some careful analysis, a
Parikh-friendly witness with minimal length can be effectively constructed for each
cyclic permutation. Therefore, it leads us to the following conjecture, which is left
open.

Conjecture 3.10. Suppose ¥ is an ordered alphabet. Fvery permutation on ¥ has
a Parikh-friendly witness of length at most 2|%|.

Ezample 3.11. Let ¥ = {a < b < ¢}. The words abc, abccba, cbaabe, abbac, beeba, caach
are Parikh-friendly witnesses for the permutations (a), (abc), (cba), (ab), (bc), and
(ca) with respect to ¥ respectively.

4 Generalization of Parikh Friendly Permutation

Definition 4.1. Suppose ¥ is an alphabet and u € 3*. A permutation o € Sym(X)
is u-Parikh-friendly with respect to 3 if there exists a word w with alph(w) = ¥ such
that

\I]u(w) = \I]U(u) (w)

We also say that w is a u-Parikh-friendly witness for o with respect to X.

Note that in our definition, alph(u) need not be .
We now introduce a stronger version of uniformly Parikh-friendliness.

Definition 4.2. Suppose X is an alphabet and w € ¥*. Let ¢t be a positive integer.
We say that w is t-uniformly Parikh-friendly with respect to % if whenever u € X*
with |u| = ¢, it holds that w is a u-Parikh-friendly witness for every o € Sym(X).

Ezxample 4.3. Consider the word w = abbabaab. It can be verified that |w|, = |wl, = 4,
[wWap = |Wlpa = 8, |W]aab = |W]kba = [W]paa = [Waes = 7, and [w]pap = [w|ape = 10. It follows
that \Ilaab(w) = \I]bba(w)a \Ijbaa(w) = \I]abb(w)a \Ijaba(w) = \I]bab(w)a and \Ilaaa(w) =
Wy (w). Therefore, w is 3-uniformly Parikh-friendly with respect to {a,b}.
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Remark 4.4. If w is |X|-uniformly Parikh-friendly with respect to X, then it is uni-
formly Parikh-friendly with respect to ¥, but the converse is not true. None of
the 66 uniformly Parikh-friendly ternary words listed in the appendix is 3-uniformly
Parikh-friendly.

We will now prove the existence of ¢t-uniformly Parikh-friendly words. The fol-
lowing is the key lemma.

Lemma 4.5. Suppose ¥ is an alphabet and w € X*. Let t be a positive integer.
Suppose G = {01,09,...,0,} is a subgroup of the symmetric group Sym(X). Let
v denote the word o1(w)oz(w)--o,(w). If o1(w),o2(w),...,on(w) have the same
t-spectrum, then o1(v),02(v),...,0,(v) have the same (t + 1)-spectrum.

Proof. Fix an integer 1 <7 <n. Since G is a group, it follows that
{0/01,0/09,...,000,} ={01,09,...,0,}.

It can be seen that

0i(v) = gi(o1(w))oi(o2(w))+-0i(on(w)) = (0i01)(w)(0502) (w)-+ (0505 ) (w).
Hence, by Lemma 2.5, 0;(v) and v have the same (¢ + 1)-spectrum. O

Theorem 4.6. Suppose X is an alphabet. For every positive integer t, there exists a
t-uniformly Parikh-friendly word with respect to 3.

Proof. Let ¥ = {a1,as,...,a)y}. Suppose 01,09,...,0, are all the elements of the
symmetric group Sym(X). Let w; = aiay...q)s. Then clearly oy(wy),o9(wy),. ..,
on(w1) have the same 1-spectrum. Recursively, using Lemma 4.5, for every integer
t >2, a word w; can be effectively constructed such that oy(w;),oe(wy),. .., on(wy)
have the same ¢-spectrum.

Fix a positive integer t. We claim that w; is t-uniformly Parikh-friendly with
respect to X. Suppose u € X* with |u| = t. Let o € Sym(X) be arbitrary. We
need to show that W,(w;) = Wy, (we). To see this, take an arbitrary factor v of
u. By Theorem 2.2, it suffices to show that |w|, = |wi|ss). Let 7 = 07!, Then
\Welo(v)y = |Wielr-1¢0) = |7(wy)]y. Since 7(wy) and w; have the same t-spectrum and
lv| < t, it follows from (#) that |we|s(w) = [T(we)]s = [welo. O

By Remark 4.4, Theorem 3.8 follows immediately as a corollary.

5 Special Uniformly Parikh-friendly Words

For the quaternary alphabet, 4-uniformly Parikh-friendly words can be effectively
constructed as in the proof of Theorem 4.6. However, these uniformly Parikh-friendly
quaternary words have length 4(24)3. In this section, we present some special uni-
formly Parikh-friendly words over the quaternary alphabet, each with a much shorter
length of 96.
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By Theorem 3.7, if w is a uniformly Parikh-friendly word with respect to the
ternary alphabet {a,b,c}, then |w|, = |w|, = |w|. must be a multiple of six and so |w|
must be at least 18. Computationally, we obtain a complete list of all such words
with length 18, as provided in the appendix. If each of the words is split into blocks
of three, it can be seen that 24 of them are quite special because each is a certain
concatenation of the following words:

abe, ach, bac, bea, cab, cba.

Specifically, each of the ones that are underlined is one of six possible concatenations
of the following three words:

abccba, beaach, cabbac.

Remark 5.1. Note that each letter occurs as the first letter in one of the three words.
However, there is some flexibility regarding the middle four letters of each word
when concatenating them to form a uniformly Parikh-friendly word. For example,
the words acbbca bcaach cabbac and cabbac acbbca baccab are both uniformly Parikh-
friendly.

Inspired by this computational observation for the ternary alphabet, we discover
some uniformly Parikh-friendly words with respect to the quaternary alphabet that
have similar special features. Precisely, let

v1 = abeddcha, vy = bedaadceb, v7 = cdbaabdc, v19 = dacbbcad,
V9 = dbaccabd, vs = acbddbca, vg = bdcaacdb, v11 = cadbbdac,
vg = cbaddabce, vg = dcabbacd, vg = adbcecbda, v12 = badccedab.

This time, not all possible concatenations of all the v;’s are uniformly Parikh-
friendly. In fact, we found out computationally that there are exactly 432 distinct
concatenations of all the v;’s that are uniformly Parikh-friendly, with 36 having v;
as the first block for each 1 <4 < 12. Specifically, let

Vi = v1v9v3, Va = vgusy, V3 = vrugvy, Vi = v12011010.

Then each of the 24 possible concatenations of all the V;’s is uniformly Parikh-
friendly. This will be justified in our next paragraph.
Let ¥ = {a,b,c,d}. Suppose «, 3, and ~ are any distinct letters of ¥. For each

1 <i<4, by Remark 5.1, it turns out that 7, g3 (V;) is uniformly Parikh-friendly
with respect of {«,3,7}. By Theorem 3.7, it follows that |Vj|, = |Vi|, = % for all
1 <4 <4 whenever u,v € ¥* with |u| = |v| = k < 3 such that |ul, <1 and |v|, <1 for

all z € ¥. Let V = V1VLV3V,. It is then straightforward to verify that |V, = |V], for
such v and v. For example,

4
Vley = 2 Vilay + Vil VaVaValy + [Vala[VaValy + [Val[Val,

i-1
4

= Z \Vilyz + [Valy[VaVaVal. + [Valy [VaVal. +[Valy|Val. = [V],.
i-1
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for all distinct x,y,2 € 3. Hence, for V' to be uniformly Parikh-friendly, by defini-
tion and Theorem 2.2, it suffices to show that |V, = |V, whenever u,v € ¥* such
that |u|, = |v], = 1 for all x € ¥. For such later v and v, by a similar argument,
V] = |V, reduces to ¥i, [Vil, = X1 |[Vils, which holds because it can be verified
computationally that Y7, [Vi|, = 216 for every u € ©* such that |ul, = 1 for all z € 3.
Generally, this argument shows that any concatenation of all the V;’s is uniformly
Parikh-friendly with respect to .

6 Conclusion

The notions of uniformly Parikh-friendly and ¢-uniformly Parikh-friendly are new
ways of defining special languages that can be described by numerical parameters.
More importantly, their definitions are connected to classical objects in abstract al-
gebra, namely, permutations. Therefore, this study opens up a possible cross-study
between combinatorics on words and group theory. Since GG can be any subgroup of
Sym(Y) in Lemma 4.5 (for example, the alternating group), it suggests a general-
ization of uniformly Parikh-friendly, not necessarily for every permutation, but only
for permutations coming from G. Hence, the well-established theory of symmetric
groups may prove to be useful.

In the last section, we have identified some special uniformly Parikh-friendly
words. In each such word, not only that the arrangement of the blocks can be
associated to some permutation, but also that the blocks can be obtained from a
single block using all possible permutations of the letters. It remains to be seen
whether our ad hoc construction can be generalized to higher alphabets.

Finally, we would like to bring out another potential open problem inspired by
this work. In Example 4.3, although w = abbabaab is 3-uniformly Parikh-friendly
with respect to the binary alphabet {a,b}, it does not satisfy the following stronger

property:
|w|a = |w|b7 |w|ab = |w|ba7 and |w|abb = |w|bab = |w|bba = |w|aab = |w|aba = |w|baa (*)

because |w|app # |W]ape- Computationally, we found out that binary words with mini-
mal length satisfying (*) have length 32 and there are exactly six of them as follows:

ab’®aba’bababda’, a*bBaba’ba’ba’bia, a*bBatb*a®bt,

ba’bbab*ab?® aba®b*, blalbab?ab®ab®a’b, brabbtatbBat.

Therefore, for higher alphabets, we ask whether there are words satisfying the corre-
sponding property analogous to (*). Such words, if they exist, could be significantly
longer and it may not be as easy to find them computationally, even for the ternary
alphabet.



W.C. TEH / AUSTRALAS. J. COMBIN. 76 (1) (2020), 208-219

Appendix

217

The following are exactly all the 66 uniformly Parikh-friendly words over the ternary
alphabet {a,b,c} with minimal length. The ones underlined are mentioned in Sec-

tion 5.
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