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Abstract

An edge ordering of a graph G is an injection f : E — R, the set of
real numbers. A path in G for which the edge ordering f increases along
its edge sequence is called an f-ascent; an f-ascent is maximal if it is
not contained in a longer f-ascent. The depression of G is the smallest
integer k such that any edge ordering f has a maximal f-ascent of length
at most k. We provide a construction of a large class of graphs with
depression three.

1 Introduction

An edge ordering of a graph G is an injection f : E(G) — R, the set of real numbers.
Denote the set of all edge orderings of G by F(G). A path A in G for which f € F(G)
increases along its edge sequence is called an f-ascent; an f-ascent is maximal if it
is not contained in a longer f-ascent. The flatness of an edge ordering f, denoted by
h(f), is the length of a shortest maximal f-ascent of G. In [9] it was shown that for
a given edge-ordering f of a graph G the problem of determining the value of A(f)
is NP-hard.

The depression of G was defined in [6] as €(G) = maxsere) {h(f)}. The inter-
pretation of the depression of a graph G is that any edge ordering f has a maximal
f-ascent of length at most £(G), and €(G) is the smallest integer for which this
statement is true.

Clearly, €(G) = 1 if and only if K5 is a component of G. Graphs with depression
two were characterized in [6], while trees with depression three were characterized
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in [10]. Graphs with depression three and no adjacent vertices of degree three or
higher were characterized in [13]|. In this paper we further investigate graphs with
depression three and describe a construction of a large class of graphs with depression
three, which includes cyclic graphs and graphs with adjacent vertices of high degree.
This paper is based on part of the second author’s dissertation [15].

2 Definitions and Background

We consider simple, finite graphs G = (V(G), E(G)). For basic graph theoretic
definitions we refer the reader to the book [4] or any of its predecessors. The open

netghbourhood of a vertex v of GG is the set of all vertices adjacent to v and is denoted
by Ng(v), or just N(v), and its closed neighbourhood is Ng|v] = Nlv] = N(v) U {v}.

Consider two disjoint graphs G; and Gy and vertices v; € V(G;). The vertez-
coalescence of Gy and G5 via v; and vy is the graph obtained by identifying v;
and vy to form a new vertex v, and is denoted (G; - G2)(vy, vy : v). In forming
G = (G - G2)(v1, vy 1 v), if vy is unimportant we also say we attach Gy to Gy at vy,
and if GG is the resulting graph, we say that G contains G as an attachment at vy.

A branch vertex of a tree is a vertex with degree at least three. Let B(T') and
L(T') respectively denote the sets of all branch vertices and all leaves of the tree T'.
For v € V(T) and | € L(T), a (v,l)-endpath, or v-endpath if | is unimportant, or
endpath if neither v nor [ is important, is a path P from v to [ such that each internal
vertex of P has degree two in T'. A spider S(ay,as,...,a,) is a tree with exactly one
branch vertex v and v-endpaths of lengths 1 < a; < ay < --- < a,, where r = degv.

Given an edge ordering f of the graph GG, an f-ascent A is simply called an ascent
if the ordering is clear, and if A has length k, it is also called a (k, f)-ascent. If
the path A with vertex sequence vg, v1, ..., v, or edge sequence ey, es, ..., €5 forms an
f-ascent, we denote this fact by writing A as vguy...v; or ejes...e. which f € F(G)
increases along the edges of P, is called a u-v direct f-ascent, or a direct f-ascent if
u and v are clear, or simply a direct ascent if u, v, and f are clear.

We emphasize that to show that ¢(G) = k, we must show that

(a) each edge ordering of GG has a maximal ascent of length at most k — this shows
that e(G) < k,
(b) there exists an edge ordering f of G with no maximal ascents of length less

than k, i.e. for which each (I, f)-ascent, where [ < k, can be extended to a
(k, f)-ascent — this shows that e(G) > k.

The height of an edge ordering f, denoted H(f), is the length of a longest f-
ascent of G. In [2] the altitude of G was defined as a(G) = minger) {H(f)}. The
interpretation of the altitude of a graph G is that any edge ordering f € F(G) has
an f-ascent of length at least A\(G), and A(G) is the largest integer for which this
statement is true.
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The study of lengths of increasing paths was initiated by Chvétal and Komlés [5]
who posed the problem of determining the altitude of the complete graph. This is a
difficult problem and a(K,) is known only for 1 < n < 8 (see [2, 5]). The altitude
of graphs was also investigated in e.g. [1, 2, 3, 8, 9, 11, 14, 16].

3 Known Results

Let 7(G) denote the length of a longest path in G, called the detour length in G. If
we assume that G is connected and of size at least two, then

2 < (), a(G) < 7(G).

By taking the edge ordering f for the path P,, n > 3, to increase along its edge
sequence we see that e(P,) = 7(FP,) = n — 1. On the other hand, by taking the edge
ordering for the path P,, n >3,as 1,n—1,2,n—2,..., {%W along its edge sequence,
we see that a(P,) = 2.

If a connected graph G has a vertex v that is adjacent to u, w, where u, w are end-
vertices or adjacent vertices of degree two, then in any edge ordering f of GG, either
u, v, w or w,v,u is a maximal (2, f)-ascent, hence €(G) = 2. In [6] it was shown that
the converse of this statement is also true, which gives the following characterization
of graphs with depression two.

Theorem 1. [6] If G is connected, then €(G) = 2 if and only if G has a vertex
adjacent to two end-vertices or to two adjacent vertices of degree two.

It is reasonable to expect a link between the depression of a graph and the diam-
eter of its line graph, and indeed the following result appeared in [6].

Theorem 2. [6] [fdiam L(G) = 2, then ¢(G) < 3.

However, the difference diam L(G) — €(G) can be arbitrarily large, a result that
easily follows from Theorem 1. Much harder to see is that the difference £(G) —
diam L(G) can also be arbitrarily large, as shown by Gaber-Rosenblum and Roditty
in [7].

We see from Theorem 1 that if v is the central vertex of P; or any vertex of
K3, and G is any connected graph containing P; or K3 as an attachment at v, then
e(G) =2.

An interesting question arises from this result.
e If H is a graph with e(H) = k and v € V(H), what properties should H and

v satisfy so that if we attach an arbitrary graph to H at v, the resulting graph
has depression at most k7

To help answer this question, a k-kernel of a graph G is defined in [10] as a set
U C V(G) such that for any edge ordering f of G there exists a maximal (I, f)-ascent
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Figure 1: The set of graphs H.

for some [ < k that neither starts nor ends at a vertex in U and k is the smallest
value for which this is true. For example, it is easy to verify that any vertex of Py
with degree two is a 3-kernel of P;. If an f-ascent A neither starts nor ends in a
set A C V(G), we say that A is an A-avoiding (mazimal) f-ascent or an a-avoiding
(mazimal) f-ascent if A contains a single vertex a (and A is not contained in a longer
f-ascent). The following theorem relates the concept of kernels to the question above.

Theorem 3. [10] Let H be an arbitrary graph and let U be a k-kernel of H. Form
a graph G by adding any set A of new vertices and arbitrary edges joining vertices

in UUA. Then e(G) < k.

Therefore, if G has a non-empty k-kernel, Theorem 3 provides us with a method
of forming a family of graphs with depression at most k. For example, if v is a vertex
of Py with degree 2 and G is any graph that contains P, as an attachment at v, then
by Theorem 3, ¢(G) < g(Py) = 3.

The following theorem describes a necessary condition for a vertex v to be a
k-kernel of a graph G with diam(L(G)) = 2, where k € {2, 3}.

Theorem 4. [12] Let G be a graph with diam(L(G)) = 2. If v is a vertex such that
Nv] is a vertex cover of G, then v is a k-kernel of G for some k € {2,3}.

Theorem 4 allows one to construct a large class of graphs with depression three.
For example, the line graph of any complete graph K, with n > 4 has diameter
two, and for any vertex v € K,,, N[v] is a vertex cover of K,. Therefore, it follows
from Theorem 4 that any graph G with an end-block B = K,,, where n > 4, has
depression at most three.

Graphs with depression three and no adjacent vertices of degree three or more
were characterized in [13].

Let H be the set of graphs consisting of P, Ks,, for m > 2, and the spider
S(2,2,2)- see Figure 1. For each graph in Figure 1 the vertex labelled w is a 3-
kernel of its associated graph.

Theorem 5. [13] Let G be a connected graph with diam(L(G)) > 3, no vertex
adjacent to two end-vertices or to two adjacent vertices of degree two, and no adjacent
vertices of degree three or more. Then e(G) = 3 if and only if G = S(2,2,2), or for
some H € H, G contains H as an attachment at a vertexr which is a 3-kernel of H.
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The following characterization of trees with depression three was given in [10].

Let S; be the class of trees Si, k > 1, that can be constructed recursively as
follows. Let Sy = Ky with V(Sp) = {a,a’}. Define Uy = 0 and Yy = {a}. Once
S; has been constructed, construct S;.; by performing one of the following two
operations.

O1: For any y € Y}, join y to the vertex u of a new edge ux; let U4y = U; U {u}
and Yi4, =Y.

O2: For any y € Y;, join y to the central vertex w of a new P5 : s,r,w,t, z; let
Ui+1 = []Z U {w} and Y;'_;,_l = Y; U {7", t}

Let S = |UJ;_; Sk- Note that Sy = K, is not in S. For a tree S € S, define
Ugs = Uy. Let G be the class of all graphs G g constructed as follows.

03: Add any set A = A(Ggs) of new vertices to a tree S € S and arbitrary edges
between vertices in A U Usg.

Let T ={T € G:T is a tree}.

Theorem 6. [10] For any tree T, e(T) = 3 if and only if T € T and no vertex of T
1 adjacent to two leaves.

The main result of this paper is a generalization of this characterization of trees
with depression three.

4 Main Result

In this section we provide a construction of a large class of graphs with depression
three which includes acyclic graphs and graphs with adjacent vertices of high degree.
The construction is a generalization of the construction used in [10] to characterize
trees with depression three.

Let S}, be the class of graphs S, k > 1, that can be constructed recursively in k
steps as follows. Let Sy = K, with V(Sy) = {0, %0}. Define Uy = 0 and Yy = {0}
Once S; has been constructed, construct S;.1 by performing one of the following five
operations.

O1: For any y € Y}, join y to the vertex u; of a new edge uyxy; let Ujqy = U; U{uy}
and Yy =Y.

02: For any y € Y}, join y to the central vertex us of a new Ps : xa, Yo, Us, Y4, xh; let
Ui+l = []Z U {UQ} and Y;—i-l = Y; U {y27yé}

03: For any y € Y}, join y to the vertices us and v3 of a new edge uzvs; let U;yq =
UZ' U {U,d} and Y;-i-l = Y;
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Figure 2: Sy for each of the five operations O1-O5.

O4: For any y € Y;, join y to the central vertex y, and an end vertex u, of a new
Ps i g, ya, 243 let Uy = Uy U {uq} and Vi =Y.

O5: For any y € Y}, join y to the vertex vs of the graph
G5 - ({ZE5, 13/57 Us, Uéa Ug7 Us, y5}7 {U5y57 Y55, U5Ué7 USUg7 Uévga UéU5, U,5ZE/5}), let U’H—l -
Ui U{us} and Yy, = Y; U {ys}.

The operations O1-O5 performed on Sy are illustrated in Figure 2.

Let S; be the family of graphs such that Sy € S, whenever S, € §; and in
the construction of S, any vertex y € Y} is involved in O3 at most once. Define
S = U,>; Sk. Note that Sy = K3 is not in S. For a graph S = S, € S, define
Us = Ui, and Yg = Y},.. Let G be the class of all graphs Gg formed by performing the
following two operations.

06: Add any set A = A(Gg) of new vertices to a graph S € S and arbitrary edges
between vertices in A U Ug.

O7: Add any arbitrary edges between vertices in Yg.

Remark 7. Let S € S. The operations O1-O5 show that if y € Ys, then y is
adjacent to exactly one vertex of degree one.

We define the following property for a graph G.

P1: A graph G has property P1 with respect to an edge ordering f and sets
Ug, Yo C V(G), if for each y € Y for which a Ug-avoiding maximal (2, f)-
or (3, f)-ascent ends (starts) at y, there exists a Ug-avoiding maximal (2, f)-
or (3, f)-ascent for which its last (first) edge is assigned the largest (smallest)
value under f over all edges incident with y.
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Lemma 8. If S € § and f is an edge ordering of S for which there exists a Ug-
avoiding mazimal f-ascent of length at most three and all such ascents start or end
in Ys, then S has property P1 with respect to f, Us and Y.

Proof. Let y € Ys be a vertex for which a Us-avoiding maximal (2, f)- or (3, f)-
ascent ends at y, A, be the set of all such f-ascents, and A = aby or A = acby,
where A is the maximal f-ascent such that its last edge by is assigned the largest
value over all edges of ascents in A,. Let x be the end vertex adjacent to y. Clearly,
fby) > fyz).

Suppose to the contrary that f(by) # max,en(y){f(vy)}. Then there exists an
edge wy € E(S) such that w # b and f(wy) = maxuenq){f(vy)}. Since A is a
maximal f-ascent, w is a vertex of A\. By the construction of graphs in S, all cycles
of S have length three and we may assume that wby is a 3-cycle. If the cycle was
introduced by O3, then A = wby, b € Us, w ¢ UsUYg, and both w and b have degree
2. But since f(yw) > f(wb) and deg(w) = 2, zyw is a Us U Yg-avoiding maximal
f-ascent, a contradiction.

Suppose then that the cycle wby was introduced by O4. Then w € Yy and there
exists an end vertex z’ adjacent to w. If f(2'w) < f(wy), then z'wy is a maximal
f-ascent, which contradicts our choice of A\. Now if f(z'w) > f(wy), then xywz’ is
a maximal f-ascent which is also a contradiction.

A similar argument may be used to show that if a Ug-avoiding maximal f-ascent
of length at most three starts at y, then there exists a Ug-avoiding maximal (2, f)- or
(3, f)-ascent A such that for the initial edge yb of A, f(yb) = min,en){f(yv)}. O

Theorem 9. Foreach S € S, £(S) < 3 and Ug is a k-kernel of S for some k € {2, 3}.

Proof. The proof is by induction on k, the number of steps used to construct S = Sj
from Ky = Sy. To prove the result we must show that for any edge ordering f of S
there exists a Ug-avoiding maximal (2, f)- or (3, f)-ascent.

If £k =1, then S was constructed by performing one of the operations O1-O5 on
Ky =5

Case 1 Ol is performed. Then S = P, and Ug = {u;}. Since diam(L(S)) = 2 and
Nluy] is a vertex cover of S, the result follows from Theorem 4.

Case 2 02 is performed. Then S = 5(2,2,2) and Ug = {uy}. Consider any edge
ordering f of S. Without loss of generality we may assume f(zoyo) < f(yous). If
f(yous) > y(uays), then either zoysusyo (if f(xoye) < f(yauz)) or yousyo (if f(z2y2) >
f(yaus)) are ug-avoiding maximal f-ascents of S with length at most three. The same
argument applies if f(you2) > f(ubys). Suppose then that f(yous) < f(u2y2) and
f(yous) < f(ubyh). To avoid a ug-avoiding maximal f-ascents of length at most three,
both zoyousxays and xoyousxhyh are maximal (4, f)-ascents of S. This implies either
yousyhwh (if fyaug) < flugys)) or yhusysxs (if f(yous) > f(usyh)) is a us-avoiding
maximal f-ascent of the required length.
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Figure 3: Operation O5 is performed, and the paths abed and rst are f-ascents of .S.

Case 3 O3 is performed. Then Ug = {us}. Since diam(L(S)) = 2 and Nfus] is a
vertex cover of S, the result follows from Theorem 4.

Case 4 04 is performed. Then Ug = {uy}. Since diam(L(S)) = 2 and Nuy] is a
vertex cover of S, once again, the result follows from Theorem 4.

Case 5 O5 is performed. Then Us = {us}. Suppose to contrary that us is not
a 3-kernel of S. Let f be an edge ordering f of S for which all maximal (2, f)-
and (3, f)-ascents either start or end at us. Necessarily, either xoyovsysxs or its
reverse is a (4, f)-ascent of S, and without loss of generality we assume the former.
Furthermore, by our assumption, neither vZvsvf nor its reverse is a maximal (2, f)-
ascent of S, which implies either vfvsvius, vivsviuszs, or the reverse of one of these
paths is a maximal f-ascent. We need only consider the former two of these cases
since for any f-ascent present in an edge ordering extended from these cases, its
reverse will be present in one of the latter cases—with the roles of zy and 7o switched
with x5 and ys respectively. These cases are shown in Figure 3 where the paths
labelled abed and rst are f-ascents of S. Moving forward we will refer to the labels
in this figure to simplify notation.

Firstly, suppose rst is a maximal f-ascent. Then t > 7 and, since us is not a
3-kernel of S, wtor is a (4, f)-ascent. But then t < ¢ < r < s < t, which is a
contradiction.

Secondly, suppose that rstm is an f-ascent of S. If » < b, then since t > r,
either 7b (if ¢ > r) or ¢rb (if ¢ < r) is a maximal f-ascent, which in either case is
a contradiction. Therefore we may assume r > b. We may also assume that ¢ > r,
or else abr is a us-avoiding maximal f-ascent. Furthermore, if ¢ > r, then red is a
maximal f-ascent, so we may assume ¢ < r. Now if ¢ < s, then ¢s is a us-avoiding
maximal f-ascent, which is a contradiction. Thus we may assume ¢ > s. Since r < s
by assumption, we now have ¢ < r < s < ¢, which implies that cs¢ is a maximal
f-ascent, and again we have a contradiction.

This case completes the basis step of the proof.

Assume the result to be true for graphs in S constructed from K, in fewer than
k > 2 steps. Consider any graph S = S, constructed from K5 in k steps, and any
edge ordering f of S.
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Figure 4: S is constructed by joining y to y, and uy of a new P : uyg, yy, 24.

Suppose that in the construction of S one of O1, O2 or O5 was performed at
least once. Then S contains y € Ys such that y was joined to a new vertex in step
1 > 2 and such that y is incident with at least two bridges. Let y € Yg be incident to
at least two bridges, and x be the vertex of degree one adjacent to y. Note that one
of the bridges incident with y is zy. Let Gy, G, ..., G,, be the components of S —y
which consist of at least two vertices. For each 1 < i < m, let G, be the subgraph
induced by {z,y} UV(G;). Then each G} € S; for some 1 < j < k. If G} = S; € §j,
then let Ug = U; and f be the edge ordering of G} induced by f.

Since y is incident with a bridge other than xy, there exists an i, say ¢ = 1, such
that dege (y) =2. Let H =5 —Gy and fy be the edge ordering of H induced by f.
Then H = S; € §; for some 1 < j < k. Let Uy = U;. By the induction hypothesis
there exists at least one Uy-avoiding maximal (2, fy)- or (3, fi)-ascent and we may
assume that all such maximal fy-ascents start or end at y, or else there exists a Ug-
avoiding maximal f-ascent of length at most three in S and we are done. Without
loss of generality assume that there exists a Ug-avoiding maximal fy-ascent of length
at most three which ends at y. Then by Lemma 8 there exists a maximal fy-ascent
A = aby or A = acby such that fx(by) = max,cen){fa(vy)} and a € V(H) — Uy.

Let b; be the neighbour of y in G;. By the induction hypothesis, there exists at
least one Ug,-avoiding maximal (2, f7)- or (3, f])-ascent and we may assume that all
such maximal f{-ascents start or end at y, or else we are done. Thus either byy is the
initial or final edge of a Ug,-avoiding maximal fj-ascent a of length at most three. If
a starts at y, then f{(by) < f(zy) < f(by) and \ is a Us-avoiding maximal f-ascent
of length at most three. If « ends at y, then in S either « (if f](b1y) > fu(by)) or A
(if fi(hwy) < fu(by)) is a Us-avoiding maximal f-ascent of length at most three.

Suppose then that only O3 and O4 are used in the construction of S.

Firstly, suppose that S is constructed from S,_; by joining y to y4 and uy of a new
Ps : uy, yq, x4 (see Figure 4). Then Ug = Uy_1 U {uy}. Let f’ be the edge ordering of
Si_1 induced by f, and x the end vertex adjacent to y. By the induction hypothesis,
in Sy_; there exists a Uj_;-avoiding maximal f’-ascent of length at most three. We
may assume that all such f’-ascents start or end at y or else we are done. Without loss
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of generality assume that there exists a U,_j-avoiding maximal f’-ascent of length at
most three which ends at y. By Lemma 8 there exists a maximal f’-ascent \ = aby
or A = acby such that f'(by) = max,en){f (vy)} and a € V(Sp—1) = Up—1. If Ais a
maximal f-ascent, then we are done so we may assume that either

fyua) > f(by) or fyys) > f(by). (1)

e Suppose f(yus) > f(by). Then f(yus) = maxen(y)—y {f(0y)}-

o If f(ysus) < f(ugy), then either ysusy or z4ysu4y is a Ug-avoiding maximal
f-ascent.

o Suppose f(ysus) > f(ugy). Then f(xays) > f(ysuy), or else xqysuy is a
Ug-avoiding maximal f-ascent.

- If f(yya) > f(yaza), then f(yys) = max,eney){f(vy)} and z4ysy is a
Us-avoiding a maximal f-ascent.

- If f(yya) < f(yawa), then either xyyszs (if f(zy) < f(yya)) or yayx
(if f(zy) > f(yys)) is a Us-avoiding maximal f-ascent.

e Suppose then that f(yus) < f(by). Then by (1), f(yys) > f(by) and f(yys) =

maxXyen(y){.f(vy)}. This implies either xyyszs (if f(yya) < f(yazs)) or xaysy
(if f(yys) > f(yaxs)) is a maximal f-ascent, neither of which starts or ends in

Us.

Secondly, suppose that S is constructed from Si_; by joining y € Y;_; to the
vertices vs and wuz of a new edge usvs. Then Us = Up_; U {uz}. Let S” be the
subgraph of S induced by {z,y,vs,us}, f" the edge ordering of S’ induced by f,
and f” the edge ordering of Sy_; induced by f. Note that S’ =2 S; € S;. Let
Us = {uz}. By the induction hypothesis, there exists a us-avoiding maximal f'-
ascent « of length at most three. We may assume that a either starts or ends
at y, or else we are done. Without loss of generality assume that o starts at y.
Necessarily, f'(yx) > f'(yus) and o = yusvs. Furthermore, we may assume that
fyvs) > f(yus), or else f'(yvs) < f(yus) < f(ugvs) and vsyx is a Ug-avoiding
maximal f-ascent of length two and we are done. Thus f'(yus) = min,en){f (vy)}.

By the induction hypothesis, there exists a Uy_j-avoiding maximal f”-ascent A of
length at most three in S,_;. We may assume that A starts or ends at y or else we are
done. If X starts at y, then by Lemma 8 there exists a maximal f”-ascent \' = aby
or N = acby such that f"(by) = min,en){f"(vy)} and a € V(Sk—1) — Up—1. This
implies either A" or a is a Ug-avoiding maximal f-ascent of length at most three.
Assume then that A ends at y, and furthermore, that all Uy_;-avoiding maximal f”-
ascents of length at most three end at y. Then there exists an edge vy € E(Sk_1) such
that f”(vy) < f'(yus) otherwise « is a Us-avoiding maximal f-ascent of length two
and we are done. Let wy be the edge in Sj,_; such that f(wy) = min,en){f"(vy)}.

Then f"(wy) < f'(yus) < f'(yvs) which implies f(wy) = mingenq){f(vy)}. Recall
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Figure 5: S is constructed from Si_; by joining y to uz and vs of a new edge {ug, vs}.

that we have assumed S is constructed using only O3 and O4, and that for any
graph in &, each vertex in y € Yg is involved in O3 at most once. Thus the edge
wy was introduced by O4, which implies either w = v’ € U,_; and is adjacent to a
vertex 4y’ € Yi_1, or w = 3y’ € Y1 and is adjacent to a vertex u’ € U,_;. In either
case, let ' be the vertex of degree one adjacent to iy’ — see Figure 5.

Suppose w = y'. If f(a'y') < f(y'y), then, since f(y'y) < f(zy), 2'y'yx is
a Ug-avoiding maximal f-ascent of length three. If f(z'y') > f(y'y), then, since
f(W'y) = mingeny){f(vy)}, yy'a’ is a Us-avoiding maximal f-ascent of length two.

Suppose then that w = u’. Let G; be the component of S — y containing w,
and G the subgraph of S induced by V(G;) U{y,z}. Then G} = S; € S; for some
1 <j <k Let Ug, = Us, and f] be the edge ordering of G} induced by f. By
the induction hypothesis, there exists a Ug; -avoiding maximal f] ascent of length at
most three in G}. Necessarily all Ug,-avoiding maximal f] ascent of length at most
three start or end at y or else we are done. Suppose there exists such an ascent which
starts at y. By Lemma 8 there exists a Ug-avoiding maximal f] ascent \ of length at
most three whose initial edge is yw = yu’. But since f(yu') = minyen){f(yv)}, Ais
also a Ug-avoiding maximal f-ascent which is a contradiction. Hence we may assume
that there exists a Ug;-avoiding maximal fj-ascent A of length at most three which
ends at y. Since fi(u'y) = minyen){fi(vy)}, fi(v'y) > fi(xy) and the last edge of
A is y'y. This implies f{(yy’) > fi(xy) or equivalently, f(y'y) > f(yx). Necessarily,
f(@'y') < f(y'y), or else zyy'z’ is a Us-avoiding maximal f-ascent of length at most
three. Now we look at three cases for the value of f(y'u’). In these cases we assume
that degg(y’) > 3 or else either zyy’ (if f(y'v') < f(yy')) or yu'y’ (if f(y'v') > f(yy'))
is a Ug-avoiding maximal f-ascent.

Casel f(yu') < f(y'u') < f(2'y"). Then yu'y/z’ is a Ug-avoiding maximal f-ascent.

We define the following to aid us in the next two cases. Let H; be the component
of Sk—1 — ¢’ containing w, H; the the subgraph of S;_; induced by V(H;) U{y/, 2'},
and H) the subgraph of Si_; induced by V(Sk_1) — V(H;). Then each H; € S, for
some 1 <0 < k. If H =S, €&y, then let Uy, = Uy and f; be the edge ordering of



C.M. MYNHARDT ET AL./AUSTRALAS. J. COMBIN. 58 (2) (2014), 249-263 260

Figure 6: A graph GG constructed from Sy by performing O3 twice at yq, and an edge
labelling f of G for which every maximal f-ascent of length at most three starts or
ends in Ug = {us, uj}.

H! induced by f.

Case2 f(y'u') < f(2'y')and f(y'u') < f(u'y). Then, in H}, y'u'yx is a Up;-avoiding
maximal f-ascent starting at y' and ryy’ is a Upy-avoiding maximal fi-ascent ending
at y. By the induction hypothesis, in Hy, there exists a Up;-avoiding maximal fa-
ascent of length at most three. We may assume that all such f>-ascents start or end at
y’". Without loss of generality suppose there exists a Up;-avoiding maximal fy-ascent
of length at most three that ends at 3. By Lemma 8, there exists a Up;-avoiding
maximal fo-ascent A = aby’ or A = acby’ such that fo(by") = max,en){f2(vy)}.
Thus, in S, either A or zyy' is a Ug-avoiding maximal f-ascent of length at most
three.

Case 3 f(y'u') > f(2'y). Then either zyy’ (if f(v'u') < f(yy')) or yu'y’ (if f(y/'u’) >
f(yy')) is a Upy;-avoiding maximal fi-ascent which ends at y'. Again, by the induction
hypothesis, in Hy, there exists a Up;-avoiding maximal fy-ascent of length at most
three and we assume that all such fs-ascents start or end at y’. Suppose there
exists a Up-avoiding maximal fy-ascent of length at most three that ends at y'.
By Lemma 8, there exists a Up;-avoiding maximal fy-ascent A = aby’ or A = acby’
such that fo(by') = max,en{fo(vy’)}. Therefore, in S, either A, zyy’, or zu'y’ is
a Ug-avoiding maximal f-ascent of length at most three. Suppose then that there
exists a Upy-avoiding maximal f-ascent of length at most three that starts at y'.
By Lemma 8, there exists a Upy-avoiding maximal fo-ascent A = aby’ or A = acby’
such that fo(by’) = mingenn{fo(vy’)}. Necessarily, f(by') < f(y'2’), and since
fWy) > f(y2') and f(y'v') > f(y'z'), A is a Us-avoiding maximal f-ascent of
length at most three. O

In the construction of Sy € Sk, any vertex y € Y} is involved in O3 at most once.
If not, then U} is no longer a 3-kernel of Si. Consider the graph GG shown in Figure 6,
which is constructed from Sy by performing O3 twice at yo. Let Ug = {us,us}. For
the edge labelling f of G shown in the figure, any maximal f-ascent of length at
most three starts or ends in Ug.
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Recall that the graphs Gs € G are obtained from a graph S € § by performing
operations O6 and O7. We now show that these graphs also have depression at most
three.

Theorem 10. For each Gg € G, ¢(G) < 3.

Proof. Let G'q be constructed from S € S by adding n > 0 edges between vertices in
Y, = Ys and let Ug, = Us. If n = 0, then G's € S and by Theorem 9, e(G'(5)) < 3
and Ugy, is a k-kernel of G, where k € {2, 3}.

Suppose that n > 1. Let f be an edge ordering of Gy, and f’ the edge ordering
of S induced by f. If there exists a (Us U Yg)-avoiding maximal f’-ascent of length
at most three, then h(f) < 3. Suppose then that there does not exist a (Us U Ys)-
avoiding f’-ascent of length at most three. By Theorem 9 there exists a Ug-avoiding
maximal f’-ascent of length at most three in S, thus all maximal Ug-avoiding (2, f’)-
or (3, f')-ascents start or end in Ys.

Without loss of generality we assume there exists a maximal Ug-avoiding ascent
of length at most three which ends in Yg. By Lemma 8, S has property P1, which
implies that there exists a maximal f’-ascent A\ = aby; or A = acby; such that
1 € Yg and f'(byr) = maxyengw){f (vy1)}. Suppose that in G there exists an
edge yyw such that f(y,w) = MAXyeN, wlf(vy1)} > f(byy) and w is not a vertex

of A\. Necessarily, yyw ¢ E(S) which implies w € Yg. Let w = yo, and 27 and x5 be
the vertices of degree one adjacent to y; and y, respectively. Since A is a maximal
f'-ascent in S it follows that f(y121) < f(by1) < f(y1y2). Therefore, either z1y;ysx2
(if f(y2w2) > f(y1y2)) or xayayn (if f(yar2) < f(y1y2)) is a Ug,-avoiding maximal
f-ascent. Hence Ugy, is a k-kernel of Gy, where k € {2, 3}.

Let Gs € G be constructed from G by adding any set A = A(Gg) of new
vertices to G'q and arbitrary edges between vertices in AU Ugy,- Then by Theorem 3,
€(Gs) < 3. ]

Note that k(Gg) = 1 for each Gg € Gs. We also note that for each graph G
in the classes of graphs with depression three defined in [6], [10], and [13], either
diam(L(G)) = 2 or k(G) = 1. The graph H shown in Figure 7 is an example
of a graph with x(H) > 1, diam(L(H)) > 2, and e(H) = 3. We provide the
following argument to support the claim that ¢(H) = 3. Suppose to the contrary
that e(H) > 3. Let f : E(H) — {1,2,...,8} be an edge ordering of H such that
every maximal f-ascent has length at least 4. Since e; and eg are the only edges in
H which are at distance three in L(H), it follows that {f(e;), f(es)} = {1,8}. If
not, then there exists a maximal f-ascent of length at most three which begins and
ends with the edges assigned 1 and 8 under f, a contradiction.

Without loss of generality we may assume that f(e;) =1 and f(eg) = 8. Without
loss of generality we may also assume that f(e;) = max{f(es), f(e3), f(es), f(es)}.
Then, since h(f) > 3 and f(es) < f(es), it follows that ereseqses is a maximal f-
ascent. However, this implies ejes is a maximal f-ascent, a contradiction.
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Figure 7: A graph H with x(H) > 1, diam(L(H)) > 2, and ¢(H) = 3.

Open Problems

. Characterize the class of graphs with depression three.

. Does there exist a finite number of operations of the type O1-O7 that would

yield all graphs with depression three?

. Use a similar construction to produce large classes of graphs with depression

k> 4.
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