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Abstract

A simple graph G = (V| F) admits an H-covering if every edge in E
belongs to a subgraph of GG isomorphic to a given graph H. Then the
graph G admitting an H-covering is (a, d)-H-antimagic if there exists a
bijection f: VUE — {1,2,...,|V|+ |E|} such that, for all subgraphs
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H' of G isomorphic to H, the H'-weights, wt;(H') = > cypn f(v) +
ZeeE(H,) f(e), form an arithmetic progression a,a + d,a + 2d,...,a +
(t — 1)d where a is the first term, d is the common difference and t is
the number of subgraphs of GG isomorphic to H. Such a labeling is called
superif f(V) ={1,2,...,|V|}.

This paper deals with some results on anti-balanced sets and we show
the existence of super (a,d)-cycle-antimagic labelings of fans and some
square graphs.

1 Introduction

Let G = (V, E) be a finite simple graph. A family of subgraphs Hy, Hs, ..., H, of
G is called an edge-covering of G if each edge of E belongs to at least one of the
subgraphs H;, i = 1,2,...,n. Then the graph G admitting an H-covering is (a, d)-
H-antimagic if there exists a bijection f: VUE — {1,2,...,|V|+ |E|} such that,
for all subgraphs H' of G isomorphic to H, the H'-weights,

wt(H) = > f)+ > fle),

veV (H) ecE(H')

form an arithmetic progression a,a+d, ... ,a+ (t —1)d where a > 0 is the first term,
d > 0 is the common difference and ¢ is the number of subgraphs of G isomorphic
to H. Such a labeling is called superif f(V) = {1,2,...,|V|}. For d =0 it is called
H-magic and H -supermagic, respectively.

The concept of H-magic graphs was introduced by Gutiérrez and Lladé [7] as
an extension of the edge-magic and super edge-magic graphs. They proved that
some classes of connected graphs such as the stars K, and the complete bipartite
graphs K, , are Kjp-supermagic for some h. They also proved that the path P,
and the cycle C,, are P,-supermagic for some h. Lladé and Moragas [13] proved that
wheels, windmills, books and prisms are Cj,-magic for some h. Maryati et al. [17] and
Salman et al. [20] proved that certain families of trees are path-supermagic. Jeyanthi
and Selvagopal [10] proved that one point union of n copies of a 2-connected graph,
linear garland of a 2-connected graph are H-supermagic. Interestingly, windmill is
a particular case of one point union whereas ladder and triangular ladder are the
particular cases of linear garland. Ngurah, Salman and Susilowati [19] proved that
chains, wheels, triangles, ladders and grids are cycle-supermagic. Maryati, Salman
and Baskoro [16] investigated the G-supermagicness of a disjoint union of ¢ copies
of a graph G and showed that the disjoint union of any paths is cPj-supermagic
for some ¢ and h. Muthuraja, Selvagopal and Jeyanthi [18] showed that the square
graphs of bistar, path and cycle are cycle-supermagic. They also proved that the
middle graph of C,, is also Cs-supermagic. Jeyanthi and Muthuraja [12] proved that
the graph P, for m,n > 2 is Cy,,-supermagic and the splitting graph of C), is
C-supermagic for n # 4.
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The (a,d)-H-antimagic labeling was introduced by Inayah, Salman and Siman-
juntak [8]. In [9] they investigated the super (a,d)-H-antimagic labelings for some
shackles of a connected graph H. In [21] it is proved that wheels W,,, n > 3, are
super (a, d)-Cy-antimagic for every k =3,4,...,n—1,n+1and d =0,1,2.

The (super) (a, d)-H-antimagic labeling is related to a super d-antimagic labeling
of type (1,1,0) of a plane graph that is the generalization of a face-magic labeling
introduced by Lih [14]. Further information on super d-antimagic labelings can be
found in [2, 5].

For H = K, (super) (a,d)-H-antimagic labelings are also called (super) (a,d)-
edge-antimagic total labelings and have been introduced in [22]. More results on
(a, d)-edge-antimagic total labelings, can be found in [4, 15]. The vertex version of
these labelings for generalized pyramid graphs is given in [1].

The existence of super (a,d)-H-antimagic labelings for disconnected graphs is
studied in [6] where it is proved that if a graph G admits a (super) (a, d)-H-antimagic
labeling, where d = |E(H)|—|V (H)|, then the disjoint union of m copies of the graph
G, denoted by mG, admits a (super) (b, d)-H-antimagic labeling as well. In [3] it
is shown that the disjoint union of multiple copies of a (super) (a, 1)-tree-antimagic
graph is also a (super) (b, 1)-tree-antimagic. A natural question is whether the similar
result holds also for another differences and another H-antimagic graphs.

A fan F,,, n > 2, is a graph obtained by joining all the vertices of the path P,
on n vertices to a further vertex, called the centre. The vertices on the path we will
call the path vertices. The edges adjacent to the central vertex are called the spokes
and the remaining edges are called the path edges. The F,, contains n + 1 vertices
and 2n — 1 edges.

For a simple connected graph G, the square of the graph G, denoted by G2, is
defined as the graph with the same vertex set as G and two vertices are adjacent in
G? if they are at a distance 1 or 2 apart in G.

In this paper we investigate the existence of super (a, d)-cycle-antimagic labelings
of fans and some square graphs.

2 Known results on (k,d)-anti-balanced sets

We use the following notation. For two integers a, b, a < b, let [a,b] denote the
set of all integers from a to b. For any subset S of the set of integers Z we write,
> S =3 ,csv and for an integer k, let k+S = {k+2 : v € S}. Thus k + [a, b] is the
set {r € Z: k+a <z <k+b}. It can be easily verified that > (k+S) = k|S|+>_S.

If P = {Xy,Xy,...,X,} is a partition of a set X of integers with the same
cardinality then we say P is an n-equipartition of X. Also we denote the set of

subsets sums of the parts of P by > P={> X1,> Xo,...,> X,,}.

A multiset is a generalization of the concept of a set that, unlike a set, allows
multiple instances of the multisets elements. If X and Y are two multisets then their
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union is also a multiset represented by X wY. If an element a appears m times in
X and n times in Y, then a appears m + n times in X @Y. If X is a multiset of
integers and k is an integer then k& X ={k+z:2 € X}.

Let £ € N and let X be a multiset containing positive integers. Then X is said
to be (k, 0)-anti-balanced if there exist k subsets of X, say Xj, Xs,..., X} such that

k
for every i € [1, k], | Xi| = %, BWXi=Xandforie[l,k—1,Y X;p1 — > X; =0
i=1
is satisfied.

We use the following results to prove our main results.

Lemma 2.1. [7] Let h and k be two positive integers and let n = hk. For each integer
0 <t < |2 there is a k-equipartition P of [1,n] such that > P is an arithmetic
progression of difference d = h — 2t.

Lemma 2.2. [11] If h is even, then there ezists a k-equipartition P = { X1, Xo, ...,
Xk} of X =[1, hk] such that > X, = W for 1 <r < k. Thus, the subset sums
, h(hk+1)
are equal and is equal to ———.
Lemma 2.3. [11] Let h and k be two positive integers such that h is even and k > 3
is odd. Then there exists a k-equipartition P = { X1, Xo, ..., Xx} of X = [1, hk] such
that > X, = w +r for1 <r < k. Thus, Y. P is a set of consecutive
integers given by » P = w + [1, k].
The above lemma was proved using permutations on [1, k] in [11]. We can deduce
the result for h = 2 which is that {Y, Y3, ..., Y, } is a k-equipartition of [1, 2k], where

IN

v {%,k‘—i—?i} forlgrg%,
e {731‘;_3”1,22'} for%<r k

andZYi:%—I—iforlgigk‘.

Lemma 2.4. [11] Let h and k be two even positive integers and h > 4. If X =
[1,hk +1] — {£ + 1}, there exists a k-equipartition P = {X1, Xa,..., Xi} of X such
that >~ X, = W +7 for1 <r <k. Thus Y P is a set of consecutive integers
h2k+3h—k—2 + [1 /{3]

2 2 ]

In the proof of this lemma, it is shown that {Z;, Zs, ..., Zx} is a k-equipartition
of [1,2k + 1] — {4 + 1}, where

{1 -ik+ 142} for1<r<¥
24,2 for 5 +1<r<k

andZZi:‘g—zk—i—Q—i—iforlSigk:.
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Lemma 2.5. [9] Let k be an integer such that k > 2. If

P 1, k+1]w 2,k for k odd,
LAY ek 2,k w2,k +1]  fork even,

then X is (k,1)-anti-balanced.

Lemma 2.6. [9] Let k be an integer such that k > 2. If X = [1,k] W [2,k + 1] then
X s (k,2)-anti-balanced.

3 New results on (k,J)-anti-balanced sets

We prove the following lemmas which are useful to prove our main results.

Lemma 3.1. Let n,r be positive integers, n > 2, 2 < r < n —1 and let m =

min{r,n —r +1}. If X = W[j,n—j+ 1 W[1,n], then X is (n —r + 1,r)-anti-
j=2
balanced.

Proof. For 1 <i<n—r+1,define X; = {i,i+1,...,i+r —1}. It can be easily
n—r+1
verified that |X;| = r and U X;=X. Also Y X; = = 1) + ri and hence X is

(n —r + 1, r)-anti-balanced. n

Ilustration 3.1. Forn =9 and r =4, let X = U [7,9—7+1]W[1,9] = [2,8]W[3, T]W

[4,6]W[1,9]. We have (6, 4)-anti-balanced subsets X1 =1{1,2,3,4}, Xo ={2,3,4,5},
X3 = {3,4,5,6), X, = {4,5,6,7}, X5 = {5,6,7,8} and Xg = {6,7,8,9}. Then the
subset sums are 10, 14, 18, 22, 26, 30.

Lemma 3.2. Let n,r be positive integers, n > 2, 2 <r < ["THW IfX =[rn—r+
1) W[1,n], then X is (n —r + 1,2)-anti-balanced, assuming that [I,k] =0 if | > k.

Proof. For 1 < i < n—r+1, define X; = {i,i +r — 1}. Tt is easy to verify that
n—r+1

|X;|=2and i X;=X. Also >  X; =r—1+2i and hence X is (n —r + 1,2)-
1=1
anti-balanced. n

Illustration 3.2. For n = 10, r = 6 and X = [6,5] W [1,10] = [1,10], we have
(5, 2)-anti-balanced subsets X; = {1,6}, Xo = {2, 7}, X3 = {3,8}, X4y = {4,9} and
X = {5,10}.

For n = 10, r = 5 and X = [5,6] & [1,10], we have (6,2)-anti-balanced subsets
X, = {1,5), Xo = {2,6}, X3 = {3,7}, X, = {4,8}, X5 = {5,9} and X; = {6, 10}.

Lemma 3.3. Let n > 2, be a positive integer and let X = [1,n]. If r divides n, then
X is (2, r?)-anti-balanced.
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Proof. For 1 < i < % define X; = {(i —1)r+1,(i —1)r+2,...ir}. Obviously

| X;| = r and '_Lle X;=X. Also ) X; = T(TQH) + (i — 1)r? and hence X is (2, r?)-anti-
balanced. m

Ilustration 3.3. Let n = 14, r = 2 and X = [1,14]. We have (7, 4)-anti-balanced
subsets X7 = {1,2}, Xy = {3,4}, X3 = {5,6}, Xy = {7,8}, X5 = {9,10}, X =
{11,12} and X; = {13, 14}.

Lemma 3.4. Let n,r, r < n, be two relatively prime integers. Then the multiset
X = W[1,n] is (n,1)-anti-balanced.
1

Proof. Since ged(n,r) = 1, the linear congruence rz = 1 (mod n) has solutions. Let
k be the solution such that k& <n. Actually k is called an inverse of » modulo n and
r is called an inverse of k£ modulo n. Also we have ged(n, k) = 1.

Consider the set A = {jk (mod n),n:1<j<n-—1}. Then A C [1,n]. We
prove that A = [1,n]. If 1 <i,5 < n —1 then ik (mod n) = jk (mod n) and thus
n|(i — j)k. Since ged(n, k) = 1, we have n divides i — j. Now i — j < n implies
that i« — j = 0. Hence all the elements in A are distinct and |A| = n thus we have

A=1[1,n].

Let X = [#J[1,n]. We define the anti-balanced subsets of X as follows:
1

{jk (modn):i<j<i+r—1} for 1<i<n-—r+1,
Xi=<q{jk (modn):i<j<n}U{jk (modn):1<j<i+r—n-—1}
forn—r+2<i<n.

It can be easily verified that, |X;| =7, L—:JXZ- = X and | X; N X;41| =r — 1. Next
we prove that > X;41 — > X; = 1. 1
Case (i): 1 <i<n-—r.
ZXiH — ZXi =((i +7)k (modn)) — (ik (modn)) =rk (modn)=1.
Case (ii): i=n—r+1.
ZXH,HQ - ZX"*’"H = (k (mod n)) — ((n — 7+ 1)k (mod n))

= (r —n)k (mod n)
= rk (mod n) = 1.

Case (iii): n—r+2<i<n.

Y Xiei =Y Xi=((r—n+i)k (modn)) — (ik (mod n))
=(r—n)k (mod n) =rk (modn)=1.

Thus we have >~ X; 11 — > . X; = 1 for 1 <i < n—1. Hence X is (n,1)-anti-
balanced. |
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4
Ilustration 3.4. Let n = 9, r = 4. Then X = [¢[1,9]. Since 4-7 =1 (mod 9),
1

the inverse of 4 modulo 9 is 7 and we have k = 7. By Lemma 3.4 we have
A ={7 (mod 9), 14 (mod 9), 21 (mod 9), 28 (mod 9), 35 (mod 9), 42 (mod 9),
49 (mod 9), 56 (mod 9), 9}. That is, A = {7,5,3,1,8,6,4,2,9}. By definition,
X, = {7,5,3,1}, Xo = {5,3,1,8}, X5 = {3,1,8,6}, Xy = {1,8,6,4}, X5 =
{8,6,4,2}, X ={6,4,2,9}, X7 ={4,2,9,7}, Xg ={2,9,7,5} and Xg = {9,7,5,3}.
Then, the subset sums form an arithmetic sequence 16, 17, 18, 19, 20, 21, 22, 23, 24.
Hence X is (9, 1)-anti-balanced.

Lemma 3.5. Let n,r be positive integers, n > 2, 2 < r < n — 1. The elements
of [1,n] can be arranged as a sequence (a;), such that > X1 — > X; = 1 for
1<i<n-—r+1, where X; = {a;, ai11, i1, .., Qirr_1}-

Proof. Let n be an integer such that n > 2 and r be an integer such that 2 < r < n—1.
Let t = [2]| and s = n (mod r). Then we have n = (¢ — 1)r + s. We rearrange the
numbers [1,n] as follows:

1 t+1 ... (s—1)t+1]st+1 (s+ 1)t o (r=t—r+s+2
2 t+2 ... (s—1t+2|st+2 (s+1t+1 ... r—=1)t—r+s+3
3 t+3 ... (s—1t+3|st+3 (s+1t+2 ... (r=Dt—r+s+4
t—1 2t—1 ... st—1 (s+1)t—1 (s+2)t—2 ... n

t 2t ... st

The arrangement of the numbers is given by the function

) (j—Dt+i for1<i<t 1<j<s,

2, = . . . .
J —Dt—-1)+s+1 forl1<i<t—1 s+1<53<r
G-1E-1) : J

We arrange the elements of [1,n] as a finite sequence ay, as, . . ., a, as follows:

For 1 <m < n,let m =ir+j, where 0 < i <t—1and 1 < j <r. Define
an = f(i+1,7). Note that if a,, = f(i + 1,7) then ayy = f(i+2,7) asm +r =
(1 + 1)r + j. Hence, apir — apm = 1.

NOW, for 1 < 1 <n-—r+ 1, let XZ = {al-,aHl,aHg, c. ,G,Z'Jrr,l}. Then ZXiJrl —
ZXZ = Qjpp — Q5 = 1.

It can be easily verified that Y X; = tr(r_l)_(r_;)u‘%_s” +ifor1<i<n—r+1. =

5
Illustration 3.5. Let n =17, r=5; X = Y[, 17— j+ 1];t = (%W =4and s=n
j=1
(mod r) = 2. Let us arrange the numbers [1,17] as follows:

15 9 12 15
2 6 10 13 16
3 7 11 14 17
4 8
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Then by definition, X; = {1,5,9,12,15}, X, = {5,9,12, 15,2}, X; = {9, 12,15, 2, 6},
X, = {12,15,2,6,10}, X5 = {15,2,6, 10,13}, Xg = {2,6, 10, 13,16}, X; = {6, 10, 13,
16,3}, Xs = {10,13,16,3,7}, Xy = {13,16,3,7, 11}, X;0 = {16,3,7,11, 14}, X;; =
{3,7,11,14,17}, X1o = {7,11,14,17,4} and X3 = {11,14,17,4,8}. Hence X is

tr(r—1)— (r—s)2+3r —s—2
(13, 1)-anti-balanced as > X; = rr=l)=(r=s)"+3r=s

5 + 4 =41 4+ 1 for
1 <4<13.

4 Some super (a,d)-cycle-antimagic graphs

Now we prove that fans admit super (a, d)-Ci-antimagic labelings for a wide variety

of k and d.

Theorem 4.1. The fan F,,, n > 3, admits a super (a,d)-Cy-antimagic labeling for
k=34,...,|2|+2andd e {1,2,k—5,k—4,...,k+2,2k—5,2k — 1}.

Proof. Let V(F,) = {v,v1,vq,...,v,} be the vertex set and let E(F,) = {vv; : 1 <
i <n}U{vvi11 1 <i<n—1} be the edge set of the fan F,.

Let k£ be an integer such that 3 <k < L J +2. For1 <i<n-—k+2 let Ci be
the k-cycle vov;4q ... v x_o. Let V; and F; be respectively the vertex and edge set
of Ci. Thus V; = {v,v;, Viy1, .., Vipk—o} and E; = E!U E where E! = {v;4jvi1 41 :
0<j<k—3}and E/ = {vv;,vv;14_2}. Evidently {C% : 1 <i <n—k+2}isa
Cy-covering of Fj,.

Note that the weight of the cycle C} under a total labeling f is wtf(C}) =
FOVA) + FOE) + (EY) = 2 ey, J(0) + e F(€) + 2 ccpn fle).

We use the following results.

(R1) By Lemma 3.1, the multiset X = U j,n—7+1w[l,n]is (n—k+2,k—1)-

anti-balanced with anti-balanced Subsets X1, Xo, ..y, Xp_gyo such that > X; =

Ay + (k — 1)i, where m = min{k — 1,n — k + 2} and A; = W

(R2) By Lemma 3.1, the multiset X’ = (n +1) & U jyn—jlyl,n—1]| is
7j=2

(n — k 4 2,k — 2)-anti-balanced with anti-balanced subsets Py, Py, ..., Py_jyo
such that > P = Ay + (kK — 2)i, where Ay = (K —2)(n+1) + W

(R3) By Lemma 3.5, Y = [1,n] can be arranged as a sequence (a;)!_, such that
Y Riy1—> Ri=1forl <i<n—k+2, where R; = {a;, @11, Git2, ..., Qi1p—2}
such that >~ R; = Ag + i, where A3z = t(kfl)(kd)*(k*s;1>2+3(k*1)*3*2 and t =
2], s =n (mod (k —1)).

k—1

(R4) By Lemma 3.5, Y’ = (n + 1) 4+ [1,n — 1] can be arranged as a sequence
(b)) such that > S — S8 = 1 for 1 < i < n—k+ 2, where S; =
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{bz‘, bz‘+1, bi+27 ey bi+k—3} such that Z Sz = A4+i, where A4 = (k’ —2)(TL+ ].) +

"(k—2)(k—3)—(k—s'—2)24-3(k—1)—s'— n—
t'(k—2)(k—3)—( . 2)°+3(k—1) 5 and ¢ = [Fﬂ’ s’:(n—l) (mod (k‘—?)).

(R5) By Lemma 3.2, the multiset Z = 2n®([k — 1,n — k + 2] W [1,n]) is (n—k+2, 2)-
anti-balanced with anti-balanced subsets Q1, Qa, ..., Qn_gr2 With > Q; = A5+
21, where A5 =4n + k — 2.

In order to prove the theorem, we use the results (R1) - (R5).
Case (i): F, is super (a, 1)-Cy-antimagic
Define a total labeling f; on F}, as follows: For 1 <¢ <n — k + 2, label the vertices

in V; —{v} with X,,_x13_;, v with n+ 1, the edges in E] with P; and the edges in E
with @Q;.
wty, (Cy) = (Vi) + [1(E)) + fL(EY)

= ZXn—k+3—i+n+1+ZPi+ZQi
=A+(k—1)(n—k+3—di)+n+1+A0+ (k—2)i+ A5+ 2i
=A1 4+ +As+(k—1)n—k+3—di)+n+1+(k—2)i+2i
=N+ + A+ (E—1)(n—k+3)+n+1+1.

Then f; is a super (a, 1)-Ci-antimagic labeling, where @ = Ay + Ay + A5 + (k —

D(n—k+3)+n+2.

Case (ii): F, is super (a,2)-Ci-antimagic

Define a total labeling f, on F}, as follows: For 1 <i <n — k + 2, label the vertices

in V; — {v} with R;, v with n+ 1, the edges in E with S,,_x.3_; and the edges in E
with @Q);.
wty, (Cy) = fo(Vi) + fo(E)) + fo E)
= ZRi+n+1+ZSn—k+3—i+ZQi
=As+i+tn+l4+A+n—k+3—i+A;+2i
=Ny + A+ A5+ 2n—k+4+2i.
Therefore, fs is a super (a, 2)-Ci-antimagic labeling, where a = Az + Ay + A5 +2n —
k + 6.
Case (iii): F, is super (a, k — 5)-Cj-antimagic
Define a total labeling f3 on F}, as follows: For 1 <¢ < n — k + 2, label the vertices
in V; — {v} with R,,_x13-;, v with n+ 1, the edges in E! with P; and the edges in E!
with Qpn g3
wt g, (Cy) = fs(Vi) + f3(E;) + fs(EY)
- Z Ry pi3—i+n+1+ Z P+ Z Qn—k+3-i
=As+n—k+3—i+n+1+A+(k—-2)i+A5+2(n—k+3—1)
=A3+ M+ As5+n—k+3—i+n+14+(k—2)i+2(n—k+3—1)
= Ay + Az + As +4n — 3k + 10 + (k — 5)i.
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Then f3 is a super (a, k — 5)-Cj-antimagic labeling, where a = Ay + Az + A+ 4n —
2k + 5.

Case (iv): F), is super (a, k — 4)-Ci-antimagic

Define a total labeling f, on F, as follows: For 1 <1 < n — k + 2, label the vertices
in V; — {v} with X, v with n+ 1, the edges in E] with S,,_x13-; and the edges in E!
with Qpn_g43-4

wty, (Cy) = f1(Vi) + [o(E)) + f1(EY)
= ZXZ'+n+1+zsn—k+3—i+ZQn—k+3—i
=A1+(k—1)i+4n+1+A,+n—k+3—i+As5+2(n—k+3—1)
— Ay Ag+ Ag+ 4 — 3k + 10 + (k — 4)i.

Then fy is a super (a, k — 4)-Cj-antimagic labeling, where a = Ay + Ay + A5+ 4n —
2k 4 6.

Case (v): F, is super (a, k — 3)-Ci-antimagic

Define a total labeling f5 on F}, as follows: For 1 <¢ < n — k + 2, label the vertices
in V; — {v} with R;, v with n + 1, the edges in E! with P; and the edges in E! with
ank+3fi-

wtr, (Cr) = fs(Vi) + f5(E)) + f5(E))
=Y Ri+n+14+> P+ Y Quoppsi

=As+i+n+14+2+(k—2)i+As+2(n—k+3—1)
= Ay + A3+ A5 +3n—2k+ 7+ (k—3)i.

Then f; is a super (a, k—3)-Cy-antimagic labeling, where a = Ag+Az+As+3n—k+4.
Case (vi): F, is super (a, k — 2)-Ci-antimagic

Define a total labeling fs on F}, as follows: For 1 <¢ < n — k + 2, label the vertices
in V; — {v} with X;, v with n + 1, the edges in E! with S; and the edges in E! with
Qn—k+3—i~

wt g (Cr) = fo(Vi) + fo(E}) + fo(E)
:ZXi+n+1+ZSi+ZQn—k+3—i

=A+(k=1)i+n+1+A;+i+A5+2n—k+3—1)

Then fg is a super (a, k—2)-Cy-antimagic labeling, where a = Ay +A,+As+3n—k+5.
Case (vii): F, is super (a,k — 1)-Ci-antimagic

Define a total labeling f; on F}, as follows: For 1 <: < n — k + 2, label the vertices
in V; — {v} with R,,_x13-4, v with n+ 1, the edges in E! with P; and the edges in E!
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with ;. Then

wty, (CL) = f2(Vi) + f2(E}) + f7(EY)
:ZRnkarBfi_'_n"‘l‘i‘ZPi‘i‘ZQi
=As+n—k+3—i+n+1+A+(k—2)i+A5+2i
=As+ Do+ As+2n—k+4+ (k- 1)

Then f; is a super (a, k —1)-Ci-antimagic labeling, where a = As+ Az + Az +2n+ 3.
Case (viii): F, is super (a, k)-Cy-antimagic

Define a total labeling fs on F}, as follows: For 1 <¢ < n — k + 2, label the vertices
in V; — {v} with X, v with n+ 1, the edges in E] with S,,_;13-; and the edges in E!

wtf, (C}) = fs(Vi) + fs(EY) + fs(EY)
:ZXi+n+1+ZSn—k+3—i+ZQi
=N+ (k—1i+n+1+A+n—k+3—i+A5+2i

Then fs is a super (a, k)-Cy-antimagic labeling, where a = Ay + Ay + A5 + 2n + 4.
Case (ix): F, is super (a, k + 1)-Cr-antimagic

Define a total labeling fq on F}, as follows: For 1 <i: <n — k 4 2, label the vertices
in V; — {v} with R;, v with n + 1, the edges in E} with P; and the edges in E! with
Qi

wty, (Cy) = fo(Vi) + fo(E) + fo(EY)
=Y Ri+n+1+> P+)> Qi
=As+Dp+ A5 +n+ 1+ (k+ 1)

Then fy is a super (a, k+ 1-Ci-antimagic labeling, where a = Ay +Ag+As+n—+k+2.
Case (x): F), is super (a, k + 2)-Ci-antimagic
Define a total labeling fiy on F,, as follows: For 1 < < n — k+ 2, label the vertices
in V; — {v} with X, v with n + 1, the edges in E! with S; and the edges in E! with
Qi
wt o (Cy) = fro(Vi) + fro(E;) + fro(E)

= ZXi+n+1+ZSi+ZQi

=A1+(k—1)i+n+1+As+i+ A5 +2i

= A1+ Ay + A5 +n+ 14 (k+2)i

Then fig is a super (a, k+2)-Ci-antimagic labeling, where a = Aj+Ay+As+n+k+3.
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Case (xi): F, is super (a,2k — 5)-Ci-antimagic

Define a total labeling f1; on F), as follows: For 1 <i¢ < n — k+ 2, label the vertices
in V; — {v} with X;, v with n + 1, the edges in E! with P; and the edges in E} with
Qn—k+3—i~

wty, (CL) = fuu(Va) + fu(E)) + fu(E])

:ZXi+n+1+ZPi+ZQn—k+3—i
=A1+(k=1)i+n+14+804+(k=2)i+As+2(n—k+3—1)

Then f1; is a super (a, 2k —5)-Cy-antimagic labeling, where a = Ay + A+ As+3n+2.
Case (xii): F, is super (a,2k — 1)-Ci-antimagic
Define a total labeling fi» on F), as follows: For 1 < ¢ < n — k + 2, label the

vertices in V; — {v} with X;, v with n + 1, the edges in E] with P; and the edges in

wtf, (CL) = fr2(Vi) + fr2(E}) + fra(E})

=Y Xi+n+14) P+> Q
=A1+(k=1)i+n+14+ 00+ (k—2)i + A5 +2i
=A1+As+As+n+1+(2k—1)i.

Then fi5 is a super (a, 2k —1)-Cy-antimagic labeling, where a = A +Ag+As+n+2k.

Hence the fan F,, n > 3 admits a super (a,d)-Cj-antimagic labeling for k =
3,4,..., |2 +2and d € {1,2,k =5,k —4,...,k+ 2,2k — 5,2k — 1}. n

The bistar graph B, ,,, is the graph obtained from K, by joining n pendent edges
to one end and m pendent edges to the other end of K5. In the next theorem we will
prove that the square of bistar graph B,, ,,, denoted by Bim admits cycle antimagic
labeling. Note that the graph Bfl,m can be alternatively obtained from the complete
bipartite graph Ky ,, where r = n 4+ m, by adding an edge between the vertices of
degree r.

Theorem 4.2. The graph B2 . admits a super (a,d)-Cs-antimagic labeling for

m,n

m, n>1andd € {0,1,2,3,5}.

Proof. We denote the vertices and edges of B7,, in the following way V(B ,) =
{u,v,w;: 1 <i <m+n} and E(BZ ) = {uv,uw;, vw; : 1 <i <m+n}. Let C4 be
the 3-cycle uw;vu for 1 < i < m+mn. Then {C%:1<i<m+n} is a C3-covering
for B2, ,. The vertex set and edge set of C§ are V; = V(C5) = {u,v,w;} and
E; = E(CY) = {uv, uw;, vw; }, respectively.

Note that the weight of the cycle C} under a total labeling f is wt;(C%) =
JVi)+[(Eq), where f(Vi) = f(u)+f(v)+f(wi) and f(E;) = f(uv)+f(uw:)+ f (vw;).

We use the following results.
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(R1) By Lemma 2.2, there exists an (m + n)-equipartition {X{, X3,..., X} .} of
[1,2(m +n)] such that > X! =2(m+n)+ 1 for 1 <i < m+n. Hence we can
find an equipartition {Xi, Xo,..., Xynin} of (m+n+3) + [1,2(m + n)] such
that > X; =6, for 1 <i <m+n, where & =2(m+n+3)+2(m+n)+1=
4(m+mn)+1.

(R2) If m+n is odd and h = 2, by Lemma 2.3 there exists an (m + n)-equipartition
{Y1,v5, ....Y) ..} of [1,2(m + n)] such that > Y/ = W +iforl <
i < m+n. Hence we can find an equipartition {Y3,Y5,..., Y1} of (m +
n+ 3) + [1,2(m + n)] such that > Y; = 0 + i for 1 < i < m + n, where

0y = 2(m +n + 3) + AUt
(R3) If m +n is even and h = 2, by Lemma 2.4, for h = 2 there exists an (m + n)-

equipartition {Z1{, Z5,..., Z,, .} of [1,2(m +n) + 1] — {5 + 1} such that

Y7l = W + 241 for 1 <i<m+n. Hence we can find an equipartition

{2, 25, ..., Zinin} of (m+n+2)+[1,2(m+n) + 1] — {2 4+ 1} such that
Y>> Z; =083+ for 1 <i < m—+n, where 63 :2(m+n+2)—l—w+2+i.

(R4) By Lemma 2.1, there exists an (m + n)-equipartition {P[, P},..., P} of
[1,2(m + n)] such that > P/ = m +mn+ 2i for 1 <i < m + n. Hence we can
find an equipartition { Py, B, ..., Pyin} of (m+n+3)+[1,2(m+n)] such that
P =06+2iforl <i<m+n, where o, =2(m+n+3)+m+n+2i =
3(m+n)+ 6+ 2i.

(R5) By Lemma 3.3, there exists an (m + n)-equipartition {Q’l, by s Q;nJrn} of
[1,2(m + n)| such that > Q) =4i — 1 for 1 <i < m+ n. Hence we can find
an equipartition {Q1, @2, ..., Qmin} of (m +n+ 3) + [1,2(m + n)] such that
> Qi = 05+4i for 1 <i < m+n, where 05 = 2(m+n+3)—1+4i = 2(m+n)+5.

In order to prove the theorem, we use the results (R1) - (R5).
Case (i): B2, is super (a,0)-Cs-antimagic
We distinguish two subcases.
Subcase (a): m + n is odd.
Define a total labeling fy on Bf,w as follows: For 1 < i < m + n, label the vertices
fo(u) =1, fo(v)=2 and fy(w;) = m+mn+ 3 —1 and label the edge uv with m+mn+3
and the edges in E; — {uv} with Y;. Then
wt g, (C3) = fo(Vi) + fo(Ex)
=1+2+m+n+3—i+tm+n+3+Y Y
=2(m+n)+9—i+ 0y +1
=0+ 2(m+n)+09.
Hence BZ, ,, admits a super (a,0)-Cs-antimagic labeling with a = d, +2(m +n) 4+ 9.

Subcase (b): m + n is even.
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Define a total labeling fy on B2 , as follows: For 1 < i < m + n, label the vertices

fo(u) =1, fo(v)=2and fo(w;) —m+n+3—iand label the edge uv with m +n +
2+ 2% + 1 and the edges in E; — {uv} with Z; Then

wty,(C3) = fo(Vi) + fo(E:)
=1424+m+n+3—i+tm+n+2+22 414> 7

=2(m+n)+9—i+ =" 4 55+
=03+ 2(m+n) 4+ 2+ 9.

Hence B? , admits a super (a,0)-Cs-antimagic labeling with a = d3 + 2(m + n) +

m,n

40,
Case (ii): B?,, is super (a, 1)-Cs-antimagic

Define a total labeling f; on B2  as follows: For 1 < i < m + n, label the vertices

filu) =1, fi(v)=2 and f;(w;) =2+ and label the edge uv with m +n+ 3 and the
edges in E; — {uv} with X;.

wty, (C3) = (V) + fi(E)
=14+242+i+m+n+3+) X,
=m+n+8+i+d =0 +m+n+8+i.

Hence B, , admits a super (a, 1)-Cs-antimagic labeling with a = d; +m +n +9.
Case (iii): B}, is super (a,2)-Cs-antimagic

Again we distinguish two subcases according to the parity of n 4+ m.

Subcase (a): m + n is odd.

Define a total labeling f, on B2  as follows: For 1 < i < m + n, label the vertices

m,n

fo(u) =1, fo(v)=2 and fo(w;) = 2+ and label the edge uv with m +n+ 3 and the
edges in E; — {uv} with Y;.

wth(Cé) = fo(V;) + fo( E5)
=1+242+i+m+n+3+) Y

—mAn+8+i+oti
=0y +m+n+ 8+ 2i.

Hence Bfmn admits a super (a, 2)-Cs-antimagic labeling with a = d +m + n + 10.
Subcase (b): m + n is even.

Define a total labeling f, on B2  as follows: For 1 < i < m + n, label the vertices

m,n

fo(u) =2, fo(v)=2 and fo(w;) = 2+1 and label the edge uv with m+n+2+242 41



P. JAYANTHI ET AL./AUSTRALAS. J. COMBIN. 67 (1) (2017), 46-64 60

and the edges in E; — {uv} with Z;.
wtp, (C3) = fo(Vi) + fa(E))
, m+n
:1+2+2+z+m+n+2+7+1+ZZi

m+n )
:m+n+8+T+Z+53+Z

:m+n+m+n+8+53+2i.

Thus B?, ,, admits a super (a, 2)-Cs-antimagic labeling with a = d34+m-+n+2410.
Case (iv): B}, is super (a,3)-Cs-antimagic

Define a total labeling f3 on Bfnm as follows: For 1 < i < m + n, label the vertices
fs(u) =1, f3(v)=2 and f5(w;) = 2+ and label the edge uv with m +n+ 3 and the
edges in E; — {uv} with P;.

wity, (C5) = f3(Vi) + f3(E)
=1+2+2+i+m+n+3+Y P
—m A48t 4+2 =06+ m+n+8+3i.

Hence Bfmn admits a super (a, 3)-Cs-antimagic labeling with a = 6, +m + n + 11.
Case (v): B2, is super (a,5)-Cs-antimagic

Define a total labeling f; on BTQ,W as follows: For 1 < i < m + n, label the vertices
fa(u) =1, f4(v)=2 and fy(w;) = 2+ and label the edge uv with m +n+ 3 and the
edges in E; — {uv} with Q;.

wty,(C3) = f1(V;) + fu(E;)
=1+2+2+i+m+n+3+) Q
=m+n+8+i+ds+4i=0d+m+n-+ 8+ 5i.

Hence B?mn admits a super (a, 5)-Cs-antimagic labeling with a = d5 + m + n + 13,
which means that the graph B2 admits a super (a,d)-Cz-antimagic labeling for

m,n

m, n>1and d € {0,1,2,3,5}. [

In the following theorem we prove that the square of a path is super (a, d)-Cs-
antimagic for 1 < d < 6.

Theorem 4.3. The graph P? admits a super (a,d)-Cs-antimagic labeling for n > 3
and d € {1,2,3,4,5,6}.

Proof. We denote the vertices and edges of P? such that V(P?) = {v1,vs,...,0,}
and F(P?) = {vvip1 0 1 < i <n—1}U{vwi,e : 1 <i < n—2} Let C} be the
3-cycle v;v; 11042 for 1 <4 < n—2. Then {Ci:1<i<n-—2}is a Cs-covering
for P2. The vertex set and edge set of C% are V; = V(C%) = {v;,v;41,vi42} and
E; = E(CY) = E! U {vvi2}, where E! = {v;v;11,vi110i12}
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Note that the weight of the cycle Cj under a total labeling f is wit;(C%) =
FVi) + () + f(vivige), where f(Vi) = f(vi) + f(vit1) + f(vit2) and f(E}) =
fovigr) + f(vig1viga).

First we introduce the following rules.

(R1)

(R2)

(R4)

By Lemma 3.5, [1,n] can be arranged as a sequence (a;)?_; such that > X; 1 —
ZXZ =1forl < 1 <n-— 2, where XZ = {ai,aiﬂ,aiﬁ} with ZXZ = (51 +1 for

1§i§n—2where§1:6t*(&+w,t:{%w and s =n (mod 3).

By Lemma 3.1, the multiset X = {[j,n —j + 1] W [1,n] is (n — 2, 3)-anti-
j=2

balanced with anti-balanced subsets Y1, Ya, ..., Y, o with > Y; = 3+ 3i, where

m = min{3,n — 2}.

Lot X 1,n—1]W[2,n — 2] if n — 1 is even,
e =
122w [22 +2,n—1]W[2,n—1] ifn—1is odd,

By Lemma 2.5, the multiset X = [1,n—1] is (n—2, 1)-anti-balanced with anti-
balanced subsets Y7,Ys, ..., Y, o defined by Y, = {[%W , L”T_ﬂ + (%W + 1}.
Correspondingly, the multiset n @ X is also (n — 2, 1)-anti-balanced with anti-
balanced subsets Py, P, ..., P, o defined by P, = {n+ [%w ,n+ L"T’QJ +

[%W + 1} and Y P; = 0y + i, where dy = 2n + L”;QJ + 2.

By Lemma 2.6, the multiset Y = [1,n—2]W[2,n—1] is (n — 2, 2)-anti-balanced
with anti-balanced subsets Y7,Y5,... Y, 5 defined by Y; = {i,i+ 1}. Corre-
spondingly, the multiset n@®Y is also (n—2, 2)-anti-balanced with anti-balanced
subsets Q1,Qa, ..., Qn_o defined by Q; = {n+i,n+i+ 1} and > Q; = 2n +
1+ 2.

Now we prove that P? is super (a, d)-Cs-antimagic for 1 < d < 6.

Case (i): d=1

Define a total labeling f; on P? as follows: For 1 < i < n — 2, label the vertices in
V; with X, the edges in E! with P,_;_; and the edge v;v;12 with 2n — 1 4 4. Then

wty, (C3) = fi(Vi) + fi(E;)

=0h+i+d+n—1—i+2n—1+1
:(51+52+3n—2+i.

Hence P? admits a super (a, 1)-Cs-antimagic labeling with @ = §; + dy + 3n — 1.
Case (ii): d =2

Define a total labeling fo on P? as follows: For 1 < i < n — 2, label the vertices in
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V; with X, the edges in E! with @); and the edge v;v; 1o with 3n — 2 — 4. Then

wt g, (C4) = (Vi) + fo(E))
=) "Xi+> Qi+3n—-2—i
=0 +i+2n+14+204+3n—2—1
=0, +5n—1+ 24

Hence P? admits a super (a, 2)-Cs-antimagic labeling with a = §; + 5n + 1.

Case (iii): d =3

Define a total labeling f3 on P? as follows: For 1 < i < n — 2, label the vertices in
V; with Y;, the edges in E! with P, and the edge v;v; 9 with 3n —2 —i.

wt g, (C3) = f3(Vi) + f3(Ey)
=> Yi+> Pi+3n-2—i
=3+3t+db+i+3In—2—1
=09+ 3n+ 1+ 3i.
Hence P? admits a super (a, 3)-Cs-antimagic labeling with a = 8§ + 3n + 4.
Case (iv): d=4
Define a total labeling f; on Ps as follows: For 1 < i < n — 2, label the vertices in
Vi with Y}, the edges in E} with @; and the edge v;v; 2 with 3n — 2 — 4.

wty, (C3) = f2(Vi) + f1(E;)

=> Yi+> Qi+3n—2—i
=343 +2n+14+2+3n—2—1i
=5n + 2 + 4.

Hence P? admits a super (a, 4)-Cs-antimagic labeling with a = 5n + 6.
Case (v): d=5
Define a total labeling f5 on P? as follows: For 1 < ¢ < n — 2, label the vertices in
V; with Y;, the edges in E} with P; and the edge v;v; 42 with 2n — 1 + 1.
wty, (C3) = fs(V;) + f5(E;)

=> Yi+> Pi+2n—1+i
—343i4+ b +it2m—14i
= 6y + 2n+ 2+ 5i.

Hence P? admits a super (a, 5)-Cz-antimagic labeling with a = o + 2n + 7.
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Case (vi): d =6
Define a total labeling fs on P? as follows: For 1 < i < n — 2, label the vertices in
V; with Y;, the edges in E! with @); and the edge v;v;12 with 2n — 1 + 4. Then

wty, (C) = fo(Vi) + fo(E:)
=N Vi+Y Qi +2m—1+i

=3+3i+2n+14+2i+2n—1+1
=4n + 3 + 6:.

Hence P? admits a super (a, 6)-Cs-antimagic labeling with a = 4n + 9.

This concludes the proof. [ ]

Note that Muthuraja, Selvagopal and Jeyanthi [18] showed that the square graph
of a path is cycle-supermagic. Thus combining these results we find that P? is super
(a, d)-Cs-antimagic for 0 < d < 6.
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