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Abstract

We study hypergraphs which are uniquely determined by their chromatic,
independence and matching polynomials. B. Bollobas, L. Pebody and O.
Riordan [J. Combin. Theory Ser. B 80(2) (2000), 320-345] conjectured
(BPR-conjecture) that almost all graphs are uniquely determined by their
chromatic polynomials. We show that for r-uniform hypergraphs with
r > 3 this is almost never the case. This disproves the analogue of the
BPR-conjecture for 3-uniform hypergraphs. For r = 2 this also holds for
the independence polynomial, as shown by J.A. Makowsky and V. Rakita
(presented at 5ICC 2017 and ICGT 2018), whereas for the chromatic and
matching polynomial this remains open.

1 Introduction and outline

1.1 Background

A hypergraph H consists of a set V(H) together with a family of subsets F(H)
of V(H) called hyperedges. Two vertices u,v € V(H) are adjacent if there is a
hyperedge e € E(H) such that both uw € e and v € e. H is r-uniform if every
hyperedge in E(H) has exactly r elements. Two hypergraphs H;, Hy are isomorphic,
denoted by H; ~ Hs, if there is a bijective map h : V(H;) — V(H3) such that for
any two vertices u,v € V(H;) we have u and v are adjacent iff h(u) and h(v) are
adjacent in Hs.
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We denote by $ ($") the class of all (r-uniform) hypergraphs, and by $,, ()
the set of all (r-uniform) hypergraphs H with V/(H) = [n]. Here [n] = {1,2,...,n}.
We note that graphs are 2-uniform hypergraphs.

A (univariate) hypergraph polynomial P(H;X) is a function P : $ — Z[X]
which is invariant under hypergraph isomorphisms. Let P(H;X) be a univariate
hypergraph polynomial. A hypergraph H is P-unique if for every hypergraph H;
with P(Hy; X) = P(H;X) we have that H; is isomorphic to H. Similarly, a r-
uniform hypergraph H is r-P-unique if for every r-uniform hypergraph H; with
P(Hy; X) = P(H; X) we have that H; is isomorphic to H.

A hypergraph polynomial P(H; X) is complete (for r-uniform hypergraphs) , if all
(r-uniform) hypergraphs are P-unique. Let H(n) be the number of non-isomorphic
hypergraphs on n vertices, and let H"(n) be the number of non-isomorphic r-uniform
hypergraphs on n vertices. Furthermore, let Up(n) (Up(n)) be the number of non-
isomorphic P-unique (r-uniform) hypergraphs on n vertices.

P is almost complete if

. Up(n)
| =1.
ntoe H(n)
It is almost complete on r-uniform hypergraphs if
1 U()
] PA 2,
nio0 Hr (n)
P is weakly distinguishing if
. UP(”)
| =0
nioo H(n)

and analogously for r-uniform hypergraphs.

No known univariate hypergraph polynomial in the literature is complete, al-
though one should be able to construct such polynomials using some clever encoding
of the isomorphism types of finite hypergraphs.

1.2 Three hypergraph polynomials

Some hypergraph polynomials studied in the literature are the chromatic polynomial
X(H,X) |15, 16, 17, 4, 5], the independence polynomial Ind(H; X)), [18|, and the
matching polynomial M(H; X), [9]. There where also attempts to extend spectral
graph theory to hypergraphs, cf. [8, 14| and the references therein. The monograph
[7] summarizes what is known about graphs unique for the characteristic and the
Laplacian polynomial. In [7] the authors also suggest that the characteristic polyno-
mial is almost complete on graphs.

The chromatic polynomial. The chromatic polynomial for hypergraphs defined
below generalizes the chromatic polynomial for graphs, but also show distinctly dif-
ferent behaviour in the case of hypergraphs, cf. [22].
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Let k € Nand f: V(H) — [k]. We say that f is a proper coloring of H with at
most k colors if every e € E(H) contains two vertices u,v € e with f(u) # f(v). We
denote by x(H; k) the number of proper colorings of H with at most k colors.

A set I C V(H) is independent if there is no edge e C I. For i € N let b;(H) be
number of partitions of V(H) into ¢ independent sets. For X we denote by X(;) the
polynomial

Proposition 1.1 ([4, 21]) (i) x(H;k) is a polynomial in k, hence can be ex-
tended to a polynomial x(H; X) € Z[X].

(i) x(H; X) =377 bi(H) - X

Some classes of y-unique hypergraphs were presented compactly in [21] which
we summarize here. The definitions of hypercycles, hyperpaths and sunflower hyper-
graphs are standard in the hypergraph literature, cf. the books by Berge [2|, Voloshin
[19], and Bretto [6].

Proposition 1.2 ([15, 16, 17, 21]) The following hold:

(i) Forr > 3, r-uniform hypercycle C], is r-x-unique but it is not x-unique.

(i) For everyp,r > 3, 32 2 4s x-unique, wher‘e 32 2 denote the hypergraphs obtained
by identifying extremztzes x andy of Pp_4 wzth distinct vertices of degree 2 in
the same edge of C}.

(iii) The sunflower hypergraph SH(n,1,r) is x-unique.

(iv) Letn =r+(k—1)p, wherer >3,k >1and1 <p<r—1. Then SH(n,p,r) is
r-x-unique for every 1 < p <r—2; forp=r—1, SH(n,r—1,r) is r-x-unique
for k=1 or k =2 but it does not have this property for k > 3.

In [3] it is conjectured that the chromatic polynomial is almost complete on
graphs. Our first result shows that the conjecture is not true for hypergraphs.

Theorem 1.3 The chromatic polynomial x(H; X) is weakly distinguishing

(i) on hypergraphs:

lim Uy (n) = 0;
n—00 'H(n)

(ii) on r-uniform hypergraphs: for every r > 3,
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The independence polynomial. The independence polynomial for hypergraphs
is defined as

Ind(H : X) = Zindi(H) - XY

)

where ind;(H) is the number of independent sets I C V(H) with || = 1.
The independence polynomial for hypergraphs was studied in [18].

Theorem 1.4 The independence polynomial Ind(H; X) is weakly distinguishing

(i) on hypergraphs:
lim Uina(n)
n—o0 'H(n)

(i) on r-uniform hypergraphs: for every r > 2,

A Gy

The case r = 2 was shown in [11, 12]. The proof for r > 3 is given in Section 4.

The matching polynomial. A k-matching m of a hypergraph H is a set m C
E(H) of k disjoint hyperedges. Let pui(H) be the number of k-matchings of H. The
matching polynomial M(H; X) of a hypergraph H is defined by

M(H; X) = u(H) - X*,
k=1

where kp is the minimum size of the edges in F(H). The matching polynomial for

hypergraphs was studied in [9]. Noy [13] studied M-unique graphs.

Theorem 1.5 The matching polynomial M(H; X) is weakly distinguishing

(i) on hypergraphs:
’ Uy(n)
im = 0;
n—00 'H(n)

(i) on r-uniform hypergraphs: for every r > 3,

Y () _
S )

The case r = 2 is still open. The proof of the above theorem is also given in Section 4.

To the best of our knowledge no explicit description of Ind-unique and M-unique
hypergraphs is given in the literature.
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2 General strategy of the proofs

The general strategy of our proofs has been motivated by the first author’s work
with Rakita [11].

Let H(n) and H (n) denote the number of labeled hypergraphs and r-uniform
hypergraphs of order n.

Lemma 2.1 For any positive integer n:
(i) H(n) = 22".

(i) H(n) < H(n) - nl.

(iii) H' (n) = 20).

(iv) H (n) <H'(n) - nl.

Proof: (i) and (iii): The proofs of (i) and (iii) are straightforward, because any
subset (of size r) of the vertex set determines one possible edge and we can have any
subset of those possible edges.

(i) and (iv): Every (r-uniform) hypergraph of order n has at most n! automorphisms.

OJ

Let P(H;X) be a hypergraph polynomial. We denote by Bp(n) (Bp(n)) the
number of polynomials p(X') such that there is a (r-uniform) hypergraph H of order
n with p(X) = P(H; X).

We shall use the following observations:

Lemma 2.2 (i) Bp(n) < Bp(n).
(ii) Up(n) < Bp(n) < H(n).
(i) Up(n) < Bp(n) < H'(n).

Proof: (i): There are more candidate polynomials for Bp(n) than for B}(n).

(ii) and (iii): There cannot be more P-unique hypergraphs than polynomials in
Bp(n) (Bp(n)). There cannot be more polynomials in Bp(n) (B%(n)) than there are
hypergraphs in H(n) (H"(n)). O

To prove our Theorems we will use Lemmas 2.1 and 2.2 and estimate the numbers
Bl (n) or Bp(n).
We also use an observation from pre-calculus:

Proposition 2.3 Let f, g be two non-decreasing real functions.

If lim,, % =0 then lim,,_, % = 0.
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3 Proof of Theorem 1.3

By Proposition 1.1(ii) the chromatic polynomial of hypergraphs can be written as
X(H; X) = bi(H) - X
i=1

where b;(H) is the number of partitions of V(H) into ¢ non-empty independent
subsets. Let S(n,i) denote the Stirling number of the second kind, which counts the
number of partitions of [n] into ¢ disjoint subsets.

Lemma 3.1 B,(n) <[], S(n,i).

Proof: Clearly, 0 < b;(H) < S(n,1). O
Theorem 3.2 B.(n)

lim 222 — 0,

noo H(n)

Proof: From Lemmas 2.1 and 3.1,

B, (n) - n! - [T, S(n,i) - n!
H(n) — 22" '

B, (n)

<

Since S(n,i) < % < n", it follows that

B, (n) < [T, S(n,i) - n! _ n”.onl ™ opr pnttn
Hn) = 22" 92" 22" o2

Now we use Proposition 2.3 and take base 2 logarithms of the numerator and
denominator, and obtain:

2
lim log, B, (n) < lim (n®+n)logyn o, (1)
n—oo logy H(n) ~ n—oo on

which implies that lim,,_ . Bl _ . O

H(n)

Now Theorem 1.3(i) follows using Lemma 2.2(ii). Theorem 1.3(ii) follows using
Lemma 2.2(i) and (iii) by replacing #(n) by H"(n) < 2(*) in the proof of Theorem
3.2. We get, instead of Equation (1),

log, B 2
lim M < lim (n” +n)logyn =0,
n—00 10g2 Hr (n) n—»00 (n)

T

which still holds for » > 3.
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4 Proof of Theorems 1.4 and 1.5

Let Bina(n) be the number of polynomials p(X) such that there is a hypergraph H
of order n with p(X) = Ind(H; X).

0. (i) limy,_yo Sa™ — g,

Theorem 4.1 (i) lim,,_, o, Szat) Hr (n)

Hn)

Proof: (i): Since 0 < ind;(H) < ("), it follows that

From Lemma 2.1, we have that

2 2

Blnd(n> < Blnd(n) . n' nnf;n . n' - nn 2+" . B nn ~2|>3n (3)
H(TL) a ﬂ(n) 22n 92n - o2

Taking base 2 logarithms of the numerator and denominator in Equation (3), we
have that

log, Bua(n) _ *5* -logyn
log, (1) 2
Therefore, using Proposition 2.3,
TL2 n
log Bra(n) _ 1, 25 logam (4)

n—+00 10g2 H(n) T n—oo on

which implies that
. Blnd(n)
1 —
nSoo H(n)

(ii): As in the case of the chromatic polynomial, we replace H(n) by H"(n) < 2(?)
and Bra(n) by Bf,4(n) in Equation (4) and use Lemma 2.2(i) and (iii). O

Now Theorem 1.4 (i) and (ii) follow.

Let Byi(n) be the number of polynomials p(X) such that there is a hypergraph
H of order n with p(X) = M(H; X).

By (n)

) — 0.

Theorem 4.2 (i) lim,, ., lzf(gg) =0. (i) lim,
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From Lemma 2.1 and Equation (3), we have

By(n)  Bu(n)-n! N
M) = Hw) 2 ®)

Taking base 2 logarithms of the numerator and denominator in Equation (4), we
have that

n%+3n
2

log, Byi(n) logy n

log, H(n) 2n

Therefore, using Proposition 2.3,

n’43n

oy Bt
n—+00 logQ’]-[(n) T n—oo on

-1
%621 ), (6)

Bum(n) _
Hn) = 0.

which implies that lim,, .

(ii): Asin the case of the chromatic polynomial we replace H(n) by H'(n) < 2(%)
and By (n) by By (n) in Equation (6) and use Lemma 2.2 (i) and (iii). O

Now Theorem 1.5 (i) and (ii) follows.

5 Conclusions and further research

We have shown that for r-uniform hypergraphs with » > 3, and hypergraphs in
general, there are very few hypergraphs which are unique for y, Ind and M. This
is not so surprising as there are many more r-uniform hypergraphs of order n than
graphs. Still, it is interesting to search for such graphs.

Problem 1 Find more P-unique r-uniform hypergraphs for x, Ind and M.

For Ind and M it seems this has not been properly investigated.

In [20] the Tutte polynomial T'(G; X,Y’) and the most general edge elimination
polynomial £(G; XY, Z) of [1] are generalized to hypergraphs. T(H; X,Y’) is a sub-
stitution instance of £(H; X,Y, Z) both on graphs and hypergraphs. In [10] another
version of a Tutte polynomial for hypergraphs is proposed.

Problem 2 Is T(H; X,Y) almost complete for r-uniform hypergraphs?

Note that the original BPR-conjecture asserts this for graphs, and is still open.

Problem 3 Is £(H; X, Y, Z) almost complete for r-uniform hypergraphs?
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