AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 74(2) (2019), Pages 344-363

The r-matching sequencibility of complete
multi-k-partite k-graphs

ADAM MAMMOLITI

School of Mathematics and Statistics
UNSW
Sydney, NSW 2052
Australia
adam.mammoliti@outlook.com.au

Abstract

Alspach [Bull. Inst. Combin. Appl. 52 (2008), 7-20] defined the max-
imal matching sequencibility of a graph G, denoted ms(G), to be the
largest integer s for which there is an ordering of the edges of G such
that every s consecutive edges form a matching. In this paper, we con-
sider the natural analogue for hypergraphs of this and related results and
determine ms(AC,, . ,,) where AC,,,  ,, denotes the multi-k-partite k-
graph with edge multiplicity A and parts of sizes nq, ..., ng, respectively.
It turns out that these invariants may be given surprisingly precise and
somewhat elegant descriptions, in a much more general setting.

-----

1 Introduction

Alspach [1] defined the (maximal) matching sequencibility of a graph G, denoted
ms(G), to be the maximum integer s such that there exist an ordering of the edges
of G so that each s consecutive edges form a matching. Alspach [1] determined the
value of ms(K,,), as follows.

Theorem 1.1. For an integer n > 3,

ms(K,) = V 5 1J .

Katona [4] implicitly considered the cyclic matching sequencibility cms(G) of a
graph G which is the natural analogue of the matching sequencibility for G when
cyclic orderings are allowed. Brualdi, Kiernan, Meyer and Schroeder [3] defined
this invariant explicitly and proved the cyclic analogue of Theorem 1.1, below, thus
strengthening a weaker result by Katona [4].
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Theorem 1.2 (Brualdi et al. [3]). For an integer n > 4,

ems(K,) = {”QQJ .

Let K, ,, be the complete bipartite graph with parts of cardinality n and m.
Brualdi et al. [3] also found the matching and cyclic matching sequencibility of com-
plete bipartite graphs, as follows.

Theorem 1.3. For integers n and m with 2 <n < m,

ms(Kpm) = ems(Kpm) = {n an =
’ ’ n—1 ifn=m.

The aim of this paper is to generalise Theorem 1.3 considerably with respect to a
more general notion of matching sequencibility and a more general notion of graphs.
It turns out that the resulting invariants may be given surprisingly precise and some-
what elegant descriptions; see Theorem 1.4 below. We will consider the following
generalisation of matching sequencibility given in [6]. For a graph G, ms,.(G) denotes
the analogue of ms(G) where consecutive edges are required to form a graph with
maximal vertex degree at most r. Similarly, cms,(G) is defined in analogy to ms,(G)
where we allow cyclic orderings of G’s edges. A hypergraph H is a pair (V, E) where
V is a set and E is a multiset of subsets of V. The complete k-partite k-graph with
parts of cardinalities nq,...,ny, denoted KC,, ,,, is the hypergraph whose vertex
set is the union of disjoint sets Ny,..., N, of cardinalities nq,...,ng, respectively,
and whose edge set is the family of every k-set containing exactly one member of
Ny, ..., Ni, respectively. For a hypergraph H = (V| E), we let ms,.(H) and cms,.(H)
denote the natural analogues of ms,(G) and e¢ms,.(G) for hypergraphs, respectively.
Furthermore, for any positive integer A, let AH be the hypergraph H' = (V, E’)
where E’ contains A distinct copies of e for each e € E. For r > A(H), the maximal
vertex degree of H, these invariants trivially equal |E(H)|. We will extend the above
definitions of ms,(#H) and cms,(H) for r < A(H) to non-trivial definitions of these
invariants for » > 1. However, the details are technical and will be given later, in
Subsection 2.1.

The main result of this paper is the following theorem, which succeeds, perhaps
surprisingly, to precisely describe the values of ms, (MCy, . »,) and ems,(ACp, . n,)-

Theorem 1.4. Let1 <nj=ng=---=n, <ny1 < -~ <ngandr =nr A HfZQ n;+
ra, for non-negative integers ri,ro with 0 < ry < A Hf:g n; — 1. Then
rng if ny~t | ry or (1), below, holds;
msy(AMChy...n) = o
rny — 1  otherwise,

and
g if iyt | o

rny — 1 otherwise,
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(] ) o

Theorem 1.4 includes Theorem 1.3 as a special case, which is more evident from
Theorem 1.4 when r = 1, given below.

where

k k
ro A T2
+1 _llnz <A II n; < { ~
inflJ ) {7"2 P J ny

i=u+1

Corollary 1.5. Let ny < ng < --- < ny. Then

ms(AMCpy...n.) = cms(MCpyny) =

Ny if np < mng;
rn; — 1  otherwise.

Section 2 contains definitions and auxiliary results. The rest of the paper is mostly
dedicated to proving Theorem 1.4. The proof of Theorem 1.4 is divided into three
technical sections and a concluding section, namely, Sections 3-6. Section 7 concludes
the paper with examples of interest to the auxiliary results in Section 2 as well as
a conjecture on the value of ms(K,u)) and cms(Ky,) for complete multi-partite
graphs K,).

2 Preliminary definitions and auxiliary results

For technical reasons we will, contrary to the introduction, define hypergraphs with-
out the use of “multisets” in the following manner. A hypergraph H = (V| E) is
a pair consisting of two sets, the set of vertices V' of H and the set of edges E of
‘H, where each edge e € E has associated to it a prescribed set of vertices. Each
such associated vertex v € V is said to be incident with e € E and this is denoted
by v € e. Here, the two distinct edges e,e¢’ € E can be incident with the same set
of vertices, in which case e and €' are parallel. We can thus view the edges of a
hypergraph as a family of distinctly labelled sets comprising not necessarily distinct
collections of vertices.

For an integer n, let [n] := {0,1,...,n — 1}. An ordering or labelling of a hyper-
graph H = (V, E) is a bijective function ¢ : E — [|E|]. The image of e under ¢ is
called the label of e. A sequence of edges ey, ..., es 1 is consecutive in £ if the labels
of eg,...,es 1 are consecutive integers, respectively. For a sequence S of edges, de-
fine H(.S) to be the hypergraph whose edges are those in the sequence S and whose
vertices are the vertices incident with these edges.

For an ordering ¢ of a hypergraph #, let ms,(¢) denote the maximum integer s
such that, for every sequence S of s consecutive edges of ¢, A(H(S)) < r. Define
the r-matching sequencibility of H, denoted by ms,(H), to be the maximum value
of ms,.(¢) over all orderings ¢ of H. In particular, the special case ms;(#), which we
denote as ms(#H), is the same invariant as presented in the Introduction.

A sequence of edges ey, ..., es_1 of a hypergraph H = (V, E) is cyclically consecu-
tive in ¢ if the labels of e, ..., es_1 are consecutive integers modulo | F|, respectively.
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We define ems,(¢) and ems,(#H) analogously to ms,(¢) and ms,(H), respectively,
where we now consider sequences of cyclically consecutive edges. We first consider
cases when r < A(#H), as the cases when r > A(H) are somewhat different and will
be dealt with in Subsection 2.1. The following lemma was presented in [6] and we
shall give a proof for completeness.

Lemma 2.1. For a hypergraph H with ordering { and integers ri,ry with riry <

A(H),
ro My, (H) < mspp(H)  and 19 cms, (H) < ems,, ., (H).

Proof. Let ¢ be a labelling of H such that cms,, (¢) = cms,, (H). Any sequence S of
ro cms,, (£) cyclically consecutive edges of ¢ consists of 5 subsequences of ems,, (¢)
cyclically consecutive edges of ¢ and each subsequence forms a hypergraph for which
every vertex has degree at most r. Thus, every vertex has degree at most riry in

H(S). Hence,
CMSyyry(H) > emSp () > 19 cms, (€) = 19 cms,, (H) .
The non-cyclic case is similar and, therefore, omitted. O

For edge-disjoint hypergraphs H, ... ,Ha_l on the same vertex set V', with la-
bellings /g, ..., ¢, 1, respectively, let ¢y V ---V £, 1 denote the ordering ¢ of G =
(V,UiZy B(H )) defined by £(e; ;) = ¢; (em) + S0 |E(H,)| where e;; € E(H;) for
all i and j. Let s be an integer and H and H’ be edge—dlsJ01nt hypergraphs on the
same vertex set V', each having at least s—1 edges. Also, let H and H' have labellings
¢ and ¢, respectively, and let H be the subhypergraph of (V, E(H) U E(H')) that
consists of the last s — 1 edges of ¢ and the first s — 1 edges of ¢'. Then we will let
(V4 ' denote the ordering of H, for which the edges of H, appear in the same order
as they do in £V /. We now define ms,(¢,¢') to be the largest integer s such that
ms.({ Vs l') > s.

A matching of a hypergraph H is a subhypergraph M in which every vertex has
degree 1. A matching decomposition of a hypergraph H = (V, F) is a set of matchings
of H that partition the edge set E. The following proposition, presented in [6],
gives a lower bound on the r-cyclic matching sequencibility, given that a matching
decomposition with certain properties exists. In the proposition, the subscripts of
the orderings ¢; are taken modulo ¢: ¢;,, = ¢; holds exactly when ¢/ =i+ (mod t).

Proposition 2.2. Let ‘H be a hypergraph that decomposes into matchings M, .. .,
M1, each with n edges and orderings o, . ..,l;_1, respectively. Suppose, for some
x € [n] and r < A(G), that ms(;, liy) > n—x for alli € [t —r]. Then ms,(G) >
rn —x, and if ms({;, liyr) > n—x for alli € [t], then cms,.(G) > rn — x.

The following definitions are used here and throughout the paper. For a hyper-
graph H with ordering ¢, Sy(#) denotes the sequence of edges of H listed in the same
order as ¢, and ¢ corresponds to Sy(H); i.e., if eq, ..., e,_1 is a sequence of the edges
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of H, then ¢ corresponds to that sequence if £(e;) = i for all ¢ € [k]. We will omit the
subscript £ if the ordering is clear. Also, for edge disjoint graphs Hy, ..., He_1 with
labellings £y, ..., ¢, 1, respectively, one can check that the ordering £ = ¢4V ---V{,_ 1
corresponds to sequence Sg,(Ho) V -+ -V Sy, ,(Ha-1). Proposition 2.2 was proven for
graphs in [6]. We provide the details for hypergraphs for completeness.

Proof of Proposition 2.2. We consider only the cyclic case, as the non-cyclic case is
similar. Let ¢ be the ordering corresponding to Sy, (M) V---V.S;,_, (M;_1). Consider
a sequence S of rn — x consecutive edges of ¢. The sequence S is of the form

SERERREST S€¢+1 (MiJrl) VeV Sfiﬂfa (MiJrT*a)’ €j+1y-- s Can—zx
—_—— ~—————
edges in M; edges in M;4rq1—¢q

for some i € [t], j € [n+ 1], and a. If S contains edges from only one matching M,,
then S is a subsequence of S;(M;) and r = 1. Then we are done, as H(S) is clearly
a matching. Hence, without loss of generality, we can assume that S contains edges
from each of M; and M, ,1_,. Let S’ be the sequence of the edges of S which are
in either M; or M;,,.1_,, in order with respect to S. There are 0 < an — x < 2n
edges in S’. Therefore, a =1 or a = 2.

If @ = 2, then S is a subsequence of S(M;) V ---V S(M;;,—1), and, hence,
A(H(S)) < r. If a = 1, then the first j edges and last n — j — x edges of S and
thus S’ form the sequence of the last j edges of ¢; and the first n — j — x edges of
Ui yi1, respectively. Therefore, the j+mn —j —x =n — x edges of S’ are consecutive
in 4; Vg livr. By assumption, ms(l;, {i,) > ny — z, so H(S") must be a matching.
The edges of S not in S’ are from the » — 1 matchings M;,q,..., M;;,_1. Thus,
A(H(S)) <. O

An ordering of a set A is a bijective function ¢ : A — [|A]]. Many of the
matching decompositions that we will use henceforth have a natural indexing which
is not directly compatible with Proposition 2.2. In such cases we will find it useful
to be able to find an ordering of the set of indices, with particular properties. To do
this, we will make use of the following lemma, first given in [6].

Lemma 2.3. Let s <t be integers and set d := ged(s,t). Define a;; == (j mod 3) n
(z’é mod t) for all integers i and j. Then some ordering o of [t] satisfies o(a; ;+1) =
(o(ai;) +s) mod t for alli € [d] and j € [L].

Proof. We check that the function o : [t| — [t] defined by o(a; ;) = (i+js) modulo ¢
for i € [d] and j € [3} will suffice. Suppose that ¢ + js =i’ + j's (mod t) for some
i,i" € [d] and j, 5’ € Tﬂ Then ¢ — 7' = (j' — j)s (mod t). As d divides s and ¢, any
multiple of s modulo ¢ is also a multiple of d. Thus, i — ¢’ is a multiple of d, while
0<|i—17| <d-—1. This is only possible if i =i and so (j — 7')s =0 (mod t). As
0<[f—jl <%—1andlem(s,t) = %, we must also have that j = j'. Thus, o is
injective and so bijective; o is thus an ordering of [t]. For any i € [d] and j € [é],

o(a;j41) = (i + (j +1)s) modulo ¢t = (0(a;;) +s) modulo ¢.

Hence, o has the required properties. O
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The function ¢ in the lemma also satisfies an analogous non-cyclic property, as
follows.

Corollary 2.4. Let s <t be integers. Then there exists an ordering T of [t] with the
property that, if T(a) <t—s—1, then t(a+1) =7(a) + s.

We use Lemma 2.3 to give an analogous version of Proposition 2.2 for the cyclic case.

Proposition 2.5. Let H be a hypergraph that decomposes into matchings M, ;, each
with n edges and orderings {; ; fori € [d] and j € [c], respectively. Suppose, for some
z € [n] and r < A(H), that ged(de,r) = d and ms(l; ,l; j+1) > n—x for all i € [d]
and j € [¢]. Then ems,.(H) > rn — x.

Proof. Let a; ; and o be as defined in Lemma 2.3 for s = r and t = cd. Set Mg(y, ;) :=
M, ; and Lo, ) = L;; for all i € [d] and j € [c]. For I € [t], let | = o(a;;).
By Lemma 2.3, o(a;j11) = o(a;;) +r = 1+ r (mod t). Hence, ms({,(,,) =
ms(€; ;, i j+1) > n—x. Therefore, the conditions of Proposition 2.2 are satisfied and
the result follows. I

One could also use Corollary 2.4 to create an analogous version of Proposition 2.2
for the non-cyclic case, but we will not require this.

2.1 Non-trivial definitions of ms,(#) and cms,(#H) for all r» > 1

If H is a hypergraph with maximum degree A(H) and r > A(H), then one might
say that, trivially, ms,(H) = |E(H)|, as clearly any sequence of edges containing all
the edges of H form H, which has no vertex of degree greater than r. Somewhat
implicitly, the definition of cyclic r-matching sequencibility allows r > A(#H), and
ems,(H) is non-trivial in general. However, when r < A(H), ms,.(H) and cms,.(H)
have the intuitive relationship ems,(H) < ms,(H) for any H. Thus, to preserve
that relationship for all 7 and make the determination of ms,.(#) for hypergraphs
with » > A(H) of interest, we will give a definition of ms,(H) which is non-trivial
in general, for all » > 1.

Let H = (V, E) be a hypergraph with an ordering ¢ and, to use the notation of
Bondy and Murty [2], let € := |E|. First, recall the notion of cyclically consecutive
edges. A sequence S = ey, ...,e,_1 of edges in E is cyclically consecutive in ¢ if the
labels of eq,...,es_ 1 are cyclically consecutive integers modulo e, respectively. In
particular, a sequence of s > ¢ edges can be cyclically consecutive, where e; and e; .
must be the same edge, for all i € [s —e]. We define H(.S) to be the hypergraph with
(distinctly labelled) edges e, ..., €51

We now define ms,(H) for all » > 1. For an integer s, let a be the integer
such that ae < s < (a+ 1)e. A sequence eg...,es_1 of edges of H is consecutive
in ¢ if l(ey) < (a+ 1)e — s and the labels of ey...,es_1 are cyclically consecutive
integers modulo ¢, respectively. The definition of consecutive edges, given earlier in
the section, is recovered by setting a = 0. Define ms,.(¢) to be the largest value s
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such that, for every sequence S of s consecutive edges in ¢, A(H(S)) < r. Define
ms,(H) to be the largest value of ms,.(¢) over all orderings ¢ of H. As the edges in
a sequence S = ey, ..., es_1 of consecutive edges of ¢ are also cyclically consecutive
under the restriction £(eg) < (a+1)e — s, it follows that cms,(¢) < ms,(¢) and, thus,
ems.(H) < ms,.(H) for all positive integers r and hypergraphs H.

We now demonstrate that ms,(#), as defined above, is non-trivial in general.
For a hypergraph H = (V, E) and positive integer A, let A be the hypergraph
H' = (V,E') where E’ is formed from FE by replacing each e € E with A distinct
edges parallel to e. For an ordering ¢ of H and integer a, let al := ¢V -- -V {, where
¢ occurs a times. That is, af corresponds to the sequence ey, ..., e,._1 of edges of H
such that Sy(H) = eo, ..., e._1, and e; and ;. are the same edge for all i € [(a—1)e].
In particular, for an integer s such that ac < s < (a+1)e, the set of all sequences S of
s consecutive edges of £ is the set of all sequences S’ of s consecutive edges of (a+1)Z.
Also, the hypergraph formed by the sequence corresponding to b¢ is bH for all positive
integers b. So, for any r, if a is the integer such that aA(H) < r < (a + 1)A(H),
then ms, (1) = s for some s such that ac < s < (a + 1)e and, in general, the value
s is non-trivial for any » > 1 and hypergraph H.

The two following lemmas will each be used in several parts of the proof of
Theorem 1.4.

Lemma 2.6. Let H be a hypergraph with £ edges and maximum degree A, and
r =al + b for non-negative integers a and b with b € [A]. Then

ac +mspy(H) < ms,.(H) and ac+ cmsy(H) < cms,(H).

Proof. Let s = ac + ms,(H) and ¢ be an ordering of H satisfying ms;(¢) = msy(H).
Consider a sequence S = ey, ..., es 1 of s consecutive edges of . As e; = e;,. for all
i € [s—¢], a+1 copies of the edge e; occur in the sequence S'if j € [s—ae], and a copies
of the edge e; occur if s —ae < j < e — 1. In particular, #(95) is the hypergraph
obtained by adding to a{ an edge parallel to e for each edge e in the sequence
S = eg,...,es qe_1. The sequence S’ is consecutive in £, as £(ey) < (a + 1)e — s.
Since msy(¢) = s — ag, A(H(S’)) < b. Thus, the degree of a vertex v in H(S) is at
most adegy, (v) +b < aA + b = r. Hence, ms,.(H) > ms,({) > s = ac + msy(H).
The cyclic case is similar. O

Lemma 2.7. For a hypergraph H and X\ > 1, ems,.(AH) > ems,(H).

Proof. Let ¢ be an ordering of H satisfying cms,(¢) = ems,.(H). For an edge
e € E(H), let ep,...,€\_; be the corresponding edges parallel to e in E(AH). By
identifying each of e, ..., e\_; with a unique copy of e in the sequence Sy,(H), we
can define ¢/ = M to be an ordering of AH. For any sequence S of s cyclically
consecutive edges of ¢ and the corresponding sequence S’ of s cyclically consecu-
tive edges of ¢/, clearly H(S) = H(S’). Therefore, cms,.(¢') = cms,(f) and, thus,
emsp(AH) > ems,. (H). O

An analogous result to Lemma 2.7 in the non-cyclic case does not hold; see Section 7.
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3 Proof of Theorem 1.4: Part 1

Theorem 1.4 will be proved by a set of lemmas that fall into three separate categories,
each to be addressed in this and the next two sections. The first two of these lemmas
are given in the present section.

We start by introducing the following notation, which will be used in the remain-
der of the paper. Let A > 1,1 < n; < --- < ng and u be the largest integer such
that n; = n,. Let N = Hf:g n;, N' = Hf:u—f—l ni, 7 =1 AN + 1y and AN = ary + b
for integers a,b,r; and ro such that ry € [AN] and b € [r].

Recall from the Introduction that the complete k-partite k-hypergraph, denoted
by K., ..n is the hypergraph whose vertex set V' is the union of disjoint sets
Ny, ..., Ny of sizes nq,...,n., respectively, and whose edge set E is the family of
all k-edges that have exactly one endpoint in N; for all i. We note that the in-
equality ms,(AMCp, . n.) < rny is trivial for all r as every edge incident with one of
the n; vertices of N; and, therefore, a sequence of at most rn; edges of MC,, .,
can form a hypergraph with maximum degree at most r. Thus, the inequalities
ems, (Ao, ny) < mSp(MChhy o ny) < 0y will always hold.

The following claim is an immediate necessary condition for an ordering ¢ of
Ay ., to satisfy ms,.(€) = rny or ems,.(£) = rny.

-----

Claim 3.1. Let ¢ be an ordering of NCp,...n,.- If ms,.(€) = rny, then the edges (71(j)

and (=Y (rony + j) are incident with the same vertex in N; for alli = 1,...,u and
J € [ANny—rony]. If cms,.(€) =rny, then the edges £=1(5) and £~ ((ryny+j) mod ANny)
are incident with the same vertex in N; for alli=1,...,u and j € [AN].

Proof. We only prove the non-cyclic case as the cyclic case is similar. Let ¢ be an
ordering of MC,,, . ,, such that ms,(¢) = rny, and let € := |E(MCp, . n)| = ANR;.

Consider a sequence S = ey, ..., e.,, of consecutive edges of ¢, where, by defini-
tion, j := l(eg) € [(r1 + 1)e — rny] = [e — rany]. The sequence S’ = eq, ..., €m, 1
consists of rny — 1 consecutive edges of ¢ and so (H(S")) < r.

-----

As every edge in E(AC,,  n,) is incident with a vertex in each of Ny, ..., N, and
|N;| = nq for i < u, every vertex in each of Ny,..., N, must have degree exactly
r in H(S'), except for some v; € Ny,...,v, € N, which each have degree r — 1.
Thus, in order for the hypergraphs formed by the sequences Sy = e, ..., €.,,—1 and
S1 =e1,...,em, toeach have maximum degree at most r, the edges ey and e,.,,, must
be incident with each of vy € Ny,... v, € N,. As e; = e;4. for all i € [rn; — ¢],
€rn, = € for v =rny mod e. Since r = 1 AN + 15 and € = ANny, it follows that eq
and e, = €,,,, are incident with vy,...,v,; i.e., the edges £71(j) and £~ (rong + j)
are incident with the same vertex in N; for all i = 1,..., u, as required. O

Lemma 3.2. If ms,(AMCy,. ) =701, then ni™" | vy or

Qn?lJ +1) L—éfgnJ Aililni < {n?lJ Q%lﬁ!nJ +1> .

IN
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Proof. Let ¢ be an ordering of AK,, . ,, such that ms,(¢) = rn;. Let

Se(ANChi,.np) = €0, -+, €xNn—1 and let S =g, ..., €\, be the sequence of edges
n,) such that if e; is incident with each of v; € Ny,...,v, € N,
n,) incident with each of vy,...,v,. For an edge

.....
.....

.....

edges of S. Similarly, let d’'(e) number of times that e appears among the first bn,
edges of S, where d'(e) is 0 for all e if b = 0.

We count in two ways the number times that an edge e € E(KC,, . ..,) appears
in S. For all j € [ANn; — rony|, Claim 3.1 implies that the edges e; and e,,,,;; are

incident with the same vertex in N; for ¢ = 1,...,u. Therefore, e;- = €. +; for all
j € [ANny —ryny]. In particular, €} = e, ., for j € [bn;], where [bni] = [0] = 0

if b=0. As AN = ary + b, the first bn; edges and the last bny edges of S (in order)
are therefore the same. Thus, the edge e € (K, ,.) appears ad(e) + d'(e) times
,,,,, s any vertices
vy € Nyi,...,v, € N, are incident with exactly AN’ edges in the sequence S;(H).
Thus, each edge e € E(K,, .. n,) appears AN’ times in S. Hence,

AN’ = ad(e) + d'(e) (2)

.....

-----

for all e € E(ICp,;,.. )

We now establish the upper inequality of the lemma. As the first bn, edges of S
are contained in the first ron; edges of S, clearly d’(e) < d(e) for all e. So, by (2), we
have that (a+1)d(e) > AN’ for all e € E(K,,, . .). In particular, (a+1)dmim > AN’,
na ). Clearly,

.....

.....

> d(e) =mram, (3)

and so, by the Pigeonhole Principle, dp,i, < VZTJ = L Z%lj. Thus,

n

u—1
ny

\ Lk . k
— | +1 { UZJZ)\ N .
<ng J ) ni”! i:lll

This establishes the upper inequality of the lemma.

(a+1){ & J > (a4 1)duin > AN,

which is equivalent to

We now establish the lower inequality of the lemma. Since d'(e) > 0, (2) implies
that AN" > ad(e) for all e € E(K,, . n,). In particular, AN" > adyax, where dyax
is the maximal value of d(e) for edges e € E(K,,.. n,)- By (3) and the Pigeonhole

Principle, dp.x > Lﬁ?_l—‘. Thus,

1

k k
, T2 )\ T9
AL =y ZH - {_HTLJ H ’

i=u+1

.....
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which establishes the lower inequality of the lemma if n%~" { 5. Otherwise, n}™! | ry,
and we are done. O

Lemma 3.3. If cms, (AKCy,..n,) =101, then ni{=t | .

Proof. Let ¢ be an ordering of MC,, ., such that ems,(¢) = rn;. Let z and y
be integers satisfying zry = yAN. Write Sy(ACp,. . n.) = €0,-- -, €yann,—1 and let
S = €p, s €nnn, 1 be the sequence of edges from E(K,, ,,) such that, if e; is
incident with each of v; € V4,..., v, € V,, then € is the edge in E(K,, ,,) incident
with each of vy, ..., v,. For an edge e € E(K,, . »,) let d(e) be the number of times
that e appears among the first ron; edges of S.

We count in two ways the number of times that an edge e € E(K,, . ,.) appears
in S. For all j, Claim 3.1 implies that edges e; and e; are incident with the same
vertex in N; for i = 1,...,u, where j' := (rgny + j) mod ANny. So, €; = €/, for all
J € [yANny — rong]. Therefore, each edge e € E(K,,  .,) appears xzd(e) times in
the sequence S, as xry = yAN. On the other hand, e € E(K,, .) appears AN’
times in the sequence Sy(H), as ¢ is an ordering of MC,, . ,,. Thus, e appears yAN’
times in the sequence S. Therefore, zd(e) = yAN’ for all e € E(K,,, .. n,), and d(e)
is therefore constant. By (3), d(e)n% = ryny; hence, ny™" | rs. O

4 Proof of Theorem 1.4: Part 11

The next lemma required for the proof of Theorem 1.4 is Lemma 4.2 below. Before
presenting this lemma, however, let us first introduce notation used in this section
and the next.

Recall that the representation of an integer x in base mis x = (xy, ..., o)m, where
T = Zli:O x;m and x; € Z,, for all i. We consider the following generalisation of this
representation. Let mq, ..., my be arbitrary positive integers and set M := Hf:g m;.
The representation of each integer x € Zy, in base ™ := (my, ..., my) is the k-vector
()i = (0,9, ...,2x) € {0} X Hf:g L, that satisfies

(el ,

i=2 j=i+1

By the following lemma, this representation is indeed well defined. Note that the 0
in the first coordinate is technically useful as it will align with notation used later in
the paper.

Lemma 4.1. The representation (x)m = (0,22, ...,2x) of each x € Zy; exists and
is unique. Furthermore, (x + 1);m = (0,29,..., 241, 2 + 1 ... 2 + 1) for some
2<t<k.

Proof. Let x € Z); be an integer with representation (x)m = (0,23, ..., x;). Clearly,
x = x (mod my). Suppose, by induction, that z;,1, ...,z are uniquely determined



A. MAMMOLITI / AUSTRALAS. J. COMBIN. 74 (2) (2019), 344-363 354

by x. Then, as x = Zf:l T H?:Z.H m; (mod Hf:l m;) for any 2 < [ < k, we can
determine x; uniquely given z and x;,1,...,2,. Thus, if an integer in Z;; has a
representation (z)z;, then it is unique. As there are M k-tuples, each of which
represents an integer satisfying (4), every integer in Zj; has a unique representation
as a k-tuple.

If xp # my — 1, then clearly (z + 1) = (0,29, ..., 21,7 + 1), as required.
Otherwise, let ¢ be the smallest positive integer such that x; = m; — 1 for all

t' <j <k Thenr= 22:2(952‘ H?:z‘—l—l mj) + Z?:t’—l—l((mi _1) H?:Z‘H mj)7 and so

o) St (1)

i=2 j=i+1 i=t/+1 j=i i=t/+1 \j=i+1
t/ k k

= (l’l H m]‘> + mj .
=2 j=i+1 j=t'+1

Hence, 4+ 1= M if ' =1, and, if ¢’ > 2, then

x—i—lzZ(mi H mj>+(x£+1) H mj .

1=2 Jj=i+1 j=t'+1

Thus, (x +1) = (M)m = (0)m = (0,22 +1,..., 2, + 1) when ¢’ = 1 and, when
' > 2, (x+ 1)m=(0,29,...,00 1,20 + 1,..., 2% + 1). In particular, (x + 1)7 =
(0,29,...,x4_1,2 + 1,..., 2, + 1) for some ¢, namely ¢t = ' if ¢/ > 2, and t = 2 if
t'=1. U

Lemma 4.2. Foralll <n; <nog <---<n, andr,\>1,

rny — 1 < ems,(MCoy ) < msy( Aoy ) <104

To prove Lemma 4.2, we need only consider cases, according to the following claim.

Claim 4.3. If Lemma 4.2 is true for all1 <r < N and X\ = 1, then Lemma 4.2 is
true for all ry)\ > 1.

Proof. Suppose that Lemma 4.2 is true for all » < N and A = 1. Write r as
r =riN + ro Then,

ems, (H) > ring N + ems,,(H) > rimyN +rong + 1 =1rng — 1,

by Lemma 2.6. Thus, by Lemma 2.7, ems,.(AH) > rn; — 1 for all A > 1, and we can
conclude that rn; — 1 < ems, ( Ay, n.) < ms.(MChy . n,.) < TN, as the two upper
inequalities are trivially true. O

To prove Lemma 4.2, it therefore suffices to consider K, . ... More notation is
however needed, so let d be a positive factor of N, and let mq, ..., my be integers
satisfying d = Hf:g m; where my = ny and m; | n; for all 2 < i < k. Define N; :=
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Loy X Loy, for 1 < i <k, moi= (my,...,myg) and n/m = (ny/ma, ..., ng/my).
Without loss of generality, we can identify the edges of KC,, ., with the elements
of N = Hle N;; in particular, each edge of K, ., is identified with a vec-
tor ((z1,v1), .., (2, yk))m%' The sum of two elements ((x1,11),..., (zk, Yx)),
((@1,91),- -, (2 91) € Nis defined as ((w1+2), y1+91), -, (wn+2), et yi)

The difference of two such elements is defined analogously.

m% = ((0 O) ($27y2) tt

(:Eka yk))mm/—m) where <l'>m - (Oa T, ... 71':%3)% and < >n/m - (O Y2y vy yk)n/—m AISO
for each integer z € [n4], define (z*),, 7 = ((:pl 1:212)s s (T1, Tk 2))m v where

mn/m’

For integers x € Zq and y € Zyyq, define ((z,y))

zi1 € [my] and x5 € [;LLZ] satisfy x = ;17 + ;5 for all 1 <i <k Tt is easily
checked that each x; ; is uniquely determmed by x, and so (z*)_ Y is well defined.
Note that the first entry of (z*) 7

m,n/m will be omitted if the context is implicitly clear.
For i € [d] and j € [5], define M, ; := {(x*)mn/—m + () mgm T E (1]}

is not necessarily equal to (0,0). The subscript

Claim 4.4. The set {M,;; : i € [d],j € [§]} is a matching decomposition of
K

N1y NE*

Proof. We first check that each M, ; is a matching. Let < ) = ((xl 1 T12),s .-,
(k1 7r2)), (%) = (W11 912), -5 (Yr1, Yk2)) and (6, 7)) = (i 7(%,%)) for
distinct z,y € [n1]. Suppose that the edges (x*) + ((4, )) nd < *) <(,j)> in M, ;
have the same [-th entry for some 1 <[ < k; i.e.,

. . . . ny
v+ =ya+4  (mod my) and Tio+ i = Y2+ i (mod %> )
!

Then @y = yi1 and 22 = yip. Hence, = wiait + 2 = yiagt + 2 = ¥, a
contradiction. Thus, M, ; is a matching for all i € [d] jel&]

We now verify that the matchings M, ; for i € [d], j € [] partition E(Ky, ... n,)-
As there are clearly N matchings M, ;, each containing n, edges we need only show
that no two distinct M, ; and My j;; contain a common edge. Suppose, otherwise,
that there are distinct (3, j), (¢ ,j) such that M, ; and M, j; contain a common
edge. By considering first entries, it is easy to check that if M; ; and M, ;» contain a
common edge, then that edge is of the form (z*) + ((i,7)) = (z*) + ((¢', j")) for some
z € [n1]. Let (z*) = (11, 212), - -, (Tr1, Th2)), ((4,7)) = ((i1,51), -, (i, jk)) and
(@', 7))y = (44, 71), -+, (i}, 4r)). Then, by equating the [-th entries of (z*) + ((4, 7))
and (x*) + ((¢', 7)), we see that, for 1 <1 <k,

T+ =x0+1 (modm;) and  xa+ g =xa+ ) (mod %> )
Then (i, 5;) = (i}, j;) for all 1 <[ <k, and so

<(27])> = ((ilajl)a ] (hﬂa]k)) = ((leaji)a ) (Z;ca]l/c» = <(i/7j/)> )

contradicting our assumption that (4, j) # (¢, j'). Hence, the matchings M, ; for i €
[d],j € [%] are disjoint and, by the number of their edges, partition E(KC,, ). O
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Let ¢; ; be the ordering of M, ; defined by ¢; ; ((z*) + ((4,7))) = x for all x € [ny],
and set £; x = {; and (thus) M, x =M foralli e [d].

2

Lemma 4.5. For all i € [d] and j € [5], ms(lij,€;j11) = nq — 1.

Proof. Let £ = {;; Vy,,,—1 {; ;. Consider a sequence S of n; — 1 consecutive edges
in ¢. We check that H(S) is a matching of K, .. Let 1 < s < ny —2 be
the number of edges in S which are from M, ;. There are then n; — 1 — s edges
in S from M, 1, and the edges in S which are from M, ; are (z*) + ((¢,7)) for
np—s < a<mn —1, and the edges in S from M, ;1 are (y*) + ((i,j + 1)) for
0<y<n; —s—2. As M, ; and M, ;1 are each matchings, H(.S) is not a matching
only if there is an edge from M, ; in S and another from M, ;,, in S that have a
common entry. So, suppose that (z*) 4+ ((¢, 7)) and (y*) + ((é, j + 1)) have the same
[-th entry for some 1 <[ <k, n—s<zx<n —land 0 <y <n; —s—2 Let
(z*) = ((901 L)y s (@R 2k2))s (V) = (11, 912)s -5 (e, 9k2)) and (4, 7)) =
((1,41),- -, (ik, Jx)). By Lemma 4.1, (3,5 + 1)) = ((i1, 1) - -, (i1, Je—1), (ie, Je +
1),.. (Zk,jk + 1)) for some 2 < ¢ < k. Thus, by equating the (th entries of (z*) +
<(’L,j)> and (y*) + ((¢,7 + 1)), we see that

((yea +ie) mod my, (ye2 + je) mod J-) if1<t

To1+i, Teotje) =
(g1 411, T2+ Je) {((ym—l-’ie) mod my, (Y2 + je + 1) mod r%ll) otherwise.

By equating the entries of the pairs in (5), we see that x;; = y;; and either ;5 =y 2
or Tj2 = Y2+ 1 (mod r%) If the former is true, then z = z;, 1ﬂ + 210 = Y1, 1ﬂ +
Y2 = Yy, a contradiction. Hence, 215 = y12 + 1 (mod "l) If 0 =y2+1, then
using a similar argument, we arrive at the contradiction x =y + 1. We are then left
with the case in which xl 2=0and y; 2 = % — 1, also a contradiction, as, otherwise,
r=x12L <y 2L+ 2 —1=y. Hence, H(S) is a matching, as required. O

Ly Lmy ml
We can now prove Lemma 4.2.
Proof of Lemma 4.2. Let r < N and d = ged(N,r). By Claim 4.4 and Lemma 4.5,

the assumptions of Proposition 2.5 are met for the hypergraph K, . ,, with match-
ings M, ; ordered by ¢; ; for i € [d] and j € [%], respectively. Thus, ems, (ICp, .. n,.) >

rn; — 1 when r < N. By Claim 4.3, Lemma 4.2 is true for all » > 1 and A > 1. [

5 Proof of Theorem 1.4: Part II1

We now present the remaining lemmas required for the proof of Theorem 1.4, namely,
Lemmas 5.1 and 5.2.

Lemma 5.1. If nt™ ' | ry, then ems,(ANCp,..n,) = 71
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(2] ) o

Lemma 5.2. If n}{™' | ry or

k k
D) A T2
+1) | =] <A n; < —

then ms,(Ky, . n,) = 111.

The rest of this section serves to prove these lemmas.

First note that we can immediately reduce Lemma 5.1 to a single case for A, as
follows.

Claim 5.3. If Lemma 5.1 is true for r = n}™*

for all r > n”f’l and X > 1.

and A = 1, then Lemma 5.1 is true

Proof. Suppose that Lemma 5.1 is true for r = n% ' and A = 1. Then, by Lemma 2.1,
Lemma 5.1 is true for A = 1 and all < N such that n}~! | r5 = r. Thus, for any
r = r;N + ry such that an_l | 79, it follows from Lemma 2.6 that

ems, (K, ny) = 111N + cms,,(H) = ring N +rong =rng .

By Lemma 2.7, the cases in which A > 1 follow from the case in which A = 1, and
we are done. O

Claim 5.4. If Lemma 5.2 is true for 1 < r < AN, then Lemma 5.2 is true for all
r > 1.

Proof. Suppose that Lemma 5.2 is true for r < AN and that either n}™" | ry or
equation (6) holds. Then, for each r > 1,

k
..... ne) > 7“1”1)\1_[7%‘ + M8y, (MChy,. ) = T1AN an + rong = 1Ny,

=2 =2

by Lemma 2.6. U

Set N; := [n;] for all 1 < ¢ < k. By the natural isomorphism between [n;] and
[n;] x [1] for all 4, it follows that the sets NN; are, up to isomorphism, the same sets
as those defined in Section 4 for d = N; i.e., when m; = n; for all 1 < i < k. We
will therefore use the definitions and notation of the previous section, where, for
simplicity, we identify the edges of K,,, ,, with the elements of Hle ZLy,. Then
(@) = (2")mn/m: as defined in Section 4, will be identified with the element

(z,...,2) € [1_, Zy, for cach z € Z,,.

Let ¢ be a labelling of K, ,, such that the edges (¢')~'(zny),..., (') (zns +
ny — 1) form a matching for all z € [n}~!]. That is, let ¢’ be an ordering which corre-
sponds to S(Mg) V --- VvV S (/\/lanq_l) for some matching decomposition
Mo, ..., /\/lniklfl of ICp,....n., Where each M, is ordered arbitrarily. Let 7’ :=
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(N1, Nus1, .. .,ng). For i € [N], let M} := {(z")w — (i)w : =z € [ni]} and
M= {(@ug1s - k) ¢ (T, Ty, - 1) € MG} Tt is easy to check that M) and,
therefore, M’ is a matching, by using a similar argument to the proof of Claim 4.4.
Let ¢; be the ordering of M; defined by £ ({(z*)w — (i)w) = x for all x € [n].
Also let ¢, be the analogous ordering for M. Identify each element (xy,...,xzx) €

1., Z,, with element (@1, 20), (@us1, - x) € (TTL) Za,) X x ([T wi1 Ln,). For
i € [ny"' and j € [AN], let M’ be a set Contalnlng an edge parallel to the edge

() (iny + ), (€5) " (x)) for each x € [ny], where, for simplicity, we let ¢} = ¢/, for
j' € [N'] with j/=j (mod N).

Claim 5.5. The set {M]; : i€ [n{"'],j € [AN']} is a matching decomposition of
Ao,

Proof. Each Mj; is a matching since (£')~"(iny), ..., (¢')""(iny + ny — 1) form the
matching M; and (¢5)71(0), ..., (¢;)~"(n1—1) form the matching M;. Fori € [n{~ 1
and j € [N'], there are A matchings whose edges are parallel to the same as those

in M, namely, /\/l;], e ”Jr()\ DN Therefore, it suffices to show that {M” :
i€ni',je[N}isa matchmg decomposmon of Koy ny-

We see that the matching M. is isomorphic to the matching Mg y/—; defined in
Section 4 ford = N' and IC,y, 1, ,,....ny,, by DOting that (x*)m+(—i)m = ()7 —(i)m for
any x € [ny] and by setting Mg nv := M. Thus, by Claim 4.4, {M’ j €[N} is
a matching decomposition of ICyy, 5, ;...n,- The edges of M; ; are isomorphic to edges

in M/ by identifying ((¢')~'(iny + ), (¢;)~*(z)) with (z ,(@3) L(x)) for all x € [n4].

Hence, {M}, : j € [N]} is a matching decomposition of M; X K,,,,....n, for any
1€ [an_l] As every edge of KC,,, ., appears in exactly one M;, the set {./\/l;j D3 €
e ] j € [N] } is a matching decomposmon of Kn, . .n,., as required. O

Let £;; be the ordering of M ; deﬁned by G5 () (iny + ), (0) 7 (x))) for
T € [ny], and set Cian =Ly and (thus) i = M.

Lemma 5.6. For alli € [n{™'] and j € [AN"], ms(¢;;, €, ;1) > ny holds.

Proof. Let £ = U} ; Vy, £} ;.. Consider a sequence S of n; consecutive edges in /.
The edges of S that appear in the matching M, ; (in order with respect to ¢) are

()~ (ina + ), ()7 (@), -, ()7 (ina +ny = 1), ()7 (1 — 1))

and the edges of S that appear in the matching M; ;11 (in order with respect to ¢)

are
(@) i), () 7H0))s oy ((O) M ina + 2 = 1), () (2 — 1))
for some 1 < x < ny — 1. The edges (¢')"*(iny +0),...,(¢)" (iny +n; — 1) form the
matching M; and, in particular, every vertex in [n] for 1 < < u has degree 1 in
H(S).
So without loss of generality, we consider the degree of vertices in [n;] for u+1 <
[ <k in the hypergraph H(S’), where S’ = (f_g»)*l(:p), ce (f_g)*l(nl - 1),
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(%)‘1(0), e (m)_l(x —1). As we are not concerned with the degree of vertices
in [ny], we can consider the hypergraph formed by the edges

(@) = w5 (0 = 1))ar = G,
(0% = G+ Dy (@ = 1) = G+ D

by ignoring the first entry of each edge. Let (j)w = (J1, Jutt, - - - Jk)w- By Lemma 4.1
(4 Dw = (J1, Just> -+ Jutt—1, Juse + 1, i + 1) for some 1 <t < k —u. For
ut+1<Il<wu+t—1,the (I —u+ 1)-th entry of the edges in (7) are, modulo n,,
x—Ji,...,n1 —1—ygand —j;,1 —j;,...,x — 1 — j;, which are clearly distinct as
ng > ny. Foru+t <1 <k, the (I —u+ 1)-th entry of the edges in (7) modulo n;
are £ — j;,...,ny — 1 — g and —j5;, — 1, —j;,..., ¢ — 2 — j;, which are distinct since
n; > ni. Thus, every vertex in [ny] for u 4+ 1 < [ < k is incident with at most one
edge in (7) and thus at most one edge in S. Hence, H(S) is a matching. O

(7)

Proof of Lemma 5.1 . By Claim 5.3, we only need to consider the case in which
r=mn}""and A = 1. By Claim 5.5, {M}; : i€ [n{"'],j € [N']} is a matching
decomposition of K, ... By Lemma 5.6, ms(l; ;, (; ;1) > ny for all i € [n}~'] and
j € [N’]. Hence, by Proposition 2.5, we have that cms,(KCp,  ,.) > T, and so

ems,; (Ky, . n,) = My as required. O

.....

-----

The remainder of this section is devoted to proving Lemma 5.2. We assume that
n¥"' {7y, as the case in which n¥~' | 7, has been shown in Lemma 5.1. Let r < AN
be a positive integer and write 7 = pn%~* + ¢ for non-negative integers p and ¢ such
that 0 < ¢ < n}~!, and recall that AN = ar + b. Then (6) can be expressed as

(p+1)a <IN <pla+1). (8)

As we are proving Lemma 5.2, we will assume that (8) holds and thus that p # 0.

Let @ = p, 8= (p+1), v = AN —ap), d = (AN —a(p+1)) and v =
n'"' — g. The identities 7 = pn}~' + ¢ and n¥ 'AN’ = ra + b easily yield the
following expressions:

yv+dg=> 9)
(= +(B-0g=r—b (10)
ac+y=AN"=af +9. (11)

By (8), each of the numbers 7,d, « — v and § — § is non-negative.

Let 0 : [AN'] = [AN'] be a function with the properties given in Corollary 2.4
with s = o and ¢ = AN'. Similarly, let 7 : [AN’] — [AN’] be a function with
the properties given in Corollary 2.4 with s = g and t = AN’. For a fixed pair
(i,7) € [ny™"] x [AN'], let s;; and ¢, ; be the integers that satisfy

o(j) = sijo+ b with t;; € [o]  if i € [V];
7(j) = si;8 + ti; with t;; € [3]  otherwise.
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Let p : [n¥7'] x [AN’] = [AN] be defined by

Si T+ vt 41 ift;; € [y] and i € [v];

oli ) = Si T +vy+qtij+i—v ift;; € 0] and i € [v+q] — [v];
ST +b+v(ti; —y) +i ift;; € [a] —[y] and i € [V];
sigr+b+v(e—7)+qti;+i—v ift,; €8] [0 andi €[v+ ¢]—[v].

As ¢ and 7 are bijections of [AN’], (8) implies that s;; € [a + 1] for all ¢ and j.
Furthermore by (11), if s;; = a, then t;; € [y] if ¢ € [v] and ¢ € [0] otherwise.
Therefore, if i € [v], then either p(i,j) = s;jr + vt +i < ar+v(y—1)+v—1or
p(i,j) =sijr+b+v(t,;—v)+i < (a—1)r+b+v(a—1—7)+v—1. In either case,
p(i,j) < AN, by (9) and (10), respectively. By a similar argument, p(i,7) < AN
when i € [V 4 g] — [v], and p is thus well defined.

Lemma 5.7. The function p is an ordering of [n}~'] x [AN'] with the property that
if p(i,§) € [AN — 1], then p(i,j + 1) = p(i, j) +r.

Proof. We first check that p is an ordering of [n*~'] x [AN’]. Suppose that p(i, j) =
p(i',j"). By inspection, we have that

%80 for ¢; ;
b — [vv] for t; ;
b+v(ia—n~)]—1[b] fort,;
rl—=[b+v(e—7)] fort;

7] and i € [v];
§l and i € [v +q] — [v];
al =[] and @ € [v];

el
S
€[
c[fl—[0]andiefv+q] —[],

[
p(i, J) — si;r € {
[

and p(i',5') — sy yr has the analogous property. Therefore, s, ; = sy ; and either
i,i" € [v] or i, € [v+ q] — [v]. Thus, by the definition of p,

vt —ty ) +i—1d i i i € [v];

q(tij—tug)+i—d  if i €[v+ql—[v]. (12)

0= p(Z,j) _p(i/aj,) = {

However, |i —i'| € [v] if i,i" € [ ], and |i —7'| € [¢] if 4,7 € [v+ ¢] — [v]. Hence, (12)
implies that ¢;; =ty and @ = i’. Therefore, j = o '(s; ja + t;;) = o (sy yja +
ty i) =7 if i € [v], and, similarly, j = 5/ if ¢ € [v + ¢q] — [v]. Thus, (i,7) = (¢, J'),
and so p is injective. Since |[[n¥"'] x [AN']| = |[AN]|, p is a bijection and, hence, an
ordering of [n¥™'] x [AN'].

We now check that p satisfies the property given in the lemma. Suppose that
p(i,7) € [AN —r]. If i € [v], then s, ;r +vt;; +1 < (a—1)r +bif t € [y], and
sijr +b+wv(ti; —v) +1i < (a—1)r + b otherwise. Therefore, s;; < a — 1 and if
s;j =a—1, then t;; € [y]. Thus, s, ;a0 +t;; < AN' — « and so, by Corollary 2.4,
o(j+1)=(s;; +1)a+t;;. By asimilar argument, 7(j + 1) = (s;,; + 1)5 + t;; for
i € [v+q]—[v]. Hence, in any case, s; j11 = s, j+1 and ¢; j41 = t; ;. By the definition
of p, p(i7j+1)_5i,j+1r = p(lv.]) —Si T and so p(l,j—l—l)—p(l,j) = SigjH1T — ST =T
Rearranging yields the required expression. O
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Proof of Lemma 5.2. By Claim 5.4, we only need to consider the cases in which
1 <r < AN. Let M; = M;,l(l) and ¢, = E;),l(l) for all I € [AN]. We check that
the conditions of Proposition 2.2 are satisfied for the matchings My, ..., M y_1 of
For I € [AN — 7], let p~*(I) = (i,4) and so p(i,j) = I. By Lemma 5.7, p(i,j +
1) = p(i,j) +r = 1 +r and, as p is a bijection, p~*(I +r) = (i,j + 1). Hence,
ms(ly, liyr) = ms(l; j,¢; j+1) > ng, by Lemma 5.6, and the proof then follows from
Proposition 2.2. O

.....

6 Proof of Theorem 1.4: Conclusion

Proof of Theorem 1.4. By Lemma 4.2, ms,(AC,,, ., ) and cms, (AC,,
either rny — 1 or rny. By Lemmas 3.2 and 5.2, ms, (AC,,
n¥~' |7 or (1) holds. Thus,

_____ n) are each
ne) = rny if and only if

.....

.....

rn; — 1  otherwise.

- {Tnl if nY~" | 5 or (1) holds;
ng)

.....

: u—1 .
rng if ™" | ro;
rn; —1 otherwise.

7 Concluding Remarks

One can show, for the special case in which p = 1, ¢ = 0, A = 1, and where o
is the identity function on [AN’], that the function p defined in Section 5 reduces
to the much simpler function p(i,j) = jr +i for all i € [n¥'] and j € [N'] and,
furthermore, that it satisfies a cyclic analogue of Lemma 5.7, namely p(i,j + 1) =
(p(i,§) +7) modulo N for all i € [n¥"'] and j € [N’]. The given proof of Lemma 5.1
implicitly uses this p: Proposition 2.5 uses Lemma 2.3. The cyclic construction in
the previous section is thus a very special case of the non-cyclic construction.

Though the hypergraphs in this paper attain the lower bounds in Lemma 2.6,
there are hypergraphs which do not. Consider the graph G below. First, we check
that cms(G) = 1. Suppose otherwise that cms(¢) = 2 for some ordering ¢ of G. As
G has 6 edges and the vertex v has degree 3, the edges incident with v are, without
loss of generality, labelled as depicted in Figure 1. However, for any choice of a label
for the edge e, there will be two cyclically consecutive edges incident with a common
vertex. Thus, ems(G) = 1. On the other hand, it is easy to check that, for any
ordering ¢ of G with the edges incident with v labelled as depicted, cmsy(¢) > 8.
As A(G) = 3 and |E(G)| = 6, the lower bound of Lemma 2.6 for G when r = 4 is
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Figure 1: The graph G Figure 2: The graph H

1 X6+ cmsi(G) =7 < 8 < emsy(G). By similar reasoning, the graph G’ obtained
from G by removing the edge €’ satisfies ms(G') = 1 and ms,(G’) > 7, which is
strictly above the lower bound given by Lemma 2.6. The bounds in Lemma 2.6 are
thus not always achieved.

We can also show that Lemma 2.7 is no longer true if cyclic-sequencibility is
replaced by non-cyclic sequencibility. Consider the graph H in Figure 2. It is easy
to verify that the ordering ¢ of H depicted in Figure 2 satisfies ms(f) = 2 and, in
particular, that ms(G) > 2. The graph 2H has 24 edges, 14 of which are incident
with v. Therefore, for any ordering ¢’ of 2H corresponding to the sequence of edges
€o, - - - , €23, at least one of the 12 pairs of edges eg;, €941 for i € [12] has both of its
edges incident with v, by the Pigeonhole Principle. Thus, no ordering ¢’ of 2H can
satisfy ms(¢') > 2, and so ms(2H) = 1 < 2 = ms(H). So, there is no non-cyclic
sequencibility analogue of Lemma 2.7.

We end the paper with the following conjecture on the matching sequencibility of
complete multi-partite graphs. Let Ky,) be the complete s-partite graph with parts
of size n.

Conjecture 7.1. For any integers n > 2 and s > 2,
sn

ms(Kymy) = ems(Kyp)) = {?J —1.
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