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Abstract

Given a graph G and a positive integer k, we would like to find (if it exists)
the largest induced subgraph H in which there are at least k vertices
realizing the maximum degree of H. This problem was first posed by
Caro and Yuster. They proved, for example, that for every graph G on
n vertices we can guarantee, for k = 2, such an induced subgraph H by
deleting at most 2/n vertices, but the question of whether 2/n is best
possible remains open.
Among the results obtained in this paper we prove that:

1. For every graph G on n > 4 vertices we can delete at most
[=34vEn—15 V28”_151 vertices to get an induced subgraph H with at least
two vertices realizing A(H), and this bound is sharp, solving the
problems left open by Caro and Yuster.

2. For every graph G with maximum degree A > 1 we can delete at
most, [—2HvEatL VZSAHW vertices to get an induced subgraph H with at
least two vertices realizing A(H), and this bound is sharp.

3. Every graph G with A(G) < 2 and at least 2k — 1 vertices (respec-
tively 2k —2 vertices if k is even) contains an induced subgraph H in
which at least k vertices realise A(H ), and these bounds are sharp.

1 Introduction

A well-known elementary exercise in graph theory states that every (simple) graph
on at least two vertices has two vertices with the same degree. Motivated by this fact,
Caro and West [10] formally defined the repetition number of a graph G, rep(G), to
be the maximum multiplicity in the list (degree sequence) of the vertex degrees.
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Research has been done concerning the repetition number or repetitions in the
degree sequence. Here we mention some of these directions.

1. The connection between the independence number and K,-free graphs with
given repetition number [5, 7, 13].

2. Hypergraph irregularity—the existence of r-uniform hypergraphs (r > 3) with
no repeated degrees [4, 16].

3. Ramsey type problems with repeated degrees (2, 12].

4. Regular independent sets—vertices of the same degree forming an independent
set [1, 3, 8].

5. Forcing k-repetition anywhere in the degree sequence [9].

6. Forcing k-repetition of the maximum degree [11].

In this paper we shall focus on the following problem first stated in [11]. For a
graph G and an integer k > 2, let fi(G) denote the minimum number of vertices
we have to delete from G in order to get an induced subgraph H in which there
are at least k vertices that attain the maximum degree A(H), of H, or otherwise
|H| < k, where as usual, following the notation of [19], |G| = n is the number of
vertices of G, A(G) is the maximum degree of G and a vertex of degree ¢ is called
a t-vertex. In the case k = 2 we use the abbreviation f(G) instead of fo(G). We
define f(n, k) = max{fix(G) : |G| < n} and i g(A, k) = max{fi(G) : A(G) < A}.

Clearly there are graphs in which we cannot equate k degrees let alone £ maximum
degrees. A simple example is the star K ,_; for & > 3 having k vertices and by
definition f;(Kj 1) =1 for j > 2.

However, it is trivial that in every graph G on at least R(k, k) vertices (where
R(k, k) is the diagonal Ramsey number), we can equate k& maximum degrees. We
call a graph G in which (by deleting vertices) we can equate k& maximum degrees a
k-feasible graph. So, of interest is the following function

h(A, k) = max{|G| : A(G) < A and G is not k-feasible}.

Caro and Yuster [11] conjectured that for every k > 2 there exists a constant c(k)
such that f(n, k) < c¢(k)y/n, and proved the conjecture for k = 2 with ¢(2) = 2 and
k = 3 with ¢(3) = 43. For k > 4 the conjecture is still open. The question whether
¢(2) = 2 and ¢(3) = 43 are best possible also remains open.

Our main purpose in this paper is to show:

1. f(G) can be computed exactly in polynomial time O(n?).

2. For A > 1, g(A,2)) < [(Z12+H] and this bound is sharp.



Y. CARO ET AL./AUSTRALAS. J. COMBIN. 72 (2) (2018), 206-225 208

3. Forn >4, f(n,2) < [(Z242=15] and this bound is sharp. Hence in particular
¢(2) = v/2, solving the problem left open in [11].

4. For a forest F on n vertices, fi,(F) < (2k — 1)n5.
5. 9(1,k) = [%52], 9(2,k) = k — 1, thus determining exactly g(A, k) for A = 1,2,

6. h(0,k) = k— 1, h(1,k) = | 5] + 2|5, h(2,k) = 2k — 2 for odd k > 3,
h(2,k) = 2k — 3 for even k > 2.

The paper is organized as follows.

In Section 2 we cover the complexity issue of computing f(G), as well as the
sharp upper-bounds for g(A,2) and f(n,2). In Section 3 we consider upper-bounds
for f(F) and fx(F) where F' is a forest. In Section 4 we prove exact results about
g(A k) and h(A, k) for A = 0,1,2. Finally, in Section 5 we collect open problems
and conjectures that deserve further exploration.

2 Determination of exact upper bounds for f(G) in terms of
A(G) and |G| = n.

We first need a definition and two lemmas.

We call B C V(G), a set of vertices in a graph G, a 2-equating set if in the induced
subgraph H on V(G)\B, there are at least two vertices that realise A(H). We say
that B is a 2-equating set which realises f(G) if B has the minimum cardinality
among all 2-equating sets of G.

Let the degree sequence of the graph G on n vertices be A = dy > dy > d3 >
... > d, = 6 so that A is the maximum degree and § the minimum degree. We
define diff(G) = d; — ds.

Lemma 2.1. Let G be a graph on n > 2 vertices with degree sequence dy > dy >
. > dp, with deg(v) = d; and deg(u) = dy. Then f(G) < dy — dy = diff(G).

Proof. 1f d; = dy then clearly f(G) = 0. So let diff(G) = d; —dy > 1. But then there
is at least one set B of neighbours of v of size diff(G), none of which is adjacent to

u, and clearly f(G) < |B| = diff(G). O

Lemma 2.2. Let G be a graph on n > 2 vertices, with degree sequence d; > dy >
. > dy, with deg(v) = dy. Then either f(G) = diff(G), or v must be in every
manimal 2-equating set of G.

Proof. Suppose f(G) # diff(G). Then f(G) < diff(G), and we may assume that v is
the unique vertex in G of degree d;.

Let f(G) be realised by some induced subgraph H, and B = V(G) — V(H) is a
minimum 2-equating set for G. Assume for the contrary that v € H (then v is not
a member of B).
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Since v € H but f(G) is not realised by diff(G) then either v is not of maximum
degree in H in which case at least diff(G) + 1 vertices among the neighbours of v
must be deleted contradicting |B| = f(G) < diff(G), or v is of maximum degree
in H and still at least diff(G) among its neighbours must be deleted and again

f(G) =|B| > diff(G) contradicting f(G) < diff(G). O

Lemma 2.3. Let G be a graph on at least n > 2 vertices. Suppose that f(G) #
diff(G), then f(G) =1+ f(G —v), where v is the single vertex of maximum degree
in G.

Proof. Since f(G) # diff(G) it follows that there is a single vertex v of maximum
degree in GG and also from Lemma 2.2 we infer that v must be in any minimal
2-equating set of G.

Let G; = G\{v} and let B be a minimal 2-equating set for G, namely f(G;) =
|B|]. Then clearly B U {v} is a 2-equating set for G hence f(G) < 1+ f(G1).

On the other hand let B be a minimum 2-equating set for G. Then by assumption
and Lemma 2.2 v € B. Set B; = B\{v}. Clearly B is a 2-equating set of G hence
f(G1) < |Bi] = |B| = 1= f(G) — 1 which gives f(G1) +1 < f(G).

Hence combining both inequalities we get f(G) = f(G\{v}) + 1. O
Theorem 2.4. Let G be a graph on n > 2 vertices, then

f(G) = min{diff(G;)+j:j=0...n—2},
where G411 is obtained from G; by deleting a vertex vy ; of the mazimum degree d; ;

from G; (where Gy is taken to be G), and dy; is the second largest degree in G;.

Moreover f(G) can be determined in time O(n?).

Proof. By Lemma 2.2, either f(G) = diff(G) or vy must be deleted to obtain G
and in this case by Lemma 2.3, f(G) = f(Gy) + 1.

Hence f(G) = min{diff(G), f(G1) + 1}. Now either f(G;) = diff(Gy), or by
Lemma 2.2 and Lemma 2.3 the maximum degree in G; must be deleted to obtain
Go and then f(G1) = f(Ga) + 1.

Hence f(G) = min{diff(G), diff(G1) + 1, f(G2) + 2}.

We continue this process until for some first j, diff(G;) = 0 and there we stop,
having two vertices realizing the maximum degree of GG; (the later steps will always
give a larger value then diff(G;) + j = j).

Each step is forced by Lemma 2.2 and Lemma 2.3 , hence
f(G) = min{diff(G;) +7:7=0...n—2}.

Now in each iteration we have to construct GG; from G;_; by deleting the maximum
degree vy j_1 from G;_; and compute d; ; and dy; which can be done in O(n) time
running over the new degree sequence of GG; that can be computed from the degree
sequence of G;_; by updating d, ; values in it .

So the total running time for the algorithm is O(n? + e(G)) = O(n?). O
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Theorem 2.5. Let G be a graph on n > 2 wvertices with maximum degree A, and
t > 1 be an integer.

(i) If 0 < A <1, then f(G) = 0.

(i) If (") +1 < A < ("2, then f(G) < t, and this bound is sharp for every A
i the range.

(iii) For A>1, f(G) < [—“— Vjﬂﬂ

Proof. Clearly, if 0 < A <1 and n > 2 then f(G) = 0.

For (ii), we use induction on ¢. For t =1, 2 < A < 3. If there is one vertex v of
degree A = 2 then removing v clearly leaves at least two vertices of maximum degree
equal to one or zero, and hence f(G) = 1. If there is a vertex v of degree A = 3 and
a vertex u of degree 2, then by Lemma 2.1, f(G) < 3 —2 = 1. Otherwise, all other
vertices have degree 0 or 1 and deleting v leaves at least two vertices of maximum
degree equal to one or zero, and f(G) = 1.

So assume statement is true for ¢ — 1 and we shall prove it is true for ¢.

By assumption, (tgl) +1 <AL (t’f). Let v be a vertex of maximum degree

and u a vertex with the second largest degree; clearly
t+2
deg(u) < deg(v) < ( ! )

Now consider deg(u).

1. If deg(u) < ("1') we drop v to get G\{v} = H where A(H) < (1), and by

2
induction f(G) < f(H)+1<t—141=1t and we are done.

2. If deg(u) > (*3') + 1 then clearly

diff(G) = deg(v) — deg(u) < (t ! 2) - (t : 1) S

hence by Theorem 2.4 f(G) < diff(G) <t and we are done.

Sharpness: consider the sequence a; = (jgl) +1lie a; =2, a0 =4, a3 =7 etc.
and let A = ("1Y) +j, j=1,...,t+ 1. For example, if t = 4, A =11,12,13,14,15.

Consider the graph Ga consisting of the stars Ky, ; for j = 1,...,{ —1 and a
“big star” K.

Suppose for example A = 13 , which is the case ¢t = 4, since (t;rl) = (g) <
13 < (g) = (t?). The sequence of stars we choose involves aq, as, a3 and A, that is
K2 UK; 4 UK, 7UKj 13, and this realises f(G) = 4 as required. The validity of this
construction is a simple application of Theorem 2.4.

So this construction shows the bound is sharp for every A > 1.
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For (iii), from part (ii) above (t > 1 and A > 2), we get t* + 3t + 2 — 2A < 0.
Solving the quadratic and rounding up, since ¢t must be an integer, we get

—3+\/1+8A—‘

< —
fey o= |25
which holds true also for the case A = 1. O

Theorem 2.6. Let G be a graph onn >4, and t > 1 an integer such that

t+1 t+ 2
<_|2_)+3§n§(—{2— )+2.

Then f(G) <'t, and this is sharp for all values of n in the range. Also, forn >4,

—34+8n — 15-‘
5 )

re<|

Proof. Observe that for (tgl) +3<n< (tf) + 1 it follows that if |G| = n then
A(G) <n—1 hence A(G) < (*3?) and f(G) < t by Theorem 2.5.

2
We now construct for every n, such that (t’gl) +3 < n< (tgg) + 1, a graph
G, = G with f(G) =t proving sharpness.
Letn=("1")+j:j=3,...,t+2
Let A = {vy,vq,...,0} and B = {uy, ..., Up_¢}-

Vertex v, is adjacent to all other vertices so that deg(v;) =n—1 = (tzl) +7—1L

Vertex vy, for ¢ =t —1,...,1 has degree deg(v,) = ‘]2+—2‘1+2 +1=a,+ 1, where v, is
adjacent to v; and to uy, ..., u,,. Figure 1 shows the case when ¢t =3 and j = 3 i.e.

n= (%) +3=09

V1 V3 V2

Ly u; L3 Ug Us Us

Figure 1: The graph G,, for t =3 and j = 3

We now apply Theorem 2.4 to G. Then

t+1 t—1)24+t—1+2
mﬂGy:(;')+j—1—< PAt=lH2 st

2

Hence, we apply Theorem 2.4 by deleting v; to give a new graph G on n — 1 vertices
in which deg(v;), i = 1...t — 1, as well as all the degrees of vertices in B adjacent
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to vy are reduced by 1, and hence diff(G) = deg(v;_1) — deg(v;—2) = t — 1 Therefore
f(G) > 1+diff(G;) > t and we again apply Theorem 2.4 to delete v;_;. The degrees of
Ut_3 ... v1 now remain unchanged, and fori = 2...t—1, deg(v;_;) —deg(vy_;_1) = t—i,
and the vertices are not adjacent to each other. Hence it follows that, at each step,
diff(G;) =t — i, which, by Theorem 2.4, implies that f(G) = min{diff(G;) +j:j =
0,...,n—2} =t.

Let us now look at the case when |G| =n = (tf) + 2.

Let A = A(G) — then if A(G) < (*}?) then by Theorem 2.5, f(G) < t and we
are done. So A = (t§2) + 1. Let v; and vy be such that deg(v;) = A and vy has
the second largest degree. Observe that vy is adjacent to all vertices of G. Now if

deg(vs) > ("5") + 2, then diff(G) < t and again we are done by Theorem 2.4.

So deg(vq) < (tgl) + 1. We delete vy to get the graph Gp. Clearly A(G;) =
deg(vs) — 1 < (') and by the Theorem 2.5, f(G1) <t — 1 hence f(G) < t.

For, sharpness we can take the graph G constructed above on n vertices for

n = (tf) + 1 and add an isolated vertex.

Now for a graph G on n vertices with 4 < n < (thQ) + 2, we know f(G) < t,
hence we get t2 4+ 3t — 2n + 6 > 0, and solving the quadratic gives

—3++/8n — 15—‘
5 .

f(G):ts[

3 Trees and Forests

We have determined the maximum possible value for f(G) with respect to A(G)
(Theorem 2.5) and with respect to |G| = n (Theorem 2.6).

In the submitted version of this paper we proposed the problem of finding
max{f(G) : G is a forest on n vertices} and we made the following conjecture:

Conjecture 3.1. If F' is a forest on n vertices, where n < WF# then f(F) <t
and this is sharp.

Since then this conjecture has been proved in [14] so we limit ourselves to giving
a construction which achieves this upper bound.

Consider the sequence a; = (jgl) + 1. For t > 0 we define a tree T; as follows:
Let Psy3 be a path on 2t + 3 vertices {vy, ..., vy13}. Now to the vertex vy; for
Jj=1,...,t+1 of the path we add exactly z; = a; — 2 = (”;1) — 1 leaves, so that
x1 =0, xo = 2 and so on. Let b; be the number of vertices of Tj.

Clearly deg(vy) = deg(vat3) = 1, and for ¢ > 1, deg(vgj41) =2 for j =1,...,¢t
while deg(vq;) = a; for j=1,...,t+ 1.

Now for t = 0 we get T = K with by = 3, for t =1 we get b, = 7 and for ¢t = 2,
b, = 14, as shown in Figure 2.
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Figure 2: The tree T, on 14 vertices
The number of vertices in Tj is b, = 62478 - We prove this by induction on

t. Fort =0, by =3 and for t = 1, by = 7 as required. So let us assume it is true for
bi_1. Then

k? + 3k + 4
bp = b1t ——F——
(k=12 +6(k—-12+17k—-1)+18 K>+ 3k+4
= +
6 2
K+ 6k*4 17k + 18
B 6

as required. So diff(7;) = £33 (t_1)2+g(t_l)+4 =t + 1. Again by induction on
t, we can show that f(7;) = t+ 1, for t > 0. Clearly f(7p5) = 1. Suppose that
f(T;) <t < diff(T3). Then we should remove the vertex of degree A in order to
obtain a minimal 2-equating set. But this leaves isolated vertices and the tree T;_;.
But f(7;-1) = t, by induction, and hence f(7;) =t + 1, a contradiction.

We now prove the following result:

Theorem 3.2. Let F' be a forest on n vertices and k > 2 an integer. Suppose
n%22k‘—1. Then .
fu(F) < (2k —1)|n3].

We first prove the following lemmas:

Lemma 3.3. For every k > 2 and every graph G with mazximum degree A, fr(G) <
(k—1)A.

Proof. By induction on A. If A = 0, then the result is trivial since either |G| < k or
there are k vertices of degree 0.

So suppose the result holds for A < r and let G have A = r + 1. If there are k
vertices of maximum degree r + 1 we are done. Otherwise, remove all the vertices
of maximum degree A in G —there are at most k — 1 such vertices. The resulting

graph H has maximum degree at most r and hence by the induction hypothesis,
fx(H) < (k —1)r. Hence

G <(k-1r+k—-1=(k-1)(r+1)=(k—-1A(G)

as required. O
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Lemma 3.4. Let G be a forest and let A be any subset of k > 2 vertices of G. Define
M(A) to be the set of vertices of V(G)\A each having at least two neighbours in A.
Then |M(A)| < |A] = k.

Proof. Suppose |M(A)| > |A| = k. Let B be any subset of M(A) of cardinality k
and let H be the bipartite graph with vertices AU B and only those edges connecting
vertices in A to vertices in B. Since each vertex of B has degree at least 2 in H,
|E(H)| > 2k. But |V(H)| = 2k, therefore H has a cycle contradicting the fact that
G is a forest. ]

We now prove Theorem 3.2.

Proof. The maximum degree of F' can range from 0 to n — 1. Let us divide the
interval [0,n) into subintervals

1

S; = [jn3,(j+1)n%) forj=0,...,|n

ol

| -1

with the last two intervals being S[n%j — [[n3]n3,n3) and Sp = [[n3],n). Let us
denote by A; or Ay, the set of vertices of F' whose degrees fall in the intervals S; or
S, respectively.

We first claim that A, contains at most |n3| vertices. Suppose not and let z;
be the number of vertices of F' having degree j. Consider the forest F* on n* < n
vertices obtained by deleting all isolated vertices in F'. Then clearly the number of
vertices x; of degree j > 1in F* in the same as in F', and we have x;+...+x,_1 = n"
and x1 4+ 2x9 + ... + (n — 1)x,_1 < 2n* — 2. Multiplying the first equation by 2 and
subtracting the second gives:

n—1

=Y (j—2)x;>2

Jj=3

Hence

=24 ) (-2

>3

In particular ,
x1 > 24 (3] - 2)|AL]

> 2+ (Ini| —2)([n3 ] +1) =n+ [ni| —2|n3|.
But
2 1 1 2 1
n* >z + Al >n+ns —2n354+ns+1=n+n3—ns+1>n"

a contradiction.
We now proceed as follows. We remove from F' the vertices in Ay and redistribute
. . . 1 .
the resulting degrees among the intervals S;, j = 0,...,|n3 |, recalculating A; for
. 1 . . . .
j = 0,...,|n3]. If there are at least k vertices with degrees in the last interval
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we stop. Otherwise we remove these vertices and again we redistribute the degrees

. . 1 . . 1
among the intervals S;, j =0,..., [n3] —1, recalculating A, for j =0,...,[n3] — 1.
This process continues until we reach one of the following possibilites:

Case 1: We have deleted all vertices and are left with only those vertices in Ag.

Case 2: For some j > 1, A; contains at least & vertices.
We consider these cases separately:

Case 1: In this case we have deleted |n3 | vertices from A; and at most (k — 1)|n3 |
further vertices by deleting at most (k — 1) vertices that were in the respective sets

Ay, ’Atn% | at each stage. So altogether kLn%J vertices have been deleted.

But now the resulting graph has maximum degree at most Lnéj and therefore, by
Lemma 3.3, by deleting at most a further (k — 1)|n3 ] vertices we arrive at a graph
with k vertices of maximum degree (or at most k — 1 vertices at all). To do this we
have altogether deleted at most (2k — 1)|n3 | vertices, as required.

Case 2: We have stopped the deletion process when A;, j > 1, contains at least &k
vertices, A; being the set of vertices of the reduced forest having degrees in S; =
[jns, (G + Dns).

Let v1, va, ..., v; be the k vertices in A; of largest degrees, say d; > dy > ... > d.
Let us call this set of vertices A. By Lemma 3.4, |M(A)| < k where we recall that
M(A) is the set of vertices adjacent to at least two vertices of A. Since a vertex
v € A can be adjacent to at most £ — 1 other vertices in A and k£ — 1 vertices in
M (A), there are at least deg(v) — 2k + 2 vertices that are neighbours of v but which
are not in A U M (A). Since such vertices are adjacent to at most one vertex from
A, these deg(v) — 2k + 2 vertices are only adjacent to v € A and not to any other
vertex in A. Let B(v) be the set of these neighbours of v.

Now consider any vertex v; € A, i = 1...k. Suppose deg(v;) = deg(vg) + ;.
Then

|B(v;)| > deg(v;) — 2k +2 > deg(vg) + t; — 2k +2 > ns +t; — 2k +2 > t;

since n3 > 2k —1> 2k — 2.

We therefore need to remove ¢; vertices of B(v;) (and this will not change the
degree of any other vertex in A) in order to equate deg(v;) and deg(vy). However,
since |B(v;)| > t;, we can do this.

Hence, equating all the degrees of the vertices vy, ..., vx_1 to deg(vy) can be done
at the cost of deleting at most a further (k — 1)|n3 | vertices. This means that we
have deleted altogether at most (2k — 1)|n3 | vertices, so we are done. O

Remark: The above proof also works for the more general class of graphs without
even cycles. Lemma 3.4 remains unchanged since the graph H used in the proof is
bipartite by construction. A graph G on n vertices and without even cycles contains
at most 2 edges (Theorem 5.1 on page 31 in [6]). Therefore, in the proof of the
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Theorem, instead of the computation involving z; we compute an upper bound on
. . . . . . 1
the number of vertices in Ay, by noting that if this number is at least 3ns + 1 then

3n > 2|E(G)| > Y > (3n% +1)(nd) = 3n +nb > 3n,
vEAL
a contradiction.

We then remove the vertices of Ay and redistribute the resulting degrees, sacri-
1
ficing at most 3n3s vertices, and continue as in the proof. This gives

£i(G) < (2k + 1)n3,

giving a weaker bound for a more general class of graphs.

4  The functions g(A, k) and h(A,k)

Lemma 3.3, which states that g(A, k) < (k— 1)A, plays a crucial rule in the proof
of Theorem 3.2. Another motivation to study g(A, k) = max{fx(G) : A(G) < A}
comes from the Proposition 4.1 below, which gives a weak support for the conjecture
fi(G) < c(k)y/]G] mentioned in the introduction, and also demonstrates that for
graphs with e(G) = o(n?), fi(G) = o(n) (where e(G) is the number of edges of G) .

Observe that it has not yet been proved in general that for fixed k£ and G a graph
on n vertices, fi(G) = o(n).

Proposition 4.1. Suppose G is a graph on n vertices and e(G) < cn'*? where
0<B<1andleta= # Then fr(G) < (kK — 14 2¢)n®, and in particular for
B=0, fr(G) < (k—1+2c)y/n.

Proof. Define V,, = {v: deg(v) > n*} and suppose |V, | > 2cn®.
Then

2e(G) = Z deg(v) > Z deg(v) > n®2cn® = 2en®* = 2en'™ > 2¢(@),

UEV(G) vEVa

a contradiction.

Hence |V,| < 2en®. Deleting V,, we get a graph H with A(H) < n®. Hence
applying Lemma 3.3 we get

fe(G) < Vol + (K= 1)AH) <2en®+ (k— 1)n® = (k — 1 + 2¢)n”.
[

So a better knowledge of the behavior of g(A, k) will help to obtain better bounds
on fr(G) as well as f(n, k) = max{fr(G) : |G| = n}.

Proposition 4.2. For every A >0 and k > 2,
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1. g(0,k) = 0.
2. g(1,k) = |51

3. For A>1, g(A,2) = [_?’JF— VQSAH—‘.

Proof. 1. Clearly if G is a graph with maximum degree A = 0 then either |G| > k
and the result holds or else |G| < k — 1 and the result holds by the definition
of fi(G), hence g(0,k) = 0.

2. Consider G with maximum degree A(G) = 1. If there are already k vertices
of degree 1 we are done. So assume there are at most k — 1 vertices of degree
1. By parity these vertices induce at most L%J isolated edges containing at
most 2| -1 | vertices of degree 1. We delete from each isolated edge one vertex
of degree 1 to get an induced subgraph H with A(H) = 0. It follows, since
9(0,k) =0, that f,(G) < [%51]. This bound is sharp as demonstrated by the

graph t Ky UmK; where m > 0 and t = [%j, k> 3.

3. This is a restatement of Theorem 2.5.
O

Determining ¢(2, k) requires more efforts, in particular we will use Ore’s obser-
vation [18] that if G is a graph on n vertices without isolated vertices, then the
domination number of G, denoted v(G), satisfies v(G) < | 5].

Theorem 4.3. For k> 2, g(2,k) =k — 1.

Proof. The graph G made up of k — 1 vertex-disjoint copies of the star Ko has
fx(G) =k — 1 as is easily checked. So ¢(2,k) > k — 1.

Let us prove the reverse inequality.

Consider a graph G with A(G) = 2, otherwise by Proposition 4.2 (part 2) we are
done.

Let ny = [{v : deg(v) = 2}|. Clearly if ny > k we are done so we may assume
We collect the (possible) components of G into three subgraphs: A = { all isolated
vertices and isolated edges}, B = {all copies of K5}, C' = {all other components}.

We denote by ¢ the number of copies of K 5 in B and we observe that ¢ < ny and
that in each component in C' the vertices of degree 2 induce either a path (including
a single edge) or a cycle.

We claim that if ¢ > [%1] we are done by deleting all n, — ¢ vertices of degree
2 in C and from each copy of K;2 in B we delete a leaf to get from G an induced
subgraph H with A(H) = 1 and with at least 2([ 52 | + 1) > k vertices of degree 1,

and we have deleted altogether ny =< k — 1 vertices. So we shall assume ¢ < |*51].

Consider the subgraph F' induced by the vertices of degree 2 in C.
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Case 1: |F| = 0.

If [F| = 0 (namely C is empty) then ny =t < [%1]. Delete a leaf from each
copy of Ky in B. We get from G a graph H with A(H) =1 (as in A all components
have maximum degree at most 1).

If in H there are already k vertices of degree 1, we are done and we have deleted
t < |51] vertices. Otherwise by Proposition 4.2 (part 2), fi(H) < |%5] and hence
fu(G) <2[E2 ) <k -1
Case 2: |F| > 0.

Then as we have noted before, due to the components of C', there are no isolated
vertices in F', and by Ore’s result y(F) < [22=t] < [E==].

Let D be a dominating set for F that realises v(F), hence |D| < 22-L.

Delete D and consider the induced subgraph H on AUC. Clearly A(H) <1 and
denote by n; the number of vertices of degree 1 in H.

Now we look again at B.

If t = 0 then B is empty, and either ny > k and we are done as we have deleted

D] < [%] < L%J vertices or by Proposition 4.2 (part 2),

J2(G) < fulH) + |D| < 2L%J <ho1

On the other hand, if 1 <t < L%j, we consider two possibilities:

1. if ny > k — 2t then deleting a leaf from every copy of Ko in B, we get an
induced graph H* on AU B U C (extending H to the leftover vertices of B)
with A(H*) = 1 and at least k — 2t 4+ 2t = k vertices of degree 1 and we are
done as we have deleted altogether

ng—t n2+t

D]+t < +t= <ny <k-—1

vertices.

2. If ny <k —1— 2t (recall ny is the number of vertices of degree 1 in H formed
from AU{C\D}), then we delete % independent vertices of degree 1 in H, and
t vertices of degree 2 in B to get an induced subgraph H* with A(H*) = 0.

But ¢(0, k) = 0 hence fx(H*) =0 and

k—1—2t+k—1—t+t_2k—2—t<k |
2 2 - 2 -

fk(G)§%+|D|+t§

and the proof is complete.
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The following construction supplies a lower bound for g(A, k) in terms of g(A, 2).

Proposition 4.4. For even k > 2, g(A k) > g(A,2)5 + £ —1.

Proof. Recall the sequence a; = (tzl) +1, which for ¢t > 1 gives the smallest maximum
degree for which there is a graph G with f(G) = t. The graph which we constructed
to prove sharpness in Theorem 2.5 is made up of |J K14, for j = 1,...,¢ and in case
we have a; < A < a1, G=KiaUKy,:j=1,...;t—1

Now we construct Gy, as follows: take & — 1 copies of K, and % copies of
Kiog :j=1,...,t = 1. In case a; < A < a;41 we take £ — 1 copies of K; A and g
copies of K14, :j=1,...,t—1.

Note that for £ = 2 this is exactly the construction that realises Theorem 2.5.

Observe now that, in G we cannot equate to degree A as there are just k — 1
such degrees. So we can equate to the second largest degree a; 1 by deleting exactly
A — a;_q leaves from g vertices of the maximum degree and k — 1 — g other centres.
Altogether we deleted

(A—a)k k g(A )k k
—_— - = 1> 4+ - — 1.
2 * 2 - 2 * 2
In case A = a; we have deleted exactly w + g — 1.

We can now equate to some value x such that a;_1 > x > a;_2+7j, 5 > 1. However
clearly this requires the deletion of more vertices then just to equate to a;_; and in
particular the deletion of at least g(A, 2)% + g — 1 vertices.

Now we can try to equate to a;_s.

The cheapest way is to delete the k — 1 vertices of degree A and a;_1 — a;_o leaves
from each of the % vertices of degree a;_1. So altogether we deleted

k k ko k
k=14 (a1 —a-2)g =k -1+ (9(A,2) ~1)5 =g(A,2)5 + 5 — 1

vertices.

Again we can now try to equate to some value x such that a;_o >z > a;_3 + J,
j > 1. Clearly this requires the deletion of more vertices than just to equate to a;_o
and in particular the deletion of at least g(A,2)% + % — 1 vertices.

So this deletion process continues and we are always forced to delete at least
g(A, 2)% + g — 1 vertices, even if we delete all the centres of the stars to get an
induced subgraph with all degrees equal 0.

Hence for even k > 2 we get g(A, k) > g(A,2)5+%—1 (which is sharp for k = 2).

While slight improvements on this lower bound are possible for odd k > 3, our
goal in this construction is only to demonstrate a linear lower bound on g(A, k) in
terms of g(A,2) and k for which the construction suffices.

]
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We now turn our attention to h(A, k). Recall that for £ > 2, a graph G is k-
feasible if it contains an induced subgraph H (possibly also H = () such that in H
there are at least k vertices that realise A(H), and we define

h(A, k) = max{|G| : A(G) < A and G is not k-feasible}.
Theorem 4.5. For every A >0 and k > 2,
1. h(Ak) < R(k, k) — 1.
h(0,k) =k — 1.
h(1 k) = (5] +2[55].
For odd k >3, h(2,k) = 2k — 2, and for even k > 2, h(2,k) = 2k — 3.

AR NI

WA K) < g(A k) + K — 1.

Proof. 1. Clearly if |G| > R(k,k) then G has a vertex-set A, |A| > k such that
the induced subgraph on A is either a clique or an independent set .

Hence deleting V' — A we are left with a regular graph on at least k vertices
hence G is k-feasible and h(A k) < R(k, k) — 1.

2. h(0,k) =k — 1 is trivially realised by (k — 1)K i.e. k — 1 isolated vertices.

3. A lower bound for h(1,k) is h(1,k) > [£] + 2|%] realised by the graph
G = 5] K, U |52 | K, which is trivially seen to be non-k-feasible.

Next suppose G is a graph having LgJ + QL%J + j vertices, j > 1.

Write |£] +2| 51| + j = 2+ 2y where = denotes the number of O-vertices and
2y the number of 1-vertices in G.

Now if y > [%1] we have at least k vertices of degree 1 and we are done. If
0<y< L%J then delete y 1-vertices, one of each copy of K5, and we are left
with at least [£] + |%51] 4+ > [5] + [551] + 1 = k vertices of degree 0.

Hence G is k-feasible, and h(1, k) = |5] + 2| 55].

4. Clearly h(2,k) < 2k — 2 since if G has A = 2 and at least 2k — 1 vertices then
by deleting at most k — 1 = ¢(2, k) vertices, there must be induced H with at
least k vertices realizing the maximum degree.

Suppose k is odd and k > 3. Consider the graph G = k—;1P4 (% copies of the
path on four vertices Py). Clearly |G| = 2k — 2 having exactly k — 1 2-vertices
and k£ — 1 1-vertices.

Observe that if G is k-feasible then in at least one of the P, we should be
able to delete just one vertex to get the remaining three vertices of the same
degree, otherwise if in each copy of P, (or what remains of it after deleting
some vertices) we will have at most two vertices of the same degree then over
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all G we will have at most k — 1 vertices of the same degree, meaning G is not
k-feasible.

However it is impossible to delete one vertex from P, to get all the remaining
three vertices of the same degree hence G is not k-feasible proving h(2,k) =
2k — 2 for odd k > 3.

Suppose k is even, k > 2.
The case k = 2 is trivial hence we assume k > 4.

Consider the graph G = 1Py U K. Clearly |G| = 452 + 1 = 2k — 3 having
exactly k — 2 1-vertices, k — 2 2-vertices and one O-vertex. If G was k-feasible
then by deleting the O-vertex v, H = G — v would be at least k — 1-feasible
withodd t =%k —1> 3.

But H is exactly the graph which was proved above to be non t-feasible for
odd t > 3, so G is not k-feasible, proving h(2,k) > 2k — 3 for even k > 4.

We have to show that if |G| = 2k — 2 and A(G) = 2, then for even k > 4, G is
k-feasible, this will complete the proof that for even k > 2, h(2, k) = 2k — 3.

Suppose on the contrary that |G| = 2k — 2 and A(G) = 2 but G is not k-
feasible. Let n;, j = 0,1,2 be the number of vertices of degree j = 0,1,2
respectively in G.

Since G is non-k-feasible and by the value of h(1, k) we may assume 1 < ny <
k — 1. However 2k —2 > h(2,k — 1) = 2(k — 1) — 2 = 2k — 4. Hence G is
k — 1-feasible.

So either ny = k — 1 or else, by removing at most k — 2 vertices, we get an
induced subgraph H, |H| > k with at least k—1 vertices realising the maximum
degree of H.

If A(H) = 1 then, since k—1 is odd, it forces that there are at least k 1-vertices
but then G is k-feasible. Otherwise A(H) = 0 but |H| > k and again G is
k-feasible.

So only the case no = k — 1 is left. Since n = 2k — 2 and ny = k — 1 then by
parity ny < k — 2 and ng > 1.

We collect the (possible) components of G into three subgraphs: A = {all
isolated vertices and isolated edges}, B = {all copies of K5}, C' = {all other
components}.

We denote by t the number of copies of K5 in B and also observe that t <
ny = k — 1 since otherwise |G| = 3k — 3 > 2k — 2 = |G| a contradiction since
k> 2.

Also observe that in each component in C' the vertices of degree 2 induced
either on a path (including a single edge) or a cycle.

Claim: If ¢ > | 51| we are done.
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This is because F' is not empty since ¢ < no, and by the observation above
d(F) > 1 hence by Ore’s result the domination number of F' satisfies v(F) <
L") < [

Let D be a minimum dominating set for F'. Deleting D from C' and from each
copy of Kj 2 in B we delete a leaf to get an induced subgraph H with A(H) =1
and with at least 2(| £ | +1) > k vertices of degree 1, meaning G is k-feasible.
Observe we have deleted at most

ng—t <7L2+t< 2712-1 2k — 3

| e g T o 2

J=k—2

vertices, proving the claim.

Consider the subgraph F' induced by the vertices of degree 2 in C and recall
|F'| > 0, hence |F| > 2.
Then as we have noted before, due to the components of C', there are no isolated

vertices in F', and by Ore’s result y(F) < [25] < L—k*;*tj_

Let D be a dominating set for D that realises v(F'), hence |D| < 22t

Delete D and consider the induced subgraph H on AU C. Clearly A(H) <1
and denote by x; the number of vertices of degree 1 in H.

Now let us look again at B.
Case 1: t =0.

Since t = 0, B is empty, and we have deleted |D| < [%2] < [ | = %52 vertices

2 2
since k is even. So the number of vertices remains is at least 2k —2—£=2 = 3k=2

2 2
But as k is even, h(1,k) = 5] +2[51| =4 + 2(k2_2) = 34 < 32 hence H
is k-feasible and so G is k-feasible.

Case 2: 1 <t < |51

We consider two cases:

(a) if 2y > k — 2t then deleting a leaf from every copy of K, in B we get an
induced graph H* on AU B U C (extending H to the leftover of B) with
A(H*) = 1 and at least k — 2t + 2t = k vertices of degree 1 and we are
done as we have deleted altogether |D| 4t < "2t ¢ = 22 <k — 2 (as
before). Hence G is k-feasible.

(b) if z; < k — 1 — 2t (recall 1 is the number of vertices of degree 1 in H
formed from AU {C\D}), then by the even parity of x; and as k is even
we must have r1 < k — 2 — 2t.

Now delete %' independent vertices of degree 1 in H, and ¢ vertices of

degree 2 in B to get an induced subgraph H* with A(H*) = 0.

We have removed

ko220 k-1-t . 2%k-3-1 2%k—4
2 2 B 2 -2

X
-§+un+t§
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vertices (since ¢t > 1), hence |H*| > k and we have k vertices of degree 0
realizing A(H*). Hence H* is k-feasible and so does G, completing the
proof.

5. Suppose |G| = g(A, k) + k and A(G) = A. Then by the definition of g(A, k),
by deleting at most g(A, k) vertices we either get below k vertices or have an
induced subgraph H with at least k vertices realizing the maximum degree of

H.

But deleting g(A, k) vertices from G will leave us with a graph on at least k
vertices hence the second possibility above holds and G is k-feasible, and we
conclude that h(A, k) < g(A k) + &k — 1.

]

5 Open Problems

We conclude by proposing the following open problems:

1. Certainly the most intriguing problem is to solve the Caro-Yuster conjecture
that f(n,k) < f(k)y/n. As mentioned we proved that f(2) = v/2 is sharp and
best possible, and it is known that f(3) < 43. For k > 4 the conjecture remains
open. Even a proof that f(n,k) = o(n) is of interest.

2. Theorem 2.4 supplies an O(n?) algorithm to compute f(G) = fo(G). Can
f3(G) be computed in polynomial time?

3. We have calculated, in section 4 , the exact values of g(A, k) for A = 0,1, 2,
and we have given a general constructive lower bound for g(A, k). Determining
9(3, k) seems a considerably more involved task, as well as proving a conjecture
inspired by the Caro-Yuster conjecture namely:

Conjecture 5.1. For k > 2 there is a constant g(k) such that g(A k) <

This conjecture, if true, implies the Caro-Yuster conjecture.

4. We introduced the notion of a k-feasible graph and the corresponding function
h(A, k) discussed in Section 4. We have determined the exact values of h(A, k)
for A =0,1,2. We pose the problem to determine more exact values of h(A, k)
in particular for A = 3 as well as to determine h(k) = max{h(A, k) : A > 0}.
Clearly as already proved in section 4, h(k) < R(k, k) — 1.

5. Lastly we mention again the conjecture about forests:

3 642
t°+66+17t+12 then

Conjecture 5.2. If I is a forest on n vertices, where n < -

f(F) <t and this bound is sharp.

Edit in proof: Since this paper was submitted, Conjecture 3.1 has been proved
n [14], and this topic has been extended in [15, 17].
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