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Abstract

We study the number of edges, e¢(G), in triangle-free graphs with a pre-
scribed number of vertices, n(G), independence number, a(G), and num-
ber of cycles of length 4, N(Cy; G). In particular we show that

3e(G) — 1Tn(G) + 35a(G) + N(Cy; G) > 0

for all triangle-free graphs (G. We also characterise the graphs that satisfy
this inequality with equality.

As a consequence we improve the previously best known lower bounds
on the independence ratio i(G) = a(G)/n(G) for graphs of average degree
at most 4 and girth at least 5, 6 or 7.

1 Introduction

1.1 Background

The (minimum) edge numbers, e(3,k,n), are defined as the minimum number of
edges in a triangle-free graph on n vertices without an independent set of size k.
These numbers, and constructions of related graphs, have successfully been used to
compute, or bound, the classical two-colour Ramsey numbers R(3,¢). In particular
the edge numbers have been used when studying R(3,¢) for £ = 6 by Kalbfleisch
[8], for ¢ = 7 by Graver and Yackel [4] and for ¢ = 9 by Grinstead and Roberts
[5]. Among the useful upper bounds on the Ramsey numbers R(3,¢) that have been
obtained by these considerations are those of Radziszowski and Kreher (e.g. [11]).
In particular Radziszowski and Kreher proved, in [11], that e(3,k+ 1,n) > 6n —
13k for all non-negative integers n and k. One may differently phrase their result
by saying t(G) := e(G) — 6n(G) + 13a(G) > 0 for all triangle-free simple graphs
G = (V, E), where e(G) = |E| denotes the number of edges, n(G) = |V| the number
of vertices and «(G) the independence number of G. Moreover the triangle-free
graphs G for which ¢(G) = 0 have been classified in part by Radziszowski and
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Kreher in [11] and completely by Backelin in [2]. The invariant ¢ is just one in a
series of invariants of a similar kind, all of which give bounds on the edge-numbers
and for which there are classifications of the triangle-free graphs that satisfy them
with equality.

In this article we consider a related invariant, v(G), which we define as
v(G) = 3e(G) — 1Tn(G) + 35a(G) + N(Cy; G),

where N(C}; G) denotes the number of cycles of length k£ in G. We will, in particular,
show that v(G) > 0 for all triangle-free graphs G (see Theorem 1.1 in Section 1.2).

This affirmatively answers a question first considered in [1]. We also give a
classification of the graphs that satisfy this inequality with equality. We will see that
this bound is tight since there are (infinitely many) triangle-free graphs G for which
v(G) = 0. These graphs seem to be closely related to those for which ¢(G) = 0. In
particular there are even infinitely many connected triangle-free graphs, G, for which
t(G) =v(G) =0.

We define the independence ratio of a graph G as i(G) = a(G)/n(G). The main
result of this article implies that i(G) > % for all graphs of girth at least 5 and average
degree 4. This improves the previously known bounds obtained as special cases of
more general theorems by Hopkins and Staton in [6] (where we have the bound
i(G) > 2—73 for graphs with maximum degree 4 and girth at least 6). The results of
Hopkins and Staton have also been improved and generalised upon by Lichiardopol
in [10]. The bound i(G) > & improves the bounds given by Lichiardopol for graphs
with maximum degree 4 and girth 5, 6 or 7.

1.2 Graphs with v-value zero and the main theorem

We will here describe all graphs with v-value zero. That these are indeed all such
graphs will be demonstrated in the conclusion of this article. All graphs article will
be assumed to be non-empty.

We need to define the following class of graphs (which appears in [1, 2] as chains
denoted by Chy, in [11] as F, and in [7] as H). These graphs will play an important
role in our proofs.

Definition 1.1. Let Chy be a cycle of length 5. We recursively define C'hy 1 for k >
2. Let # € V/(Chy) be some vertex of degree 2. Let V/(Chyy1) = V(Chy) U{v, wy, we}
and E(Chyy1) = E(Chy) U {vwy, vwe, wiz} U{wqy;y € N(z)}.

It is easy to verify that C'hy is then well-defined for k£ > 2, i.e. up to isomorphism
the result does not depend on the choice of vertex of degree 2 in the recursive con-
struction. It is also easy to check that n(Chy) = 3k—1, e(Chy) = 5k—5, a(Chy) = k
and N(Cy; Chy) = k — 2. Hence, v(Chy) =0 for all k > 2.

There are also two connected 3-regular graphs with v-value 0. These have been

characterised in [1]. Using the same notation as there we define the graphs (2C7)s;
and Ws as follows. Let V((2C7)2;) = {ao, a1, .. .,a6} U {bo, b1, ...,bs} and the edges
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of (2C7)9; be such that both ag, ay,...,as and by, by, ..., bs form cycles of length 7
in (2C7)s;. Connect these two cycles by adding an edge b;ay; for all i € {0,1,...,6},
taking indices modulo 7.

Figure 1: The graphs (2C7)q; and Wi, respectively..

This graph is also known as a generalised Petersen graph, variously denoted
GP(7,2) or P(7,2).

Let V(W5) = {ag, a1} U{bg,...,bs} U{co,...,cr} and the edges of W5 be such
that aga, are adjacent, by, . .., by are independent and cy, . . ., ¢; form a cycle of length
8. Add edges b;a; for i € {1,2,3,4} taking a;-indices modulo 2. Also add edges b;co;
and b;ce; 13 for i € {1,2,3,4} taking indices modulo 8.

We will in this article show that these two 3-regular graphs are the only 3-regular
connected graphs with v-value zero. This extends a result in [1] that states that
these two graphs are the only two 3-regular graphs with v-value zero that neither
contains cycles of length 3 nor of length 4.

Let BCy, k > 4, be a graph consisting of an induced cycle on vertices ¢y, cs . . ., Cop
and one induced cycle on vertices dy,ds ..., d;. Connect the cycles by edges d;co;_o
and d;ce; 41 for i € {1,...,k}, taking indices modulo 2k for ¢;’s and modulo & for
d;’s. The graphs BC} have been called bicycles (in [1] and [2]) or extended k-chains
(in [7], denoted Ej) and Gy (in [11]).

Note that we have n(BC}) = 3k, e(BCy) = 5k. It is not difficult to show that
a(BCy) = k. Moreover, for k > 5 we have N(Cy; BC) = k. Hence v(BCy) = 0. In
the case k = 4 we have one “extra” cycle of length 4 formed by the vertices dy, ds, d3
and dy and because of this we have v(Chy) = 1.

The main goal of this article is to establish the following theorem. We introduce
a notation for the family of graphs with v-value zero that have been defined in this
section.

g = {W5, (207)21} U {Chk, k Z 2} U {B(Jk, k Z 5}

Theorem 1.1. If G is a triangle-free graph then v(G) > 0, and if v(G) = 0, with G
connected, then G € G.
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Figure 2: The graph BC5.

This means that the only triangle-free connected graphs with v-value zero are
those that we have defined in this section. Since v is linear (in the sense that if
H,+ H, is the disjoint union of graphs H; and Hj then v(Hy + Hs) = v(H;y)+v(H3))
it is enough to classify the connected graphs with v-value zero as in Theorem 1.1.

1.3 Outline of the proof of Theorem 1.1

To establish Theorem 1.1 in Section 1.4 we introduce some preliminary results which
we need later while simultaneously exhibiting the bulk of the notation used in the
article.

The entirety of Section 2.1 is dedicated to proving Lemma 2.2. Part (xi) of this
lemma immediately implies Theorem 1.1. The lemma is proved using simultaneous
induction over all of its eleven separate statements. Each statement relates the value
of ¥(G) to some structure of the graph G. For example one such statement asserts
that the minimum degree of G is at most 4 whenever v(G) < 7. We successively ob-
tain stronger structural properties for GG by strengthening the assumed upper bound
on v(G).

Most of the assertions in the lemma are proved by showing that if the assertion
would not hold then GG has a proper subgraph which does not satisfy one of the
assertions. In proving the crucial part (xi) of the lemma we mimic the work of
Radziszowski and Kreher in [11] with the use of a slight modification of their proof
mentioned by Backelin in [2]. This part of the proof mostly consists of reformulating
their results to make them fit into our particular context.

1.4 Preliminaries and notation

We start by stating some preliminary lemmas which we will use later. These are
for the most part easy to prove. For terminology and notation not explained in this
article we refer the reader to [3].

For edge sets T' C E(G) we denote by G — T the graph (V(G), E(G)\ T) and for
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vertex sets S C V(G) we denote by G\ S the induced subgraph G[V(G) \ S]. For
this and other notation we may omit the use of set parentheses for singleton sets.
Note in particular the distinction between G — e and G \ e for e € E(Q).

If e € E(G) is such that (G — e) = a(G) we say that e is redundant, otherwise
it is called critical. The graph G is said to be edge-critical if all its edges are critical.
Its is easily verified that all graphs defined in the previous section are edge-critical.
A set of vertices S C V(G) is said to destabilise G if a(G\ S) < a(G), and S is then
said to be a destabiliser. Inclusion-wise minimal destabilising sets are called minimal
destabilisers. If G has no destabilisers of size r then we say that G is r-stable.

For a vertex v € V(G) the vertices at distance exactly 2 from v in G is denoted
by Na(v). The second degree of v in G is defined to be the sum of the degrees of the
vertices in N(v) and is denoted by d?(G;v), whereas the d(G;v) denotes the ordinary
degree of v in G.!

The length of a path will always refer to the number of vertices in the path. We
will use Vi (G), for k > 0, to denote the set of all vertices in G of degree exactly k, i.e.
Vi(G) ={v € V(G);d(v) = k}, and G}, denotes G[V,(G)] unless G with subscript k
has been separately defined.

Lemma 1.1. (Lemma 2.2 in [2]) If G is a connected edge-critical triangle-free graph,
v € V(G) and d(v) > 2 then Ny(v) is a destabiliser of G,,.

For a set of vertices W C V(G) we let N[W] denote the closed neighbourhood of
the vertices in W, which is the set of vertices that are either in W or adjacent to
a vertex in W. If §' is an independent set of vertices we let Gg denote the graph
G\N[5], i.e. the graph obtained by removing all the vertices in S, all their neighbours
and edges incident to all such vertices. When it is unambiguous we may drop set
parenthesis in these notations, writing e.g. G, for Gy,.

We now present a few lemmas, the proofs of which are standard and therefore for
the most part omitted.

Lemma 1.2. (Lemma 2.6 of [2]) Let G be an edge-critical, connected and triangle-
free graph. If v € V(G) is a vertex of degree 2, then G, is connected.

Lemma 1.3. If G is edge-critical, S C V(G) destabilises G and v € V(G) \ S, then
SNV(G,) destabilises G,.

Proof. Otherwise there would be a maximum independent set T of G, avoiding
SNV(G,). |T| = a(G,) = a(G) — 1 since G is edge-critical, whence T U {v}
would be a maximum independent set of G avoiding S. This contradicts that S
destabilises G. U

We now classify the minimal destabilisers of minimum size in C'hg-graphs. The
following two lemmas correspond to parts of a more general lemma in [1] and simple
stand-alone proofs may be found in [9].

'Here and in other similar notation we may drop the graph G from the notation whenever there
is no ambiguity, i.e. d(v) = d(G;v).
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Lemma 1.4. (Lemma 6.2(b) of [1]) If S destabilises G = Chy,, where k > 2, then
|S| > 3 with equality if and only if S = Nv] for some v € V(G) of degree 2.

For minimal destabilisers of size 4 we will not completely classify them, but the
following lemma tells us that in all but one case they are connected.

Lemma 1.5. (Lemma 6.2(e) of [1]) If S is a minimal destabiliser of G = Chy, such
that |S| =4 and S is not connected in G, then k =3 and S = V,(Chs).

For subsets of vertices A, B C V(G) we write Eg(A, B) for the set of edges
with one endpoint in A and the other endpoint in B, i.e. Eg(A, B) is the set of
edges F(G) N {{a,b};a € Ab € B}. The cardinality of this set will be de-
noted by eg(A, B). We will sometimes abuse the notation by writing Fq(H,, Hy) for
E¢(V(Hy),V(Hs)) where Hy and H, are two subgraphs of G.

Lemma 1.6. Let H be an induced subgraph of G and M C V(H) be the set of
vertices adjacent to V(G) \ V(H). If M does not destabilise H then every edge in
E(H,G\ H) is redundant.

Proof. Supposing that e € E(H, G\ H) were not redundant, then a(G—e) = a(G)+1.
Let S be a maximum independent set of G —e. S = SNV(H) is independent in H.
Since M does not destabilise H there is a maximum independent set S” of H such
that S” N M = (). Tt follows that (S \ S’) US” is independent, in G — e, of size at
least a(G) + 1. But since (S'\ S") U S” avoids e N V(H) the set (S\ S") U S” would

also be independent in GG, a contradiction. U

The distance between two vertices u,v € V(G) is denoted distg(u,v) and is
defined to be the least number of edges in a path from u to v, or infinity if there is
no such path.

Lemma 1.7. If G is a triangle-free graph without cycles of length 4 which contains
a k-cycle C = cy,ca, ..., ¢, then for allv € V(G) \ C we have [N(v) N C| < [£].

Proof. Let H := G[C] be the induced graph on C. By assumption we have that
Vui,us € N(v) : diste\o(u1,u2) > 3. Hence, a fortiori, disty(ui,us) > 3 for all
ui,us € N(v) N C so indeed at most a third of the vertices of C' can be in the
neighbourhood of v. ([l

In particular the previous lemma gives us that if we have a cycle of length 5 in
a subgraph of G then any vertex outside the cycle can be adjacent to at most one
vertex in the cycle. This fact will be used frequently in what follows.

We now define a collection of graphs with r-value and minimum degree 2 which
will be needed in our proofs.

Definition 1.2. Let aq, as, by and by be the vertices of degree 2 in G = Chg, where
ajag, bibe € E(G). We define the shackled chain SChy by letting V(SChy) = V(G)U
{v,w1,ws} and E(SChy) = E(G) U {vwy, vws, wiay, wiby, weas, wabs}. For k > 2 we
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define SChy, recursively as follows. Let a be any vertex of degree 2 in SChy_; with
neighbours b; and by. We then set V(SChy) to be the set V(SChy_1) U {v,w;, ws}
and E(SChy) = E(SChy_1) U {vwy, vwsy, wia, waby, wabs }.

For example in Figure 3 the graphs SC'h; and SChy are shown.

by a
W

ba W2

Figure 3: The smallest shackled chains SChy (left) and SChy (right).

It is not difficult to prove that the definition does not depend (up to isomorphism)
on the choice of vertex of degree 2 in the recursive construction. It is also not hard to
see that n(SChy) = 3k+8, e(SChy) = 5k+11, a(SChy) = k+3 and N(Cy; SChy) =
k for all k£ > 1. Therefore we get that v(SChy) = 2 for all £k > 1. Furthermore, if S
is a destabiliser of size 3 in SChy, then S = N[v] for some v € Vo(SChy).

2 Lemmas and the proof

Let C(G) denote the set of connected components of the graph G. Note in particular
that v(G) = Y cceq) V(C). For § C V(G) we denote by N(H; G, S) the number
of subgraphs of G that are isomorphic to H such that V(H) N S # (). Recall that
Gy, =G\ N[v].
Lemma 2.1. If G is a triangle-free graph, then

Yo € V(Q) : v(G,) < v(G) — 3d*(v) + 17d(v) — 18 — N(Cy; G, N (v)).

Proof. Note that n(G,) = n(G) — d(v) — 1 and e(G,) = e(G) — d*(v) (since G is
triangle-free). Also we have that a(G,) < a(G) — 1 since any maximum indepen-
dent set in G must either contain v or a vertex in the neighbourhood of v. Also,
N(Cy; G,) = N(Cy; G) — N(Cy; G, N(v)) since any cycle of length 4 through v also
goes through some of the neighbours of v.

Therefore, we get that

v(G,) < v(G) — 3d*(v) + 17d(v) + 17 — 35 — N(Cy; G, N(v))
=v(G) — 3d*(v) + 17d(v) — 18 — N(Cy; G, N(v)).

0

The rest of this article is dedicated to proving the following lemma which implies
Theorem 1.1, since it includes this theorem as statement (xi).
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Lemma 2.2. Let G be a connected triangle-free graph.

(i) If S destabilises G then

o) > [3 S eod(v) — 17]8] + 35 — V(G)"‘ |

3

(ii) If 5(G) =0 and v € V(G) is a vertex of degree d then either Ny(v) destabilises
G, or v(G) > 3dd + 18d — 17.

(iii) If v(G) < 17 then G is 1-stable and 6(G) >

(
() If v(G) < 7 then §(G) <
(v) If v(G) <6 and G is 2-reqular then G = Cs.
(

(vi) if v(G) < 6 then either G is 2-stable (and, a fortiori, 6(G) > 2) or G = K.

(vii) If v(G and §(G) > 3 then G is 3-stable.
(G

) <
(viti) If v(G) < 3, G % Cs, a(Ga) > 1, and N(Cy; N(Va(G))) = 0, then there is an
edge e € E(G) such that G — e = C5 + G" where G' € G\ {Chy; k > 3}.

(iz) If v(G) < 2 then G is edge-critical.

(x) If v(G) < 2 and 6(G) = 2, then G = Chy, for some k > 2 or G = SChy for
some £ > 1.

(zi) If v(G) < 0 then G € G where G is as defined in Section 1.2.

2.1 Proof of Lemma 2.2

We will prove the above lemma by induction. All the statements hold trivially for
G = K;. Assume that they hold for all graphs H such that n(H) < n(G) or
n(H) = n(G) Ne(H) < e(G). In particular all assertions in the lemma hold for
H CG.

We will now establish each of the assertions, in order, also for GG. In the process
we establish several claims that we may by induction assume holds for all previous
graphs (in the inductive order). Note that v(H) > 0 for all H C G by (xi). This will
be used very frequently, in particular for H = Gg where S is some independent set
of vertices.

Proof of (i). Inductively, by (xi), we have v(G\ S) > 0. The assertion follows easily
by noting that (G \ S) = e(G) — >, cgd(v) +e(S), n(G \ §) = n(G) — |S]| and
a(G\9) <a(G) - 1. O
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Proof of (i1). Supposing that Ny(v) does not destabilise G, then there is some inde-
pendent set, I, of size a(G,) in G, such that I N No(v) = 0. Since G is triangle-free
we get that I U N(v) is an independent set of size a(G,) + d in G. Therefore
v(G,) < v(G)+17—18d — 3dd since a(G) > a(G,) +d, n(G) = n(G,) — (d+ 1) and

e(G) > e(G,) + dd. The assertion follows inductively from (xi). e
Proof of (iii). Otherwise v(G \ S) < 0 for some singleton set S = {v} with strict
inequality unless d(v) = 0. However, v(K;) = 18. i)
Proof of (iv). Follows immediately from Lemma 2.1 since if v € V(G) has minimal
degree then d?(v) > d(v)? = 6(G)% O
Proof of (v). Clear, since v(Cy) > 7 for k = 4 and k > 6. am

Proof of (vi) and (vii). These assertions are immediate consequences of (i), for |S| =
2 and |S| = 3, respectively. [](vi),(vid)

To simplify the proofs of statement (viii) through (xi) we employ some temporary
claims. The first two, those that we use to prove (viii), follow.

Claim 1. If v(G) < 3 and G % C5 is edge-critical then C = Ky or C = Ky for all
C € C(Gy).

Proof of claim. By (v) and (vi), C is not 2-regular and G is 2-stable. If w is an
endpoint of a path component of length at least 3 in G then v(G,) < v(G)+1<4
but G,, is connected (by Lemma 1.2) and §(G,,) = 1, whence G,, = K3 by (vi). This
is easily seen to be impossible. [(claim)

Claim 2. Ifv(G) < 3, 0(G) = 2, G % C5 is edge-critical, vi,vy are two adjacent
vertices of degree 2, each of second degree 5, and N(Cy; N(v;)) = 0 for bothi € {1,2},
then

(a) if z € V(G) \ {v1,ve},dist(z,v1) < 3 then d(z) > 3, and
(b) if v € V3(G) N No(v1) then 6(Gyyz) > 2 and |C(Gy, )| = 1.

Proof of claim. Firstly note that G,, 2 C5 and v(G,,) < v(G) +1 < 4 by Lemma

i

1.7 and 2.1, respectively. Moreover, GG, is connected by Lemma 1.2.

Let z € V(G) \ {v1,v2} be such that d(z) < 2. If dist(z,v;) = 2 then G,, = K>
by (vi). This is easily seen to be impossible. On the other hand if dist(z,v,) = 3
then v(Gyyu,) < V(Gyy) +1 <5, where {u1} = N(v1) \ {v2}, since N(Cy; N(vq)) = 0.
If Gy, u, is connected then, again by (vi), we have G, ,, = K, which is impossible.
Thus Gy, = Ky + C where C is 2-stable, but e(N(vq,u;),C') < 2 contradicting
that G is edge-critical. This completes the proof of (a).

Let z € V3(G) N Na(v1). 6(Gy, ) > 2 follows from an argument analogous to
(a). Suppose Gy, , = G' + G” and define {xy, 22} := N(z) \ N(v1). By (a) we
have d(z1),d(xz9) > 3 and if d(Gy,; ;) < 2 then e(z;; N(vy)) > 1. In particular,



0. KRUGER / AUSTRALAS. J. COMBIN. 74 (3) (2019), 371-388 380

d(Gy,; 1) + d(Gyy 5 x9) > 5 since otherwise we would have N(Cy; N({v1,v2})) > 0.
Now, by (vi) and §(Gy, ) > 2 both G" and G” are 2-stable.

Now, assume that v; and x do not belong to a common cycle of length 5, whence
d(Gyy;71) = d(Gyy322) = 3 and v(Gy, ) < 2. Define Ay := Ny(v1) N V(G ),
Ay = N(z1) N V(Gy,2) and Az := N(x2) N V(G,, ). Each of the sets A; U Ao,
Ay U Az and Ay U A3 must destabilise one of G’ and G”, and therefore contain at
least three vertices from the component that is destabilised. It is then easily seen
that this is not possible unless they destabilise the same component, e.g. say A; U A,
and A;U A3 destabilises G’ then |V (G")NAs|, |[V(G")NAs| < 1, and therefore AoU A
also must destabilise G’. This either contradicts that G is connected or that G is
edge-critical.

Suppose, on the other hand, v; and x do belong to a common cycle of length 5.
If Ay, Ay, Az are defined as before then e(G,, ) < e(G) — 6 — (|A1] + |A2] + |43]),
n(Gy, ) < n(G) —6 and a(G,, ») < a(G) — 2. Therefore v(G,, ) < 17 — 3(|A4| +
|Aa| 4 |As]), which gives us |A;| + [A2| + | 43| < 5. Thus we have at most two edges
from NJvy, 2] to one of the components G’ and G”. Those edges would however be
redundant, contradicting that G is edge-critical. [(claim)

Proof of (viii). If G were not edge-critical then v(G — e) < 0, for some redundant
edge e, and G — e = C5 + G’ since Cj is the only graph in G with minimum degree
2 and N(Cy; N(v)) = 0. Now, v(G') < 0 and, inductively by (xi), we get that
G' € G\ {Chy; k > 3}.

Suppose therefore that G is edge-critical. Moreover, suppose v; € Vo(G). If
d*(v1) = 6 then v(G,,) < ¥(G)—2 <1 and 6(G,,) < 2since a(Gy) > 1 and therefore
G,, = Chy, for some k > 2 (by (x) inductively). It is easy to see by Lemmas 1.4
and 1.5 that N(Cy; N(v1)) # 0 unless & = 3, in which case we get a contradiction
since then a(Gy) = 1. Hence, d*(v;) = 5 by Claim 1. Let vy be the neighbour of v,
of degree 2. The local structure around v; and v, have been illustrated in Figure 4.
Note that the vertices w;; are not, a priori, distinct. If the vertices are not distinct
we assume that wy; = we; =: w, and that y is some neighbour of w, and thus of
degree at least 3 by Claim 2.

w11 Wa1 i
Uy V1 Vg U2
‘1‘U12 w2£ ‘?‘U12 Uy V1 V2 u2w2£

Figure 4: The neighbourhood of v; and vy in G if |[N(uy) N N(ug)| is 0 or 1, respec-
tively.

Note that either w;y € V3(G) and v(Gy, wy,) < V(Gy,) —2 < 2 or d(w;p) > 4
and v(Gy, ;u) < V(Gyy ;) —2 < 2. We can therefore assume that there is some
x € V3(G) N Ny(vy) such that v(Gy, ) < 2. By Claim 2 and a(G2) > 1 we have
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0(Gyy ) = 2 and therefore, by (x), Gy, » = Chy, for some k > 2 or G, , = SChy
for some ¢ > 1. Some vertex of degree 2 in G,, , must also have degree 2 in G,
and thus second degree 5 therein. It is easily checked that this is not possible since

N(Cy; N(Va(G))) = 0. [(vii)
Proof of (ix). Trivial. [(ix)

Proof of (z). Assume that G 2 Chy for all k£ > 2. In particular G is not 2-regular
by (v), but G is 2-stable by (vi). By Claim 1 and Lemma 2.1; d*(v) € {5,6} for all
v e V(Gy).

Let v be a vertex of degree 2. If d*(v) = 6 then v(G,) < v(G) —2 < 0. In-
ductively, by (xi), G, € G (since G is edge-critical by (ix) and thus G, is connected
by Lemma 1.2, and v(G,) = 0 yields N(Cy; N(v)) = 0). We then have |Ny(v)| = 4.
Ny(v) is disconnected since if Ny(v) induced Cy, K3 or Py then N(Cy; N(v)) > 1.
Furthermore, Ny(v) is a minimal destabiliser by Lemma 1.4 and (vii).

It is easily checked that neither W5 nor (2C7)s; has disconnected destabilisers of
size 4. The same holds for all bicycles BCy (see e.g. [1, Lemma 6.3(e)]). The only
possibility is that 6(G,) = 2 and G, = Chy, for some k > 2. But then, by Lemma
1.5, k = 3 and Ny(v) = Vo(Chy) which means precisely that G = SCh;.

We may therefore assume that d*(v) = 5 for all v € Vo(G). We will show that
there is some v € V5(G) such that N(Cy; N(v)) > 1. Note that this is sufficient to
prove the assertion since this would give v(G,) < 2 and inductively G, = Chy or

G, = SChy. It is easy to see by the recursive construction and destabilisers of size
3 that then G = Chgyq or G = SChyyq.

Suppose that N(Cy; N(v)) = 0 for all v € V5(G). Let v, and vy be two adjacent
vertices of degree 2. Then the situation is as illustrated in Figure 4 by Claim 2.

If d(wia) = 3 then v(Gyyw) < V(Gy) —2 < v(G) +1—2 < 1. Therefore
Ad(Guy wyp;u2) = 2 and H = Gy 4y, = Chy, for some £ > 2, by Claim 2 and
induction. S := Ny(wy2) NV (H) \ {wi1} is a destabiliser of H having size 4. If
IN(u1) N N(ug)| =0 then |[SNV,y(H)| <2 and a(Va(H)\ S) > 1 (since {ug, w1} ¢
E(H)). It is easily seen that if S is connected then N(Cjy; N(wq2)) > 2 giving
v(H) < —1, while for disconnected S we get a contradiction to Lemma 1.4 or 1.5.
Hence, |N(u1) N N(ug)| = 1 and in the same way we get S = Ny[u] U {z} for some
u € Vo(H) and disty(z,u) > 3. Define z1,x9, Ay, Ag, A3 in the same way as in the
proof of Claim 2, where x = wis. We may assume that u € Az and then A; U A,
neither contains a destabiliser of size 3, nor all of Va(H), but a(Va(H)N(A1UAy)) > 1.
Clearly then A; U Ay does not destabilise H.

Hence, d(wiz) = 4, analogously d(wg) = 4 and, clearly, d(w) = 3. Let
H = Guyu. I 6(H) = 2 then H = Chy for some £ > 2. Both S; =
N({wiz, w})\{ur, us} and Sy = N({wia, ug})\{u1, us, w} destabilises H and G[S;] C
Ki3. By Lemmas 1.4 and 1.5 we would either have G[S;] = K3 for some i, or
G[Si| = K12 + K, for both i. In either case, N(Cy; N(wi2)) > 2 which would imply
v(H') < —1. Therefore we may assume that all vertices at distance 3 from {v, v}
must have degree at least 4. Hence we get v(Gy, wy,) < V(Gyy) —3 < v(G)+1-3 < 0.
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But d(Gy, u,: u2) = 2 and, by induction, G, 4,, = Chy, for some k > 2. It is easily
seen that k& # 2, and for k¥ > 3 we would have N(Cjy; N(wqz)) > 1 and therefore
V(Gv2,w22) S V(Gvg) -3 - N(C4§ N(w22)) S —1. D(X)

To prove the inductive step for the final assertion of Lemma 2.2 and complete
the proof we make use of some further claims.

Claim 3. Ifv(G) <0 and G ¢ G then N(Cy; G) = 0.

Proof of claim. By (iii), (vi) and (x) we have §(G) > 3. We begin by showing
that N(Cy; N[V3(G)] U V4(G) U V5(G)) = 0 by deriving contradictions in four cases.
The claim then follows by induction on d, the minimum degree of a vertex with
N(Cy;v) > 0, using v(G,) < v(G) — 3d*(v) + 17d — 19 by Lemma 2.1.

Case (a): N(Cy; V3(G)) > 0. Suppose v; € V3(G) is such that N(Cy;v1) > 0.
Since v(G,,) < 5 the opposite vertex of v; in the 4-cycle must have degree at least
4. Tt is easy to see that necessarily the local structure in the neighbourhood is as
illustrated in Figure 5.

Uz X U7

Wy V1 V2 W2

Figure 5: The structure around the vertex v; of degree 3 in G.

Note that v(G,,) < 2 and Ny(v) is a destabiliser of size at most 6 in G,, by e.g.
(ii). If G,, were not connected then |C(G,,)| =2 and §(C') = 2 for both C' € C(G,,)
by Lemma 1.6 and (vii). But then Ny(v;) = Ng, [7]UNg, [2'], where z, 2" € V5(G,,),
by Lemma 1.4 and (x). It is then easily seen that N(Cy; N(v1)) > 3, which would
give v(G,,) < —1.

Hence, [C(G,,)] = 1. If d*(u1) < 13 then S := {wy} U N(uyq) \ {v1} would be
four degree-2 vertices of G,, = Chy, for some k > 2. Either k = 2 or G,,[S] =
2 - Ko, which are both clearly impossible. Hence, d?(u;) > 14. If d*(u;) > 15 then
|N(up) U N(wsy)| > 2 and d*(ws) = 11 by (vi) since vy has degree 1 in G,,, but then
V(Gy,) < —2. Thus, d*(u1) = 14 and |S N V,4(G,,)| > 3. Therefore G,, % SCh,
for any ¢ > 1. Thus, in G,,, us has one neighbour of degree 2 and one of degree
3 (G,, # C5 is trivial). It is then readily verified that this is only possible if the
situation is as illustrated in Figure 6.

It is then clear that G, = Chy, for some k > 4 by since N(Cy; N(v1)) = 3. This
makes G = BC}q since (BCyy1)y, = Chy where v is any vertex of degree 3. This,
however, goes against the assumption G ¢ G.

Case (b): N(Cy; N(V5(G))) > 0. Suppose v is a vertex of degree 3 such that
N(Cy; N(v)) > 0. By (a) at least one of the neighbours, wy,wy and ws, of v must
have degree > 4. We may assume d(w;) = d(wy) = 3, d(w3) = 4, since d?(v) < 11.
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A Yo yl

Figure 6: The structure around the vertex v; of degree 3 in G.

Not both w; and wy can have second degree 11, since if they did ws would belong
to a Chg-component for some k > 2. It is however easy to exclude both k£ = 2 and
k > 3 separately. There is therefore some vertex of degree 2 in G,. In fact, by (x)
and (a) we have at least two vertices of degree 2 in GG,,. Thus we must have either a
C5 in C(G,) or at least eight vertices with different degree in G and G,. The latter
is impossible since |Ny(v)| = 7. The former is impossible since we would get that at
least one of w; and wy has two neighbours in a Cs-component. This would yield a
cycle of length 4 through a vertex of degree 3, contradicting (a).

Case (c¢): N(Cy; V4(G)) > 0. If C'is a cycle of length 4 in G containing a vertex
v of degree 4 then all the vertices in C' have degree 4 by (b).

Hence, d?(v) = 16 and therefore v(G,) < v(G)+2—-N(Cy; N(v)) < 1. Let z € C
be the vertex at distance 2 from v in C. Clearly we have d(G,;z) = 2. One of the
two vertices in N(z) \ V(C) has two neighbours in N(x) \ V(C), and the other has
at least one, since G, = Chy, by (x). This would however give v(G,) < —1.

Case (d): N(Cy; V5(G)) > 0. Let C be a cycle of length 4 on {cy, ¢, ¢35, ¢4} where
cic3 ¢ E(G), containing a vertex of degree 5, say ¢.

Since ¢; has no neighbours of degree 3 (by (b)) and at least two neighbours of
degree at least 5 we have d?(v) > 2-5+ 3 -4 = 22. This gives v(G,) < 0. Hence,
in particular, all the vertices of C' have degree 5 with three vertices of degree 4 and
two vertices of degree 5 as neighbours.

Let M; = N(¢;) \ V(C) for i € [4]. We have that e(M;, M;;2) > 2 for i € [2]
since otherwise ¢; o would have degree 3 with second degree at least 11 in G.,. We
would moreover have that v(G.,) < 0. Thus, inductively by (xi), we get that all
components of G, are in G, but in all of the graphs of G the vertices of degree 3 all
have second degree at most 10.

Each of the vertices in M; (for i € [4]) have at least one neighbour of degree 3,
since otherwise there would be some vertex m € M; such that d*(m) > 17, which
easily is seen to be impossible. Thus, a fortiori, G, contains some vertices of degree
2, and therefore at least four vertices of degree 2. Note also that |Ny(cy)| = 16 and
N(Cy; N(c1)) = 1, since v(G,,) = 0.

All vertices of degree 3 in G.,, except possibly c3, must belong to Ws- or (2C7)a;-
components since otherwise there would be a cycle of length 4 through such a vertex.
That vertex would then have to have degree at least 5 in G by (a)-(c). This however
would yield N(Cy; N(cq)) > 2.

Hence, C(G,,) consists of C5’s, W5's and (2C7)s;’s, at least one of which is a Cs.
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Now, since d(G¢;x) = 3 for all € My U My U {c3}, at least one of the vertices
in M; must have two neighbours in the Cs-component. This gives us again the
contradiction N(Cy; N(c1)) > 2. [(claim)

Claim 4. Ifv(G) <0 and G ¢ G then G3 is 2-reqular.

Proof of claim. Firstly, N(Cy; G) = 0 by Claim 3. One can show that G is not 3-
regular (e.g. see [1, p. 202, v. 2015-07-16]). If v € V(G3) has degree 1 in G5 then
v(G,) < 0 and, by (xi), all components of G, would be either W5 or (2C7)2;. The
neighbour of degree 3, u, of v would then have two neighbours of degree 4. Similarly
all components of G, are W5 or (2C7)q;. This would give us that N(Cy; G) # 0.
Suppose now that there is a vertex v of degree 2 in G3 with a neighbour u of degree
3. It is easily seen that a((G,)2) = 1, since otherwise, by (viii), G, would contain
a C5 with at least four vertices of degree 2 but by Lemma 1.7 at most three of
these could belong to No(v). This gives e(N(u) \ {v}) > 0, contradicting G being
triangle-free. [(claim)
Claim 5. Ifv(G) <0 and G ¢ G then G3 = ('V?’é—G)'> - Cs.

Proof of claim. As in the proof of Claim 4 we have N(Cy; G) = 0 and may assume
0(G) = 3 # A(G). By Claim 4 the induced graph G3 consists of 2-regular com-
ponents. Clearly GG3 does not contain any Cj-components. If G3 were to contain
a cycle of length 6 or more, then let v be a vertex of that cycle. We would then

have 0(G,) < 2 with a((G,)2) > 1, which is impossible for the same reason as
before. [](claim)

Claim 6. Ifv(G) <0 and G ¢ G then G is 4-regular.

Proof of claim. By the previous claim G5 consists of only Cs-components. If vy, vg,
..., vs are the vertices of such a component (assuming it exists) then we can show
that their respective neighbours wy,ws, ..., ws that do not have degree 3 are such
that the distance between w; and w;,o is exactly 2. Were the distance more than 2
then we can consider the graph G’ := G \ ({v;;7 € [5]} U {w4}) + wiws, for which it
is easily seen that o(G’) < a(G) — 2. Therefore we would have v(G') < —4. We can
do the same analogously for all other pairs of w; and w;».

It is then easy to show that if w;w; 4o € E(G) for some i € [5], then also wjw;2
for all j € [5] (taking indices modulo 5); consider e.g. G,, and G,,,,,,. Thus we
have that the induced graph in G on {v;,w;;i € [5]} must be one of the two cases
illustrated in Figure 7.

The right case in Figure 7 is easily seen to be impossible since this case would make
the v;w;-edges redundant. The remaining case is shown to lead to a contradiction as
well, as follows.

By (viii) for the G,,,, d*(w;) = 15 for all i € [5]. Suppose that d?(Gy, ,;v4) = 6.
Then ws belongs to a Cs-component, C, of Gy, 4,.,. By the previous, however, V (C)
contains at least three vertices that have degree 4 in G. Hence, e(C, N(w;1) UN (v9) U
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Wa

Figure 7: The two possible neighbourhoods of the C5 from G3 in G.

N(vg)\{v1}) > 8, but |[N(w;y)UN(v3)UN (vg)\{v1}| <7, which would therefore give
a cycle of length 4 in G. Hence, d*(Gy,1,;v1) < 5. Since e(wy, N(vg)) = 0 we get
N(w1)NN(wy) # 0. Completely analogously we may show that N(w;) N (w;12) # 0
for all i € [5].

This does however give us v(Gy, ;) < V(Gy,) —2 < v(G)+3 —2 < 1, and the
common neighbour of w; and ws has degree 2 in G, ,,, contradicting that w;w; o ¢
E(G) implies 6(Gy, v,,,) > 3 for all i € [5]. Thus §(G) > 4 and G is 4-regular by (iv)
and Lemma 2.1. [(claim)

Many of the following claims are quite close to the work of Radziszowski and
Kreher in [11] and the slight modification by Backelin in [2]. Some of the proofs are
just reworking their ideas to be able to use the previous properties in this article to
get an analogous result. We therefore skip the details except in the parts where new
ideas are used. For the detailed proofs see [9].

Claim 7. Ifv(G) <2, §(G) = 3, N(Cy; G) = 0 then 6(G3) > 1 and d(w) > 4 for all
w e N(V1(G3)).

Proof of claim. Obviously, §(G3) > 1. Suppose v € Vi(G3), then d*(G;v) = 11. By
(x) any vertex of degree 2 in G, would belong to a Cs-component. However, if there
were a Cs-component, C, in G, then we would have that all five vertices of C are
adjacent to some vertex in N(v). This would however give us a Cy in G. Thus there
are no vertices of degree 3 at distance 2 from v in G. [(claim)

In the remainder of this article assume that v(G) < 0, G ¢ G and H = G, for
some vertex v € V(G). Note that Hy is a graph on 12 vertices since G is 4-regular
and N(Cy; G) = 0. Every vertex in H which does not have degree 3 has degree 4.
The following claim follows immediately from Lemma 1.7 and that G is 4-regular.

Claim 8. Hj3 contains no cycles of length 5.

Note that Claims 7 and 8 correspond to [11, Lemma 5.2.3]. We now define two
graphs on twelve vertices, Sy and Sy, just as in [11].
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Definition 2.1. Denote the vertices of Cis by {co,c1,...,c11} so that coeq ...y
forms the cycle of length 12. The graph S; is formed by adding the edge cycs to Co
and the graph S; is formed by adding the two edges cyocg and czcq to the Cia.

C3 C3

Cy Ca Cy Co
Cs &1 Cs C1
Ce Co Ce Co
Cr C11 Cr C11
Cg C10 Cg C10

Figure 8: The two graphs S; and Ss.

We present a claim which consists of several statements, each being analogous
to some lemma of [11]. The proofs in that article are easily adapted to the present
situation using the above lemmas and properties.

Claim 9. The induced subgraph of H on wvertices of degree 3, Hs, has the following
properties.

(i) Hj contains no cycles of length 6.

(ii) Letx,y € V(Hjs) have degree 2 in Hy. Furthermore suppose Ng(z) = {t, x1, 2}
and Ng(y) = {t,y1,y2} wheret, x1,y; € V(Hs). Then both x1ys, 1122 € E(H).

(1ii) If t € V(H) has degree 3 in Hz then it has two neighbours of degree 2 and one
of degree 3 in Hs.

(Z'U) [fC S C(Hg), then C' € {KQ,Cg, 0107 012, Sl, SQ}
(U) ]fC S C(Hg), then C' @é {Cg, 010, 012}.
(’U’L) [fCEC(Hg), thenC§§ {Sl,SQ}

Proof. (i); Analogous to [11, Lemma 5.2.4], (ii); analogous to [11, Lemma 5.2.5], (iii);
analogous to [11, Lemma 5.2.6], (iv); analogous to [11, Lemma 5.2.7], (v); analogous
to [11, Lemma 5.2.8], (vi); analogous to [11, Lemma 5.2.9], [J(claim)

Note that by Claim 9 (parts (iv)-(vi)) we get that Hs = 6K, since Hj has twelve
vertices. We will now prove that we must have some particular structure on the
cycles of length 5 and 6 in the graph G.

Claim 10.

(i) G contains no cycles of length 6.
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(ii) Through every pair of incident edges in G there is a cycle of length 5.

(1ii) Two cycles of length 5 in G share at most one edge.

Proof. (i); Suppose that the vertices {cy, ca,...,c6} C V(G) formed a cycle of length
6 (labelled cyclically in order). If H = G, then since H; = 6K, we get that
d(Hs; c3) = 1. However, ¢; would also be of degree 3 in H and at distance 2 from c3,
contradicting Claim 7.

(ii); Suppose otherwise and let ux, zv € E(G) be a pair of incident edges through
which there is no cycle of length 5. We have d?(u) = 16 and therefore v(G,) <
v(G) + 2 < 2. Since there is no cycle of length 5 through w,z,v we have that
e(N(u), N(v)) = 0 and therefore d?(G,;v) = 12. This would however give v(G,,,,) <
v(G,) —3 < —1.

(iii); Suppose otherwise, then the two cycles, Cy and Cs, of length 5 would share
exactly two consecutive edges or we would get a cycle of length 4 or less in G. Suppose
therefore that the edges shared are v € E(G) and vz, € E(G). Let 23 and x4 be
the two remaining neighbours of v, H = G, and X; = N(x;) \ {v}. Because of (ii)
there are also cycles of length 5 through the pairs of incident edges (xov, vrs) and
(x9v,vz4), whence |E(Xs, X3)|, |E (X2, X4)| > 1. But since two of the vertices in X,
belong to C; or (5, and as such get paired with a vertex in X; we must have that
there are edges from X3 and X, to the same vertex in X5, which then is of degree 2
in Hs, contradicting that Hs = 6K,. [)(claim)

We are now ready to complete the proof of Lemma 2.2.

Proof of (zi). (Analogous of an argument in the proof of [2, Theorem 3]) We will
prove that G contains at least one cycle of length 6, contradicting Claim 10(i).

Let wv € E(G). By Claim 10(ii)-(iii) there are two cycles C,C" of length 5
through uv which do not share any other edge than uv. Let S = {x1, 29, 23,24} =
N{u,v}) N (V(C)uU V(C")) where z1, x5 are adjacent to u and x3, x4 are adjacent
to v. If the only edges between the neighbourhoods of the x; were the edges in
E(N(z1), N(x2)) and E(N(x3), N(z4)) guaranteed by (ii) then we would get v(Gg) <
—3. If e(N(x;), N(z;41)) > 2, where i € {1,3}, then we either get a cycle of length
4 or a cycle of length 6 through z; and ;.

If there are no cycles of length 6 through xy,zs or xs3, x4y we instead have an
edge in E(N(x1)UN(x2) \ {u}, N(z3) UN(z4) \ {v}) which gives a cycle of length 6
through wuwv. ([l
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