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Abstract

In this paper we introduce a particular class of Heffter arrays, called
globally simple Heffter arrays, whose existence gives at once orthogonal
cyclic cycle decompositions of the complete graph and of the cocktail
party graph. In particular we provide explicit constructions of such de-
compositions for cycles of length £ < 10. Furthermore, starting from our
Heffter arrays we also obtain biembeddings of two k-cycle decompositions
on orientable surfaces.
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1 Introduction

Arrays with particular properties are not only interesting objects per se but, in
general, they have applications in many areas of mathematics. For these reasons,
there are several types of well-studied arrays; see, for instance, [14, 16, 19, 20, 21, 24].
Here we consider Heffter arrays, introduced by Archdeacon in [2]:

Definition 1.1 An integer Heffter array H(m,n;h, k) is an m x n partially filled

array such that:

(a) its entries belong to the set {+1,+2,..., tnk} C Z;

(b) no two entries agree in absolute value;

(c) each row contains h filled cells and each column contains k filled cells;
)

(d) the elements in every row and column sum to 0.

Trivial necessary conditions for the existence of an H(m,n;h, k) are mh = nk,
3 < h<nand3 <k <m. In this paper we will concentrate on square integer
Heffter arrays, namely on the case m = n which implies h = k. An H(n,n; k, k) will
simply be denoted by H(n; k).

Example 1.2 The following array is an example of an H(8;7):

8| 16 25| =271 -29| 31| -24
-17| -6 23|-28| 26| 32| -30
391 -10| =5 15 33| 35| =37
—38 —18 7| 11|-36| 34| 40
—43 | —45| 47| —-22 31 19 41
42| 48| —46 —14 2| 12| —-44
49 | =51 | =53 | H5H | —21 1] 20
9] -52| 50| 56| —-54 —-13 4

The existence problem of square integer Heffter arrays has been completely solved
in [4, 17], where the authors proved the following theorem.

Theorem 1.3 There exists an H(n; k) if and only if

3<k<n and nk=0,3 (mod4).

If, in Definition 1.1, condition (d) is replaced by the following one:

(d’) the elements in every row and column sum to 0 modulo 2nk + 1,
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one speaks of a non-integer Heffter array; see [2]. The existence problem of square
non-integer Heffter arrays has been completely solved in [3, 11, 15], proving that
they exist for all 3 < k < n.

In [2], Archdeacon showed that such arrays can be used to construct cycle de-
compositions of the complete graph if they satisfy an additional condition, called
simplicity, which we introduce next. Let A be a finite subset of Z \ {0}. Given an
ordering w = (a1, ay, . .., ax) of the elements in A, let s; = >, a; be the ith partial
sum of A. We say that the ordering w is simple modulo v if s, # s. (mod v) for all
1 < b < ¢ <k or, equivalently, if there is no proper subsequence of w that sums to 0
modulo v.

With a little abuse of notation, we will identify each row (column) of an H(n; k)
with the set of size k whose elements are the entries of the nonempty cells of such a
row (column). For instance we can view the first row of the H(8;7) of Example 1.2
as the set Ry = {8,16,25, —27,—29, 31, —24}.

Definition 1.4 An H(n; k) is said to be simple if each row and each column admits
a simple ordering modulo 2nk + 1.

Since each row and each column of an H(n; k) is such that s, = 0 and does not
contain 0 or subsets of the form {x, —x}, it is easy to see that every H(n; k) with
k <5 is simple.

Example 1.5 The H(8;7) of Example 1.2 is simple. To verify this property we need
to provide an ordering for each row and each column which is simple modulo 113.
One can check that the w; are simple orderings of the rows and the v; are simple
orderings of the columns:

wy = (8,25,16,—27, —29, 31, —24);
5 = (—17,—6, —28, 23, 26, 32, —30);

8,39, 17, —38, —43,42,9);
6,—6,—45,—10, 48,49, —52);
5.

(S

= (
=(1
ws = (39, —10, -5, 33,15, —35, —37); Vs :( 5,47,—18,—46,—51,50);
wy = (—38,—18,7,—36, 11, 34, 40); vy = (25,-28,15,7, — 22 56)
ws = (—43, —45,47, —22,3,41,19); = (—27,26,11,3, 55 54);
= (42,48, —46, —14,2, —44,12); ve = (—21,32,33, —36, 19 2 29);
— (20,51, 53,55, 21, 1, 49); vy = (—13,-30, 35,34, 12,1, 31);
ws = (—52,9,50,56, —54, —13,4); vg = (—37,—24,40,41, —44,20,4).

Notice that the natural ordering of each row (from left to right) and of each
column (from top to bottom) of the above H(8;7) is not simple. Clearly, larger n
and k are more difficult (and tedious) is to provide explicit simple orderings for rows
and columns of an H(n; k). Hence, we think it is reasonable to look for Heffter arrays
which are simple with respect to the natural ordering of rows and columns. So we
propose the following new definition.

Definition 1.6 We say that an Heffter array H(n; k) is globally simple if each row
and each column is simple modulo 2nk + 1 with respect to their natural ordering.
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Clearly, the concepts of simple and globally simple Heffter array can be extended
to the rectangular case H(m, n; h, k). A globally simple H(m, n; h, k) will be denoted
by SH(m,n; h, k) and a square globally simple H(n; k) will be denoted by SH(n; k).

Example 1.7 The following is a globally simple SH(8;7):

4 35 | —45 46 20 | =36 | —24
481 =5 23 | =47 | —18 37 | =38
-32| -10| —6 31 | —41 42 16

33| —34 44 3 11 | —43 | —14
15 | =28 | =22 7 27 | =53 o4

-13 29 | =30 o6 1 12 | —55
—49 50 19 | —40 | —21 2 39
9| =51 | —17 25 | —26 52 8

Remark 1.8 We point out that the Heffter arrays constructed in [4, 17|, in general,
are not globally simple. Indeed, the H(8;7) of Example 1.2 was obtained according
to [4, Theorem 3.12]. Furthermore, easy modifications of the existing constructions
seem not to produce globally simple arrays, except for SH(n;6): these arrays (see
Proposition 4.1) are obtained switching the first two columns of the matrices given
in [4, Theorem 2.1].

In [2] many applications of (simple) Heffter arrays are shown, in particular the
relationship with orthogonal cycle decompositions of the complete graph and with
biembeddings of two cycle decompositions on an orientable surface. Here, in Section
2 we show that globally simple Heffter arrays are related not only to orthogonal
cyclic cycle decompositions of the complete graph, but also of the cocktail party
graph. We note that very little is known about orthogonal decompositions; as far
as we know, only asymptotic results have been obtained, see [9, 10]. In Section
3 we investigate the connection between Heffter arrays and biembeddings of two
cycle decompositions on an orientable surface. Then in Section 4 we present direct
constructions of SH(n; k) for 6 < k < 10 and for any admissible n. Combining the
results of Sections 2 and 4 we obtain the following theorem.

Theorem 1.9 Let 3 < k < 10. Then there exists a pair of orthogonal cyclic k-cycle
decompositions of the complete graph of order 2nk+1 and of the cocktail party graph
of order 2nk + 2 for any positive integer n such that nk = 0,3 (mod 4).

We have to point out that for 3 < k <9, Theorem 1.9 can be obtained starting
from the results of [4, 13, 17]. But, in that case, if one wants to construct the base
cycles for the cycle decompositions of order 2nk + 1 he has to find an ad hoc simple
ordering for each row and each column, then he has to find other simple orderings
modulo 2nk +2. While here the cycle decompositions (both of the complete graph of
order 2nk + 1 and of the cocktail party graph of order 2nk + 2) can be immediately
written starting from the rows and columns of the arrays constructed in Section 4.

It is worth noticing that combining the previous theorem with [6, Theorem 3.3],
a stronger result can be stated regarding cocktail party graphs.
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Corollary 1.10 Let 3 < k <10 and n > 1. Then there exists a pair of orthogonal
cyclic k-cycle decompositions of the cocktail party graph of order 2nk + 2 if and only
if nk =0,3 (mod 4).

Finally, combining the results of Sections 3 and 4 we obtain the following theorem.

Theorem 1.11 There exists a biembedding of the complete graph of order 2nk + 1
and one of the cocktail graph of order 2nk + 2 on orientable surfaces such that every
face is a k-cycle, whenever k € {3,5,7,9}, nk =3 (mod 4) and n > k.

2 Orthogonal cyclic cycle decompositions

We first recall some basic definitions about graph decompositions. Let I" be a graph
with v vertices. A k-cycle decomposition of T' is a set C of k-cycles of I' such that
each edge of I' belongs to a unique cycle of C. If I' is the complete graph of order
v, one also speaks of a k-cycle system of order v. A k-cycle decomposition of I is
said to be cyclic if it admits Z, as automorphism group acting sharply transitively
on the vertices. We recall the following result.

Proposition 2.1 Let I' be a graph with v vertices. A k-cycle decomposition C of T’
is sharply vertez-transitive under Z, if and only if, up to isomorphisms, the following
conditions hold:

o the set of vertices of I is Z,;

o forallC = (c1,¢9,...,06) €C, C+1:=(c1+1,c0+1,...;¢c,+1) €C.

Clearly, to describe a cyclic k-cycle decomposition it is sufficient to exhibit a
complete system B of representatives for the orbits of C under the action of Z,. The
elements of B are called base cycles of C.

Here we are interested in the cases in which I' is either the complete graph K,
whose vertex-set is Z, or the cocktail party graph Ky — I, namely the complete
graph Ky minus the 1-factor I whose edges are [0,¢t],[1,t + 1],[2,t + 2],...,[t —
1,2t —1]. The problem of finding necessary and sufficient conditions for cyclic k-cycle
decompositions of K, and Ky — I has attracted much attention (see, for instance,
[7, 25, 26] and [6, 8, 22, 23], respectively). One of most efficient tools applied for
solving this problem is the difference method.

Definition 2.2 Let C' = (¢y, co,. .., ¢) be a k-cycle with vertices in Z,. The multiset
AC = {i(ch-i-l - Ch) | 1 S h S k’},

where the subscripts are taken modulo k, is called the list of differences from C'.

More generally, given a set B of k-cycles with vertices in Z,, by AB one means
the union (counting multiplicities) of all multisets AC, where C' € B.
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Theorem 2.3 Let B be a set of k-cycles with vertices in Z,.

(1) If AB =7Z,\{0} then B is a set of base cycles of a cyclic k-cycle decomposition
of K,.

(2) Ifv =2t and AB = Zx \ {0,t} then B is a set of base cycles of a cyclic k-cycle
decomposition of Koy — I.

Here, we are interested in constructing pairs of orthogonal k-cycle decompositions
according to the following definition.

Definition 2.4 Two k-cycle decompositions C and C’ of a graph I' are said to be
orthogonal if for any cycle C' € C and any cycle C’ € C’, C' intersects C’ in at most
one edge.

Clearly, the same definition can be given for two arbitrary graph decompositions;
see [1].

Starting from a simple H(n;k) it is possible to construct two orthogonal cyclic
k-cycle decompositions of Ka,ii1, see [2, Proposition 2.1]. Firstly, we have to find a
simple ordering modulo 2nk + 1 for each row and each column. Then starting from
the simple orderings of the rows we can construct a set B of base cycles of a cyclic
k-cycle decomposition C of Koppy1. The vertices of the i*® cycle of B are the partial
sums modulo 2nk + 1 of the i® row of H(n; k). Analogously, we can obtain a set of
base cycles B’ of another cyclic k-cycle decomposition C" of Ky,1 starting from the
simple orderings of the columns. The decompositions C and C" are orthogonal.

Example 2.5 Let H be the H(8; 7) of Example 1.2 and consider the simple orderings
w; and v; given in Example 1.5. By the partial sums of the w; (v, respectively) in
Z113 we obtain the cycles C; (CY, respectively):

= (8,33,49,22,—7,24,0); C} = (8,47,30, -8, —51,-9,0);
= (=17, -23, 51, —28, -2, 30, 0); Ch = (16,10, —35, —45, 3,52, 0);
03 = (39,29, 24,57,72,37,0); Ch = (23,18,65,47,1, 50, 0);
04 — (—38,—56, —49, —85, —74, —40, 0); C} = (25,-3,12,19, —34, —56,0);
Cs = (—43,-88, —41, —63, —60, —19, 0); CL = (—27,-1,10,13,68, 54, 0);
06 = (42, 90, 44, 30, 32, —12,0); Ch = (—21,11,44,8,27,29,0);
Cr = (20 —31, -84, —29, —50, —49,0); ClL = (—13,—43, 78, —44, —32, —31,0);
Cs = (=52, -43,7,63,9, —4 0) t = (=37, —61,—21,20, —24, —4,0).

Then B = {C4,...,Cs} and B = {C1,...,C4} are two sets of base cycles of a

pair of orthogonal cyclic 7-cycle decompositions of Kji3.

Although the existence of a square integer H(n; k) has been completely estab-
lished, the simplicity of these arrays has not been considered. In [13], we proposed
the following conjecture whose validity would imply that any Heffter array is simple
(other related and interesting conjectures can be found in [5]).
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Conjecture 1 Let (G, +) be an abelian group. Let A be a finite subset of G\{0} such
that no 2-subset {x,—x} is contained in A and with the property that ) _,a = 0.
Then there exists a simple ordering of the elements of A.

We proved that our conjecture is true for any subset A of size less than 10. Our
proof is constructive, but given an H(n;k) it can be long and tedious to find the
required 2n simple orderings. This is why we came up with the idea of introducing
globally simple Heffter arrays. Moreover, we will construct globally simple integer
Heffter arrays SH(n; k) which satisfy also the following condition:

() the natural ordering of each row and column is simple modulo 2nk + 2.

The usefulness of these arrays, which will be denoted by SH*(n; k), is explained by
the following proposition.

Proposition 2.6 If there exists an SH*(n; k), then there exist:

(1) a pair of orthogonal cyclic k-cycle decompositions of Konki1 and

(2) a pair of orthogonal cyclic k-cycle decompositions of Kopgio — 1.

PRrooOF: (1) This follows from previous considerations. (2) As the natural ordering
of each row is simple modulo 2nk + 2, the partial sums of each row in Zg,. o are the
vertices of a k-cycle. Let B be the set of the k-cycles so constructed from the rows.
Since AB = Zopk+2 \ {0,nk + 1}, in view of Theorem 2.3, B is a set of base cycles
of a cyclic k-cycle decomposition C of Koupio — I. Analogously, starting from the
columns, we can obtain another cyclic k-cycle decomposition C" of Ko,pyo — I. By
construction, the decompositions C and C’ are orthogonal. O

Example 2.7 The following is an SH*(10;8):

77| 80| =78 |—=71|-=70| =79 69| 72
—17|-20|-25| —-28| 26| 19 181 27
) 8| 13| 16| —-14| —-7| —6|—15

34| 43 —33|—-36| —41|—-44| 42| 35
21| 24| 29| 32|-30|—-23|-22|-31

98 | 51 50 | 959 —49 | =52 | =57 | —60
—38 | —47 37| 40| 45| 48| —46 | -39
—73| =76 74| 67| 66| 75 —65 | —68
—62 | =55 | —54 | —63 53| H6| 61| 64

-1 —-4| -9 -12 10 3 2 11

By the partial sums in Zgy of the natural simple orderings of the rows (columns,
respectively) we obtain the cycles C; (C!, respectively):
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— (77,157,79,8, —62, —141, 72, 0); C} = (77,82,116,12, 136,63, 1, 0)
— (~17, 37, —62, 90, —64, —45, -27,0): cy = (80,88,131,20,135,59,4,0);
= (5,13,26,42,28,21,15,0); Ch = (-78,-95,—82,—-61,—11,63,9,0);
04 — (34,77,44,8, —33, —77, —35,0); Ch = (-1, —91 75, —51,8, 75,12, 0);
= (21,45,74,106, 76,53, 31,0); Ct = (-70,-95,—-109, —142, —113, —76,
~10,0);
Cs = (58,109, 159, 56, 7, 117, 60, 0); Ol = (=79, -107, —114, —150, —118, — 78,
—3,0)
C7 = (—38, -85, 48, —8, 37, 85,39, 0); —(26,20, 21, —51, 100, —55, -2, 0);
Cs = (73,149, —75, -8, 58, 133, 68, 0); — (19,4, —40, —63, —115, —67, —11,0);
Cy = (—62, —117,—9, —72, —19, — 125, —64, 0); — (69,87,129, 107,50, 4, —61,0);
Cro = (71, —5,-14,-26,-16,—-13, —11, 0), C41() - (72, 99,134,103, 43,4, —64, 0)

Then B = {C4,...,Cy} and B = {C1,...,C},} are two sets of base cycles of a pair
of orthogonal cyclic 8-cycle decompositions of Ky — 1.

Analogously, if we consider the partial sums of each row (column, respectively) in
Zq61, we obtain the cycles Ci (C” respectively):

dfc i #6,9; Ci=Cj j#1,2
(58 109 159, 57,8, 117,60, 0); C} = (77,82,116,13,136, 63, 1,0);
= (—62,-117, 10,73, -20, ~125,-64,0); 4 = (80,88, 131,21, 135,59, 4,0).

Now B = {C},...,Cy} and B = {C!,...,Cl,} are two sets of base cycles of a pair
of orthogonal cyclic 8-cycle decompositions of K.

3 Biembeddings of cycle decompositions

This section is dedicated to the connection between Heffter arrays and biembeddings
of two cycle decompositions on an orientable surface. We recall that an embedding
of a graph with each edge on a face of size k and on a face of size h is called a
biembedding. We point out that a biembedding is 2-colorable with the faces that are
k-cycles receiving one color while those faces that are h-cycles receive the other color
(see [15]).

Consider now a generic partially filled square array A of size n such that its N
nonempty entries are pairwise distinct. As usual, we identify each row (column)
of A with the set whose elements are the entries of the nonempty cells of such
a row (column). Let w, (w., respectively) be any ordering of the rows (columns,
respectively) of A. We say that w, and w. are two compatible orderings if w, o w, is
a cycle of order N.

In particular, the following result holds:

Theorem 3.1 Given a Heffter array H = H(m,n; h, k) with simple compatible or-
derings modulo 2nk +1 (2nk + 2, respectively) w, on the rows and w. on the columns
of H, there exists a biembedding of Koprs1 (0f Konksro — I, respectively) on an ori-
entable surface such that every edge is on a simple cycle face of size k and on a
simple cycle face of size h.
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PROOF: The result for complete graphs was obtained by Archdeacon [2, Sections 3
and 4] using current graphs. This construction is based on a paper of Gustin [18§]
that works in general for Cayley graphs, implying the result for cocktail graphs. O

Let £ > 1 be an odd integer and let A = (a; ;) be a partially filled square array
of size n. We say that the element a,; belongs to the diagonal Dy if j —i=s—1
(mod n). Moreover, A is said to be cyclically k-diagonal if the nonempty cells of A
are exactly those of the diagonals D, with s € {r,...,r+k—1} for a suitable integer
red{l,...,n}

Example 3.2 The following partially filled array A of size n = 9 is cyclically 5-
diagonal (with r = 8):

38139140 36 | 37
42143 | 44 | 45 41

11112 13|14 | 15
16 | 17 |18 | 19| 20
21122232425
30 26 | 27| 28|29
34| 35 31132133

Given a cyclically k-diagonal array A whose nonempty cells belong to the di-
agonals D, D,41,...,D,;;—1, we can relabel its elements setting b, ; = a;—r41,
where the indices are considered modulo n in such a way that they belong to the
set {1,...,n}. We obtain a partially filled array B of size n which is still cyclically
k-diagonal but with nonempty diagonals Dy, ..., Dy. We call such B the standard
form of A.

Note that this procedure has no influence on any orderings w, and w, of the rows
and of the columns of A, respectively.

Example 3.3 Starting from the array A of Example 3.2 we get the following B:

11 2| 3| 4] 5
6 7] 8] 910
11112 13|14 | 15
16 |17 |18 |19 | 20
2122232425

30 26 | 27| 28|29
34| 35 31132133
38139140 36 | 37
42143 | 44 | 45 41

Proposition 3.4 Let k be an odd integer and let A be a cyclically k-diagonal par-
tially filled square array of size n > k such that its nonempty entries are pairwise
distinct. If ged(n,k — 1) = 1, then there exist two compatible orderings w, and w. of
the rows and the columns of A.
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PROOF: It is not restrictive to consider A written in the standard form, so that its
nonempty entries are the diagonals Dy,..., D,. Let w, be the natural ordering of
the rows of A from left to right and let w,. be the natural ordering of the columns of
A from top to bottom for the first n — 1 columns, and from bottom to top for the
last column, namely:

wr = (a11,019,...,01)(a22,023...,02%+1)  (Anny Cn1 - -+ Qp—1),

We = (ankarQ,la Ap—k+3,15 -+ -5 An,1, al,l)(anfk+3,27 Ap—k+4,25 - - -5 An,2, 01,2, a2,2) T
(an,kfla a1 k—1,02k—1,- - - aakfl,kfl)(al,ka A2 fy -+ ak,k)
(a2,k+1, A3 k415 -+ -5 ak+1,k+1) e (an—k,n—ly Ap—k+1,n—15- - - ,an—1,n—1)
(s A1y -« -5 Akt 1m)-

Then w, o w, moves cyclically from left to right and goes down n — 1 times and up
once. Setting t =n — k + 1, we obtain that

/ / !/ / !/ /
Wy OWe = (D2a D4a ey Dkfla Dl) D37 ceey Dk—27 at,k‘-ﬁ-t—la a’2t,k‘+2t—la ey ant,k—f—nt—l)a
where the indices are considered modulo n, and D’ is the sequence

Ap—s+1mny An—s+21y - - -y An s—1, A1 5y A2 5415+« +  Ap—sn—1-

Note that, for s € {1,...,k— 1}, the elements of D’ are exactly the ones of the diag-
onal Dy and hence are pairwise distinct. The last n elements a; gi¢—1, G2t kt2t—15 - - -,
nt p+nt—1 belong to the diagonal Dy and are pairwise distinct since ged(n,t) = 1.
Therefore w, o w, is a cycle of order nk. O

Example 3.5 Considering the array B of Example 3.3 we have the following order-
ing for the rows:

w, = (1,2,3,4,5)(6,7,8,9,10)(11,12,13, 14, 15)(16, 17, 18, 19, 20)
(21,22, 23,24, 25)(26, 27, 28, 29, 30)(31, 32, 33, 34, 35)(36, 37, 38, 39, 40)
(41, 42,43, 44, 45)

9

and the following ordering for the column:

we = (30,34,38,42,1)(35,39,43,2,6)(40,44,3,7,11)(45,4, 8,12, 16)
(5,9,13,17,21)(10, 14, 18, 22, 26)(15, 19, 23, 27, 31)(20, 24, 28, 32, 36)
(41,37,33,29,25).

Hence,

wyow, = (37,42,2,7,12,17,22,27,32,29,34,39,44,4,9,14, 19, 24,41, 1,6, 11, 16,
21,26,31,36,33,38,43,3,8,13, 18, 23, 28, 25, 5, 30, 10, 35, 15, 40, 20, 45).

Proposition 3.6 Let A be a cyclically 7-diagonal partially filled square array of odd
size n > 7, such that its nonempty entries are pairwise distinct. Then there exist two
compatible orderings w, and w,. of the rows and the columns of A.



S. COSTA ET AL./AUSTRALAS. J. COMBIN. 72 (3) (2018), 549-593 5959

PROOF: It is not restrictive to consider A written in the standard form, so that its
nonempty entries are the diagonals Dq,...,D7;. Let w, be the natural ordering of
the rows of A from left to right and let w,. be the natural ordering of the columns of
A from top to bottom for the first n — 4 columns, and from bottom to top for the
last 4 columns, that is:

Wy = (al,l, ar2,..., a1,7)(a272, azs. .. ,a,g?g) te (an,n, ap1--- ,anﬁ),

We = (%—5,1, Ap—41,---,0n1, a1,1)(an—4,2, Ap—32,...,0p 2,012, a2,2) te
(an,6, CLLG, a2,6, ey a6,6)(a1,7, CL277, e ,CL777) (ag’g, a3,8, N (lg’g) e
(anflo,nf47 Ap—9n—4, .-, anf4,n74> (an,37n,3, Ap—4n—3,-- -, an79,n73)
(@n—2m-2, Gpn—3n-2, - Gn-8n—2)(An-1n—1, Un—27—1s - - - Gn—7n—1)
(s A1y - - 5 Gn—6n)-

Then w, o w, moves cyclically from left to right and goes down n — 4 times and up
four times. It can be showed that w, o w. is a cycle of order 7n. However, since
the proof depends on the residue class of n modulo 6, we present here only the case
n =3 (mod 6), i.e. the case not covered by Proposition 3.4 (for n = 9 it suffices an
ecasy direct check, so we also assume n > 9).

For s =1,...,6, consider the sequences
/
Ds = Ap—s+1mny An—s+2,1y -« - Ap s—1, @15y A2 5415+« + , Ap—3—sn—4a
and
E. — Ap—9+sn—3+s) An—94+s—6,n—3+s—67  * + » a's,6+sa a'n—6+s,s it s = ]-7 2a 3)
s = .
Apn—15+5,n—9+5) An—154+5—6,n—9+5—65 - - - y A5 6455 An—6+s,s if s = 47 5a 6.

Then, it is easy to see that

_ / / /
Wr OWe = (D47 Ap—8n—3, An—2n—2; An—3 n—1, D57 E67 D27 Ap—6,n—3, An—7,n—2; An—1,n—1,
/ /
D3a Ap—7n—3, Ey, By, An—3,n—2, An—4,n—1, D6> An—3n—3, An—4,n—2; An—5n—1,
/
Es, An—4.n—3, An—5n—2; An—6,n—1, D1, An—5n—-3, An—6,n—2, Es, B, an—Q,n—l)'

Since the elements of D! are those of Dy \ {an—2-s5n-3, Gn—1-sn—2, Gn_sn1} for all
s=1,...,6 and the elements of £y U...U Eg are those of Dy, it follows that w, o w.
is a cycle of order Tn. O

4 Direct constructions of SH*(n; k) for k < 10

In this section, we provide direct constructions of SH*(n; k) for 6 < k& < 10 and for
any n satisfying the necessary conditions of Theorem 1.3.

Clearly, the main task is to check the simplicity of each row and each column.
A little help is given by noticing that, from Definition 1.1, the i*" partial sum s; is
different from s; ;1 and from s;,5 both modulo 2nk+1 and modulo 2nk+2, where the
subscripts are taken modulo k. So, if K = 3,4,5 then every ordering of any row and
column of an H = H(n; k) is simple both modulo 2nk + 1 and modulo 2nk + 2, and
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hence H is an SH*(n; k). We recall that, for these values of k, explicit constructions
of H(n; k) have been described in [4, 17]. So, we start with the case k = 6.

We also fix some notation. Given a row or a column A of a partially filled array,
we denote by ||A|| the list of the absolute values of the nonempty entries of A and
by S(A) the sequence of the partial sums of A with respect to the natural ordering
(ignoring the empty cells). More generally, if Aj,..., A, are rows (or columns), by
|Ur_; A;|l we mean the union Ul_, ||4;||. Furthermore, [0 means a sequence of t
empty cells.

Proposition 4.1 Let n > 6 be even. Then, there exists an SH*(n;6).

PRrROOF: Let H be the n x n partially filled array whose rows R; are as follows:

R = (5,-1,2,-7,-9,10,00"°F),
Ry = (—4,3,-6,8,11,—12,0"°°),
R3ioi = (D2+2’ —13 — 120,17 + 126,14 + 123, —19 — 124, —21 — 124,22 + 124, 00" 872",
Ryio; = (O*"%15 4120, —16 — 124, —18 — 124,20 + 12i,23 + 124, —24 — 124, 0" 872%),
R, 3 = (=144 6n,15—6n,0"7% 23 — 6n, 194 6n, —22 + 61,17 — 6n),
Rn_o = (12—=6n,—13+ 6n,0" 5 —21 + 61,20 — 61,18 — 61, —16 + 6n),
Ron1 = (5—6n,—10+6n,3 —6n,—2+ 6n,0" % 11 — 6n, -7+ 6n),
R, = (—4+6n,6—06n,—146n,—6n,0"5% -9+ 6n,8—6n),
where 1 =0, ..., ”778. Note that every row contains exactly 6 filled cells. Also, it is

casy to see that ||Ropi1 U Ropyoll = {1+ 12h,...,12+ 12k} for all h = 0,..., 252

Hence, H satisfies conditions (a) and (b) of Definition 1.1. Now, we list the partial
sums for each row. We have

S(R)) = (5, ,6, ~10,0),

S(Ry) = (—4, 7,1,12 0),
S(R3pi) = (—13 —1224 18 + 12i, —1, —22 — 12i, 0),
S(Raysi) = (15+12i,—1,-19—12i,1,24 + 12i,0),
S(Ru_s) = (- 14+6n,1,24 6n, 5, —17 + 6n, 0),
S(Ru_s) = (12— 22+6n —2.16 — 6n,0),
S(Rn-1) = (65— 6n7 —6n,—4,7—6n,0),

S(R,) = (—4+ 6n, 2 1+6n,1,—8+6n 0).

Clearly, each row sums to 0. In view of previous considerations, in order to prove
that each row is simple modulo v € {12n + 1,12n + 2} it suffices to prove that
s; Z Si+3 (mod v) for i = 1,2,3. From the definition of H we obtain the following
expression of the columns:

C, = (5,—4,0"% 144 6n,12 — 60,5 — 6n, -4+ 6n)7,

Cy, = (-1,3,0" 3 ,15 — 61, —13 4 6n, —10 + 61,6 — 61)",

C3 = (2,-6,-13,15,0"63 —6n,—146n)7,

Cy = (-1, 8 17,-16,0"75 —2 + 6n, —6n)",
Csioj = (0%,-9 124,11+ 124,14 + 125, —18 — 125, —25 — 124,27 + 125, 0" 6=2) T
Coro; = (O0%,10 + 124, —12 — 124, —19 — 125, 20 + 125,29 + 124, —28 — 125, 0" 6729)T
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where 7 = 0,..., "776. We observe that each column contains exactly 6 filled cells,

then condition (c) of Definition 1.1 is satisfied. The lists of the partial sums of the
columns are

S(C) = (5,1,-134+6n,—1,4—6n,0),

S(C2) = (-1,2,17—6n,4,—6+ 6n,0),

S(Cy) = (2,—4,-17,-2,1— 6n,0),

S(Cy) = (~7,1,18,2,6n,0),
S(Csi2;) = (—9—124,2,16+ 125, —2, —27 — 125,0),
S(Corz;) = (10+12j5,—2,—21 — 125, —1,28 + 125,0).

Since every column sums to 0, also condition (d) of Definition 1.1 holds and so H
is an H(n;6). Finally, for each column one can check that s; # s;43 (mod v), for
i=1,2,3, where v € {12n+1,12n+ 2}. So we conclude that H is a globally simple
SH(n;6) that also satisfies condition (x), namely H is an SH*(n;6). O

Example 4.2 Following the construction illustrated in the proof of Proposition 4.1
for n = 8, we obtain

51 —1 21 =71 -9 10
—4 3| —6 8 11| —12
—-13 17 14| —-19 | -21 22

15| -16 | —18 20 23| —24

SH*(8;6) =

34| =33 —25 29 26 | =31
—36 35 27| 28| =30 | 32
—43 38 | —45 46 =37 41
44 | —42 | 47| —48 39 | —40

Proposition 4.3 Let n =0 (mod 4) and n > 8. Then, there exists an SH*(n; 7).

PrROOF: An SH*(8;7) and an SH*(12;7) are given in [12]. So, assume n = 4a > 16
and let H be the n x n array whose rows R; are the following:

Ry = (—5a,0%78 3 —24a,0, -3 + 16a, 0%, —1 — 2a,0%* %, —4 + 24a,0,4 — 16a,
0,1+ 7a,0),

Ry = (0O,-2—6a,0%78 5 28a,00, 5+ 20a,1%,2,0%* % —6 + 28a,, 6 — 20a,
0, 6a),

Ry = (2+7a,0,1—5a,0%78 7 —24a,0, -7+ 16a,1%, -3 — 2a,0%*7 6 —8 + 24a,
0,8 — 16a, D),

Ry = (O,-1+6a,0,-3—6a,0%8,9 — 284,00, -9 + 20a,01%,4,0%*75 —10 + 28a,
0,10 — 20a),

Rs = (12—16a,0,3+ 7a,0,2 — 5a,0%*78 11 — 244,00, —11 + 16a, 1%, -5 — 2a,
0276, 12 + 24a,0),

Rs = (0,14 —20a,0, -2 + 6a,0, —4 — 6a,0%*7 8,13 — 28a,0, —13 + 20a, 1%, 6,
[0%6, —14 + 28a),

Rryoi = (0%, 16 + 24a — 44,00,16 — 16a + 4i,0,4 + Ta +i,00,3 — 5a 4 4,0%* 8,

15 — 24a + 4i,0, —15+ 16a — 44,0, —7 — 2a — 2i, 12*7572)
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Rgioi = (O 18 +28a — 44,00,18 — 20a + 44,0, =3 + 6a — 4,00, =5 — 6a — i, [12* "5,
17 — 28a + 4i, 0, —17 + 20a — 43,03, 8 4 24, 0% 7—2),

Rou1 = (0%78,28a,0, —20a, 0, 8a,0, —12a, %78, -1 — 20a, 0, 1 4 12a, 33, 4a, 0?),

Ry = (0277, -2 4 244,00,2 — 16a, 0,1 + 54,0, —9a,0%* % 1 — 24a,0, —1 + 164,

3, —1 4 4a,0),

Rouy1 = (O0%7% —4 4 28a,0,4 — 20a,0,10a, 0, —1 — 10a,0%*78,3 — 284,00, —3 + 20a,
DSa 1)7

Roaio = (=2—2a,0%75 —6+24a,00,6 — 16a,0,1 4 11a,0,1 — 9a,0%*~% 5 — 24a,
O, —5 + 16a, %),

Rouys = (0,3,0%07°% -8 +28a,0,8 — 20a,0, —1 + 10a, 0, —2 — 10a, 0%**~8, 7 — 28a,
0, —7 + 20a,0?),

Rogra = (0% —4—2a,0%75 —10 + 24a,0,10 — 16a, 0,2 + 11a,0,2 — 9a, %78,
9 — 24a,0, -9 + 16a,0),

Rouys = (02,5,0%97% —12 4 284,0,12 — 20a,0, —2 + 10a, 3, —3 — 10a, 0%* 8,
11 — 28a,0, —11 + 20a),

Rour6 = (=134 16a,00% —6 — 2a,0%**75 —14 + 244,00, 14 — 16a,,3 + 11a,, 3 — 9a,
%7813 — 24a,0),

Rouyr = (O,—15+ 20a,03,7,0%7% 16 + 28a,0, 16 — 20a,d, —3 + 10a,J, —4 — 10a,
(%8 15 — 28a),

Roaisioi = (O0%,17 —24a + 44,0, —17 + 16a — 44,03, —8 — 2a — 2,027~ C
—18 4 24a — 4i,00,18 — 16a + 4i, 0,4 + 11la+4,0,4 — 9a + 4, 0%*872%),
Roaroroi = (02019 — 28a + 44,0, —19 + 20a — 44,03,9 + 2, 02%~°, —20 4 28a — 44,
0,20 — 20a + 44,0, —4 4 10a — i,0, =5 — 10a — 4,[0%27972%),
Ry, = (0?81 —28a,0, 1+ 20a,% 24,027 % —2 + 28a,,2 — 20a,
0,1+ 4a,0, -1 — 6a),
where © = 0,...,a — 5. Note that each row contains exactly 7 elements. It is not
hard to see that
|US=5 Rogai UUI_gRoa—112; U Raal| = {1,...,2a} U{4a,4a+1}U{ba+2,...,7a}U

{8a}U{9% +1,...,11a}U{12a,12a + 1}U
{16a,...,20a + 1} U {24a, ..., 28a},
VS5 Rigai UUIZg Roasaj|| = {2a+1,...,4a—1}U{da+2,...,5a+ 1} U{Ta+1,...,
8a—1}U{8a+1,...,9a}U{lla+1,...,12a — 1}U
{12a+2,...,16a — 1} U {20a + 2, ...,24a — 1}.

Hence, H satisfies conditions (a) and (b) of Definition 1.1. Now, we list the partial
sums for each row. We have

S(R1) = (-5a,3—29a,—13a,—1—15a,—5+ 9a,—1 — 7a,0),

S(R2) = (-2-6a,3—34a,—2 — 14a,—14a,—6 + 14a, —6a,0),

S(Rs) = (24 7a,3+2a,10 — 22a,3 — 6a, —8a, —8 + 16a,0),

S(Ry) = (—1+6a,—4,5— 28a,—4 — 8a, —8a, —10 + 20a, 0),

S(Rs) = (12-16a,15—9a,17 — 14a,28 — 38a, 17 — 22a, 12 — 24q, 0),
S(Rs) = (14 —20a,12 — 14a,8 — 20a,21 — 48a,8 — 28a, 14 — 28a, 0)
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S(Rry2i) = (—16+24a — 4i,8a,4 + 15a + 14,7 + 10a + 2i, 22 — 1da + 6, 7+ 2a + 2i,0),
S(Rst2i) = (—18+ 28a — 4i,8a, —3+ 14a — i, —8 + 8a — 2i,9 — 20a + 2i, —8 — 2i,0),
S(Raq-1) = (28a,8a,16a,4a,—1— 16a,—4a,0),
S(Ree) = (- 2+24a,8a,1+13a,1+4a,2720a,174a,0),
S(Roa+1) = (—4+ 28a,8a,18a,—1+ 8a,2 — 20a,—1,0),
S(Rag42) = (—2-—2a,-8+422a,—2+ 6a,—1+ 17a,8a,5 — 16a,0),
S(Roass) = (3,—5+ 28a,3+8a,2 + 18a,8a,7 — 20a,0),
S(Roq+4) = (—4—2a,—14+ 22a,—4+ 6a,—2+ 17a,8a,9 — 16a,0),
S(Roats) = (5,—7+28a,5+ 8a,3+ 18a,8a, 11 — 20q,0),
S(Raars) = (—13+16a,—19+ 14a, —33 + 38a, —19 + 22a, —16 + 33a, —13 + 24a,0),
S(Roas7) = (—15+20a, —8 + 20a, —24 + 48a, —8 + 28a, —11 + 38a, —15 + 28a, 0),
S(Roats+2:) = (17— 24a+ 4i,—8a,—8 — 10a — 2i,—26 + 14a — 6i, —8 — 2a — 2,
—4 4 9a —1,0),
S(Roasos2i) = (19— 28a +4i,—8a,9— 8a + 2i,—11 + 20a — 2,9 + 2,5+ 10a + i, 0),
S(Rsya) = (1—28a,—8a,—6a,—2+ 22a,2a,1+ 6a,0).

Clearly, each row sums to 0. By a direct check (keeping in mind previous consid-
erations on partial sums) one can see that the elements of each S(R;) are pairwise
distinct modulo 14n + 1 and modulo 14n + 2 for any n = 0 (mod 4). From the
definition of H we obtain the following expression of the columns:

C, = (=5a,0,2+ 7a,0,12 — 16a,0, —16 + 24a, 02?7 ¢, -2 — 24,03, —13 + 164, 0,

17 — 24a, 0% 8T

Coyoi = (OY% -2 —6a—i,0,—1+6a —14,00,14 — 20a + 44,00, —18 4 28a — 4,122~ C,
34 2i,03, =15 + 20a — 44,0,19 — 28a + 44,022 972)T

Csyon = (0?21 —5a+h,0,3+ 7a+ h,0,16 — 16a + 4h, 0, —20 + 24a — 4h,0%77°,
—4 — 2a — 2h, 33, —17 4 16a — 4h, 0,21 — 24a + 4h, 02210721

Coa7 = (O%*8 —4—4a,0, -2+ 8a,00, -4 — 12a,,28a, 02" 6 — 4a, 33,3 + 12a,
0,1 —28a)7,

Coae = (3—24a,0%782—7a,0,3+ 5a,0, -2 — 16a,0, —2 + 24a,1%* 75 —5 + 2a,
03,1 + 16a,0)7,

Coas = (0,5—28a,0%78 —3 —4a,0,—1 4 8a,, —20a, 0, —4 4 28a, %76 4 — 4aq,
%, -1+ 20a)”,

Coas = (=34 16a,0,7—24a,0%781 — 7a,0,2 + 5a,0,2 — 16a, 0, —6 + 24a, %6,
—3 4 2a,0%)7,

Coaz = (0O,-5+20a,0,9 — 28a, 028 —2 — 44,0, 8a, 1,4 — 20a,, —8 + 28a, (12*~C,
2 — 4a,0H7,

Coao = (0% =7+ 16a,0,11 — 24a,0%**8 —7a,0,1 + 5a,0,6 — 16a, 0, —10 + 24a,
%76, —1 4 2qa,0)7,

Coarr = (O3, =9+ 20a,0,13 — 28a,0** 8 —12q,0, 10a, 3, 8 — 20a, [, —12 + 28a,

D2a767 2(1)T,
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Coat1+25

C4a—2

C14(171

C4a
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(O%, -1 —2a — 25,33, =11 + 16a — 45,0, 15 — 24a + 45,0%78, —9a + 4,0,
1+ 1la+5,0,10 — 16a 4 45,0, —14 + 24a — 45,022 6=2)T

(O 2 425,03, —13 4 20a — 44,0,17 — 28a + 45,028 —1 — 10a — j,

O, -1+ 10a — j, 0,12 — 20a + 47,0, —16 + 28a — 45, 02*~ 72T

(0%755 — 40,031 + 12,0, 3 — 284,028, -3 — 8a,0, —2 + 124, 0,

—2 — 124,00, -2 4 28a)7,

(—4 + 240,026 —4 + 24,003, -1 + 164,00, 5 — 24a,0**7% 2 — 11a,0,

2+ 9a,0, —16a,0)7,

(0, —6 4 28a,0%76,3 — 44,03, -3 + 20a, 0, 7 — 28a,0%**~ 8 —2 — 8a, [,
—1+12a,0,2 — 20a)7,

(4 — 16a,0, =8 + 24a,0**7 5 —2 + 24,0, —5 + 16a,,9 — 24a,0%*"% 1 — 11a,
0,1+ 9a,0)7,

(0,6 — 20a,, —10 + 28a, 0% 4a,0%, —7 + 204,00, 11 — 28a,0%* 8 —1 — 8a,
0,1+ 4a)7,

(14 7a,0,8 — 16a, 0, —12 4 24a,0%*7 5 —1 4 4a,0%, —9 4 16a,0, 13 — 24a,
%8, —11a,0)7,

(0,6a,0,10 — 20a, 0, —14 4 28a,1%*75 1,0°, —11 + 20a,, 15 — 28a,

D2a—87 _1_ GG)T,

fort=0,...,a—5, h=0,...,a—6 and 7 =0,...,a — 4. Note that each column
contains exactly 7 elements, hence H satisfies also condition (c). One can check that
the partial sums for the columns are the following:

—b5a,2+ 2a,14 — 14a, -2 + 10a, —4 + 8a, —17 + 24a, 0),

—2—6a—i,—3 —2i,11 — 20a + 2i, —7 + 8a — 2i, —4 + 8a, —19 + 28a — 4i,0),
1—5a+ h,4+4 2a+ 2h, 20 — 14a + 6k, 10a + 2h, —4 + 8a, —21 4 24a — 4h,0),
—4— da, —6+ 4a, —10 — 8a, —10 + 20a, —4 + 16a, —1 + 284, 0),

3 — 24a,5 — 31a,8 — 26a,6 — 42a,4 — 18a, —1 — 16a, 0),

5—28a,2 — 32a,1 — 24a, 1 — 44a, —3 — 16a,1 — 20a, 0),

-3+ 16a,4 — 8a,5 — 15a,7 — 10a,9 — 26a, 3 — 2a,0),

-5+ 20a,4 — 8a,2 — 12a,2 — 4a,6 — 24a, —2 + 4a,0),

—7+16a,4 — 8a,4 — 15a,5 — 10a, 11 — 26a, 1 — 2a,0),

—9+20a,4 — 8a,4 — 20a,4 — 10a, 12 — 30a, —2a, 0),
“1-2a—2j,—12+ 14a — 64,3 — 10a — 2,3 — 19a — j,4 — Sa,

14 — 24a + 45, 0),

24 2j,—11+ 20a — 25,6 — 8a + 25,5 — 18a + j,4 — 8a, 16 — 28a + 47, 0),

5— 4a,6 + 8a,9 — 20a, 6 — 28a,4 — 16a, 2 — 28a, 0),

4+ 24a,—8 + 26a, —9 + 42a, —4 + 18a, —2 + 7a, 164, 0),

6 + 28a, —3 + 24a, —6 + 44a,1 + 16a, —1 + 8a, —2 + 20a, 0),

4 —16a,—4 + 8a, —6 + 10a, —11 + 26a, —2 + 2a, —1 — 9a, 0),

6 — 20a, —4 + 8a, —4 + 12a, —11 + 32a,4a, —1 — 4a,0),

14+7a,9—9a,—3+ 15a,—4 + 19a, —13 + 35a, 11a,0),

6a,10 — 14a, —4 + 14a, —3 + 14a, —14 + 34a, 1 + 6a, 0).

(
(
(
(
(
(
(
(
(
(
(

(
(
(
(
(
(
(
(
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Note that each column sums to 0 and so condition (d) is satisfied, hence H is an
H(n; 7). By a direct check one can verify that the elements of each S(C;) are pairwise
distinct modulo 14n + 1 and modulo 14n + 2 for any n = 0 (mod 4). Thus, for these
values of n, H is an SH*(n; 7). O

Proposition 4.4 Let n =1 (mod 4) and n > 9. Then, there exists an SH*(n; 7).

PROOF: Assume n = 4a + 1 > 9 and let H be the n x n array whose rows R; are

the following:

Ry
Ry
R3

Ryyai
Rs 4
Rey4i
R74
Ryq1

R4a

R4a+1

where ¢ = 0, ...

(=1 —4a,—5 — 16a, —2 — 7a,5 4 12a,0**75 6 + 28a,3 + 11a, —6 — 24a),
(=5 — 18a, —4a, —7 — 22a, —3 — 8a, 6 + 14a,[**75 6 4 264, 3 + 12a),

(3 +9a,—6 — 20a, —1 + 2a, —7 — 20a, —2 — 11a, 6 + 12a,3** ¢ 7 + 284),
(0%, 7+ 26a + 2i,2 + 8a — i, —6 — 18a — 2i,1 — 4a + 2i, —8 — 22a — 2i,

—3 —da —i,7+ l4a + 23,0674,

(O 7 + 240 + 24,3 + 5a + 4, —6 — 16a — 2i, —2 4 2a — 24, —8 — 20a — 2i,
—1—Ta+i,7+12a + 2, 0%~ 74,

(O*4 8 + 260 + 24,2 + 12a — i, —7 — 18a — 2i,2 — 4a + 2i, —9 — 22a — 2i,
—4 —8a — 1,8 + 14a + 2i,O%~8-41)

(O34 8 + 24a + 25,4 + 9a + j, —7 — 16a — 25, —3 + 2a — 2j, —9 — 20a — 27,
—1—1la+ 7,8 + 12a + 2j,0%9747),

(4 + 14a,0%=% 4 + 26a,2 + 10a, —3 — 18a, 1, —5 — 22a, —3 — 10a),

(=2 — 5a,4 + 12a,0%~° 5 + 28a, 3 + 7a, —4 — 20a, —1 — 2a, —5 — 20a),
(=6 — 22a, —2 — 4a, 5 + 14a,0*75 5 4 26a,2 + 6a, —4 — 18a, —2a),

,a—2and 5 =0,...,a — 3. Note that each row contains exactly 7

elements. One can see that

UL [[R24i U Ragtill = {1,2a—1,2a,2a+ 1,4a,4a+ 1,4a+ 2,5a + 2,6a + 2, Ta + 2,
Ta+3,8¢+3,9a+ 3,10a + 2,10a + 3,11a + 2, 11a + 3}U
{12¢+3,...,12a+ 6} U{1l4a + 4,14a + 5,14a + 6,16a + 5,
18a+3,18a + 4,184+ 5} U {20a + 4, ..., 20a + 7} U {22a + 5,
22a +6,22a + 7,24a + 6, 26a + 4, 26a + 5, 26a + 6,28a + 5,
28a + 6,28a + 7},

Ut Rayi|| = {2,....2a—2}U{2a+2,...,4a— 1} U{da+3,...,5a + 1}U

{a+3,...,6a+1}U{6a+3,...,Ta+1}U{7a+4,...,8a+2}U
{8a+4,...,9a+2}U{9a+4,...,10a + 1} U{10a+4,...,11la+ 1}U
{1la+4,...,12a+ 2 U{12a+7,..., 14a+ 3} U {lda + 7, ..., 16a + 4}U
{16a+6,...,18a+ 2} U{18a +6,...,20a+ 3} U{20a +8,...,22a + 4}U
{22a+8,...,24a+ 5 U{24a+7,...,26a+ 3 U {26a+7,...,28a + 4}.

Hence, H satisfies conditions (a) and (b) of Definition 1.1. Now, we list the partial
sums for each row. We have

S(R1)
S(Ro)
S(Rs)

S(Ratai)

(=1 — 4a, —6 — 20a, —8 — 27a, —3 — 15a,3 + 13a, 6 + 24a, 0),

(=5 — 18a, —5 — 22a, —12 — 44a, —15 — 52a, —9 — 38a, —3 — 124, 0),

(3+9a,—-3 — 11la,—4 — 9a, —11 — 29a, —13 — 40a, —7 — 28a, 0),

(7+26a +2i,9+ 34a+i,3+ 16a — 4,4 + 12a + i,—4 — 10a — i, —7 — 14a — 24,0),



S(Rs14i) =

S(Re44i) =
S(Rry45) =

S(Rélafl ) =
S(Rya) =
S(R4a+1) =
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(74 24a+ 24,10 + 29a + 3i,4 + 13a + 4,2 + 15a — i, —6 — ba — 3i,

—7—12a — 2i,0),

(8 + 26a + 2i,10 4+ 38a + i, 3 + 20a — 4,5 + 16a + i, —4 — 6a — i, —8 — 14a — 2i,0),
(84 24a+25,12+33a+ 35,5+ 17a+ 4,2+ 19a — j, =7 — a — 3,

—8 — 12a — 24,0),

(4 + 14a,8 4 40a, 10 + 50a, 7 + 32a,8 + 32a,3 + 104, 0),

(=2 —5a,2+ 7a,7+ 35a,10 + 42a, 6 + 22a,5 + 20q, 0),

(—6 — 22a, —8 — 26a, —3 — 12a, 2 + 14a,4 + 20a, 24, 0).

Note that each row sums to 0. By a direct check one can verify that the elements
of each S(R;) are pairwise distinct modulo 14n + 1 and modulo 14n + 2 for any
n =1 (mod 4). From the definition of H we obtain the following expression of the

columns:
01 =

Cs

C3

Cayai

Cs44i =

Cotai =

C4a—1 =
C4a =

C14aJr1

where ¢ = 0, .

(=1 —4a,—5— 18a,3 + 9a, 7 + 26a,1**75 4 4 14a, —2 — 5a, —6 — 22a)7,

(=5 — 16a, —4a, —6 — 20a, 2 + 8a, 7 + 24a,0**75 4 4 124, -2 — 4a)T,

(=2 —7a,—7— 22a, —1 + 2a, —6 — 18a, 3 + 5a, 8 + 264,177 5 4 14a)7,
(O%,5 +12a + 2i,—3 — 8a — i, —7 — 20a — 2i,1 — 4a + 2i, —6 — 16a — 24,

2+ 12a — 0,8 + 24a + 2i, 0640 T

(046 + 14a + 26, —2 — 1la + i, —8 — 22a — 24, —2 + 2a — 2i, —7 — 18a — 2i,
4+ 9a+1i,94 26a + 2i, 01" TAHT

(0% 6 +12a + 2i, —3 — 4a — i, —8 — 20a — 2i,2 — 4a + 2i, —7 — 16a — 2i,
1+ 8a —i,9 + 24a + 2i,0% 84O T

(O34 7 + 14a + 25, —1 — Ta + §, —9 — 22a — 2§, —3 + 2a — 2j, —8 — 18a — 2j,
44 5a + 7,10 + 26a + 25, 04974 T

(6 + 28a,0%**® 3 + 16a, —3 — 6a, —5 — 24a, 1, —4 — 20a,2 + 6a)’,

(3 + 11a,6 + 262,075 3 4 14a, —2 — 9a, —5 — 22a, —1 — 2a, —4 — 18a)7,
(=6 — 24a,3 + 12a,7 + 28a,0%*° 4 + 16a, —3 — 10a, —5 — 20a, —2a)%,

..,a—2and 57 =0,...,a—3. Note that each column contains exactly

7 elements, hence H satisfies also condition (c). One can check that the partial sums
for the columns are the following:

S(Cy)
(C2)
(Cs)
S(Cyra4)

S
S

S(Csy4i)
S(Co444)
S(Cry45)

8(04(1—1 )

= (-1-4a,—6 —22a,—3 — 13a,4+ 13a,8 + 27a,6 + 22a,0),

= (=5-16a,—5 — 20a, —11 — 40a, —9 — 32a, —2 — 8a, 2 + 4a,0),

= (~2—7a,—9— 29a, 10 — 27a, —16 — 45a, —13 — 40a, —5 — 14a, 0),
= (5+12a+2i,2+4a+i,—5— 16a —i,—4 — 20a + i, —10 — 36a — i,

—8 — 24a — 2i,0),

= (6+414a+2i,4+3a+3i,—4—19a+1i,—6 — 17a — i, —13 — 35a — 3i,
—9 — 26a — 2i,0),

= (6+12a+2i,3+8a+1i,—5—12a—i,—3 — 16a +i,—10 — 32a — 4,
—9 — 24a — 2i,0),

= (74 14a+25,6 + 7a+ 3j,—3 — 15a + j, —6 — 13a — j, —14 — 31a — 3j,
—10 — 26a — 24,0),
= (6 +28a,9+ 44a,6 + 38a,1 + 14a,2 + 14a, —2 — 6a, 0),
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S(Ci) = (3+11a,9+ 37a,12 + 51a, 10 + 42a, 5 + 20a, 4 + 184, 0),
S(Ciaq1) = (—6—24a,—3 —12a,4+ 16a,8 + 32a,5 + 22a, 2a,0).

Since each column sums to 0, condition (d) holds and hence H is an H(n;7). By
a direct check one can verify that the elements of each S(C;) are pairwise distinct
modulo 14n + 1 and modulo 14n + 2 for any n =1 (mod 4). Thus, for these values
of n, H is an SH*(n; 7). O

Example 4.5 Let n = 9, by the construction given in the proof of Proposition 4.4,
we obtain the following SH*(9;7):

-9 | =37|-16| 29 62 25 | =54
—41| -8 | =51 | =19 | 34 58 27
21 | —46| 3 | —-47|—-24] 30 63

99 18 | 42| -7 | =52 | —11| 35
95 13 | =38 2 | —48|—-15| 31
60 26 | —43| =6 | =53 | —20 | 36

32 o6 22 | -39 1 |—-49|-23
—12| 28 61 17 | —44 | —5 | =45
-50 | —-10| 33 o7 14 | 40| —4

Proposition 4.6 Let n > 8 be even. Then, there exists an SH*(n;8).

PROOF: An SH*(8;8) can be found in [12]. So, assume n > 10.
Case 1.n =0,2 (mod 6). Let H be the n xn array whose rows R; are the following:

Ri = (=3+8n,8n,1—8n,10 —8n,9 —8n,2 —8n, 0" % —11 + 8n, —8 + 8n),
Royoi = (02T —17 — 167, —20 — 164, —25 — 160, —28 — 164,27 + 16i, 18 + 16i, 19 + 161,
26 + 164,07 10721),
R3io; = (0%,54 164,8+ 164,13 + 164,16 + 165, —15 — 165, —6 — 165, —7 — 167,

—14 — 165,082,
R (—45 + 8n, —38 + 8n, 0" % 47 — 8n, 44 — 8n, 39 — 8n, 36 — 8n, —37 + 8n, —46 + 8n),
R (—21 + 8n, —30 + 8n, —29 + 8n, —22 + 8n, 1" "% 31 — 8n, 28 — 8n, 23 — 8n, 20 — 8n),
R, 3 = (41 —8n,34 —8n,00" % —43 + 8n, —40 + 8n, —35 4 8n, —32 + 8n, 33 — 8n, 42 — 8n),
R (7 —8n,4 — 8n, —5+8n —14 4 8n, —13 + 8n, —6 + 8n, "%, 15 — 8n, 12 — 8n),
R (17 — 8n,26 — 8n, 25 — 8n, 18 — 8n, 0", —27 + 8n, —24 + 8n, —19 + 8n, —16 + 8n),
(-1, — —12,11,2,3,10,0"79),

wheres =10,...,2 210 yon ans. Note that each row has exactly 8 filled cells.
It is easy to see that ||R3 U R,|| = {1,...,16}, |R1 U R,,—2|| = {8n—15,...,8n}, and
||Rop, U Ropys|| = {1+ 16h,...,16 + 16h}, for all h =1,.. ., %}. Hence, conditions
(a) and (b) of Definition 1.1 hold. Now, we list the partial sums for each row. We
have

S(R1) = (—3+48n,—3+16n,—2+8n,8,17—8n,19 — 16n,8 — 8n,0),
S(Ros2i) = (=17 —16i,—37 — 32i, —62 — 48i, —90 — 64, —63 — 48i, —45 — 32i, —26 — 16i,0),
S(Rsya;) = (54 165,13+ 325,26 + 485, 42 + 647, 27 + 485, 21 + 32j, 14 + 16, 0),
S(Ra_g) = (—45+ 8n,—83+ 161, —36 + 8n, 8,47 — 8n, 83 — 16n,46 — 8n, 0),
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S(Rp_y) = (—21+8n,—51+ 16n, —80 + 24n, —102 + 32n, —71 + 24n, —43 + 16n,
—20 4+ 8n,0),

S(Ru_s) = (41— 8n,75— 16n,32 — 8n, —8, —43 + 8n, —75 + 16n, —42 + 8n, 0),

S(Ru_s) = (7—8n,11— 16n,6 — 8n,—8, —21 + 8n, —27 + 16n, —12 + 8n, 0),

S(Rp_1) = (17— 8n,43 — 16n,68 — 24n, 86 — 32n,59 — 24n, 35 — 16n, 16 — 8n, 0),

S(R,) = (—1,-5,—14,—-26,—15,—13,-10,0).

It is not so hard to see that the elements of each S(R;) are pairwise distinct both

modulo 16n + 1 and modulo 16n + 2 for any even integer n. From the definition of
H we obtain the following expression of the columns:

C, = (=3+8n,0,5,0" 1% —45+8n, [0, 21 + 8n,41 — 8n,7 — 8n, 17 — 8n, —1)7,

Cy = (8n,0,8,0" 10 —38 4 8n,,—30+ 8n,34 — 8n,4 — 8n,26 — 8n, —4)7,
C3 = (1—8n,—17, 13 ;21,0710 29 + 8n, [0, —5 4 8n, 25 — 8n, —9)7,
Cy (10 — 8n, —20,16,0,24,0" 1% —22 + 8n, [0, —14 + 8n, 18 — 8n, —12)7,
Cs = (9—8n,—25,—15,-33,29,0, 37 0710 —13 + 8n,0,11)7,
Ce = (2— 8n,—28 —6,-36,32,00,40,0" 1% —6 4 8n,0,2)7,
C, = (0,27,-7,—41,-31,-49,45,00, 53, D" 1037
Cs (0,18, —14, —44, —22, —52,48, (1, 56, 0" 1 10)7
Coyoi = (OY% 194 164,00, 43+ 164, —23 — 160, —57 — 167, —47 — 167, —65 — 164,
61 + 164,03, 69 + 167, O~ 11720 T
Croy2i = (OY2%26 +16i,0,34 4 164, —30 — 16i, —60 — 164, —38 — 16, —68 — 161,
64 + 16i, 0,72 + 16, 0" 12T
Cpnor = (—11+8n,0" 1 —61+8n,0,—37+8n,57 — 8n,23 — 8n,33 — 8n, 15 — 8n,
—19 + 8n, )7,
Cp, = (=8+8n,0" 1 —54+8n,00,—46 + 8n,50 — 8n,20 — 8n,42 — 8n, 12 — 8n,
—16 4 8n, )7,
n—12

where i =0, ..., . Each column has 8 filled cells, hence H satisfies also condition
(¢). The partial sums for the columns are the following:

S(C1) = (—3+8n,2+8n,—43+ 16n, —64 + 24n, —23 + 16n, —16 + 8n, 1,0),

S(Cy) = (8n,8+ 8n,—30 + 16n, —60 + 24n, —26 + 161, —22 + 8n, 4,0),
S(Cs) = (1—8n,—16—8n,—3 —8n, 18 — 8n, —11,—16 + 8n, 9,0),
S(Cy) = (10—8n,—10 — 8n,6 — 8n, 30 — 8n,8, —6 + 8n,12,0),
S(Cs) = (9—8n,—16 —8n, —31 — 8n, —64 — 8n, —35 — 8n, 2 — 8n, —11,0),
S(Cs) = (2 Sn, —26 — 8n, —32 — 8n, —68 — 8n, —36 — 8n, 4 — 8n, —2,0),
S(Cr) = (27,20, -21,-52, —101, 56, —3,0),
S(Cs) = (18,4, —40, 62 —114, —66, —10,0),
S(Cor2i) = (19+ 16i,62+ 32i,39 4 161, —18, —65 — 16i, —130 — 32i, —69 — 16i,0),
S(Choy2) = (264 16i,60 + 324,30 + 16i, —30, —68 — 167, —136 — 32i, —72 — 16i,0),
S(Cp_1) = (=11+8n,—724 160, —109 + 24n, —52 4 160, —29 + 8n, 4,19 — 8n, 0),
S(Cn) = (—8+8n,—62+ 16n, —108 + 24n, —58 + 160, —38 + 8n, 4,16 — 8n,0).

Since each column sums to 0, also condition (d) is satisfied. Hence H is an integer
Heffter array. Then, again by a direct check, one can see that the elements of each
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S(Cy) are always pairwise distinct modulo 16141 for any even n. As, by hypothesis,
n =0 or 2 (mod 6), the partial sums are distinct also modulo 16n + 2. Thus, for
these values of n, H is an SH*(n; 8).

Case 2. n =4 (mod 6). Let H be the n x n array whose rows R; are the following:

Ri = (-3+8n,81,2—8n,9—8n,10—8n,1 —8n,0" % —11 + 8n, —8 + 8n),
Royoi = (O*T? —17 — 167, —20 — 164, —25 — 16i, —28 — 167,26 + 164,19 + 16i, 18 + 164,
27 + 164,07~ 1072%),
Ryio; = (0%,5+164,8+ 165,13 + 164,16 + 165, —14 — 165, —7 — 165, —6 — 167,

—15 — 164,082,

R,_6 (—46 + 8n, —37 + 8n, 0" % 47 — 8n, 44 — 8n,39 — 8n, 36 — 8n, —38 + 8n, —45 + 8n),
R, 3 = (42—8n,33 —8n,0" % —43 + 8n, —40 + 8n, —35 4 8n, —32 + 8n, 34 — 8n, 41 — 8n),
R, 2 = (7—8n,4—8n,—6+8n,—13+8n, 14+ 8n, 5+ 8n, 0" % 15 — 8n, 12 — 8n),
Rooi = (18— 8n,25 — 8n,26 — 8n, 17 — 8n, 0"~ 8,—27+8n,—24+8n,719+8n,716+8n),
R, = (-1,— —12,10,3,2,11,0"79),
where 7 = 0,. ..,”_210 = 0,. ..,”T_S. Firstly, we note that each row of H
has 8 filled cells. Then, one can check that [|R3 U R,|| = {1,...,16}, ||R1 U R,_s| =
{8n—15,...,8n}, and ||Rop U Rops|| = {14+16h,...,164+16A}, forallh = 1,.. 24.

Hence, H satisfies conditions (a) and (b) of Definition 1.1. Now, we list the partial
sums for each row. We have

(=34 8n, —3+ 16n, —1 + 8n, 8,18 — 8n, 19 — 16n, 8 — 8n, 0),

(—17 — 164, —37 — 32i, —62 — 48i, —90 — 64i, —64 — 48i, —45 — 32i, —27 — 164, 0),
(5 + 164, 13 + 327, 26 + 485, 42 + 647, 27 + 485, 21 + 324,14 + 164, 0),
(
(

46+ 8n, —83 + 161, —36 + 8n, 8, 47 — 8n, 83 — 161,45 — 8n, 0),
—22+48n,—51+ 16n, —81 4 24n, —102 4+ 32n, —71 + 24n, —43 + 16n,
—20 + 8n,0),

= (42— 8n, 75— 161,32 — 8n, —8, —43 + 8n, —75 + 16n, —41 + 8n, 0),
(7 —8n,11 — 16n,5 — 8n, —8, —22 + 8n, —27 + 16n, —12 4 8n, 0),

= (18 —8n,43 — 16n,69 — 24n,86 — 32n,59 — 24n, 35 — 16n, 16 — 8n, 0),
(—1,-5, —14, —26, —16, ~13, —11,0).

(o
—~~ —~
=
w
+
[\
. .
TN
Il

Note that each row sums to 0. It is not hard to check that the elements of each S(R;)
are pairwise distinct modulo 16n 4+ 1 and modulo 16n + 2, for any even n. From the
definition of H we obtain the following expression of the columns:

C, = 3+ 8n,0,5,0" 19 —46 + 8n, [0, —22 + 8n,42 — 8n,7 — 8n, 18 — 8n, —1)7
Cy = (8n,0,8,0" 1% 374 8n,0, 29+ 8n,33 — 8n,4 — 8n, 25 — 8n, —4)7,
Cs 2 —8n,—17, 13 ,21,0"71% 30 + 8n, 0, —6 + 8n, 26 — 8n, —9)7,

(=
(
(
Cy = (9—8n,-20,16,00,24,0" 10 —21 + 8n, 00, —13 + 8n, 17 — 8n, —12)7,
(
(
(
(

Cs = (10— 8n, 25,—14,—33,29,5,37,D"—m,—14+8n,m,10)T,
Ce = (1—8n,—28,—7,-36,32,0,40,0" 1% —5 4+ 8n,00,3)7T,
C; = (0,26,—6,—41, —30, —49,45,0,53, 010 T

Cs = (0,19, 15,44, —23, —52,48, 00,56, O0" 10 11)7]
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Coyoi = (OY% 184 164,0,42 + 16i, —22 — 161, —57 — 16, —46 — 161, —65 — 164,
61 + 164,03, 69 + 164, O~ 11=2) T
Croyei = (OY% 27 +16i,0,35 4+ 16i, —31 — 16i, —60 — 164, —39 — 16, —68 — 161,
64 + 16,0, 72 + 167, 0" 12T
Cno1 = (=114 8n,0" 1 62+ 8n,, —38 + 8n, 58 — 8n, 23 — 8n, 34 — 8n,
15 — 8n, —19 4 8n,0)7,
Cn = (—8+8n,0" 1 —53+8n,00,—45+ 8n,49 — 8n,20 — 8n,41 — 8n,
12 — 8n, —16 4 8n, )7,
where?7 =0, ..., ”’212. Since also each column has exactly 8 filled cells, then condition
(c) is satisfied. Now we list the partial sums for the columns:
S(Cy) = (—3+8n,2+ 8n,—44+ 16n, —66 + 24n, —24 + 16n, —17 + 8n, 1,0),
S(Cy) = (8n,8+8n,—29 + 16n, —58 + 24n, —25 + 16n, —21 + 8n, 4,0),
S(C3) = (2—8n,—15—8n,—2—8n,19 — 8n, —11,—17+ 8n,9,0),
S(Cy) = (9—8n,—11—8n,5—8n,29 —8n,8, =5+ 8n, 12,0),
S(Cs) = (10 —8n,—15 — 8n, —29 — 8n, —62 — 8n, —33 — 8n,4 — 8n, —10,0),
S(Cs) = (1—8n,—27—8n,—34—8n,—70 — 8n, —38 — 8n, 2 — 8n, —3,0),
S(C;) = (26,20,—21,—51, —100, —55,-2,0),
S(Cs) = (19,4,—40,—-63, 115,67, —11,0),
S(Coioi) = (184 16i,60 4 32i,38 4 16i, —19, —65 — 164, —130 — 324, —69 — 164, 0),
S(Croy2:i) = (274 16i,62 + 324,31 + 160, —29, —68 — 164, —136 — 32i, —72 — 164,0),
S(Cp_1) = (=1148n,—73+16n, —111 + 24n, —53 + 16n, —30 + 8n, 4,19 — 8n, 0),
S(Cn) = (—8+8n,—61+ 16n,—106 + 24n, —57 + 161, —37 + 8n,4, 16 — 8n, 0).

Each column sums to 0, hence H satisfies also condition (d). So, H is an integer
Heffter array. Finally, again by a direct check, one can see that, since n =4 (mod 6),
the elements of each S(C}) are pairwise distinct both modulo 16n + 1 and modulo
16n + 2. Thus, H is an SH*(n;8) for any n =4 (mod 6). O

We point out that the SH*(10; 8) given in Example 2.7 has been obtained following
the proof of Proposition 4.6.

Proposition 4.7 Let n > 9 be odd. Then, there exists an SH*(n;8).

PRrOOF: If n =9,11,13,15,17,19 an SH*(n; 8) can be found in [12]. Let now n > 21
and let @ = n — 9, obviously a is an even integer and a > 12. Let H be the
(a+9) x (a+9) array whose first a rows are the ones of the a x a array constructed
in Proposition 4.6 with nine empty cells at the end and the last nine rows are the
following:

Rot1 (0% 3+ 8a,—61 — 8a, —20 — 8a, —19 — 8a, 68 + 8a, [, 44 + 8a, 36 + 8a, —51 — 8a),
Rur2 = (O%30+ 8a,0,38 + 8a,—46 — 8a, —23 — 8a, —13 — 8a, 71 + 8a, —63 — 8a, 6 + 8a),
Rays = (0% 43 +8a,2 + 8a, —10 — 8a, —50 — 8a, 67 + 8a, 35 + 8a, —27 — 8a, —60 — 8a),
Rora = (0% —48 —8a,—16 — 8a,65 + 8a,, 41 + 8a, —58 — 8a, —26 — 8a, 9 + 8a, 33 + 8a),
R.y5 = (0% —12—8a, 70+ 8a,29 + 8a, 37 + 8a,5 + 8a, —22 — 8a, —53 — 8a, —54 — 8a, ),
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Roi6 = (0% 66+ 8a,34 + 8a,0,1 + 8a, —59 — 8a, —49 — 8a, —17 — 8a, —18 — 8a, 42 + 8a),
R.i7 = (0% —21-8a,—52—8a,—11 — 8a,28 + 8a,1,4 + 8a, —62 — 8a, 45 + 8a, 69 + 8a),
R.ys = (O0%39+ 8a,7+ 8a,—56 — 8a, —55 — 8a, —14 — 8a, 31 + 8a, 0,72 + 8a, —24 — 8a),
Ruyo = (O% —57—8a,—25— 8a, —47 — 8a, 64 + 8a, 32 + 8a,40 + 8a,8 + 8a,, —15 — 8a).

Note that these rows have exactly 8 filled cells. Also ||U)_, R,in|| = {8a+1,...,8a+
72}. Hence H satisfies conditions (a) and (b) of Definition 1.1. Clearly, the lists
of the partial sums of the first a rows of H are the same written in the proof of
Proposition 4.6. So, we list only the partial sums for the last nine rows:

S(Ray1) = (3+8a,—58,—78 —8a,—97 — 16a, —29 — 8a, 15,51 + 8a, 0),

S(Rqi2) = (30+8a,68+ 16a,22 + 8a, —1, —14 — 8a,57, —6 — 8a, 0),

S(Rays) = (43 + 8a,45+ 16a,35 + 8a, —15,52 + 8a, 87 + 164, 60 + 8a, 0),

S(Rays) = (—48—8a,—64 —16a,1— 8a,42,—16 — 8a, —42 — 16a, —33 — 8a, 0),

S(Rays) = (—12— 8a,58,87+ 8a, 124 + 16a, 129 + 24a, 107 + 16a, 54 + 8a, 0),

S(Rats) = (66+ 8a,100+ 16a, 101 + 24a, 42 + 16a, —7 + 8a, —24, —42 — 8a, 0),

S(Ray7) = (—21—8a,—73 — 16a,—84 — 24a, —56 — 16a, —52 — 8a, —114 — 16a, —8a — 69, 0),
S(Rays) = (39+8a,46+ 16a, —10 + 8a, —65, —79 — 8a, —48, 24 + 8a, 0),

S(Raio) = (—57—8a,—82— 16a,—129 — 24a, —65 — 16a, —33 — 8a, 7,15 + 8a, 0).

Note that each row sums to 0. By a long and direct verification one can see that the
elements of each S(R;), 1 <t < a+09, are pairwise distinct both modulo 16(a+9)+1
and modulo 16(a +9) + 2.

Now, since the first a cells of each row Ry,ip, 1 < h < 9, are empty, the first a

columns of H are the ones of the a x a array defined by Proposition 4.6 with nine
empty cells at the end. Also, the last nine columns are the following:

Cat1 (0% 3 + 8a, 30 + 8a,, —48 — 8a, —12 — 8a, 66 + 8a, —21 — 8a, 39 + 8a, —57 — 8a)7,
Curo = (0% —61—8a,[1,43 4 8a, —16 — 8a, 70 4 8a, 34 + 8a, —52 — 8a, 7 + 8a, —25 — 8a)”,
Coys = (0% —20 — 8a,38 + 8a,2 + 8a, 65 + 8a,29 + 8a,, —11 — 8a, —56 — 8a, —47 — 8a)7,
Cory = (0% —19 —8a, —46 — 8a, —10 — 8a, [, 37 + 8a, 1 + 8a, 28 + 8a, —55 — 8a, 64 + 8a)’
Coys = (0% 68+ 8a,—23 — 8a, —50 — 8a, 41 + 8a, 5 + 8a, —59 — 8a, ], —14 — 8a, 32 + 8a)”,
Cur¢ = (O —13 —8a,67 + 8a, —58 — 8a, —22 — 8a, —49 — 8a, 4 + 8a, 31 + 8a, 40 + 8a)’,
Corr = (0O%44 + 8a,71 + 8a, 35 + 8a, —26 — 8a, —53 — 8a, —17 — 8a, —62 — 8a, 1,8 + 8a)”,
Cors = (0O%36+ 8a,—63 — 8a, —27 — 8a,9 + 8a, —54 — 8a, —18 — 8a, 45 + 8a, 72 + 8a, )7,
Curo = (0% —51—8a,6+ 8a, —60 — 8a, 33 + 8a, 1,42 + 8a, 69 + 8a, —24 — 8a, —15 — 8a)”.

Since also these columns have exactly 8 filled cells, H satisfies condition (c). Obvi-
ously, the lists of the partial sums of the first a columns of H are the same written in
the proof of Proposition 4.6. So, as done for the rows, we list only the partial sums
for the last nine columns:

3+ 8a,33 + 16a, —15 + 8a, —27, 39 + 8a, 18, 57 + 8a, 0),

61 — 8a, —18, —34 — 8a, 36, 70 + 8a, 18, 25 + 8a, 0),

20 — 8a, 18,20 + 8a, 85 + 16a, 114 + 24a, 103 + 16a, 47 + 8a, 0),

19 — 8a, —65 — 16a, —75 — 24a, —38 — 16a, —37 — 8a, —9, —64 — 8a, 0),

68 + 8a, 45, —5 — 8a, 36,41 + 8a, —18, —32 — 8a, 0),

) (
) = (=
Cats) = (—
) = (=
) (
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= (-13—8a,54, —4 — 8a, —26 — 16a, —75 — 24a, —71 — 16a, —40 — 8a, 0),
= (44 + 8a, 115+ 16a, 150 + 24a, 124 + 16a, 71 + 8a, 54, —8 — 8a, 0),
(
(

36 + 8a, —27, —54 — 8a, —45, —99 — 8a, —117 — 16a, —72 — 8a, 0),
—51 — 8a, —45, —105 — 8a, —72, —30 + 8a, 39 + 16a, 15 + 8a, 0).

Each column sums to 0, so also condition (d) is satisfied. Hence H is an integer

Heffter array.

Finally, again by a direct check, one can see that the elements of each

S(Cy), 1 <t <a+9, are pairwise distinct both modulo 16(a + 9) + 1 and modulo
16(a +9) + 2. Thus, H is an SH*(n;8). 0

Proposition 4.8 Let n =0 (mod 4) and n > 12. Then, there exists an SH*(n;9).

PROOF: Let n = 4a and let H be the n x n array whose rows R; are defined as

follows:

R, =

Ry =

R3io =
Ryioj =
Ray =
Rogy142; =
Rogyo42; =
Ryg—3 =
Ryg—o =
Ryg—1 =

R4a =

where 1 =0, .

(=2 + 12a,2 — 4a, —2 + 16a, —4 + 36a, 2 — 36a, 0% ~°, —1 — 12a, 3 — 12a,
%45 — 36a, —3 + 36a),

(1+ 20a,1 — 16a,3 — 4a, —5 + 20a, 36a, —2 — 20a, 3%*~°, —4 + 124, 5 — 12a,
0241 — 36a),

(0%, -3 — 20a — 8,5 + 20a + 8i, —2 — 12a — i,4 — 4a + 2i, —3 + 16a — 1,
4+ 20a + 8i, —6 — 20a — 8i, (1%, —6 + 12a — 44,7 — 12a + 4i, (122~ 472%),
(O%+ -7 — 20a — 85,9 + 20a + 85, —16a — 7,5 — 4a + 24, —6 + 20a — j,

8 + 20a + 87, —10 — 20a — 85, [1%*~5, —8 + 12a — 45,9 — 12a + 45, 122~ 572)),
(2 — 8a,0**~* 9 — 28a, —7 + 28a,2 — 17a, —3 + 20a, —1 + 17a, —8 + 28a,

6 — 28a, 0% —12a),

(O%, —1 + 4a + 47, —4a — 45,0274, 5 — 28a — 8j, —3 + 28a + 85,2 — 15a + j,
—2+2a —2j,1+13a + j, —4 + 28a + 85,2 — 28a — 8, [1%2¢7572),

(O 1 + da + 45, —2 — 4a — 45,0741 — 28a — 85,1 + 28a + 87,

4 —19a + j, -3+ 2a — 24, 17a + j,28a + 8j, —2 — 28a — 8j, [(12* 6727,

(18 — 36a,0%**75 —9 4 8a, 8 — 8a,1%*~*,21 — 36a, —19 + 36a, —14a, 2,
—1+ 14a,—20 + 36a),

(=16 + 36a, 14 — 36a,0**75 —7 4 8a, 6 — 8a, 1**~* 17 — 364, —15 + 36a,

2 —18a,1 — 2a,—2 + 20a),

(—8a, —12 + 36a, 10 — 36a, 0%, —5 + 8a, 20a, 1%*~*, 13 — 36a, —11 + 36a,
1 —12a,4 — 8a),

(1, —4 + 20a, —8 + 36a,6 — 36a, 1**75 1 — 20a,3 — 8a,[1%*~*,9 — 36a,

—7 + 36a, —1 + 8a),

..,a—2and j =0,...,a— 3; hence, each row has 9 filled cells. Since

|R1URUUE,, sRe|| = {1,2,2a—1,4a—3,4a—2}U{8a—9,...,8a —3}U

{8a—1,8a}U{12a—5,...,12a— 1} U{12a + 1,14a — 1,
14a,16a — 2, 16a — 1,18a — 2,20a — 5,204 — 4}U
{200 —2,...,20a+ 2} U {360 —21,...,36al,
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U?;g|‘R3+2jUR4+2jH = {2a+1,...,4a—4}U{8a+3,...,12a—6}U{12a+2,...,
13a — 1} U {15a,...,16a — 3} U{16a,...,17a — 3} U {19a — 3,
...,20@—6}U{20a+3,...,28a—14},

|R2a—1 U Rag|l = {2a,8a—2,8a+1,8a+ 2,12a,13a,15a — 1,17a — 2,17a — 1,20a — 3}U
{28a — 13,...,28a — 6},
U?;g |‘R2a+1+2j U R2a+2+2jH = {3, ..., 2a — 2}‘ U {4a —1,...,8a — 10} U {13a +1,...,

14a —2}U{14a+1,...,15a — 2} U {17a,...,18a — 3}U
{18a—1,...,19a — 4} U{28a — 5, ...,36a — 22},

H satisfies conditions (a) and (b) of Definition 1.1. Now, we list the partial sums for
each row. We have

S(R1) = (-2+ 12a,8a,—2+ 24a,—6 + 60a, —4 + 24a, —5 + 12a, —2,3 — 364, 0),
S(R2) = (14 20a,2+ 4a,5,20a,56a,—2+ 36a,—6 + 48a, —1 + 36a,0),
S(Rys2i) = (—3—20a—8i,2,—12a—i,4—16a+1i,1,5 + 20a + 8, —1, —7 + 12a — 44, 0),
S(Ruso;) = (—T7—20a—85,2,2—16a—j,7—20a+ j,1,9 + 20a + 8j, -1,
—9 4 12a — 45,0),

S(Rsa) = (2—8a,11 —36a,4 — 8a,6 — 25a,3 — 5a,2 + 12a, —6 + 40a, 124, 0),
S(Roas1i2;) = (—1+4a+4j,—1,4—28a—85,1,3—15a+ 4,1 — 13a — j,2, 2 + 28a + 85, 0),
S(Raasnsz;) = (1+4a+4j,—1,~28a—8j,1,5—19a+j,2 — 17a — j,2,2 + 28a + 85,0),

S(Ryq—3) = (18 —36a,9— 28a,17 — 36a,38 — 72a,19 — 36a, 19 — 50a, 21 — 50a,
20 — 364, 0),
S(Rig—s) = (—16+ 36a,—2,—9+ 8a, 3,14 — 36a, —1,1 — 18a,2 — 20a, 0),
S(Ria_1) = (—8a,—12+28a,—2 —8a,—T, 7+ 20a,6 — 16a, —5 + 20a, —4 + 8a,0),
S(Rye) = (1,-3+20a,—11+ 56a,—5 + 20a, —4, —1 — 8a,8 — 44a,1 — 8a, 0).

By a long direct calculation, the reader can check that the elements of each S(R;)
are pairwise distinct both modulo 72a+ 1 and modulo 72a 4 2 and in particular each
row sums to 0. From the definition of H we obtain the following expression of the
columns:

C; = (=2+12a,1+ 20a,—3 — 20a,0%*"* 2 — 8a, —1 + 4a,[%*7° 18 — 364,
—16 4 36a, —8a, 1)7,
Cy = (2—4a,1—16a,5+ 20a,—7 — 20a,0%**, —4a,1 + 4a,0%*75 14 — 36a,
—12 + 36a, —4 + 20a)7,
C3 = (=2+16a,3 —4a,—2 —12a,9 + 20a, —11 — 20a,0%*~*, —2 — 4a, 3 + 4a,
[0%¢75,10 — 36a, —8 + 36a)7,
Cy = (—4+36a,—5+20a,4 — 4a, —16a,13 + 20a, —15 — 20a, 1**~* —4 — 4a,
5+ 4a,0%%75,6 — 36a)7,
Cs = (2—36a,36a,—3+ 16a,5 — 4a, —3 — 12a, 17 + 20a, —19 — 20a, 0% *,
—6 — 4a, 7 + 4a, 0%
Coron = (O'2" -2 —20a — 8h,4 + 20a + 8h, —6 + 20a — h,6 — 4a + 2h, —1 — 16a — h,
21 + 20a + 8h, —23 — 20a — 8h,[12*, —8 — 4a — 4h,9 + 4a + 4h, 022 672T
Crion = (0?2 -6 —20a — 8h,8 + 20a + 8h, —4 + 16a — h,7 — 4a + 2h, —4 — 12a — h,
25 + 20a + 8h, —27 — 20a — 8h,[0%7*, —10 — 4a — 4h, 11 + 4a + 4h, 0%~ 72M)T
Coo = (0O%75 22 —28a, —20 + 28a, —3 + 19a, —2a,2 — 17a, —3 + 28a, 1 — 28a,

[0%¢=4,20a, 1 — 20a)”,



C’20,Jr1 -
Corato42i =
Coat312; =

C4a—1 =

C4a =

where h =0, ..
has 9 filled cells and SO condltlo

S5(Csa)
(02a+1)
S(Coat2+2i)
S(Cay3425)

8(04(1—1)
S(Cuq)
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(-1 —12a,0%7° 18 — 28a, —16 + 28a, —1 + 15a, —3 + 20a, 2 — 15a,

14 28a, —3 — 28a, 0%~ * 3 — 8a)7,

(O%,3 — 12a + 44, —4 + 12a — 44,0**75 14 — 28a — 8i, —12 + 28a + 8i,
—1+17a+1i,—2+2a — 2i,4 — 19a +i,5 + 28a + 8, —7 — 28a — 8, 1**~472H)T
(O 5 —12a + 45, —6 + 12a — 45, 0%*75,10 — 28a — 85, —8 + 28a + 87,
1+13a+ 7, —3 + 2a — 24,3 — 15a + j, 9 + 28a + 85, —11 — 28a — 8,12 °~2)T
(5 — 36a,0%** —3 — 8a,2 + 8a,[1%*7° 26 — 36a, —24 + 36a, —1 + 14a,
1—2a,1—12a,—7+ 36a)7,

(=3 + 36a,1 — 36a,0%*"% —1 — 8a
—2+20a,4 — 8a, —1 + 8a)7,

, —12a,0%7° 22 — 36a, —20 + 36a,

—4,1=0,. 2and j =0,...,

, @ — a — 3. Note that each column
( ) holds. We have:

(=24 12a, —1 + 32a, —4 + 12a, —2 + 4a, —3 + 8a, 15 — 28a, —1 + 8a, —1,0),
= (2-4a,3—20a,8,1—20a,1— 24a,2 — 20a, 16 — 56a, 4 — 20a, 0),

(—

(-

= 2+ 16a,1 + 12a,—1,8 + 20a, —3, —5 — 4a, —2,8 — 36a, 0),

= 4 4 36a,—-9 + 56a, —5 + 52a, —5 + 36a, 8 + 56a, —7 4 36a, —11 + 32a,
—6 + 36a,0),

= (2—-36a,2,—1+ 16a,4 + 12a,1,18 4+ 20a, —1,—7 — 4a,0),

= (=2—20a—8h,2,—4+20a— h,2 + 16a + h, 1,22 + 20a + 8h, —1,
—9 — 4a — 4h,0),

= (-6 —20a—8h,2,—2+ 16a — h,5+ 12a+ h, 1,26 + 20a + 8h, —1,
—11 — 4a — 4h,0),

= (22-28a,2,—1+19a, —1+ 17a,1, —2 + 28a, —1, —1 + 20, 0),

= (-1-12a,17 — 40a,1 — 12a,3a, —3 + 23a, —1 + 8a, 36a, —3 + 8a, 0),
= (83—12a+4i,—1,13—28a — 8i,1,17a+i,—2 4+ 19a — 4,2,7 + 28a + 8i,0),
(5—12a+45,—-1,9—28a — 85,1,2+ 13a + j,—1 + 15a — j, 2,
11 + 28a + 83, 0),
(5 — 36a,2 — 44a,4 — 36a,30 — 72a,6 — 36a,5 — 22a,6 — 24a, 7 — 36a,0),
= (-3+436a,—2,—3—8a,—3 — 20a,19 — 56a, —1 — 20a, —3,1 — 8a, 0).

Since every column sums to 0, condition (d) is satisfied and so H is an H(4a;9). Also
in this case, the elements of each S(C}) are pairwise distinct both modulo 72a + 1
and modulo 72a 4 2. We conclude that H is an SH*(4q;9). O
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Example 4.9 By the proof of Proposition 4.8, we obtain the following SH*(12;9):

34| —-10| 46 104 | —106 —-37 | =33 —103 105
61| —47| -9 95 108 | —62 32| 31 —-107
—63| 65| —38 -8 45 64 | —66 30 | —29

—67| 69| —48 —7| 54| 68| —70 28 | 27

—71 73| -39 —6| 44| 7T2|-74 26| —25

—22 =75 77| —49 57| 50| 76| —78 —36
11| —12 79| 81| —43 4| 40 80| —82

13| —14 —83| 85| —53 3 51 84| —86

-90 15| —16 —87| 89| —42 2 41 88

92 | =94 17| —18 -91 93 | =52 -5 58

—24| 96| —98 19| 60 =95 97| -35| —-20

1 56 | 100 | —102 —-59 | —21 -99 101 23

Proposition 4.10 Let n =3 (mod 4) and n > 11. Then, there exists an SH*(n;9).

ProOOF: An SH*(11;9) can be found in [12]. So, we assume n > 15. We split the
proof into two cases.

Case 1. Let n = 8a + 3 and H be the n x n array whose rows R; are defined as
follows:

Ri = (2+8a,23+ 64a,—9 — 24a, —24 — 64a, 13 + 40a, 1%~ % —14 — 40a, —17 — 48a,
8 4 16a, 18 + 48a),
Ry = (16 +40a,—1— 6a,27 + 72a, —7 — 20a, —22 — 56a, 12 + 31a,1%*7% —12 — 25a,
—21 — 56a, 8 + 20a),
Ry = (4+8a,20+ 48a,4a,25+ 64a, —5 — 8a, —26 — 64a, 13 + 26a, 1%~ —12 — 30a,
—19 — 48a),
Ry = (—17—40a,6+ 12a,18 + 40a, -1+ 2a, 23 + 56a, —7 — 12a, —24 — 564,
14 + 35a, 0% 6 —12 — 37a),
Rsisi = (0%, —12—24a —i,—21 — 48a — 8i,8 + 24a — 4i,22 + 48a + 8, —1 — 8a + 2i,
27 + 64a + 8i, —7 — 24a + 41, —28 — 64a — 8i,12 + 32a — 4,[3* 687,
Reygi = (O, 13 —33a —i,—19 — 40a — 8i,6 + 20a — 44, 20 + 40a + 8i, —6a + 2i,
25 + 56a + 8i, —5 — 20a + 4i, —26 — 56a — 8i,12 + 39a — i, 152~ 7=8%),
Rrygi = (02T —12 —38a +i,—23 — 48a — 8i, 6 + 8a + 41,24 + 48a + 8i, —1 + 4a — 2i,
29 + 64a + 8i, —7 — 8a — 4i, —30 — 64a — 8i,14 + 34a + 4,13~ 878%),
Rsis; = (0% —11—29a + j, —21 — 40a — 85,8 + 12a + 45, 22 + 40a + 8, —2 + 2a — 27,
27 + 56a + 85, —9 — 12a — 45, —28 — 56a — 87, 14 + 27a + j, 1% 79787),
Rois; = (O%"®,—13 —32a — j, —25 — 48a — 85,6 + 24a — 45, 26 + 48a + 85, —8a + 27,
31 + 64a + 85, —5 — 24a + 45, —32 — 64a — 8j, 12 4 40a — j, B¢~ 10787),
Riots; = (O0°T% —13 —25a — j, —23 — 40a — 85,4 + 20a — 47,24 + 40a + 85,1 — 6a + 2,
29 + 56a + 85, —3 — 20a + 45, —30 — 56a — 85, 11 + 31a — j, 1%~ 1187)
Riiyg; = (0% —11—30a + j, —27 — 48a — 85,8 + 8a + 45, 28 + 48a + 8j, —2 + 4a — 27,
33 + 64a + 85, —9 — 8a — 47, —34 — 64a — 85,14 + 26a + 7,18~ 12787),
Risysn = (O —11—37a + h, —25 — 40a — 8h, 10 + 12a + 4h, 26 + 40a + 8h,

—3 + 2a — 2h, 31 4 56a + 8h, —11 — 12a — 4h, —32 — 56a — 8h, 15 + 35a + h,
DSa—lB—Sh)



R8a

R8a+1

R8a+2

Rgat3
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(089 —13 — 36a, —9 — 48a,2 + 16a, 10 + 48a, —1 — 4a, 15 + 64a, —3 — 16a,
—16 — 64a, 15 + 40a, %),

(11 + 24a,0%75 —10 — 24a, —13 — 48a,4 + 16a, 14 + 48a, 1,19 + 64a, —6 — 16a,
—20 — 64a),

(=24 — 72a,13 + 39a,0%¢76 —12 — 33a, —17 — 56a, 10 + 20a, 18 + 56a, —2 — 6a,
23 + T2a,—9 — 20a),

(=5 — 16a, —22 — 64a, 13 4 34a, %75 —12 — 264, —15 — 48a, 7 + 164, 16 + 48a,
—3 — 8a, 21 + 64a),

(25 + 72a, —5 — 12a, —26 — 72a, 13 + 27a, 0% %, —12 — 29a, —19 — 564, 4 + 12a,
20 + 56a, 2a),

where i =0,...,a—1,5=0,...,a—2and h =0,...,a — 3. Note that every row
contains exactly 9 elements. Since

|Ui_sRsa—2t UUS  Rsa—i|| = {2,2a+1,4a+ 2,4a+ 3,4a+4,6a+ 3,12a + 2,12a + 3,

16a,16a+ 1} U {16a+9,...,16a + 14} U {20a + 11,

20a + 12,25a + 11,26a + 11,28a + 12, 28a + 13, 30a + 13,
31a + 13,34a + 11,34a + 12, 35a 4 13,37a + 13, 38a + 13,
38a + 14} U {48a + 3, ...,48a + 8} U {48a + 11,48a + 12}
U{56a + 13,...,56a + 16} U {64a + 9, ..., 64a + 14}U
{64a + 17,64a + 18} U {72a + 19, ..., 72a + 22},

VIS5 |UPoRaivsss|| = {2a+2,...,4a— 1} U{6a+4,...,8a+1}U{8a+6,...,

12a 4+ 1} U{20a + 13,...,24a+ 8} U {24a + 12,...,25a + 10}U
{26a + 14, ...,27a+ 12} U{29a + 13, ...,30a + 11}U
{3la+14,...,33a+ 11} U {34a + 14,...,35a + 12}U
{(37a +14,...,38a+ 12} U {39a + 14, ..., 40a + 12}U
{480 +21,...,56a + 12} U {64a + 27, ..., 72a + 18},

U5 USsRaivss|| = {3....,2a—2}U{4a+5,...,6a} U{12a+8,...,16a — 1}

U{16a + 15,...,20a + 6} U {25a + 13,...,26a + 10}U
{27a+14,...,28a+ 11} U {28a + 14,...,29a + 11}U
{30a+14,...,3la+ 11} U{33a + 13, ...,34a + 10}U
{35a+15,...,36a + 12} U {36a + 14,...,37a+ 11}U
{38a415,...,39a + 12} U {40a + 19, ..., 48a + 2}U

{560+ 25, ...,64a + 8},

|V Rj U Rea—s UUZLEIRy|| = {1,2a—1,2a,4a,4a+1,6a+1,6a+2} U{8a+2,...,

8a+5}U{12a+4,...,12a+7}U{16a+2,...,

16a + 8} U{20a +7,...,20a + 10} U {24a + 9, 24a + 10,
24a + 11,25a + 12, 26a + 12, 26a + 13,27a + 13,

29a + 12, 30a + 12,31a + 12, 33a + 12, 34a + 13,

35a + 14, 36a + 13,37a + 12,39a + 13} U {40a + 13, . . .,
40a + 18} U {48a + 9,48a + 10} U {48a + 13,. ..,

48a + 20} U {56a + 17,...,56a + 24} U {64a + 15,
64a + 16} U {64a +19,...,64a + 26} U{72a +23,.. .,
72a 4 27},

H satisfies conditions (a) and (b) of Definition 1.1. Now, we list the partial sums for
each row. We have
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S(R1) = (2+8a,25+ 72a,16 + 48a,—8 — 16a,5 + 24a, —9 — 16a, —26 — 64a,
~18 — 48a,0),
S(Rs) = (16 +40a,15 + 34,42 + 1064, 35 + 86a, 13 + 30a, 25 + 61a, 13 + 364,
~8— 20a,0),
S(Rs) = (4+8a,24 + 56a,24 + 60a,49 + 124a,44 + 116a, 18 + 52a, 31 + 78a, 19 + 484, 0),
S(Ry) = (=17 —40a, —11 — 28a,7 + 12a, 6 + 14a, 20 + T0a, 22 + 58a, —2 + 2a, 12 + 374, 0),
S(Rstsi) = (—12—24a—14,-33 — 72a — 94, —25 — 48a — 13i, —3 — 5i, —4 — 8a — 34,
23 + 56a + 5i, 16 + 32a + 9i, —12 — 32a + 7, 0),
S(Rossi) = (—13—33a—i,—32— T3a — 9, —26 — 53a — 13i, —6 — 13a — 5i, —6 — 19a — 3i,
19 + 37a + 56, 14 + 17a + 9i, —12 — 39a + i, 0),
S(R7ysi) = (—12—38a+14,—35—86a — 7i,—29 — 78a — 3i, —5 — 30a + 5i, —6 — 26a + 3i,
93 + 38a + 114,16 + 30a + 74, —14 — 34a — 4,0),
S(Rsss;) = (—11—29a+ j,—32 —69a — 7j,~24 — 57a — 3j, 2 — 17a + 5j, —4 — 15a + 3,
93 + 4la + 115,14 + 29a + 7j, —14 — 27a — 4,0),
S(Ross;) = (—13—32a— j,—38 —80a — 9j, —32 — 56a — 135, —6 — 8a — 5j, —6 — 16a — 37,
25 + 48a + 57,20 + 24a + 9§, —12 — 40a + j,0),
S(Rioss;) = (—13—25a—j,—36 — 65a — 95, 32 — 45a — 13, —8 — 5a — 5j, —7 — 11a — 3,
922 + 45a + 57,19 + 250 + 95, —11 — 31a + 4,0),
S(Ritss;) = (—11—30a+ j,—38 — 78a — 7§, —30 — 70a — 3j, —2 — 22a + 5j, —4 — 18a + 3,
29 + 46a + 115,20 + 38a + 7§, —14 — 26a — §,0),
S(Riz+sn) = (=11—-37a+ h,—36 —77a — Th,—26 — 65a — 3h, —25a + 5h, —3 — 23a + 3h,
98 4+ 33a + 11h, 17 + 21a + Th, —15 — 35a — h, 0),
S(Rsa_s) = (13— 36a,—22 — 84a, 20 — 68a, —10 — 20a, —11 — 24a, 4 + 40a, 1 + 24a,
~15 — 40a,0),
S(Rsa) = (11+24a,1,—12 — 48a,—8 — 32a,6 + 16a, 7+ 16a, 26 + 80a, 20 + 64a, 0),
S(Rsat1) = (—24—"72a,-11— 33a,—23 — 66a, —40 — 122a, —30 — 102a, —12 — 464,
~14 — 52a,9 + 20a, 0),
S(Rsarz) = (—5—16a,—27 — 80a, —14 — 46a, —26 — 72a, —41 — 120a, —34 — 104a,
—18 — 56a, —21 — 64a, 0),
S(Rsars) = (254 72a,20+ 60a, —6 — 12a,7 + 15a, —5 — 14a, —24 — 70a, —20 — 58a, —2a, 0).

By a long direct calculation, the reader can check that the elements of each S(R;)
are pairwise distinct both modulo 18(8a + 3) + 1 and modulo 18(8a + 3) 4+ 2 and
in particular each row sums to 0. From the definition of H we obtain the following
expression of the columns:

C; = (2+8a,16+40a,4 + 8a, —17 — 40a, —12 — 24a,1%* 7% 11 + 24a, —24 — 72a,
—5— 164,25 + 72a)7,

Cy = (23+64a,—1— 6a,20+ 48a,6 + 12a, —21 — 48a, —13 — 33a, %% 13 4 39a,
—22 — 64a, -5 — 12a)7,

C3 = (=9 —24a,27+ 72a,4a,18 + 40a, 8 + 24a, —19 — 40a, —12 — 38a, 156,

13 + 34a, —26 — 72a)7,
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Cy = (—24—64a,—7—20a,25+ 64a, —1 + 2a, 22 + 48a, 6 + 20a, —23 — 48a,
—11 — 29a, %76 13 + 27a)7,
Csysi = (O0%,13+40a — i, —22 — 56a — 8i, —5 — 8a — 41,23 + 56a + 8i, —1 — 8a + 2i,
20 + 40a + 8i,6 + 8a + 4i, —21 — 40a — 8, —13 — 32a — 4, [18*6-8)T
Corsi = (O'® 124 31a —i,—26 — 64a — 8i, —7 — 12a — 4,27 + 64a + 8i, —6a + 2i,
24 + 48a + 8i,8 + 12a + 4i, —25 — 48a — 8i, —13 — 25a — 4, BT 8H) T
Crygi = (0% 134 26a + i, —24 — 56a — 8i, —7 — 24a + 4,25 + 56a + 8i, —1 + 4a — 2i,
22 + 40a + 8i,6 + 24a — 4i, —23 — 40a — 8i, —11 — 30a + i, O8¢=8=8HT
Csrs; = (0P 14 4+ 350 + j, —28 — 64a — 85, —5 — 20a + 45, 29 + 64a + 8, —2 + 2a — 27,
26 + 48a + 85,4 + 20a — 45, —27 — 48a — 8j, —11 — 37a + j, B~ 978)T
Cors; = (O*.12 4+ 32a — j, —26 — 56a — 85, —7 — 8a — 45, 27 + 56a + 8j, —8a + 27,
24 + 40a + 85,8 4 8a + 45, —25 — 40a — 87, —13 — 24a — j, 082~ 10-8NT
Cioys; = (O0° 124 39a — j, —30 — 64a — 85, —9 — 12a — 45,31 + 64a + 8j,1 — 6a + 27,
28 + 48a + 84,10 + 12a + 45, —29 — 48a — 85, —14 — 33a — j, 81 =8)T
Ciiys; = (0% 14+ 34a + j, —28 — 56a — 85, —5 — 24a + 45,29 + 56a + 85, —2 + 4a — 2,
26 + 40a + 85,4 + 24a — 47, —27 — 40a — 85, —11 — 38a + j, 18127871
Ciorgn = (O™8" 14 4270+ h, —32 — 64a — 8h, —3 — 20a + 4h, 33 + 64a + 8h, —3 + 2a — 2h,
30 + 48a + 8h,2 + 20a — 4h, —31 — 48a — 8h, —10 — 29a + h, (B¢~ 13-8M) T
Cga—q = (%79 124 28a,—16 — 72a, —11 — 16a, 17 + 72a, —1 — 4a, 14 + 56a, 10 + 16a,
—15 — 56a, —10 — 24a, %7
Csa = (=14 —40a,1%*75 15+ 40a, —20 — 72a, —9 — 16a,21 + 72a, 1, 18 + 56a,
7+ 16a, —19 — 56a)T,
Csay1 = (—17—148a,—12—25a,0%° 13 4 31a, —18 — 64a, —3 — 12a, 19 + 64a, —2 — 6a,
16 + 48a,4 + 12a)7,
Csata = (84 16a,—21 —56a, —12 — 30a, %76 13 + 38a, —22 — 72a, —6 — 164,23 + 72a,
—3 — 8a,20 4 56a)”,
Csays = (18 +48a,8+ 20a, —19 — 48a, —12 — 37a, 175 13 + 35a, —20 — 64a, —9 — 20a,
21 + 64a, 2a)7,
where 1 =0,...,a—1,j=0,...,a—2and h=0,...,a — 3. Each column contains
9 elements, hence condition (c) holds. The partial sums of the columns are:
S(Cy) (2 + 8a, 18 + 48a,22 + 56a,5 + 16a, —7 — 8a, 4 + 16a, —20 — 56a, —25 — 72a, 0),
S(Cy) = (23 + 64a,22 + 584, 42 + 106a, 48 + 118a, 27 4 70a, 14 + 37a, 27 + 76a,
5+ 12a,0),
S(C3) = (=9 — 24a,18 + 48a, 18 + 52a, 36 + 92a, 44 + 116a,25 + 76a, 13 + 38a,
26 + 72a,0),
S(Cy) = (24 —64a,—31 — 84a,—6 — 20a, —7 — 18a, 15 + 30a, 21 + 50a, —2 + 2a,
—13 —27q,0),
S(Csys:) = (13+40a—1i,—9 —16a — 9i, —14 — 24a — 134,9 + 32a — 5i, 8 4 24a — 31,
28 + 64a + 5i, 34 + 72a + 94,13 + 32a + i, 0),
S(Csygi) = (124 3la—1i,—14 — 33a — 9i, —21 — 45a — 13,6 + 19a — 5i,6 + 13a — 3i,

30 + 61a + 54,38 + T3a + 94, 13 + 25a + 4, 0),



S(Crsi)
8(C8+8j)
S(Coysy)
S(CIO+8j)
S(Cri4s;)
S(C12+3n)
S(Cga-—4)
S(Csa)
S(Csqt1)

S(Csat2)

S(Csa+3)
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= (13+26a+14,—11—30a — 7i, —18 — 54a — 34,7 + 2a + 5i, 6 + 6a + 34,

28 + 46a + 117,34 + 70a + 7i, 11 + 30a — i,0),

= (14+35a+j,—14 — 29a — 7j, —19 — 49a — 37,10 + 15a + 55,8 + 17a + 3,

34 + 65a + 115,38 + 85a + 74, 11 + 37a — 4,0),

= (12+32a—j,—14 — 24a — 95, —21 — 32a — 134, 6 + 24a — 57,6 + 16a — 3,

30 + 56a + 57, 38 + 64a + 97,13 + 24a + j,0),

= (12+39a—j, —18 — 25a — 9j, —27 — 37a — 134, 4 + 27a — 55,5+ 21a — 3,

33+ 69a + 57,43 + 81a + 95, 14 + 33a + 4, 0),

= (144 34a+j,—14 — 22a — 7j, —19 — 46a — 37,10 + 10a + 5j,8 + 14a + 37,

34+ 5da + 115,38 + 78a + 74, 11 + 38a — 7,0),

= (14+27a+h,—18—37a — 7Th,—21 — 57a — 3h,12+ 7a + 5h,9 + 9a + 3h,

39+ 57a + 11h, 41+ 77a + Th, 10 + 29a — h, 0),

= (124 28a,—4 — 44a, —15 — 60a, 2 + 12a, 1 + 8a, 15 + 64a, 25 + 80a, 10 + 24a, 0),
= (—14—40a,1,—19 — 72a, —28 — 88a, —7 — 16a, —6 — 16a, 12 + 40a, 19 + 56a, 0),
= (=17 —48a,—29 — 73a, —16 — 42a, —34 — 106a, —37 — 118a, —18 — 54a,

—20 — 60a, —4 — 12a,0),

= (8+16a,—13 — 40a, —25 — T0a, —12 — 32a, —34 — 104a, —40 — 120a,

—17 — 48a,—20 — 564, 0),

= (18 + 48a,26 + 68a,7 + 20a, —5 — 17a,8 + 18a, —12 — 46a, —21 — 66a, —2a, 0).

Since each column sums to 0, H is a H(8a + 3;9). Finally, one can check that the
elements of each S(C}) are pairwise distinct both modulo 18(8a + 3) + 1 and modulo
18(8a + 3) + 2. We conclude that H is an SH*(8a + 3;9).

Case 2. Let n = 8a + 7 and H be the n x n array whose rows R; are defined as

follows:

R =

Ry =

R =

Ry, =

Rsigi =

Reigi =

Rrigi =

Rsig; =

(6 + 8a, 55 + 64a, —21 — 24a, —56 — 64a, 33 + 40a, (152 —34 — 40a,

—41 — 48a, 16 + 16a,42 + 48a),

(36 + 40a, —4 — 6a,63 + 72a, —17 — 20a, —50 — 56a, 32 + 39a, (1% ~2,

—29 — 33a, —49 — 56a, 18 + 20a),

(8 + 8a,44 + 48a,2 + 4a, 57 + 64a, —9 — 8a, —58 — 64a, 26 + 26a, (1572

—27 — 30a, —43 — 48a),

(—37 — 40a, 12 + 12a, 38 + 40a, 2a, 51 + 56a, —13 — 12a, —52 — 56a,

27 + 27a, %72 —26 — 29a),

(0%, —24 — 24a — i, —45 — 48a — 8i,20 + 24a — 4i, 46 + 48a + 8i, —5 — 8a + 2i,
59 + 64a + 8i, —19 — 24a + 4i, —60 — 64a — 8i, 28 + 32a — i, (I8¢~ 278%),

(O 25 — 250 — i, —39 — 40a — 8i, 16 + 20a — 41,40 + 40a + 8i, —3 — 6a + 2i,
53 + 56a + 8i, —15 — 20a + 4i, —54 — 56a — 8i,27 + 31a — i, [18¢378%),

(O*+8%, —31 — 38a + 4, —47 — 48a — 81,10 + 8a + 41,48 + 48a + 8i, 1 + 4a — 2i,

61 + 64a + 8i, —11 — 8a — 41, —62 — 64a — 8i, 31 4 34a + i, 8¢ =4787),

(0389, —30 — 37a + j, —41 — 40a — 85,14 + 12a + 44,42 + 40a + 83, —1 + 2a — 27,
55 + 56a 4 85, —15 — 12a — 47, —56 — 56a — 85, 32 + 35a + j, 1575787,
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Ry s (0481, —29 — 324 — i, —49 — 48a — 8i,18 + 24a — 4i, 50 + 48a + 8i, —4 — 8a + 2i,
63 + 64a + 8i, —17 — 24a + 4i, —64 — 64a — 8i, 32 + 40a — i, (13*~678%),
Riosi (0P84, —30 — 33a — 4, —43 — 40a — 8i, 14 + 20a — 4i,44 + 40a + 8i, —2 — 6a + 24,
57 + 56a + 8i, —13 — 20a + 4i, —58 — 56a — 8,31 + 39a — i, 1%~ 78%),
Riitsi (0681, —26 — 30a + 4, —51 — 48a — 8,12 + 8a + 41,52 + 48a + 8i, 4a — 2i,
65 + 64a + 8i, —13 — 8a — 41, —66 — 64a — 8i, 27 + 26a + i, (1848787,
Rizysj (O7+89, 25 — 29a + j, —45 — 40a — 85,16 + 12a + 44,46 + 40a + 83, —2 + 2a — 27,
59 + 56a + 85, —17 — 12a — 47, —60 — 56a — 85,28 + 27a + j,[18¢=9787),
Rgq (085, —31 — 36a, —33 — 48a, 10 + 16a, 34 + 48a, —3 — 4a, 47 + 64a, —11 — 16a,
—48 — 64a, 35 + 40a, %),
Rgaa (23 + 24a,0%72 —22 — 24a, —37 — 48a, 12 + 16a, 38 + 48a, 1,51 + 64a,
—14 — 16a, —52 — 64a),
Rgayts (=60 — 72a, 28 + 31a,[1%*~2, —24 — 254, —45 — 56a, 20 + 20a, 46 4 56a, —5 — 6a,
59 4 72a, —19 — 20a),
Rsavts (=13 — 16a, —54 — 64a, 30 + 34a, 1% "2, —25 — 26a, —39 — 48a, 15 + 16a,
40 + 48a, —7 — 8a, 53 + 64a),
Rgatr (614 72a, —11 — 12a, —62 — 72a, 31 + 35a, 1372, —31 — 37a, —47 — 564, 10 + 12a,
48 4+ 56a, 1 + 2a),
where i =0,...,a—1and j =0,...,a — 2. Each row contains 9 elements. Since
|V Ry Uty Re|| = {1,2a,2a+1,4a+2,6a +4,6a+5} U {8a+6,...,8a+9}
U{12a +10,...,12a + 13} U {16a + 12,...,16a + 16}U
{20a 4 17,...,20a 4 20} U {24a + 21, 24a + 22, 24a + 23,
25a + 24, 26a + 25, 26a + 26, 27a + 27, 29a + 26, 30a + 27,
3la + 28,33a + 29, 34a + 30, 35a + 31,37a + 31, 39a + 32,
40a + 33,400 + 34,40a + 36,40a + 37,40a + 38}U
{48a + 37,...,48a + 44} U {56a + 45, . .., 56a + 52}U
{64a +51,...,64da+ 58} U{72a+59,...,72a + 63},
U920 Uiz Raivarss|| = {2a+2,...,4a+1}U{6a+6,...,8a+5}U
{8a+10,...,12a 4+ 9} U{20a + 21, ...,24a + 20}U
{24a+24,...,25a + 23} U {26a + 27, ...,27a + 26}U
{29a 4 27,...,30a 4+ 26} U {31a + 29,...,33a + 28}U
{34a +31,...,35a + 30} U {37a +32,...,38a + 31}U
{39a + 33,...,40a + 32} U {48a + 45, ..., 56a + 44}U
{64a + 59, ...,72a + 58},
e |V Rairss|| = {2,...,2a—1}U{4a +6,...,6a + 3}U
{12a + 14,...,16a + 9} U {16a + 21,...,20a + 16}U
{250+ 25,...,26a + 23} U {27a +28,...,29a + 25}U
{30a+29,...,31a+ 27} U {33a + 30,...,34a + 28}U
{35a +32,...,36a + 30} U{36a +32,...,37a + 30}U
{38a+33,...,39a + 31} U {40a + 39, ...,48a + 30}U
{56a + 53, ...,64a + 44},
Ut _1Rsay2e|| = {4a+3,4a+4,4a+5,16a+ 10,16a+ 11} U{16a+17...,16a + 20}U

{264 + 24,30a + 28, 34a + 29, 36a + 31, 38a + 32, 40a + 35}U
{48a 4 31,...,48a + 36} U {64a + 45, ...,64a + 50},
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H satisfies conditions (a) and (b) of Definition 1.1. Now, we list the partial sums for
each row. We have

S(Ry) = (6+8a,61+72a,40 + 48a, —16 — 16a, 17 + 24a, —17 — 16a, —58 — 64a,
—42 — 48a,0),
S(Ry) = (36+40a,32+ 34a,95 + 106a, 78 + 86a, 28 + 30a, 60 + 69a, 31 + 364,
—18 — 20a, 0),
S(R3) = (8+8a,52+ 56a,54+ 60a, 111+ 124a, 102+ 116a, 44 + 52a, 70 + 78a,
43 + 48a,0),
S(Ry) = (—37—40a,—25— 28a,13 + 124,13 + 14a, 64 + 70a, 51 + 58a, —1 + 2a,
26 + 294, 0),
S(Rsisi) = (—24—24a—1i,—69 — 72a — 9i, —49 — 48a — 13i, -3 — 54,
—8 — 8a — 3i,51 4 56a + 5i,32 + 32a + 9i, —28 — 32a + i, 0),
S(Rgysi) = (—25—25a—i,—64 —65a — 9i, —48 — 45a — 13i, —8 — 5a — 5i,
—11 — 11a — 3,42 + 45a + 5i, 27 + 25a + 9i, —27 — 31a + i, 0),
S(Rrisi) = (—31—38a+1i,—78—86a — 7i,—68 — 78a — 3i,—20 — 30a + 5,
—19 — 26a + 3,42 + 38a + 114,31 + 30a + 7i, —31 — 34a — 4, 0),
S(Rsysj) = (—30—37a+j,—71—77a— 7j,—57 — 65a — 3j, —15 — 25a + 5j,
—16 — 23a + 35,39 + 33a + 115,24 + 21a + 7j, —32 — 35a — 4,0),
S(Roisi) = (—29—32a—1i,—78—80a — 9i, —60 — 56a — 13i, —10 — 8a — 54,
—14 — 16a — 3i,49 + 48a + 5i, 32 + 24a + 9i, —32 — 40a + i, 0),
S(Riotsi) = (—30—33a—i,—73—7T3a—9i,—59 — 53a — 13i,—15 — 13a — 5,
—17 — 19a — 3,40 + 37a + 5i,27 + 17a + 9i, —31 — 39a + 1, 0),
S(Ri1+si) = (—26—30a+i,—77— 78a — Ti,—65 — 70a — 3i, —13 — 22a + 5i,
—13 — 18a + 3i,52 + 46a + 117,39 + 38a + 7i, —27 — 26a — i,0),
S(Riz4s;) = (—25—29a+ j,—70 — 69a — 7j, —54 — 57a — 3§, —8 — 17a + 5j,
—10 — 15a + 35,49 + 41a + 114,32 + 29a + 7j, —28 — 27a — j,0),
S(Rsy) = (—31—36a,—64— 84a,—54 — 68a, —20 — 20a, —23 — 24a, 24 + 40a,
13 + 24a, —35 — 40a, 0),
S(Rsars) = (23+24a,1,—36— 48a,—24 — 32a, 14 + 164, 15 + 164, 66 + 80a,
52 + 64a,0),
S(Rsays) = (—60—T72a,—32— 4la, —56 — 66a, —101 — 122a, —81 — 102a,
—35 — 46a, —40 — 52a, 19 + 20a, 0),
S(Rsars) = (—13—16a,—67 — 80a, —37 — 46a, —62 — T2a, —101 — 120a,
—86 — 104a, —46 — 56a, —53 — 64a, 0),
S(Rsay7) = (61 +72a,50+ 60a,—12 — 12a,19 + 23a, —12 — 14a, —59 — 70a,

—49 — 58a, —1 — 24, 0).

By a long direct calculation, the reader can check that the elements of each S(R;)
are pairwise distinct both modulo 18(8a + 7) + 1 and modulo 18(8a + 7) 4+ 2 and
in particular each row sums to 0. From the definition of H we obtain the following
expression of the columns:

C; = (6+8a,36+40a,8 + 8a, —37 — 40a, —24 — 24a,[1%*72,23 + 24a, —60 — 72a,
—13 — 164,61 4 72a)7,



Cy =

C; =

Cy =

Cs1si =

Cotgi =

Crisi =

Csysj =

Cotgi =

Croysi =

Cll+8i -

Ciatg; =

CSa =

CSa+4 -

CSaJrS -

C8at6 =

Cgay7r =
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(55 + 64a, —4 — 6a,44 + 48a,12 + 12a, —45 — 48a, —25 — 25a, 15472, 28 + 31a,
—54 — 64a, —11 — 12a)7,

(—21 — 24a,63 + 72a,2 + 4a, 38 + 40a, 20 + 24a, —39 — 40a, —31 — 38a, (1%* 2,

30 + 34a, —62 — 72a)”,

(=56 — 64a, —17 — 20a, 57 + 64a, 2a, 46 + 48a, 16 + 20a, —47 — 48a, —30 — 37a,
08¢=2, 31 + 35a)7,

(0%, 33 4 40a — i, —50 — 56a — 8i, —9 — 8a — 4i, 51 + 56a + 8i, —5 — 8a + 2i,

40 + 40a + 84,10 + 8a + 44, —41 — 40a — 8, —29 — 32a — 4,([18¢ 2789 T

(081,32 + 39a — i, —58 — 64a — 8i, —13 — 12a — 4i, 59 + 64a + 8i, —3 — 6a + 2i,
48 + 48a + 8i,14 + 12a + 4i, —49 — 48a — 8i, —30 — 33a — i,[18¢378) T
(08226 + 26a + i, —52 — 56a — 8i, —19 — 24a + 4i, 53 + 56a + 8i, 1 4 4a — 2i,
42 + 40a + 8i,18 4 24a — 4i, —43 — 40a — 8i, —26 — 30a + i, 152 ~478H) T

(O%13 27 4 27a + j§, —60 — 64a — 85, —15 — 20a + 45, 61 + 64a + 85, —1 + 2a — 2j,
50 + 48a + 85,14 + 20a — 45, —51 — 48a — 85, —25 — 29a + 5,185 T

(0%, 28 4+ 32a — i, —54 — 56a — 8i, —11 — 8a — 44,55 + 56a + 8i, —4 — 8a + 2i,
44 + 40a + 8i,12 + 8a + 41, —45 — 40a — 8, —25 — 24a — ,(18¢6-8H)T

(O%+5,27 + 31a — i, —62 — 64a — 8i, —15 — 12a — 41,63 + 64a + 8i, —2 — 6a + 2i,
52 + 48a + 8i,16 + 12a + 4i, —53 — 48a — 8i, —26 — 25a — i, (18~ T—8H) T
(O%%6,31 + 34a + i, —56 — 56a — 8i, —17 — 24a + 4i, 57 + 56a + 8i, 4a — 2i,

46 + 40a + 81,16 + 24a — 4i, —47 — 40a — 8i, —30 — 38a + i, 15288 T
(O%+7,32 4 35a + j, —64 — 64a — 85, —13 — 20a + 44, 65 + 64a + 85, —2 + 2a — 27,
54 4+ 48a + 85,12 + 20a — 45, —55 — 48a — 85, —29 — 37a + 5,18~ 98N) T

(00875, 26 + 28a, —52 — 72a, —19 — 16a, 53 + 72a, —3 — 4a, 42 + 56a, 18 + 16a,
—43 — 56a, —22 — 24a, 07

(—34 — 40a,[1%*72 35 + 40a, —56 — 72a, —17 — 16a, 57 + 72a, 1,46 + 564,

15 + 16a, —47 — 56a)”,

(—41 — 48a, —29 — 33a,[1%*72, 33 + 39a, —50 — 64a, —9 — 12a, 51 + 64a, —5 — 6a,
40 4 484,10 + 12a)7,

(16 + 16a, —49 — 56a, —27 — 30a, (1%*~2 32 + 38a, —58 — 72a, —14 — 16a, 59 + 72a,
—7 — 8a,48 4 56a)”,

(42 + 48a, 18 + 20a, —43 — 48a, —26 — 29a, 1372, 26 + 27a, —52 — 64a, —19 — 20a,
53 4 64a, 1+ 2a)7,

where i =0,...,a—1and j =0,...,a— 2. Clearly, each column has exactly 9 filled
cells. We have

S(Ch)

= (6 + 8a,42 + 48a, 50 + 564, 13 + 16a, —11 — 8a, 12 + 16a, —48 — 56a,
—61 — 72a,0),

= (55 + 64a,51 + 58a, 95 + 106a, 107 + 118a, 62 + 70a, 37 + 45a, 65 + 76a,
11+ 12a,0),

= (=21 —24a,42 + 48a, 44 + 52a, 82 + 92a, 102 + 116a, 63 + T6a, 32 + 38a,
62 + 72a,0),
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S(Cy) = (—56—64a,—73 — 84a,—16 — 20a, —16 — 18a, 30 + 30a, 46 + 50a, —1 + 2a,
—31 — 35a,0),
S(Csysi) = (334400 —i,—17 — 16a — 9i, —26 — 24a — 13i,25 + 32a — 5i, 20 + 24a — 3i,
60 + 64a + 5i, 70 + 72a + 97,29 + 32a + i, 0),
S(Corsi) = (32439 —i,—26— 25a — 9i,—39 — 37a — 137,20 + 27a — 5i, 17 + 21a — 3i,
65 + 69a + 5i, 79 + 81a + 94, 30 + 33a + 4, 0),
S(Crysi) = (26+26a+i,—26 —30a — 7i,—45 — 54a — 3i,8 + 2a + 5i,9 + 6a + 3i,
51 4 46a + 11,69 + 70a + 7i, 26 + 30a — i,0),
S(Csis;) = (27+2Ta+ j,—33 —37Ta— Tj,—48 — 57a — 3j,13 + Ta + 55,12 + 9a + 37,
62 + 57a + 114,76 + 77a + 74,25 + 29a — 4, 0),
S(Coysi) = (284 32a—i,—26— 24a — 94, —37 — 32a — 131,18 + 24a — 5i, 14 + 16a — 34,
58 + 56a + 5i, 70 + 64a + 9i, 25 + 24a + i, 0),
S(Choyss) = (27+3la—i,—35—33a — 9i,—50 — 45a — 13,13 + 19a — 5, 11 + 13a — 3,
63 + 61a + 5i, 79 + 73a + 94, 26 + 25a + 4, 0),
S(Chiysi) = (31+34a+i,—25— 22a — 7i, —42 — 46a — 3i,15 + 10a + 5i, 15 + 14a + 3,
61 4 5da + 11i, 77 + 78a + 7i, 30 + 38a — i,0),
S(Cioys;) = (324 35a+ j,—32 — 29a — 7j, —45 — 49a — 35,20 + 15a + 57, 18 + 17a + 3,
72 4 65a + 115,84 + 85a + 74,29 + 37a — 4,0),
S(Csa) = (264 28a,—26 — 44a, —45 — 60a, 8 + 12a, 5 + 8a, 47 + 64a, 65 + 80a, 22 + 24a, 0),
S(Csara) = (—34—40a,1,—55— 72a,—72 — 88a, —15 — 16a, —14 — 16a, 32 + 40a,
47 + 56a,0),
S(Csays) = (—41—48a,—70 — 81a, —37 — 42a, —87 — 106a, —96 — 118a, —45 — 54a,
—50 — 60a, —10 — 124, 0),
S(Csatrs) = (16 + 16a,—33 — 40a, —60 — 70a, —28 — 32a, —86 — 104a, —100 — 120a,
—41 — 48a, —48 — 56a, 0),
S(Csarr) = (42 + 48a,60 + 68a, 17 + 20a, —9 — 9a, 17 + 18a, —35 — 46a, —54 — 66a,
—1—2a,0).

Since each column sums to 0, H is an H(8a + 7;9). Also in this case, the elements of
each S(C}) are pairwise distinct both modulo 18(8a+7)+1 and modulo 18(8a+7)+-2.
We conclude that H is an SH*(8a + 7;9). O

Proposition 4.11 Let n > 10 be even. Then, there exists an SH*(n;10).

ProoOF: An SH*(10;10) can be found in [12]. So let n > 12 be even and let H be
the n x n partially filled array whose rows R, are the following:

Ry = (16 —10n,10n—9,12—10n,6 — 10n,8 — 10n,1 — 10n, 10n — 4,0,
10n, 0" 10n — 17,0, 10n — 13),
Royoi = (0% —21 —20i,0, —25 — 204, 22 + 20i, —29 — 204, 26 + 204, 30 + 204,
33 4+ 20i, 37 + 20i, —35 — 204, 0, —38 — 204, "~ 1372,
Ry = (0O,7,—4,11,-8,—14,—-12,—-19,16,03,20,0"'2,3),
Rsyoi = (O%F123 +20i,0,27 4 204, —24 — 20i, 31 + 207, —28 — 204, —34 — 204,

—32 — 20i, —39 — 207,36 + 204, 0, 40 + 207, 0"~ 132),



where ¢ = 0, .
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(82 — 10m, 0" 712,99 — 100, 0,95 — 10n, —98 + 10n, 91 — 100, —94 + 10n,
—90 + 10n, —87 + 10n, —83 + 10n, 85 — 10n,0),

(65 — 10n, 0,62 — 10n, 0" 12 79 — 10n,0, 75 — 10n, =78 + 10n, 71 — 10n,
—T74 +10n, —70 4 10n, —67 + 10n, —63 4 10n),

(=80 + 10n, 0" 12, —97 4 10n, 0, —93 + 101,96 — 10n, —89 + 10n,

92 — 10n, 86 — 10n, 88 — 101, 81 — 10n, —84 + 100, ),

(—47 + 10n, —43 4 10n, 45 — 10n,0,42 — 10n, 0" 2,59 — 10n, O,

55 — 10n, —58 4 10n, 51 — 10n, —54 4+ 10n, —50 + 10n),

(=64 + 10n,0, —60 + 10n, 0" 12, —77 + 10n,0, =73 + 10n, 76 — 10n,
—69 + 10n, 72 — 10n, 66 — 10n, 68 — 101,61 — 10n),

(=34 4 10n, —30 + 10n, —27 + 10n, —23 + 10n, 25 — 10n, 0,22 — 10n,
0"~12,39 — 10n,3, 35 — 10n, —38 + 10n, 31 — 10n),

(48 — 10m,41 — 10n, —44 + 10n,0, —40 + 10n, 0" 2, =57 4 10n, 0,

—53 4 10n, 56 — 10n, —49 + 10n, 52 — 10n,46 — 10n),

(-18 +10n,11 — 10n,—14 4+ 10n, —10 + 10n, —7 + 10n, —3 + 10n,
5—10n,0,2 — 10n, 0" 12,19 — 10n,0, 15 — 10n),

(32 — 101,26 — 101,28 — 101,21 — 101, —24 + 10n, 0, —20 + 100, 0" 12,
—37 4 10n,0, =33 4 10n, 36 — 10n, —29 + 10n),
(d,-5,2,-9,6,10,13,17, 15,0, —18, 0" 12 —1),

n—14

. Note that every row contains exactly 10 filled cells. Also, it

is easy to see that |R3 U R, || = {1,...,20}, ||R1 U R, o] = {10n—19,...,10n} and
|Ron U Rops|| = {1+ 20h,...,20 + 20k} for all h = 1,..., 2%, Hence, H satisfies
conditions (a) and (b) of Definition 1.1. Now, we list the partial sums of each row.

We have

S(R1)

S(Ra42i)

S(R3)
S(Rs12:)

'S(Rnflo)

S(Rn-s)

= (16— 10n,7,19 — 10n, 25 — 20n, 33 — 30n, 34 — 40n, 30 — 30n, 30 — 20n,

13 + 10n,0),

= (=21 —20i,—46 — 40i, —24 — 20i, —53 — 40i, —27 — 20i, 3, 36 + 20,

73 + 401, 38 + 204, 0),
(7,3,14,6, -8, —20, —39, —23, —3,0),

= (23 + 204,50 + 404, 26 + 207, 57 + 404, 29 + 20¢, —5, —37 — 20¢, —76 — 404,

—40 — 20i,0),

= (82— 10n, 181 — 20, 276 — 30n, 178 — 20n, 269 — 30n, 175 — 20n,

85 — 10n, —2, —85 + 10n, 0),

= (65— 10n,127 — 20n, 206 — 30n, 281 — 40n, 203 — 30n, 274 — 40n,

200 — 30n, 130 — 201,63 — 10n, 0),

= (=80 + 10n, —177 + 20n, —270 + 30n, —174 + 20n, —263 + 30n,

—171 4 20n, —85 + 10n, 3,84 — 10n, 0),

= (=474 10n, =90 + 20n, —45 + 10n, —3,56 — 10n, 111 — 20n, 53 — 10n,

104 — 20n, 50 — 10n, 0),
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= (=64 + 10n, —124 + 20n, —201 + 30n, —274 + 40n, —198 + 30n,
—267 + 40n, —195 + 30n, —129 + 20n, —61 + 10n, 0),

= (=344 10n, —64 + 20n, —91 + 30n, —114 + 40n, —89 + 30n, —67 + 20n,
—928 + 10n,7, —31 + 10n,0),

= (48 — 10,89 — 20n,45 — 10n, 5, —52 + 10n, —105 + 20n, —49 + 10n,
—98 + 20n, —46 + 10n, 0),

= (=18+10n,—7,—21+ 10n, —31 + 20n, —38 + 30n, —41 + 40n, —36 + 30n,
—34 4 20n, —15 + 10n, 0),

= (32— 10n,58 — 20n, 86 — 30n, 107 — 40n, 83 — 30n, 63 — 201, 26 — 10n,
—7,29 — 10n,0),

= (=5,-3,-12,-6,4,17,34,19,1,0).

Clearly, each row sums to 0. By a long direct check one can see that the elements
of each S(R;) are pairwise distinct modulo 20n + 1 for any even n > 12. Also, they
are pairwise distinct modulo 20n + 2 if n =0 (mod 6), while, if n = 2 (mod 6) and
n > 32, the partial sums 26 + 20i and —76 — 407 of S(R5.9;) are equivalent modulo
20n + 2 when ¢ = 222 and if n =4 (mod 6) and n > 34 the partial sums —46 — 40

n—4

and 36 + 20¢ of S(Ra49;) are equivalent modulo 20n + 2 when i = “5=. Moreover,
the partial sums s and s’ of S(R;) listed in Table 1 are congruent modulo 20n + 2.

n t s s’ | n t s s’
14 n—3 89 — 20n —49+10n |22 n-38 281 —40n 63 —10n
16 n—6 —47+10n 111 —-20n |26 n—7 —174+20n 84— 10n
20 n—5 =198+ 30n 0 28 n—10 276 —30n -2

Table 1: Partial sums of S(R;) for small values of n.

From the definition of H we obtain the following expression of its columns:

Cy

Cs

Cs

Ca
Cs

Cs
Cr
Cs
Co
Clroy2i

(16 — 10n, 0" 12,82 — 10n, 0, 65 — 101, —80 + 10n, —47 4 10n,
—64 4 10n, —34 + 101,48 — 10n, —18 4 10n, 32 — 10n, )7,
(=9 + 10n, —21,7,00,23,0" 2, —43 + 10n,0, —30 + 10n, 41 — 10n,
11— 10n,26 — 10n, —5)7,
(12 — 10n,0, —4,0" 2,62 — 10n,0, 45 — 10n, —60 4 10n, —27 + 10n,
—44 +10n, —14 + 10n, 28 — 10n,2)7,
(6 — 10n, —25,11, —41,27,00,43, 0" 12 —23 4 10n, 0, =10 + 10n, 21 — 10n, —9)7,
(8 — 10n,22, —8,0, —24, 0" '2 42 — 10n, 3,25 — 101, —40 + 10n, —7 + 10n,
—24 4 10n,6)7,
(1 —10n,—29, —14, —45,31, —61,47,0,63,0" 1% —3 + 10n, 0, 10)7,
44 10n,26, —12,42, —28,0, —44,0" 12,22 — 10n,0,5 — 10n, —20 + 10n, 13)7,
0,30, —19, —49, —34, —65,51, —81,67,3,83, 0" 2, 17) 7,
10n, 33 16,46, —32,62, —48,0, —64,0" 12,2 — 10n,0, —15)7,
02+ 37 + 20,0, 50 + 207, —39 — 207, —69 — 207, —54 — 20i, —85 — 20,
71 4 20i, —101 — 204, 87 + 20i, 3, 103 + 203, O~ 137201

(=
(
(
(



where 1 =0, ...,
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(3, —35, 20, 53, 36, 66, —52, 82, —68, 1, —84, 0" 12, —18)7

(0% —38 — 204,00, —55 — 20i, 40 + 204, 73 4 204, 56 + 20i, 86 + 204,

—72 — 204,102 + 20i, —88 — 20i, 0, —104 — 203, 0"~ 1372H)T

(=17 + 10n, 0" 2, —83 4 10n, 0, =70 + 101,81 — 10n, 51 — 10n, 66 — 10n,
35 — 10n, —49 + 101,19 — 10n, —33 + 10n,0)7,

(=13 +10n,0,3,0" 2, —63 + 10n,0, —50 + 10n, 61 — 10n, 31 — 10n,

46 — 10m, 15 — 10n, —29 + 10n, —1)7,

n—14
2

. We observe that each column contains exactly 10 filled cells,

then condition (c) is satisfied. One can check that the partial sums of the columns
are the following:

S(Ch)

S(C2)

S(Cro42i)

S(Cyy)
S(C342:)

(16 — 10n, 98 — 201, 163 — 30, 83 — 20n, 36 — 100, —28, —62 + 10n, —14,
—32 + 10n, 0),

(=9 + 10n, —30 + 101, —23 + 101, 10n, —43 + 20n, —73 + 30n, —32 + 20n,
—21 + 10n, 5,0),

(12 — 10n,8 — 10n, 70 — 20n, 115 — 30n, 55 — 20n, 28 — 10n, —16, —30 + 10n,
—2,0),

(6 — 10n, —19 — 10n, —8 — 10n, —49 — 10n, —22 — 10n, 21 — 10n, —2,
—~12+ 10n,9,0),

(8 — 10n,30 — 10n, 22 — 10n, —2 — 10n, 40 — 20n, 65 — 30n, 25 — 20n,

18 — 10n, —6,0),

(1 —10n, —28 — 10n, —42 — 10n, —87 — 10n, =56 — 10n, —117 — 10n,
—70 — 10n, —7 — 10n, —10,0),

(=4 4 10n,22 + 10n, 10 + 10n, 52 + 101, 24 + 10n, —20 + 10n, 2,7 — 10n,
—13,0),

(30,11, —38, —72, —137, —86, —167, —100, —17,0),

(10, 33 + 101, 49 + 10n, 95 + 10n, 63 + 10n, 125 + 10n, 77 + 10n,

13 + 10n, 15,0),

(37 + 204, 87 + 404, 48 + 207, —21, —75 — 204, —160 — 404, —89 — 204,
—190 — 40i, —103 — 204, 0),

(—35, 15,38, 74, 140, 88, 170, 102, 18, 0),

(—38 — 20i, —93 — 40i, —53 — 204, 20, 76 + 20i, 162 -+ 404, 90 + 204,

192 + 40i, 104 + 204, 0),

(=17 + 10n, —100 + 201, —170 + 30n, —89 + 201, —38 + 10n, 28,

63 — 10n, 14,33 — 10n, 0),

(=13 4 10n, —10 + 10n, —73 + 20n, —123 + 30n, —62 + 20n, —31 + 10n,
15,30 — 10n, 1,0).

Note that each column sums to 0, so condition (d) is satisfied, hence H is an H(n; 10).
Also, again by a direct check, one can see that the elements of each S(C}) are pairwise
distinct modulo 20n + 1 for any even n > 12 and that they are pairwise distinct
modulo 20n + 2 for all n = 0,4 (mod 6). While, if n =2 (mod 6) and n > 26, the
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partial sums 87+ 40¢ and —75 —20i of S(Cho42;) are equivalent modulo 20n+ 2 when
1= ”T_S. Also, if n = 14 the partial sums —123 4 30n and 15 of S(C,,) are congruent
modulo 20n + 2. Finally, if n = 20 the partial sums —170 4 30n and 28 of S(C),—»)
are congruent modulo 20n + 2. We conclude that H is an SH(n;10) for any even
n > 12 and that it satisfies also condition (x) when n =0 (mod 6).

Suppose n = 4 (mod 6). If n = 16,22,28, an SH*(n;10) can be found in gl?]. So
let n = 6a + 4 > 34 and note that, since n = 4 (mod 6), H is an SH(n;10) whose
columns are simple also modulo 20n 4 2. Recall that the only row which is not

simple modulo 20n + 2 is Ry,42. Interchanging the columns Cy,ig (i.e., Ci319; with
i =2a—2) and Cyyy11 (i-e., Cizyo; with ¢ = 2a — 1), that are the following:

Ciaro = (0%73.2 —40a,0, 15 — 40a, 40a, 33 + 40a, 16 + 40a, 46 + 40a, —32 — 40a,
62 + 40a, —48 — 40a,d, —64 — 40a, 0,0, 02777,
Cias1n = (O0%3,0,0,-18 — 40a, 0, —35 — 40a, 20 + 40a, 53 + 40a, 36 + 40a, 66 + 40a,

—52 — 40a, 82 + 40a, —68 — 40a, 0, —84 — 40a, 322~

we obtain an SH(n; 10), say H', satisfying also condition (). In fact, H' is again
an H(n;10) whose columns are simple modulo 20n + 1 and 20n + 2 and so we are
left to check its rows. Looking at the position of the empty cells of the previous two
columns, it is easy to see that interchanging them, only the rows R4q—3)+1, R(4a—3)+3,
Riia-3)4, - - - Raa—3)+12, R(1a—3)+14 change. Hence, H' is the required array if these
12 rows are simple modulo 20n + 1 and 20n + 2. If n = 34,40, 46 we have checked
by computer that H' works (the reader can find these arrays in [12]). For n > 52,
we write explicitly the new rows, that will be denoted by R;, whose interchanged
elements are in bold:

Ry, o, = (0%73 19 —40a,0,15 — 40a, —18 + 40a, 11 — 40a, —14 + 40a, —10 + 40a,
—7 +40a, —3 4 40a,5 — 40a,0,0,0, 2 — 40a, 02*77),
R,, = (0% ' —1—40a,0,-5— 40a,2 + 40a, —9 — 40a, 6 + 40a, 10 + 40a,
13 4 40a, 17 4 40a, —18 — 40a, 0, —15 — 40a,1%%77),
hay1 = (O0%73 —17 4 40a,0, —13 + 40a, 16 — 40a, —9 + 40a, 12 — 40a, 6 — 40a,
8 — 40a,1 — 40a, —4 + 40a, 3,0, 0, 40a, 0%777),
Ripio = (0% —21 —40a,0, —25 — 40a, 22 + 40a, —29 — 40a, 26 + 40a, 30 + 40a,
—35 — 40a, 37 + 40a, 33 + 40a, 0, —38 — 40a, 02779),
hars = (O%71,3+40a,0,7+ 40a, —4 — 40a, 11 + 40a, —8 — 40a, —14 — 40a,
—12 — 40a, —19 — 40a, 20 4 40a,, 16 + 40a, %7 7),
hara = (O%3 —41 — 40a,0, —45 — 40a, 42 + 40a, —49 — 40a, 53 + 40a, 50 + 40a,
46 + 40a, 57 + 40a, —55 — 40a, 0, —58 — 40a, 02*~ 1),
hars = (0%, 23 4 40a,0,27 + 40a, —24 — 40a, 31 + 40a, —28 — 40a, —34 — 40a,
36 + 40a, —39 — 40a, —32 — 40a, [, 40 4 40a, 12779),
hays = (O%75 —61 —40a,0, —65 — 40a, 66 + 40a, —69 — 40a, 62 + 40a, 70 + 40a,
73 4 40a, 77 + 40a, —75 — 40a, 0, =78 — 40a, (1% 13),
harr = (O%73,43 4 40a,0,47 + 40a, —44 — 40a, 51 + 40a, —52 — 40a, —54 — 40a,
—48 — 40a, —59 — 40a, 56 + 40a, [, 60 + 40a, 02* 1),
hays = (O%T7,—81 —40a, 82 + 40a, —85 — 40a, 0, —89 — 40a, 86 + 40a, 90 + 40a,

93 + 40a, 97 + 40a, —95 — 40a, [, —98 — 40a, (12*~15),
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Rioro = (O%*5,63 + 40a, 0, 67 + 40a, —68 — 40a, 71 + 40a, —64 — 40a, —74 — 40a,
—72 — 40a, —79 — 40a, 76 4 40a, [, 80 4 40a, (1?4~ 13)
Rﬁlaﬂl = (D4“+7, 83 4 40a, —84 — 40a, 87 + 40a,, 91 + 40a, —88 — 40a, —94 — 40a,

—92 — 40a, —99 — 40a, 96 + 40a, 0, 100 + 40a, 0**~15),

Notice that S(Rj}) is obtained from S(R;) replacing A; by B;, according to Table
2. Now, one has only to check that the elements of B; and those of S(R;) \ A; are
pairwise distinct modulo 20n + 1 and 20n + 2. So H' is an SH*(n; 10).

t At Bt

da—2 0 0

4a (18 + 40a) (15 + 40a)

da+1 0 0

da+2 (364 40a, 73 + 80a) (5, —32 — 40a)
4a+3  (—20—40a) (—16 — 40a)

da+4  (3,—47 — 40a) (10, —40 — 40a)
da+5 (=76 —80a,—37—40a) (—8,31+40a)
da+6 (—133—80a,—64 —40a) (—129 — 80a, —60 — 40a)
4da+7 (—5,49+ 40a) (—9,45 + 40a)
da+8 (—166— 80a) (1)

da+9 (66 +40a,137+80a) (62 + 40a, 133 + 80a)
da+11 (170 + 80a) (—1)

Table 2: Subsequences Ay, B; for n =4 (mod 6).

Suppose now n = 2 (mod 6), say n = 6a + 2. In this case H is an SH(n;10) such
that neither its rows nor its columns are simple modulo 20n + 2. More precisely,
the row R4.13 and the column Cy, ¢ are not simple modulo 20n + 2. We construct
a globally simple H(n; 10) which satisfies also condition (x) interchanging two rows
and two columns of H.

Firstly, we interchange the columns Cy,.7 and Cy,,9 of H, obtaining a new array,
say H'. Since
Ciayr = (0%75,22 —40a,0,5 — 40a, —20 + 40a, 13 + 40a, —4 + 40a, 26 4 40a,
—12 — 40a, 42 4 40a, —28 — 40a, 0, —44 — 40¢,0,0,0*~ )",
(0%°,0,0,2 — 40a, [, —15 — 40a, 40a, 33 + 40a, 16 + 40a, 46 + 40a,
—32 — 40a, 62 + 40a, —48 — 40a, 0, —64 — 40a, 0**~7)",

Ciato

looking at the position of the empty cells, it is easy to see that interchanging them
only the rows Rua—s5)+1, Ru4a—5)+3, Raa—5)+4;- - Ra—5)112, R4a—s5)+14 change. We
write explicitly the new rows, denoted by R}. As before the interchanged elements
are in bold (for simplicity we assume n > 50, the cases n = 14, 20, 26, 32, 38, 44 can
be found in [12]):

haea = (0%7° 39 —40a,, 35 — 40a, —38 + 40a, 31 — 40a, —34 + 40a, —30 + 40a,
—27 + 40a, —23 + 40a, 25 — 40a,0,0, 0, 22 — 40a, 1%*77),
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oo = (O%7319 — 40a,0,15 — 40a, —18 + 40a, 11 — 40a, —14 + 40a, —10 + 40a,

—7+ 40a, —3 + 40a, 2 — 40a, 0, 5 — 40a,[1%*77),
R,, , = (0% —37+40a,0, 33 + 40a, 36 — 40a, —29 + 40a, 32 — 40a, 26 — 40a,

28 — 40a, 21 — 40a, —24 + 40a,0,0, 0, —20 + 40a, 027~ 7),

R),, = (0% —1—40a,0, -5 — 40a,2 + 40a, —9 — 40a, 6 + 40a, 10 + 40a,
—15 — 40a, 17 + 40a, 13 + 40a, 0, —18 — 40a, 1%*79),

Ri1 = (O0%3 —17+4 40a,0, —13 + 40a, 16 — 40a, —9 + 40a, 12 — 40a, 6 — 40a,

8 — 40a, 1 — 40a,40a,0, —4 + 40a, %77,

hare = (O%T' =21 —40a,0, —25 — 40a, 22 + 40a, —29 — 40a, 33 + 40a, 30 + 40a,
26 + 40a, 37 + 40a, —35 — 40a, 0, —38 — 40a, 027 11),

hats = (O%71,3+40a,0,7 4 40a, —4 — 40a, 11 + 40a, —8 — 40a, —14 — 40a,
16 + 40a, —19 — 40a, —12 — 40a, [, 20 + 40a, 0%279),

hara = (0%, —41 — 40a,0, —45 — 40a, 46 + 40a, —49 — 40a, 42 + 40a, 50 + 40a,
53 + 40a, 57 + 40a, —55 — 40a, 0, —58 — 40a, (02*~13),

hays = (O%T,23+40a,0,27 + 40a, —24 — 40a, 31 + 40a, —32 — 40a, —34 — 40a,
—28 — 40a, —39 — 40a, 36 + 40a, [, 40 + 40a, O**~11),

hare = (O%75, —61—40a, 62 + 40a, —65 — 40a, 0, —69 — 40a, 66 + 40a, 70 + 40a,
73 + 40a, 77 + 40a, —75 — 40a,0, —78 — 40a, 0** 1),

hayr = (O%73,43 + 40a,0,47 + 40a, —48 — 40a, 51 + 40a, —44 — 40a, —54 — 40a,
—52 — 40a, —59 — 40a, 56 + 40a, O, 60 + 40a, 027~ 13),

haro = (O%75,63 + 40a, —64 — 40a, 67 + 40a, 0, 71 + 40a, —68 — 40a, —74 — 40a,

—72 — 40a, —79 — 40a, 76 + 40a, 0, 80 + 40a, 02"~ 1%).

Note that S(R}) is obtained from S(R;) replacing A; by B, according to Table 3.
As before, one has only to check that the elements of B; and those of S(R;) \ A; are
pairwise distinct modulo 20n + 1 and 20n + 2.

t At Bt

da—4 0 0

40 —2 (—2+ 40a) (=5 +40a)

da—1 0 0

da (16 + 40a, 33 + 80a) (5,—12 — 40a)
4da+1 (—40a) (4 — 40a}

da+2 (3, —27 40a) (10, —20 — 40a)
4a+3 (—36—80a,—17—40a) (—8,11+ 40a)
da+4 (—93—80a, —44—40a) (—89 — 80a, —40 — 40a)
da+5 (—5,29+ 40a) (—9, 25 + 40a)
da+6 (—126 — 80a) (1)

4da+7 (46 + 40a,97 + 80a) (42 4 40a, 93 + 80a)
4a+9 (130+80a (-1)

Table 3: Subsequences A;, B; for n =2 (mod 6).
Next, we interchange the rows R),., and R, , of H' obtaining a new array H".

It is easy to see that after this operation only the columns C4a_1)+1, (4@_1)+3,
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CE4a_1)+4, e (’4a_1)+14, (’4a_1)+16 of H' have been modified. Since we are swap-
ping two consecutive rows, in each of these columns two consecutive elements are
interchanged. If one of them is an empty cell, the partial sums of this column re-
main the same. So, we omit to write explicitly these columns and it remains only to
consider the following ones:

Cliva = (O%75 —23440a,0,—10 + 40a, 21 — 40a, —9 — 40a, 6 — 40a, —25 — 40a,
—41 — 40a, 11 + 40a, 27 + 40a, 0, 43 + 40a, 0** 5T,

Clive = (O0%73 —3+40a,0,10 + 40a, 1 — 40a, —29 — 40a, —45 — 40a, —14 — 40a,
31 + 40a, —61 — 40a, 47 + 40a, [, 63 + 40a, 0?2~ 7)1

Cliir = (O0%73,2—40a,0, 15 — 40a, 40a, 33 + 40a, 46 + 40a, 16 + 40a,
—32 — 40a, 62 4 40a, —48 — 40a, 0, —64 — 40a, 327~

Clivs = (O%71,17+40a,0,30 + 40a, —49 — 40a, —19 — 40a, —34 — 40a, —65 — 40a,
51 + 40a, —81 — 40a, 67 + 40a, [, 83 + 40a, 1%+~

Clivo = (O0%75,22 —40a,0,5 — 40a, —20 + 40a, 13 + 40a, —4 + 40a, 26 + 40a,

42 4+ 40a, —12 — 40a, —28 — 40a, 0, —44 — 40a, 0%

Clinn = (O%', —18 — 40a,0, —35 — 40a, 53 + 40a, 20 + 40a, 36 + 40a, 66 + 40a,

—52 — 40a, 82 4 40a, —68 — 40a, 0, —84 — 40a, 0%+~ T,

Notice that S(CY) is obtained from S(C}) replacing D; by E}, according to Table 4.
Again by a direct check, one can verify that the partial sums of these 6 columns are
pairwise distinct both modulo 20n + 1 and 20n + 2. Hence, H” is an SH*(n; 10) for
any n = 2 (mod 4). This concludes the proof. O

t Dy E, |t D, E,

da+4 (—29—40a) (—81—120a) |4a+8 (28+40a) (—2+ 40a)
da+6 (—35—40a) (—66—40a) |4a+9 (30+40a) (84 + 120a)
4da+7 (36+40a) (66 + 40a) 4da+11 (—33 —40a) (—40a)

Table 4: Subsequences Dy, F; for n =2 (mod 6).

Example 4.12 Let n = 12. By the construction given in the proof of Proposition
4.11, we obtain the following SH*(12; 10):

—104 | 111 | —108 | —114 | —112 | —119| 116 120 103 107
—38 | —21 —25 22 -29 26 30 33 37 | =35
7 —4 11 -8 —-14 | —-12 | —-19| 16 20 3
—95 —58 | —41 —45 42 | —49| 46 50 93 o7
40 23 27 —24 31 —28 | =34 | =32 | =39 | 36
73 77 —75 —78 | —61 —65 | 62 —69 | 66 70
56 60 43 47 —44 | 51 | —48 | =54 | =52 | —5H9
86 90 93 97 —95 —-98 | —81 -85 | 82 | —89
72 | =79 76 80 63 67 | —64 71 | —68| =74
102 | —109 | 106 110 113 117 | —115 —118 | —101 —105
—88 | =94 | =92 | -99 96 100 83 87 | =84 | 91
-5 2 -9 6 10 13 17 | —15 —18| -1
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5 Conclusions

Theorem 5.1 Let 3 < k < 10. Then there exists an SH*(n; k) if and only if n > k
and nk = 0,3 (mod 4).

Proor: If k = 3,4, 5 the result follows from Theorem 1.3 and from the considerations
on partial sums given at the beginning of Section 4. So, assume 6 < k < 10. We recall
that, by Theorem 1.3, an H(n; k) exists only when n > k and nk = 0,3 (mod 4).
For these cases, we give in Table 5 the proposition number where we constructed an
SH*(n; k) (the first column ny gives the congruence class of n modulo 4). O

k] 6 7 8 9 10
0 |41 43 46 48 4.11

1 7 44 47 3 7
2 |41 46 3 411
3

3
3 3 47 410 P

Table 5: Proposition number for the each case.

Now, Theorem 1.9 easily follows from Theorem 5.1 applying Proposition 2.6. The
cases 1 < n < k have been obtained with the help of a computer starting from the
constructions given in [6, 7], see [12].

PROOF OF THEOREM 1.11: The H(n;3) for n = 1 (mod 4) of [4] is cyclically 3-
diagonal. Let A = (a; ;) be the H(n;5) described in [17] for n = 3 (mod 4) and define
haio; = a; ;. Then H = (h; ;) is a cyclically 5-diagonal SH*(n;5). The SH*(n;7) for
n =1 (mod 4) and the SH*(n;9) for 11 < n = 3 (mod 4) obtained in Section 4
are cyclically 7-diagonal and cyclically 9-diagonal, respectively. By Propositions 3.4
and 3.6 in each of these cases there are simple compatible orderings of the rows and
columns. Then, the result follows from Theorem 3.1.

For the exceptional SH*(11;9) described in [12], take as w, the natural ordering of
the rows from left to right and as w, the natural ordering of the columns from top to
bottom for the first 9 columns, from bottom to top for the last two columns. Then
W, w,. are compatible orderings. Again, we apply Theorem 3.1. a
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