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Abstract

We give a complete solution for the existence problem of group divisi-
ble designs (or PBIBDs) with blocks of size k = 3, four groups of size
(n,n,n, 1), and any two indices (A1, A2). Moreover, we introduce a con-
struction of infinitely many group divisible designs with ¢ groups of size
n and one group of size 1. The construction technique utilizes our main
result, together with some other known designs.

1 Introduction

A group divisible design GDD(g = g1 + g2 + - - + s, S, k; A1, A2) is an ordered pair
(G, B) where G is a g-set of symbols that is partitioned into s sets, called groups, of
size g1, 9o, - - ., gs, and B a collection of k-subsets of G, called blocks, such that each
pair of symbols from the same group appear together in A; blocks and each pair of
symbols from distinct groups appear together in Ay blocks. A\; and Ay are called the
indices of the design. A group divisible design is a partially balanced incomplete
block design (PBIBD) where the set of symbols are partitioned into groups with two
different associates. Symbols occurring together in the same group are called first
associates, and symbols occurring in different groups are called second associates.
(See [2, 3].)

Many papers in the literature have focused on the designs with k£ = 3. Fu, Rodger,
and Sarvate [2, 3] completely solved the existence of group divisible designs where
all groups have the same size, namely GDD(g = n+n+ --- 4+ n,m,3;A\;, A2). In
1992, Colbourn, Hoffman, and Rees [1] showed a necessary and sufficient condition
for the existence of a GDD(g =n+n+---+n+u,t+ 1,3;0,1). Later, Pabhapote
and Punnim [9] investigated all triples of positive integers (n,m,\) for which a
GDD(g = n 4+ m,2,3; A\, 1) exists. Pabhapote [8] proved the existence of GDD(g =
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n+m,2,3; A, Ag) for all m # 2 and n # 2 in which A\; > As. In 2014, Lapchinda et
al. [5, 6] worked on GDDs with three groups; they gave a complete solution for the
existence problem of group divisible designs with block size k = 3 and three groups
of size (n,n, 1) in two separated cases A\; > Ag and A; < Ay. Here we give a complete
solution for the group divisible designs with block size k = 3 and four groups of size
(n,n,n, 1) for any two indices (A1, A2). Having three groups of the same size allows us
to utilize latin squares in our construction technique. In the last section, we extend
the main result to construct infinitely many GDD(g = n+---+n+1,t+1,3; A\, Ag)s.

Since for the main result we are dealing with GDDs with four groups and block size
3, the notation GDD(n,n,n, 1; A1, A2) is used for GDD(g = n+n+n+1,4,3; A;, \2)
from this point forward, and we refer to blocks as triples. Our necessary conditions for
the existence problem of a GDD(n,n,n, 1; A\, A2) can be easily obtained from a graph
model by describing a GDD(n, n,n, 1; A1, Ay) graphically as follows. Let AK, denote
the graph of v vertices where each pair of vertices is joined by A edges. Let G and G5
be graphs. The graph G, V) G is obtained from the union of Gy and G5 by joining
each vertex in GGy to each vertex in G5 with A edges. A G-decomposition of a graph
H is a partition of the edges of H such that each element of the partition induces a
copy of G. The existence of a GDD(n,n,n, 1; Aj, Ag) is easily seen to be equivalent
to the existence of a K3-decomposition of A1 K,, Vy, (MK, Va, (MK, Vy, K1)). As
in [2], edges joining vertices in the same group are called pure edges, otherwise, they
are cross edges.

Theorem 1.1. (Necessary Conditions) Let n > 1 and A\, Ay > 0 be integers. If there
exists a GDD(n,n, n,1; A1, \2), then

(1) 2] (n—1)A1 + A2, and

(79) if n =2 then Ay < 3\q.

Proof. Let G = MK, V), (MK, Vy, (MK, V), K1)). Since there exists a Ks-
decomposition of GG, each vertex must have even degree. Vertices of GG are of degree
3nAg or (n — 1)A; 4+ (2n + 1) \g, so this yields (7). (Note that the vertex degree also
yields 2 | 3n\y. However, (i) has already implied 2 | 3nAs.) When n = 2, any pure
edge must be contained in a triple which contains exactly two cross edges. Thus
the number of pure edges is at most half of the number of cross edges, and so (i)

holds. O

2 Preliminary Background

This section includes the major tools that are used in our construction of GDDs,
namely latin squares, triple systems, and packings.

Our latin squares of order n are always based on the symbol set {1,2,3,... ,n}.
If L = {l;;} is a latin square, we refer to [;; as the symbol in the cell (7,7) of L.
L = {l;;} is idempotent if I;; = i for all 7. Two latin squares A = {a;;} and B = {b;; }
of the same order n are called orthogonal if the n? ordered pairs (a;;, b;;), the pairs
formed by superimposing one square on the other, are all different. The existence
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of idempotent latin squares and orthogonal latin squares are well-known, as given in
Theorem 2.1; see [10].

Theorem 2.1. [10]

(1) For all positive integers n # 2, there exists an idempotent latin square of order
n.

(17) For all positive integers n # 2,6, there exists a pair of orthogonal latin squares
of order n.

A triple system TS(n, \) of index X\ and order n is an ordered pair (S, 7 ), where

S is an m-set, and 7 is a collection of 3-subsets of S called triples or blocks, such

that each pair of distinct elements of S appear together in A triples. We can consider

a triple system TS(n, A) to be a GDD(g = n,1,3; A\, \y) or a GDD(g =1+ 1+ 1+

-+ 4 1,7n,3; A\, Ag) where \; and Ay are any nonnegative integers. The existence of
triple systems is concluded in Theorem 2.2. See more details in [7].

Theorem 2.2. [7] A TS(n, \) exists if and only if X\ and n satisfy one of the following
cases:

(4)

(7i1)
(iv)

A packing with triangles of the complete graph K, is a 3-tuple (S, 7T, L), where
S is the vertex set of K,,, T is a collection of edge disjoint complete subgraphs K3 of
K, and L is the collection of edges in K,, not belonging to one of the K3 of 7. The
collection of edges L is called the leave. If |L| is as small as possible, then (S, T, L)
is called a mazimum packing of order n; see [7].

(mod 6) for all positive integers n # 2,

or 5 (mod 6) for all positive integers n =1 or 3 (mod 6),
0

(

—~
~.
.

~—

r4 (mod 6)) for all positive integers =0 or 1 (mod 3), and
mod 6) for all odd positive integers.

> > > >

W N = O

Theorem 2.3. [7] Let n be any positive integer. If (S, T, L) is a mazimum packing
of order n, then the leave is
(1) a 1-factor if n =0 or2 (mod 6),
(17) a 4-cycle if n =5 (mod 6),
(7i1) a tripole, that is a spanning graph with each verter having odd degree and
containing ”T“ edges, if n =4 (mod 6), and
(iv) the empty set if n =1 or 3 (mod 6).

3 Sufficiency

When Ay = 0, a GDD(n,n,n, 1; \,0) exists if and only if there exists a TS(n, A).
Hence we focus only on GDDs with Ay > 1. When n = 2, the extra necessary
condition (7i7) in Theorem 1.1 suggests that we construct a GDD(2,2,2,1; A\, As)
separately.

Throughout the rest of the paper, for any positive integer n we let X,, = {x1, 2,
Tty Yo =y, Y2, Unt, Zn = {21,22,...,2,} and W = {w} be disjoint sets
and let V, = X, UY,UZ,UW.
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Lemma 3.1. Let n, s > 1 and Ay > 0 be integers. There ezists a GDD(2,2,2,1;
A1, Ao) where 2 | (A + A2) and A\ < Xso.

Proof. Let
Bl = {{w7 Xy, y2}7 {wa Y2, Zl}a {U}, 21, .1'2}, {wa X2, yl}a {U}, Y1, 22}7 {wa 22, 33'1},
{951,3/1721},{952,3/2,22}7{l"layl,Zl},{951,3/2722},{952,3/1722}7{3327292,21}}-

Then (V3,B;) is a GDD(2,2,2,1;0,2). Since 2 | (A2 + A1) and A; < Ay, we have that
A2 — A1 is an even nonnegative integer. Let B be %()\2 — A1) copies of By; then (13, B)
is a GDD(2,2,2,1;0,\ — A\;). By Theorem 2.2, we can let (V,T) be a TS(7, A1),
and thus (Va, BUT) is our desired GDD. O

Lemma 3.2. Let n, Ay > 1 and Ay > 0 be integers. There exists a GDD(2,2,2,1;
A1, Ag) where 2 | (A + A2) and Aa < A; < 3.

Proof. Let
B :{{waxlaxQ}a {wa Y1, yz}, {w7 21, 22}7 {$1,$2, yl}, {$1,$2,y2},
{y17 Y2, 21}, {yl, Y2, Z2}> {2’1, 22, 901}> {Zh 29, $2}}

Then (V5,B) is a GDD(2,2,2,1;3,1). By Theorem 2.2, let (V5,7) is a TS(7,1).
Since 2 | (A1 + A2) and Ay < A; < 3\, write Ay — Ay = 2¢ where 0 < ¢ < .
Then (V5,C) where C is the union of ¢ copies of B and Ay — g copies of T is a
GDD(2,2,2,1:\1, \o). 0

For n # 2, we first construct GDD(n, n, n, 1; A1, A2)s where A\; < Ao, and use them
to construct the GDDs for the remaining case A\; > Ay. Lemma 3.3 constructs the
designs containing only cross edges.

Lemma 3.3. Let n, Ao > 1 and Ay > 0 be integers. If n # 2 and Xy is even, then
there exists a GDD(n,n,n,1;0, \y).

Proof. 1t suffices to show only when Ay = 2. For i € {1,2,...,n}, let
Bi = {{w, @i, yi}, {w, i, zi}, {w, yi, zi}, {wi, v, 2} }-
By Theorem 2.1, there is an idempotent latin square L = {l;;} of order n. Let
B={{zi,y;,z} 1,5,k €{1,2,...,n},l;; = k and i # j}.
It is easily seen that pairs of elements from different groups occur either twice in B;
or precisely once in B. Then (V,,, B*) is a GDD(n,n,n, 1;0,2), where B* is the union

of B;, for alli € {1,2,...,n} and two copies of B. O

Lemmas 3.4, 3.5 and 3.7 provide the construction of a GDD(n, n, n, 1; A;, Ag) where
n # 2 and \; < \o.
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Lemma 3.4. Let n,\y > 1 and Ay > 0 be integers. If n # 2 is even, Ay < Ay and
A1 = Ag (mod 2), then there exists a GDD(n,n,n, 1; A1, \a).

Proof. Since n is even, then, by Theorem 2.2, there exists a TS(3n + 1, A1), say
(Vo, T). Since A\; = A2 (mod 2), Aa — A; is even. Then, by Lemma 3.3, let (V,,, B)
be a GDD(n,n,n, 1;0, A2 — A1). Therefore (V,,, BUT) is a desired GDD. a

Lemma 3.5. Let n, Ao > 1 and Ay > 0 be integers. If n=1,3 (mod 6), and \y =0
(mod 2), then there exists a GDD(n,n,n, 1; A1, Aa).

Proof. We can decompose pure edges and cross edges separately. For pure edges,
since n = 1,3 (mod 6), by Theorem 2.2, there exists a TS(n, A\1). Let (X,,71),
(Y, T2) and (Z,,7T3) be those TS(n, A\;)s which exist from the theorem. For cross
edges, since Ag is even, by Lemma 3.3, there exists a GDD(n,n,n, 1;0, \2), say (V,,, B).
Then (V,,, BUT; UT, U T;) is a desired GDD. O

Lemma 3.6. Let n > 0 be an integer. If n = 5 (mod 6), then there exists a
GDD(n,n,n,1;1,2).

Proof. Let (X, T1,L1), (Ya, T2, L2) and (Z,, T3, L£3) be maximum packings with tri-
angles of order n. In addition, by Theorem 2.3 (i), since n =5 (mod 6), the leaves
L; are 4-cycles, say

Ly = {{xla xQ}a {x% 1'3}, {x37 x4}7 {l‘4, xl}}a
Lo = {{y1. v2}, {y2, ys}, {s, ya}, {ya, yi 1},
£3 = {{Zlv 22}7 {z27 23}, {23, 24}7 {247 Zl}}'

Let
Cl = {{w7 Xy, .1'2}7 {’LU, X2, 1"3}’ {U}, €3, l‘4}7 {wa Xy, 1'1}},

C2 = {{w7 Y1, 3/2}7 {wa Y2, 3/3}, {U}, Y3, y4}7 {wa Yy, 3/1}}7
C3 = {{U}, 21, 22}7 {w7 22, 23}7 {w7 23, 24}7 {U}, 24, Zl}}-

For i € {5,6,...,n}, let

B’ii = {{xza Yi, Z’i}) {wa Ly, yl}7 {wa Yi, Zi}a {U}, Ly, ZZ}}

By Theorem 2.1, there is an idempotent latin square L = {l;;} of order n.
Fori#j€{1,2,....,n}ori=je€ {1,234}, let

Bij - {{x“ Yjs le‘j}7 {xia Yj, Zlij}}-

Let 7 be 71 U T2 U T3, B the union of B;;, for i,j € {1,2,...,n}, and C the union of
C;, for i € {1,2,3}. Thus (V,,, TUBUC) is a GDD(n,n,n,1;1,2). O

Lemma 3.7. Let n, Ay > 1 and Ay > 0 be integers. If n =5 (mod 6), \; < Ay and
Ao =0 (mod 2), then there exists a GDD(n,n,n,1; A1, \a).
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Proof. If A1 =0 (mod 3) then a TS(n, A1) exists. Let (X,,, T1), (Yn, 7T2) and (Z,,T3)
be TS(n, A1)s. Since A, is even, by Lemma 3.3, let (V,,, B) be a GDD(n,n,n, 1;0, A2).
Then (V,,BU Ty U7y UT;) is the desired GDD. If Ay = 1 (mod 3) then A\; —
1 =0 (mod 3). Then there exists a GDD(n,n,n,1; A\; — 1, Ay — 2); together with a
GDD(n,n,n,1;1,2) in Lemma 3.6, we have the desired GDD. Similarly, a GDD(n, n,
n, 1; A1 — 2, Ay — 2) exists where A\; =2 (mod 3), and by Theorem 2.2, there always
exists a TS(3n+1,2) which is a GDD(n, n,n, 1;2, 2); combining them together yields
our desired GDD. O

Theorem 3.8. Let n, Ay > 1 and Ay > 0 be integers. If (n, A1, \o) satisfy the
necessary conditions in Theorem 1.1 and Ay < Ay, then there exists a GDD(n,n,n, 1;

AL, Ag).

Proof. If (n, A1, Ao) satisfies the necessary conditions in Theorem 1.1, then A\ = Ay
(mod 2) where n is even, and Ay = 0 (mod 2) where n is odd. Therefore, by Lemmas
3.1, 3.4, 3.5 and 3.7, there exists a GDD(n, n,n,; A\, Ag) where A; < Ao O

Lemma 3.9. Let n be any positive integer. If n # 2 is even, then there exists a
GDD(n,n,n,1;3,1).

Proof. If n = 0,4 (mod 6) then, by Theorem 2.2, let (X,,,7T1), (Y, T2) and (Z,,T3)
be TS(n,2)s and (V,,,T) be a TS(3n+1,1). Then (V,,, T U T UT;UT;3) is a desired
GDD.

If n =2 (mod 6) then, by Theorem 2.3, let (X,,, 71, L1), (Y, T2, £2) and (Z,, T3,
L3) be maximum packings with triangles of order n; the leaves L;, t € {1,2,3} are
1-factors. Let

/31 = {{z1, z0rm b {z2, ey} {zm), 20t
= {vnyarn b {v2 yers b {uem) un b}
/33 = {{z 2040} {22, 2 2+5)}a SRR E Ay 38

Since § # 2, by Theorem 2.1, there is an idempotent latin square of order 7, say L
= {lm} Forie {1,2,...,%}, let

B” o {{w Liy T } {w Yis Y }7 {wa Ziy Z(i+%)}7
{xiayia Zz'}, {xi, Y(itn)s Z(HE)},
{$(i+%)>yia Z(i+%)}a {x(i+g)>y(i+g), Zit},

and fori # j € {1,2,..., %}, let
Bij = {{zi, Y5, 21, b, {zis vy, (l”+")}
{ZL’( ) Yjs 2 lij+3) } {ZL' (i+5 )’Zlij}}’

Thus (V,,, 7 U B), where T is the union of three copies of 73 U 75 U T3, and B is the
union of B;; for all 4,5 € {1,2,..., 5}, is a GDD(n,n,n, 1;3,1). O
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Lemma 3.10. Let n > 0 be an integer. If n # 2, then there exists a GDD (n,n,n, 1;
5,1).

Proof. If n = 0,4 (mod 6) then, by Theorem 2.2, let (X,,,7T1), (Y, T2) and (Z,,T3)
be TS(n,4)s and (V,,,T) be a TS(3n+1,1). Then (V,,, T U T UT,UT;3) is a desired
GDD.

If n =2 (mod 6), then let (X, 71, Ly), (Y, 73, L2) and (Z, T3, L3) be maximum
packings with triangles of order n. Then by Theorem 2.3, the leaves £, t € {1,2,3}
are 1-factors. Let

Ly = {{z1, $(1+%)}> {2, IE(2+§)}, ce {$(g)> Tnt},
Lo = {yyarm b v e} {um), vn
Ls={{z1,z0:m)} {22, 24 }5 - {2y, 2} -

Since 3 is neither 2 nor 6, by Theorem 2.1 we can let L = {l;;} and L* = {I};} be two

orthogonal latin squares of order 4. For each pair of 4,5 € {1,2,...,5}, we define

2
B;; in three cases separately.

For i,j such that [}; = 1, let B;; be the collection of blocks of a GDD(2,2,2,1;3,1)
based on the symbol set {z;, z@rn)} U{ys, yirm b Uz, 20,+m ) U{w}

For i, j such that [J; = 2, let
Bij = {{zi 2+ 2y, ik Az vz, Yo+ b Y5 v+2)s 20,
W5 YG+5) 20+ b Vo 2430 Tk Ly 205+5), Tarp M
For i, j such that l;‘j > 3, let
Bij = {zi, v, 215 1 A%, Yem), 20+ 1 {62y i 20429 3
{62 vG+2) 2,1 -

Let T be the union of five copies of 7; U7, U T35 and B the union of B;;, for all 1, j.
Thus (V,,, T UB) is a GDD(n,n,n, 1;5,1). O

The next main theorem is the conclusion for the existence of our desired GDDs.

Theorem 3.11. Let n > 0 and A, Ao > 0 be integers. There exists a GDD (n,nn,
1; A1, A2) if and only if

(1) Ay =0, and there ezists a TS(n, A1),

(17) Ao #0,n =2, 2| (A1 + A2) and A\ < 3Xg, or
(7ii) Ay #0,n#2, and 2 | (n — 1)\ + Aq.

Proof. For necessity, (i) holds by Theorem 2.2, and the other conditions hold by
Theorem 1.1. Now we prove the sufficiency. If we assume (i), then the statement
is true trivially. If we assume (ii), then the sufficiency has been proved by Lemmas
3.1-3.2.

Next we assume (7ii); let n # 2 and Ay # 0. Theorem 3.8 provides the case
A1 < Ao, Assume that \; > Ay and write Ay = 6g + r where 0 < r < 6. If
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r < A9, by Theorem 3.8 we can let (V,,, B) be a GDD(n,n,n, 1;7, A2). Let (X,,T7),
(Y., T2) and (Z,,T3) be TS(n,6q)s. Then (V,,,BU T, UT; UT;) is a desired GDD.
Now suppose that 7 > Xg. Then when n is even, (r,A2) can only be one of the
ordered pairs in {(3,1), (4,2),(5,1),(5,3)}; and when n is odd, (r, A2) can only be in
{(3,2),(4,2),(5,2), (5,4)}.

If n is even, a GDD(n,n,n,1;3,1) and a GDD(n,n,n, 1;5,1) are constructed in
Lemmas 3.9 and 3.10, respectively. Furthermore, a GDD(n,n,n, 1;4,2) and a GDD(n,
n, n,1;5,3) can be constructed by adding one and two copies of a TS(3n + 1,1) to
a GDD(n,n,n,1;3,1), respectively.

If n is odd, by Lemma 3.5 and 3.6 , let (V,,,3;) be a GDD(n,n,n,1;1,2), and
by Lemma 3.3, let (V,,, B2) be a GDD(n,n,n,1;0,2). By Theorem 2.2, let (X, 77),
(Y., T2) and (Z,, T3) be TS(n,3)s, and (V,,, T1) be a TS(3n+ 1, 2). Therefore (V,,, B)
is a GDD(n,n,n, 1;7, Ag), where (7, Ay, B) is as in the following table.

(7”, /\2) B

(3,2) BoUTiUT,UTs

(4,2) BiUTiUT,UT;s

(5,2) TTUT,UT3 U T,

(5,4) | BbUTiUT,UT3U Ty

4 GDD(g=n++n+1,t+1,3,)\1,>\2)

In this section, we introduce a construction of infinitely many GDD(g = n + n +
-+ n+1,t+1,3; A\, A\y)s that utilizes our result and the results from [5] and [6],
namely the existence of a GDD(g = n +n +n+ 1,4,3; A\, A2) and a GDD(g =
n+n+1,3,3; A\, A2). The necessary conditions to obtain the desired GDDs are
shown in Theorem 4.1 which can be proved by a standard idea, similar to the proof
of Theorem 1.1. Theorems 4.2 and 4.3 form a complete solution for the existence of
a GDD(g =n+n+1,3,3; A1, \2). Beside these two theorems, our construction also
needs Theorems 4.4 and 4.5 to obtain a K3-decomposition of the graph A Kj(,) and
Ao Ky(n),m where Ky, is a complete multipartite graph with ¢ groups of size n and
Ky(n),m is a complete multipartite graph with ¢ groups of size n and one group of size
m; see more details in [1] and [4].

Theorem 4.1. (Necessary Conditions) Let n,t, A\; and Ay be integers. If there exists
aGDD(g=n+n+---+n+1,t+1,3; A\, A2) if and only if

(i) 2| M(n—1) + A((t — Dn+1)],

(173) 3| tn[A1(n — 1) + Xa(n(t — 1) + 2)], and

() if n =2 then A\ < tXs.
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Theorem 4.2. [5] Let n, A\, Ay be positive integers. If \y < Ay then there exists a
GDD(g =n+n+1,3,3; A\, A2) if and only if

(7)) 2| [M(n—=1)+ Xa(n+1)],

(i1) 3| [Min(n — 1) 4+ Aen(n + 2)], and
(i1) A2 < 2)..

Theorem 4.3. [6] Let n > 3, A1, \y be positive integers. If \y > Ay then there exists
a GDD(g =n+n+1,3,3; A1, \2) if and only if

() 2| a(n— 1)+ Ao(n +1)], and

(17) 3| [Mn(n —1) 4+ Xan(n + 2)].

Theorem 4.4. [4] Let n,t and \g be positive integers. If n # 2 then there exists a
GDD(g=n+n+n+---+n,t,3;0,\) if and only if

(1) 2| XA(t—1)n

(i1) 3| Xat(t — 1)n?, and
(zii) t > 3.

Theorem 4.5. [1| Let n,m,t > 1 be integers. There exists a GDD(g =n+n+n+
o+ n+m,t+1,3;0,1) if and only if
(1) If t =2 then m = n,

2|
2| tn, and
3| [t(t — 1)n® + tmn].

Now we will construct infinitely many GDD(g = n+n+---+n+1,t+1,3; A1, Ag)s
using Theorems 4.2-4.5, together with Theorem 3.11. The construction is separated
into two corollaries depending on the parity of the number of groups of size n in
the design. For our construction, let X; = {x;1, zs2, ..., 24} for i = 1,2,...,¢ and
W = {w} be disjoint sets.

Corollary 4.6. Let n > 3, \; and Ay be positive integers, and let t > 6 be an even
integer. If there exists a GDD(g = n+n+1,3,3; A1, A2), and n,t, \1, As satisfy the
necessary conditions in Theorem 4.1, then there exists a GDD(g =n+n+---+n+
]_, t+ ]., 3, )\1, )\2)

Proof. By the assumption, for i =1,2,..., %, we can construct a GDD(g = n +n +
1,3,3; A1, A2) based on the element set Xy, 1 U Xo; UW. Let H be the graph that
represents such construction for all . Suppose that a K3-decomposition of graph GG
represents a GDD(g =n+n+---+n+1,t+1,3; A1, A2). Then G = H + MoKt (g
By Theorems 4.1-4.3, the degree of each vertex of both graphs G and H is even and
the number of edges of graphs G and H are both divisible by three. These yield
that the degree of each vertex of the graph K £ (2m) is also even, and the number of
edges of the graph K t (2n) is also divisible by three. Moreover, % > 3 since t > 6. By

Theorem 4.4, the graph K £ (2n) CAD be decomposed into triangles. Hence there exists
a desired GDD. O
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Corollary 4.7. Let n > 3, A1 and Ay be positive integers, and let t > 9 be an odd
integer. If there exist a GDD(g =n+n+1,3,3; A1, \2) and a GDD(g =n+n+n+
1,4,3; A1, \2), and n,t, A\, Ay satisfy the necessary conditions in Theorem 4.1, then
there exists a GDD(g =n+n+---+n+1,t +1,3; A\, Aa2).

Proof. We construct a GDD(g = n + n + 1,3,3; A, A2) based on the element set
Xoi g UXo UW fori =1,2,..., %, represented by a K3-decomposition of the
graph Hy, and a GDD(g = n+n+n+1,4,3; A1, \2) based on the element set X; o U
X1 U X, UW, represented by a K3-decomposition of the graph Hy. We construct
our desired GDD similarly to the previous Corollary that is a K3-decomposition of
the graph G = H; + Hy + /\QK%(%)M and use of Theorem 4.5 to obtain a Kj3-

decomposition of the graph Ay K 3 (9n) 3n- O
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