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Abstract

Computer memory systems using high-density RAM chips are vulnerable
to m-spotty byte errors when they are exposed to high-energy particles.
These errors can be effectively detected or corrected using (m-spotty)
byte error-control codes. In order to study the properties of these codes
and to measure their error-detection and error-correction performance,
m-spotty weight enumerators are introduced and studied. In this paper,
we extend notions of m-spotty weight enumerator, split m-spotty weight
enumerator, r-fold joint m-spotty weight enumerator, complete m-spotty
weight enumerator and byte-weight enumerator (with respect to both m-
spotty Hamming and m-spotty Lee metrics) for byte error-control codes
over the finite chain ring F, + uF, + u*F, + - - - + u¢"'F, (u® = 0) or the
ring F, +uF,+vF,+uvF, (u* = 0,v? = 0, uv = vu), where F, is the finite
field of order q. We also discuss some of their applications and establish
MacWilliams identities for each of the above-mentioned enumerators.

1 Introduction

Nowadays, high-density RAM chips with wide I/O data (called a byte) are being
widely used in computer memory systems, as they ensure faster communication and
storage of data in computers, mobile phones, etc. However, these chips are highly
susceptible to multiple random bit errors when exposed to high energy particles. In
order to detect or correct these errors, Reed-Solomon codes were used initially, but
these codes require a large number of parity-check bits leading to a low information
rate of the code. To overcome this problem, these errors are modeled as spotty
[21] and multiple spotty [19] (m-spotty) byte errors. Further, to quantify these
spotty byte errors, the m-spotty Hamming and the m-spotty Lee metrics (weights)
are introduced and studied extensively. Several constructions of the codes that can
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detect or correct multiple spotty byte errors have been proposed and their (m-spotty)
byte error-detecting and byte error-correcting properties are also studied [2, 20, 21].
It is also shown that these codes have higher information rate as compared to the
previously used Reed-Solomon codes [2, 19, 20, 21].

In order to study properties of (m-spotty) byte error-control codes and to measure
their error-performance, some special type of polynomials, called m-spotty weight
enumerators, have been introduced and studied with respect to both the m-spotty
Hamming and m-spotty Lee metrics [6, 8, 9, 10, 11, 13, 18]. If a byte error-control
code C contains a large number of codewords, then it is generally very hard to
determine m-spotty weight enumerators of the code. However, the dual code of C is
of comparatively smaller size, so it is easier to determine the weight enumerator of
the dual code. An identity relating the weight enumerator of a code with that of its
dual code is called the MacWilliams identity, and it serves as a tool to determine the
weight enumerator of a code from its dual code.

Recently, the m-spotty Hamming and m-spotty Lee metrics have attracted a lot
of attention. A brief survey of the results known on m-spotty weight enumerators is
as follows:

Suzuki et al. [18] introduced the notion of m-spotty Hamming weight enumerator
for binary byte error-control codes and derived a MacWilliams identity for the same.
Ozen and Siap [6], Siap [12] and Siap and Ozen [15] further extended this work
to arbitrary finite fields, to the rings Fy + uFy (u? = 0) and Fy + ulFFy (u® = u),
respectively. We introduced split m-spotty Hamming weight enumerator and r-fold
joint m-spotty Hamming weight enumerator of byte error-control codes over R, where
R is either a finite field or an integer residue class ring [8, 9]. In the same work, we
also derived MacWilliams identities for these two enumerators and also discussed
their applications.

The above mentioned enumerators are defined relative to the Hamming metric,
which is more suitable for orthogonal modulated channels. However for the trans-
mission of non-binary signals over noisy phase modulated and amplitude modulated
channels, it is observed that the Lee metric is more suitable ([1], pp. 3-4). Siap
[13] introduced the notions of m-spotty Lee weight and m-spotty Lee weight enu-
merator for byte error-control codes over the ring of integers modulo 4 and derived
a MacWilliams type identity for the same. While extending this work to byte error-
control codes over R (R is either a finite field or an integer residue class ring), we
also introduced the notions of split m-spotty Lee weight enumerator and r-fold joint
m-spotty Lee weight enumerator for codes over R, derived MacWilliams identities
for each of these enumerators and discussed their applications [10, 11].

On the other hand, Suzuki and Fujiwara [17] introduced the complete m-spotty
weight enumerator for a binary byte error-control code and derived a MacWilliams
identity for the same. In another work, Suzuki [16] related complete m-spotty weight
enumerators of binary Type II codes with the Jacobi forms.

In another direction, Wadayama et al. [22] introduced the byte-weight enumerator
for a binary byte error-control code and derived a MacWilliams identity for the same.
Recently, Ozen and Siap [7] introduced the notion of m-spotty Rosenbloom-Tsfasman
metric and defined the corresponding m-spotty Rosenbloom-Tsfasman weight enu-
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merator of a binary byte error-control code. They also derived a MacWilliams iden-
tity for the m-spotty Rosenbloom-Tsfasman weight enumerator of a binary byte
error-control code.

Throughout this paper, let the ring R be either the finite chain ring Ry = F, +
uF, + u’F, + - -+ u*'F, (u® = 0) or the ring Ry = F, + uF, + vF, + wF, (v* =
0,v? = 0,uv = vu), where F, is the finite field with ¢ elements. The aim of this paper
is to extend the earlier work [8, 9, 10, 11, 17] to byte error-control codes over R.

This paper is organized as follows: In Section 2, we state some preliminary results
that we need to derive our main results. In Section 3, we define the m-spotty Ham-
ming weight enumerator, split m-spotty Hamming weight enumerator, r-fold joint
m-spotty Hamming weight enumerator and complete m-spotty Hamming weight enu-
merator for byte error-control codes over R. We also derive MacWilliams identities
for each of these enumerators and discuss their applications. In Section 4, we define
the m-spotty Lee weight enumerator, split m-spotty Lee weight enumerator, r-fold
joint m-spotty Lee weight enumerator and complete m-spotty Lee weight enumerator
for byte error-control codes over R. We also derive MacWilliams identities for each
of these enumerators and discuss some of their applications. In Section 5, we derive
a MacWilliams identity for the byte-weight enumerator of a byte error-control code
over R. In Section 6, we mention a brief conclusion and discuss a few interesting
open problems.

2 Some preliminaries

If F, is the finite field of order ¢ and having characteristic p, then Ry = F,+ulf,+
u?F, + -+ u*"'F, with u® = 0, is a finite commutative ring with unity. Also every
element r € R, can be uniquely written as r = ag+ua;+- - -+u°ta._1, where a;’s are
in F,. It is easy to see that the only ideals of Ry are {0}, Ry and (u*) = u*R, = u*F,+
uFHF, + -+ uTF, = {uFay + uF T agg 4w ae | ag, aggry - Geoq € Fyd
for 1 <k <e—1, and they satisfy

{0} € (u™) € (u™%) -+ € (u?) C (u) C Ry

Therefore R; is a finite chain ring. If ¢, is a complex primitive pth root of unity and
T'ry)p is the trace function from F, to I, then the map x; : By — C defined as

X1<T) _ Cgrq/p(ao-&-al—i-"--&-aeq) for all r = ag +uaj + - + Ue_lae—l c Rh (1)

is a non-trivial additive character on R;. From this, we make the following observa-
tion.

Lemma 1. For any non-zero ideal H of Ry, we have

Z x1(h) = 0.



A. SHARMA ET AL./AUSTRALAS. J. COMBIN. 58 (1) (2014), 67-105 70

Proof. Since x; is a non-trivial additive character on Ry, by Theorem 5.4 of [3], we

have > xi1(r) = 0. So to prove this lemma, it is enough to prove that >  xi(h) =0
reR; heH

for all H = (u*), where 1 < k < e — 1. Since every element h € (u*) can be uniquely
written as h = ufay + v tag + -+ ulaeq (a;’s in F,), we have

Z x1(r) = Z xi(uFay + uFPag g + o FuTlaey).

re?) k?’iﬂrq 1
S1se—

As x1 is an additive character on Ry, the above sum can be rewritten as

e—k
el e—1
Z xi(r) = H Z xi(u'a;) | = H Z Cg’rq/p(ai) _ Z CpTrq/p(a)
re(uk) i=k \ a;€Fq i=k \ a;€F, acF,

Tq/p(@)

It is easy to see that the map a +— ng is a non-trivial additive character on

[F,, which again by Theorem 5.4 of [3], gives CE "/2(*) _ (. Therefore the sum
a€ly

> xi(r) =0, which completes the proof. O

re(uk)

Next consider the ring Ry = F,4uF,+vF,+uvF, with u* = 0,v? = 0 and uv = vu.
Note that R, is a finite commutative ring with unity and every element r € Ry can
be uniquely written as r = a + ub + vc 4+ wvd, where a,b, c,d are in F,. It is easy to
see that the only ideals of Ry are {0}, (u) = uRy = ulF, + wvF, = {ua +wvb | a,b €
F,},(v) = vRy = vF, + wlF, = {va + wvb | a,b € F,}, (ww) = wwRy = wF, =
{uva | a € F}, (u+v) = (u+v)Ry = (u+v)F, + wlF, = {(u+v)a+ uvb | a,b €
F,}, (u,v) = uRy + vRy = ulF, + vF, + uwvF, = {ua + vb+wuvc | a,b,c € F;} and Rs.
Further, if ¢, is a complex primitive pth root of unity and Ty, is the trace function
from F, to F,, then the map xs : Ry — C defined as

Xo(r) = G P for all v = a + ub + ve + uvd € R, 2)
is a non-trivial additive character on Ry. Here also, we observe the following:

Lemma 2. If H is any non-zero ideal of Ry, then

> xa(h) =0.

heH

Proof. Its proof is similar to that of Lemma 1. O

Throughout this paper, let R be either the ring Ry or Rs, and let b,n be fixed
positive integers. Let R’ denote the R-module of all bn-tuples over R. Note
that every vector v € R can be written as v = (vy,vs,...,v,), where each v; =
(Vi1, Viz, - - -, V) € R? and is called the ith byte of v.

A byte error-control code C of length bn and byte length b over R is defined as an
R-submodule of R*™. The byte error-control codes can be used to detect or correct
special type of byte errors called spotty byte errors, which are as defined below:
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Definition 1. [21] For a fixed positive integer t (1 < ¢ < b), a byte error is said to
be a spotty byte error (or t/b-error) if ¢ or fewer random bit errors occur in a b-bit
byte. If none of the bits in a b-bit byte are in error, then we say that no spotty byte
error (or t/b-error) has occurred.

When high energy particles hit high-density RAM chips, more than ¢ bits of a
b-bit byte may be distorted by noise. This led to the notion of m-spotty (or multiple
spotty) byte errors, which are as defined below:

Definition 2. [19] A byte error is said to be an m-spotty byte error (or multiple
spotty byte error) if at least one spotty byte error (or t/b-error) occurs in a b-bit
byte.

In order to illustrate the above definitions, we let ¢ = 3 and b = 12. If 8 random
bits in a 12-bit byte are in error, then we say that three spotty byte errors (or 3/12-
errors) have occurred. If 2 random bits of a 12-bit byte are in error, then we say that
one spotty byte error (or 3/12-error) has occurred.

In order to study the properties of byte error-control codes over R and to deter-
mine their (m-spotty) byte error-detecting and error-correcting capabilities relative
to various channels, several m-spotty weight enumerators have been introduced and
studied for byte error-control codes over various finite commutative rings. For each
of these enumerators, various MacWilliams identities have been derived, which relate
the m-spotty weight enumerator of a byte error-control code with that of its dual
code as defined below:

If C is a byte error-control code of length bn and byte length b over R, then the
dual code of C, denoted by C*, is defined as

Ct={veR" : (u,v)=0forall u € C},

where (-, ) denotes the standard inner product in R. One can easily observe that
C* is also a byte error-control code of length bn and byte length b over R.

The following lemma is an important tool in deriving MacWilliams identities for
m-spotty weight enumerators of byte error-control codes over R.

Lemma 3. Let C be a byte error-control code of length bn and byte length b over
R and f be a function defined from R™ into Clz], where C is the set of complex
numbers. For u € R™, define

flu) = x((u,0)) f(v),

ve R
where x = x1 if R= Ry and x = x2 if R = Ry. Then we have
1 -
> fv) = e > fw),
veC ueCt

where C+ denotes the dual code of C. (Throughout this paper, |A| denotes the cardi-
nality of the set A.)

Proof. Its proof is similar to that of Lemma 2.8 of Siap [14]. O
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3 Weight enumerators with respect to the m-spotty Ham-
ming metric

In this section, we discuss various m-spotty weight enumerators defined with
respect to the m-spotty Hamming metric, which is as defined below:

Definition 3. [21] The m-spotty Hamming distance between any two vectors u, v in
R, denoted by dys(u,v), is defined as

n

dyr(u,v) = {LH(% Ui)w,

i=1 t

where dg(u;,v;) (1 <1i < n) denotes the Hamming distance of u; and v;. (Here [x]
denotes the ceiling of any real number x.)

When ¢t = 1, the m-spotty Hamming distance is same as the Hamming distance
over R. When ¢t = b, the m-spotty Hamming distance coincides with the Hamming
distance over R’

It is easy to see that dj; is a metric on R" and is called the m-spotty Hamming
metric on R

Definition 4. [19] The m-spotty Hamming weight of a vector v € R", denoted by

wyr(v), is defined as i
wno) = [ 2)],

=1

where wpy(v;) denotes the Hamming weight of the ith byte v; of v. Note that
dyr(u,v) = wy(u —v).

3.1 m-spotty Hamming weight enumerator

In this subsection, we define the m-spotty Hamming weight enumerator of a byte
error-control code over R, derive a MacWilliams identity for the same and discuss
its application.

Definition 5. [18] Let C be a byte error-control code of length bn and byte length
b over R. The m-spotty Hamming weight enumerator of C is given by

We(z) = Z Zwm (),

ueC

When ¢t = 1, the m-spotty Hamming weight enumerator of a byte error-control
code C coincides with the Hamming weight enumerator of C.

For any vector v € R™, let a; (1 <4 < n) be the Hamming weight of the ith byte
v; of v. Then the vector (ay, ao,. .., ;) is called the Hamming weight distribution
vector of v. Further, if A, as,..a,) denotes the number of codewords in C having the
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Hamming weight distribution vector as (ay, g, . .., ), then the m-spotty Hamming
weight enumerator can be rewritten as

n

We(z) = Z Alon o) H Slai/t]

(a1,a2,...,0n) =1
0<ai,a2,...,an<b

In the following theorem, we derive a MacWilliams identity for the m-spotty
Hamming weight enumerator of a byte error-control code over R.

Theorem 1. Let C be a byte error-control code of length bn and byte length b over
R and C* be its dual code. Then the m-spotty Hamming weight enumerator of C is
given by

1 n
WC(Z) = @ Z A(al,ag,m,an) Hgg? (Z)7
i=1

(a1,02,...;an)
0<ai,02,...,an <b

where A(a, as,...an) 5 the number of codewords in C* having the Hamming weight

distribution vector as (o, aa, ..., ay), and the polynomials g&?(z) 's are defined as
’ 4 X\ (b—X
ggi)<z) - Z Ko, (i) 2P with K, (X) = Z(_1)“(|R| B Dp_a(@) <p - a>7
pi=0 a=0

assuming () = 0 for j < ¢ and (J) = 0. (Note that K,(X) is the well-known
Krawtchouk polynomial [4]).

Remark 1. (i) When ¢t = 1, Theorem 1 provides the MacWilliams identity for Ham-
ming weight enumerator of a linear code of length bn over R.

(ii) When the code C is of large size, it is very hard (in general) to compute the
numbers A, a,...a,) (and hence the m-spotty Hamming weight enumerator)
for the code C. However, the dual code C* of C is of relatively smaller size and
so it is comparatively easier to compute the numbers A, a,.....0,,) for the dual
code Ct. Therefore by applying the MacWilliams identity (Theorem 1), one
can obtain the m-spotty Hamming weight enumerator of C.

Proof of Theorem 1. Let f(v) = [] ™) for v = (vy,vy,...,v,) € R with each
i=1
v; € R*. Then by Lemma 3, for u = (uy,us, ..., u,) € R™, f(u) is given by

n

flu) = Z x((u,v)) HZwM(”") = H Z (g, v5)) 20 (09

v=(v1,v2,-...,0n ) ERP™ =1 \wv;ERY

For each i (1 <i <mn), if wy(u;) = a4, then working as in Lemma 27 of Sharma
et al. [8], we get

3 (i v3)) 2 = gO(z).

V; ERP
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This gives
flu)=TJo%2),
i=1
where (aq, o, ..., ;) is the Hamming weight distribution vector of w.
Now if A(a,,a0,..,an) 15 the number of codewords in Ct having (ay,am, ..., q,) as

the Hamming weight distribution vector, then

Z f(u) = Z A(al,az,...,an) Hgs}@)a (3)

weCt (a1,002,...,0n)

where the summation runs over all n-tuples (aq, ag, ..., a,) satisfying 0 < «o; < b.
Again applying Lemma 3 and using (3), we get

We(z) =Y f(v) = ﬁ S fu) = ﬁ S Ao [T 9902,
( =1

veC ueCt a1,02,...,0m,)
which proves the identity. O

An application

Here we observe that the m-spotty Hamming weight enumerator is useful in
determining the (m-spotty) error-detecting and error-correcting properties of a byte
error-control code over R.

For this, let C be a byte error-control code of length bn and byte length b over R.
Then the m-spotty Hamming distance of the code C is defined as

dp(C) = min{dp(u,v) : u,v € C,u # v}.

It is easy to see that dy/(C) = min{wy(u) : w € C,u # 0}. From this, it follows that
dpr(C) equals the least positive integer d such that the coefficient of 2% in We(z) is
non-zero. Thus one can compute the m-spotty Hamming distance of a code knowing
its m-spotty Hamming weight enumerator.

In the following theorem, it is shown that the m-spotty Hamming distance dy;(C)
of a code C measures its (m-spotty) error-detecting and error-correcting capabilities.

Theorem 2. Let C be a byte error-control code of length bn and byte length b over
R. Then we have the following:

(1) The code C can detect any m-spotty byte error e satisfying wys(e) < d if and only
if dy(C) > d.

(i) If dp(C) = d, then C can correct all m-spotty byte errors e satisfying wy(e) <
d/2, and C cannot correct any m-spotty byte error e satisfying wyr(e) > d/2.

Proof. Its proof is similar to that of Theorem 31 of Sharma et al. [8]. O
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3.2 Split m-spotty Hamming weight enumerator

In this subsection, we define the split m-spotty Hamming weight enumerator of
a byte error-control code over R, derive a MacWilliams identity for the same and
discuss some of its applications.

Definition 6. [8] Let C be a byte error-control code of length bn and byte length
b over R. Then the split m-spotty Hamming weight enumerator of the code C is

defined as
Sc(Zi:i:1,2,...,n): Z (H wMul>'

(u1,u2,...,un)€C

If Ataias,...0,) 15 the number of codewords in C having the Hamming weight
distribution vector as (o, s, . .., ), then the split m-spotty Hamming weight enu-
merator of the code C can be rewritten as

Se(z:i=12...,n)= Y Ay ,QH)H % (4)

(alaa27 rie n)
where the summation runs over all n-tuples (v, as, ..., a,) satisfying 0 < a; < b for
each 1.
If we take 2y = 20 = --- = 2z, = z, then the split m-spotty Hamming weight

enumerator of a byte error-control code coincides with the m-spotty Hamming weight
enumerator of the code. When ¢ = 1, the split m-spotty Hamming weight enumerator
of a byte error-control code coincides with the split Hamming weight enumerator of
the code.

In the following theorem, we derive a MacWilliams identity for the split m-spotty
Hamming weight enumerator of a byte error-control code over R.

Theorem 3. [8] Let C be a byte error-control code of length bn and byte length b over
R and C* be its dual code. Then the split m-spotty Hamming weight enumerator of
C over R is given by

. 1
SC(ZZ':Z:172,...’7,L):W Z al,OéQ, La Hgt) ZZ

(a17a2a~~~7an)
0<ai,02,...,an <b
where Aa; as,....a,) 5 the number of codewords in C* having Hamming weight distri-

bution vector as (a1, aa, ..., ay), and the polynomials gg)(zl) ’s are given by

b

9 (=) =Y Ky (an) 2", (5)

pi=0

p
with each K,(X) = aZ:o(_l)a(|R| — 1)p7(Y) (I;__)i) (Here also, K,(X) is the well-

known Krawtchouk polynomial [4].)
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Remark 2. (i) When z; = z5 = --- = 2, = 2z, Theorem 3 provides a MacWilliams
identity for m-spotty Hamming weight enumerator.

(ii)) When t = 1, Theorem 3 gives a MacWilliams identity for the split Hamming
weight enumerator of a code over R.

(iii) For a large code C, it is generally very hard to compute the numbers
A(ar,as,...an), and hence the split m-spotty Hamming weight enumerator.
However by applying Theorem 3, one can compute the split m-spotty Hamming
weight enumerator of C from the numbers A, a,....a,) for the dual code C* of
C, which are easier to compute, as C* is of comparatively smaller size.

Proof of Theorem 3. For any vector v = (vy,vs, . ..,v,) € R™ with each v; € R?, let
us define f(v) = [] z;UM(”i). Then by Lemma 3, for u = (uy, us, ..., u,) € R™, f(u)
i=1

is given by

RS DD | ERE | | IR TME S

v=(v1,V2,-...,0n ) ERP™ i=1 \v;ERP

Let us suppose that wy(u;) = a; for 1 < ¢ < n. Then working as in Lemma 27 of
Sharma et al. [8], we get

Z X<<Uiavi>)ZfUM(vi) = g&?(zi)

’UZ'GRb
for each 1.
This gives
i=1
where (aq, o, ..., ;) is the Hamming weight distribution vector of w.
Now if A(a;,as,....an) 18 the number of codewords in C* having the Hamming weight
distribution vector as (aq, as, ..., a,), then we have
Z flu) = Z Afar,02,an) Hgg?('zi)a (6)
ueCt (a1,02,...,0n) =1
where the summation runs over all n-tuples (aq, ag, . .., a,) satisfying 0 < «o; < b.

Again applying Lemma 3 and using (6), we get

Selz:i=1,2...,n) = Zf(v):ﬁ S fw)

veC ueCL

1 n
- |CL| Z A(al,az,m,an) Hgﬁf)(zi),
( n) i=1

a1,02,...,0

which proves the identity. O
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In the following theorem, we see that equivalent byte error-control codes have
the same m-spotty Hamming weight enumerator but their split m-spotty Hamming
weight enumerators may be different.

Theorem 4. [8] Let C,D be byte error-control codes of length bn and byte length b
over R having m-spotty Hamming weight enumerators as We(z), Wp(z) and split
m-spotty Hamming weight enumerators as Sc(z; = 1 = 1,2,...,n), Sp(Z; : i =
1,2,...,n), respectively. Then

(1) the direct sum
CoD={(ulv) : uel, veD}

has m-spotty Hamming weight enumerator as We(2)Wp(2) and split m-spotty
Hamming weight enumerator as Se(z;:i1=1,2,...,n) Sp(Z; i =1,2,...,n).

(ii) assuming n even, the code
CIID = (") < = () € C. v = (") € D)

(where u and v have each been broken into two equal halves) has m-spotty Ham-
ming weight enumerator as We(2)Wp(2) and split m-spotty Hamming weight
enumerator as Se(zi; Z; 1 =1,2,...,n/2)Sp(2;; Z; i = (n/2) + 1,...,n).

Proof. For proof, see Theorem 28 of Sharma et al. [8]. O

Some Applications

Let C be a byte error-control code of length bn and byte length b over R. Suppose
that the codewords of C are transmitted through the |R|-ary memoryless channel €,
defined as follows:

(i) For each i (1 <i < n), the bit-error probability in the ith byte is p;.

(ii) In order to ensure reliable data transmission and storage, it is assumed that
O<pi<l/2forl<i<n.

(iii) Within a given byte, all bit-errors are equally likely.
Now let us define

dp(C) = min{wy(u) :u € C,u#0},

where wy(u) = > pawns(u;) for u = (uy,us, ..., u,) € R™ with each u; € R’, and
i=1
P = log(%) for each 1.
In the following theorem, we see that dp/(C) measures the (m-spotty) error-
detecting and error-correcting capabilities of the code C relative to the channel €.

Theorem 5. Let C be a byte error-control code of length bn and byte length b over
R. Then we have the following:
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(i) The code C can detect any m-spotty byte error e satisfying wy(e) < § if and
only if o (C) > 0.

(i) If 05 (C) = 9, then the code C can correct any m-spotty byte error e satisfying
wy(e) < 0y (C)/2 and C cannot correct any m-spotty byte error e satisfying

Proof. For proof, see Sharma et al. [8, Theorem 31]. O

Note that if we take z; = 2" (1 <1i < n) in the split m-spotty Hamming weight
enumerator Sc(z; i =1,2,...,n) of C, then d,,(C) is the least positive real number
§ such that the coefficient of 2% in S¢(z" : 7 =1,2,...,n) is non-zero. Thus one can
obtain the number §,,(C) from the split m-spotty Hamming weight enumerator of
the byte error-control code C.

In the following theorem, we prove that the split m-spotty Hamming weight enu-
merator of a byte error-control code C also measures the probability of an undetected
m-spotty byte error in any codeword of C assuming the channel of transmission as €.

Theorem 6. Let C be a byte error-control code of length bn and byte length b over
R, whose codewords are transmitted through the channel €. Then the probability of
an undetected m-spotty byte error in any codeword of C is given by

n[4]
Pypp(pi:1<i<n)=> " > Biu.unBu(®) .- Pu(pn),

p=1 prt-Fpn=p
0<pi<[%]

where By, . .. 95 the number of codewords in C having m-spotty Hamming weights
of first, second, ..., nth bytes as 1, pia, . - ., fin, respectively and P,,(p;) (1 < i < n)
15 given by

Fulp) = i (?)OR!_1)j<!R\pi—1>j<1_p")b_j'

J=(ui=1)t+1

Remark 3. Note that

B(;Ll,m“un) - Z A(a1,a2,...,an)7

(a17a27~~~7an)

where the summation > runs over all n-tuples (aq,s,...,q,) satisfying
(a17a2:~~~aan)
n
) equals the coefficient of ] 2/ in the split
i=1
m-spotty Hamming weight enumerator of C. This shows that one can compute the
probability of an undetected m-spotty byte error in a codeword of C knowing its split
m-spotty Hamming weight enumerator.

[%] = p; for each i. Therefore By, .,

n
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Proof of Theorem 6. Let us suppose that a codeword c is transmitted through the
channel € and a vector 7 € R is received resulting in the error e = r — c¢. Then the
error e will remain undetected if the received vector r is itself a codeword.

Without any loss of generality, we assume that the zero codeword has been sent.
So to find the probability of an undetected error during this transmission, it is enough
to find the probability that the received vector is a codeword.

For this, we first observe that p number of spotty byte errors occur in a b-bit byte
if the number of erroneous bits j in the byte satisfies (u — 1)t + 1 < j < min(ut, b).
Therefore the probability that g number of spotty byte errors occur in the ith byte
is given by

TR (om0 () @ = mr,

J=(u—=1)t+1 J

where p; is the bit-error probability in the ith byte of the codewords of C. Further,
if B, ) is the number of codewords in C having the m-spotty Hamming weight
of the ith byte as p; for each ¢, then the probability that the received vector is itself
a codeword, is given by

nf]
Popp(pi:1<i<n)=> > Biuym)Fu(p1) - P (pn);

p=1 p14-tpn=p
0<ui<[]

which equals the probability of an undetected error in any codeword of C. O

In the following theorem, we see that the split m-spotty Hamming weight enu-
merator of a byte error-control code over R measures the probability of decoding
error in the channel € when a bounded distance decoder is used for decoding.

Theorem 7. Let C be a byte error-control code of length bn and byte length b over
R having m-spotty Hamming distance as dyr. If the bounded distance decoder is used
for decoding, then the probability of decoding error is given by

n[ : {dhl 1J
P(p; : 1< Z Z Bm, shin) Z Z Ry (p1) - - B0 (Pr)
pmdag f1 b= 6=0 51+ +6,=06
ogmg% 0<8; <[]

where B, . .. 15 the number of codewords in C having m-spotty Hamming weight
of the ith byte as p; for each ¢ and Ry, ,,’s are given by

Rﬁz,m<pi) =
> Z S 3P () () am e o

Ji=(ui—1)t+1k;=(6;—1)t+1 a1=0 a2=0
i ki+ji—2a1+a2
v b—ji—ki+2a1—a
( ) (1 — pl) Ji T 1 2'

Rl -1




A. SHARMA ET AL./AUSTRALAS. J. COMBIN. 58 (1) (2014), 67-105 80

Note that the numbers B, ... .. of a code C can be computed from the split m-spotty

Hamming weight enumerator of C as the coefficient of [] zi* (see Remark 3).
i=1

To prove this theorem, we need to prove the following lemma.

Lemma 4. Let C be a byte error-control code of length bn and byte length b over R,
whose codewords are transmitted through the channel €. Let ¢ = (c1,¢a,...,¢y) be a
codeword of C such that the m-spotty Hamming weight of the ith byte c; of ¢ is p; for
each ©. Then the probability that a received vector is at m-spotty distance d from the
codeword c is given by

Z(S Réh,ul (pl) S Rén,un (pn)a

where the sum Y 5 runs over all n-tuples (61,92, .. .,0,) satisfying 0 < 6; < (%1 and
o+ +09,=9.

Proof. Without any loss of generality, suppose that the zero codeword is sent through
the channel ¢ and a vector r € R"™ is received. In order to calculate the probability
that the received vector r is at m-spotty distance ¢ from the codeword ¢, we write
r = (ri,r,...,r,) € R™ and suppose that dys(r,¢;) = 6; for each i, so that §; +
09 + -+ 0, = 0. Note that 9; varies from 0 to [%1 for each i. Let wgy(c;) = Ji
and without any loss of generality, suppose that all the non-zero entries of ¢; appear
at first j; positions. Let a; be the number of positions at which r; differs from the
non-zero bits of ¢;, and out of these a; positions, let as be the number of positions
at which both r; and ¢; have non-zero entries. If dy(r;,¢;) = k;, then the number
of positions at which r; differs from the zero positions of ¢; is k; — a; (as shown in
Figure 1).

ai

-« A2 —> ~k; —a>

Ti | = (LTI

3}
%

Ji

0| |

Figure 1: The ith bytes of r; and ¢;.

(The shaded region represents non-zero bits)

From Figure 1, it is clear that the k; — a; non-zero bits of r; can be chosen from

b — j; zero bits of ¢; in (|R| — 1)k~ (kbijal) ways and the a; bits of ; can be chosen

from the j; non-zero bits of ¢; in (|R| —2)* (il) (Z;) ways (as each of the ko non-zero
bits of r; can be chosen in (|R| — 2) ways). Since wy(¢;) = p; and dps(c;, 1) = 6;, we

have (p;—1)t+1 < j; < min(p;t,b) and (6;—1)t+1 < k; < min(é;t, b). Therefore if p;
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is the bit-error probability in the ith byte of any codeword of C, then the probability
of receiving ith byte r; € R® (provided O-byte is sent) satisfying d(r;,¢;) = 6; for
each i, is given by

Réz,m<pi):
: Ji a o
z Z zz(k_a)( )( )<|R|—1> e
=(p;—1)t+1 k= 1)t+1 a1=0 a2=0 !
i ki+ji—2a1+az
7 1_ ib_ji_ki+2al_a2-
(|R|—1) (1 -m)

Hence the probability that the received vector r is at a m-spotty Hamming dis-
tance 0 from the codeword c is given by

Zé Rs, (p1)- .. Rs,, i, (Pn),

where the sum ), runs over all n-tuples (61,02, ...,0,) satisfying 6y +---+ 6, =6
and 0 < 9; < (ﬂ for each 1. O

Proof of Theorem 7. Let ¢ € C be transmitted through the channel € and a vector
r € R™ is received. Then a decoding error occurs if dy(r, ¢*) < [L=1] from some
other codeword ¢* € C, and we say that the received vector r lies in the decoding
sphere of ¢* (here dj is the m-spotty Hamming distance of C).

Without any loss of generality, we can assume that the zero codeword is sent and
a vector r € R™ is received. Let ¢ be a codeword such that the m-spotty Hamming
weight of the ith byte of ¢ is y; (1 <4 <n). Then the probability that the received
vector r will lie in the decoding sphere of ¢ is given by

)
Z Z R517#1 (pl) s REn,,un (pn)

6=0 S14-+6,=0
0<8;<[%]

Further if B, . ,,) is the number of codewords in C having m-spotty Hamming
weight of the ¢th byte as pu; for each ¢, then the probability of decoding error when
a bounded distance decoder is used for decoding, is given by

n[ ] VM 1J

P<pi 1<i < n Z Z B (1 yeeestin) Z Z Raluﬂl pl Rén,,un (pn)a

p=dps p1+Fpn= 6=0 1+-+6n=0
osm(%w 0<8;<[%]

which proves the theorem. O
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3.3 r-fold joint m-spotty Hamming weight enumerator

In this subsection, we define the r-fold joint m-spotty Hamming weight enumer-
ator of r byte error-control codes over R and derive some MacWilliams identities for
the same. For this, we need to define the following:

Let Fo = {0, 1} and F} be the vector space of all r-tuples over Fy. For each a € F%,
let [a]; (1 <4 <) denote the ith coordinate of a. Define S; = {a € F} : [a]; = 1}
for each 1.

For positive integers k and m, let (R™)¥ = R™ x R™ x --- x R™.

~
k times

Definition 7. [9] For each a € (F})* = F5 \ {0}, define a function n, : (R")" — Z
as

na(cl7027"'7c7"): |{k1§k§b7<c/l\k7c/2\k77c/;c):a}|a

where for each i, ¢; = (ci1, ¢ia, . . ., cp) € R® and ¢ (1 < k < b) is given by
=10 ifey =0.

Definition 8. [9] Let {ej,es,...,e,.} be the standard ordered basis of F over [Fs.
Now for each a € (F})*, define a function N, : (R’)" — Z as

ng(ci,coy. .. 0
Na<617627---,cr): { ( ! Qt )J —|—Qa<Cl,CQ,...,CT),
where the number (¢, ¢a,. .., ¢.) is given by

> nglci,c2,...56r)

|7/5€S7; . —‘ ifa=e¢ (1<i<r);

Q(Z(Cl, Coy ... 707") -
0 otherwise.

(Here z denotes the least non-negative residue of z modulo ¢.)

We extend the functions N, (a € (F3)*) defined on (R?)" to the elements of (R™)"
as

Nu(ci,c9,...,¢) = ZNa(cgj),cgj), e, (7)
where each ¢; = (cgl), cl@, e Z ) € R with c( ) = (cg), Cg), e ,Lb ) € RY.

Now we extend the definition of r-fold joint m-spotty Hamming weight enumer-
ator for r byte error-control codes over R as follows:

Definition 9. [9] Let C1,Cs,...,C, be r byte error-control codes of length bn and
having the same byte length b over R. Then the r-fold joint m-spotty Hamming
weight enumerator of the codes C1,Cs, ..., C, is defined as

Ters (T 2@ =2 2 2 I wree

c1€C1 c2€C2 cr€Cr ac(F5)*
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where each ¢; = (C(l) P c(n)) with cz(»j) = (cg), Cg), . 7c,gg)) for 1 < j < n; and

77, )

the numbers N,(c1, o, ..., c,.) are as defined above.

Remark 4. (i) When t = 1, the r-fold joint m-spotty Hamming weight enumerator
of r byte error-control codes over R is the r-fold joint Hamming weight enumerator
of the codes over R.

(i) When r = 1, the r-fold joint m-spotty Hamming weight enumerator of r byte
error-control codes over R coincides with the m-spotty Hamming weight enumerator
of a byte error-control over R.

(iii) When r = 2, the r-fold joint m-spotty Hamming weight enumerator of r byte
error-control codes over R is same as the joint m-spotty Hamming weight enumerator
of two byte error-control codes over R.

In the following theorem, we show that the r-fold joint m-spotty Hamming weight
enumerator generalizes the m-spotty Hamming weight enumerator just like the joint
probability density function generalizes single probability density function.

Theorem 8. [9] Let Je, c,...c.(za - a € (F5)*) be the r-fold joint m-spotty Hamming
weight enumerator of byte error-control codes Cyi,Co,...,C, of length bn and byte
length b over R. Then we have the following:

(1) Jeycn0n (1,1, 000,1) = |Ch]|Cs] - .. |Gy

(ii) Forintegers 1 <i,j <, the r-fold joint m-spotty Hamming weight enumerator
of the codes Cy, . ..,Cj,...,C;,...,C, (i.e., the same sequence of codes except for
Ci and C; interchanged) is given by Jec, c,....c,(xa = a € (F5)*), where for each
a € (F%)*, the tuples a € (Fy)* are defined as

la]; if k=1i;
aly = lali ifk=j;
[a]x  otherwise
for1 <k <nr.
(iii) The m-spotty Hamming weight enumerator of the code C; (1 <1i < n) is given
by
_ e |z ifae S
We.(z) = H C |jch(;27 o (xg a € (Fy)*) with v, = { 1 otherwise,

where the product H 18 extended over all integers j satisfying 1 < 7 <r and
J
J#
Proof. For proof, see Sharma et al. [9, Theorem 3.6]. O
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Now to derive MacWilliams identities for r-fold joint m-spotty Hamming weight
enumerator of r byte error-control codes over R, we need to define the following:

For each a € Fj and each integer i (1 < ¢ < r), define the r + 1-tuples o;(a),
pi(a) € F5H as

[0, if1<j<i—1; @, f1<j<i-—1I;
[oi(a)l; =9 1 if j =1 [ni(a)]; =q 0 if j =1
[a]j_l lfl‘i‘lé]é?”‘i‘l, [a]j—l 1fZ+1§j§T+1

Note that F5™ = |J {0(a), ui(a)} for each i.

a€lF,

Definition 10. [9] Let ¢ (1 < ¢ < b) and ¢ (1 < g < r) be fixed integers. Let
0 = (0, : a € Fh) be a 2"-tuple over {0,1,2,...,b} satisfying > d, = b. Let

a€lFy
A, (0 < p < b) be the set of all tuples a = (, : g € F5™') of non-negative integers
ay’s satisfying the following:

Z Qggir(a) =P and Qo i(a) T Qugir(a) = =9, for each a € Fj.
a€lFy

Then the polynomial Gs(z, : a € (F})*) is defined as
Ug(a)+al‘q<a)J+0(a)
(IR 1)P—hr(@) ( ) xa 7 8
ZZ "R H Qi1 (a) H )
aclky a ac(F5)

where for each p (0 < p <), the summation ) runs over the set A,; and further
for each tuple a € A,, the numbers 6\ and h,(c) are given by

ple) —

a

2 (@@ g (5)
— ifa=e (1<i<r);

0 otherwise

and

hy(a) = Z oy (a)-

Definition 11. [9] Let §; = ((5((zi) :a € F}) be a 2"-tuple over {0, 1,2,...,b} satisfying
> 5% = b for 1 <i < n. Then for § = (01,02, ...,0,), we define the polynomial
a€lFy

n

Gs(za :a € (Fy)") = [[ Go(wa 1 a € (F5)"). (10)

=1
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Definition 12. [9] Let ¢ = (¢, ¢s,...,¢,) € (R?)" with each ¢; = (ci1, ¢, - .., i) €
RP. Then the joint composition vector of ¢, denoted by j(c), is defined as the tuple
d = (0, : a € FL), where for each a € F%, §, is given by

1 if ¢y #0;

0o = {k: 1<k <0b,(¢1g, Copy - - -, Cri) = a}| with ¢y = { 0 otherwise.

It is easy to see that > 0, = b.

a€lFy
Let ¢ = (¢, @ ... M) € (R™)" with each ¢V = (¢;1, 0, ..., cin) € R Then
the joint composition vector of ¢ is defined as

jle) =9 = (01,09,...,0,),
where 0, = j(c1x, Coky - - -, i) for 1 < k < n with each ¢, € RY.

In the following theorem, we derive some MacWilliams identities for the r-fold
joint m-spotty Hamming weight enumerator of r byte error-control codes over R.

Theorem 9. [9] Let Cy,Cs,...,C,. be byte error-control codes of length bn and byte
length b over R. Let P,(0) (1 < q < r) be the number of r-tuples (c1,c2,...,¢) of
codewords ¢; € C; (1 <i<r,i#q) and ¢, € CqL having the joint composition vector
as 6. Then we have

1
Ty caer (@00 € (B3)) = 5y > " P(6)Gs(x4 : a € (Fp)"),
q

where the summation runs over all n-tuples § = (01,0s,...,06,) such that each 0; =
((5((;) :a € FY) is a 2"-tuple over {0,1,2,...,b} satisfying > 6% = b, and the
aclky

polynomials Gs(z, : a € (F5)*)’s are as defined by (10).

Remark 5. (i) When at least one of the codes Cy,Cs, ..., C, (say C,) is of large size,
it is usually very hard to determine the r-fold joint m-spotty Hamming weight
enumerator for them. However, by applying Theorem 9, it is comparatively
easier to determine the same from the list of numbers P,(d)’s for the codes
Cr,. . Cq-1,C; Casn, -, Cy

(ii)) When r = 1, Theorem 9 gives a MacWilliams identity for the m-spotty Ham-
ming weight enumerator of a byte error-control code over R; and when r = 2,
Theorem 9 gives a MacWilliams identity for the joint m-spotty Hamming
weight enumerator of two byte error-control codes over R.

Proof of Theorem 9. The r-fold joint m-spotty Hamming weight enumerator of the
codes Cy1,Co, . ..,C, is given by

jC1,C2,M,CT<xa = (Fg)*) _ Z H xéVa(chz,m,cT)’

ac(F5)*

where the summation Y runs over all the codewords ¢, € Cy, for 1 < k <.
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For v € R™, let f(v) = Z 1T glle(ettatvattaer) hare the summation

an(Fg)*
> , runs over all codewords ¢, € Cp for 1 < k < r and k # q. Then for u =
(u1,ug, . .., u,) € R, using Lemma 3, we have
f(u) — E X u, U E H xNa Cl,yee0sCq—1,0,Cqt-15e-5Cr)
vERb™ aG (F5)*
n
Ng(c1,y..scqg—1,0,C JeesCp
= E . E X(E <ui7vi>> H et UG )
v=(v1,v2,...,0n ) ERP™ =1 ac(F5)*
Na(CliyeesC(g—1)i:Vi>C(q+1)ir++Cri)
_ E H E U17Ui>> H Ts (g—1) (g+1) ’
i=1 | v;eRb a€(Fy)*

where each ¢ = (¢, Cka,y - -+ Ckn) € C for 1 <k <rand k # q.
If the joint composition vector of the r-tuple (ci;, . . ., Cg—1)i, Ui, C(g+1)is - - - Cri) 18
d; for each i, then working as in Lemma 4.7 of Sharma et al. [9], we get

S w((usw) Lot G, s a e (Fy)).
v;ERP a€(lFy)*

This gives
f Cq Z H G5 )*)7

cq€Cy
where the summation ) runs over all codewords ¢x = (g1, Ch2, -, Ckn) € Cr (1 <
k <rk#q)and ¢g = (cq,C2, ..., Cqn) € Cp satisfying j(cii, i .., ) = 0 for
each 1.
Further suppose that the number of r-tuples (¢, co, ..., ¢.) of codewords ¢ €
Crh (1 <k <rk+#q)andc, € Cy having j(ci,¢s,...,¢) = 6 is Py(0). Then using
(10), we have

S Fe) = 3 Pi0)Galwa s a € (Fy)), (11)

cq€Cy
where the summation ) runs over all n-tuples § = (d1,0s,...,0,) such that each
§ = (0% : a € F}) is a 27-tuple over {0,1,2,...,b} satisfying 3. 6% = b. Again

a€lFy
applying Lemma 3 and using (11), we get

Jer Covencr(Ta 1 a € (F5)) = > f(v L| > fley)

v€ECy ECj-
= W ZPq(é)G(;(xa ca € (F5)"),
q

which proves the theorem. O
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3.4 Complete m-spotty Hamming weight enumerator

In this subsection, we extend the definition of complete m-spotty Hamming weight
enumerator for a byte error-control code over R and derive a MacWilliams identity
for the same.

Definition 13. Let C be a byte error-control code of length bn and byte length b
over R. Then the complete m-spotty Hamming weight enumerator of C is defined as

Qﬁc(zo, 21y ,Zb) = Z H ZwH(ui)-

U:(ul,’LLQ,...,’LLn)EC i=1

Note that the m-spotty Hamming weight enumerator of a byte error-control code
C over R can be obtained from the complete m-spotty Hamming weight enumerator
of C by replacing z; with 27/t for each j.

If Ao as,....a,) denotes the number of codewords in C having the Hamming weight
distribution vector as (aq, as, ..., a,), then the complete m-spotty Hamming weight
enumerator can be rewritten as

cf:)C(Zlh ATRER 7zb) = Z A(al,ag,...,an) H Zags
1

(a1,02,...,00) 1=

where the summation runs over all n-tuples (v, s, . .., a,) satisfying 0 < a; < b for
each 1.

In the following theorem, we derive a MacWilliams identity for the complete
m-spotty Hamming weight enumerator of a byte error-control code over R.

Theorem 10. Let C be a byte error-control code of length bn and byte length b over R
with C* being its dual code. Then the complete m-spotty Hamming weight enumerator
of C is given by

n b
1
ij)c(zo, Zlyenny Zb) = @ Z A(al,ag,...,an) H ( K Z(az)zpz) )
0

=1 \pi=

where the summation >, runs over all n-tuples (o, Q, ..., ay) satisfying 0 < a; < b
for each i, A, as,..an) @ the number of codewords in C* having the Hamming weight

P
distribution vector as (a1, 0o, ..., 0y), and K,(X) = > (=1)*(|R| — 1)p_a(X) (b_X)

al/ \p—a
(assuming (;) =0 forj </ and (8) =0).

a=0

Proof. Let f(v) = [] Zwy () for v = (v1,vs,...,v,) € R Then by Lemma 3, for
i=1

u = (uy,uy, ..., u,) € R™, f(u) is given by

n n

flu) = > X(<u7v>)HZwH(vi>=H D X, v 2w |- (12)

v=(v1,V2,...,0n ) ERP™ =1 i=1 \v;ERY
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If wy(u;) = «; for 1 <i < n, then working as in Lemma 27 of Sharma et al. [8], we

get
b

Z X((ui?vi>)sz(Ui) = Z Kpi<ai)zpz‘

v; ERP pi=0
for each 7. Thus \
f(u) - H ( Kpi(ai)’z}%) )
i=1 \p;=0
where (aq, o, ..., ) is the Hamming weight distribution vector of w.
Let A(a, as,...an) be the number of codewords in C* having the Hamming weight
distribution vector as (aq, as, ..., a,). Then we have
n b

Z flu) = ZA(ahaz,...,an) H ( K i(ai)zpi> ’ (13)

ueCt i=1 \p;=0
where the summation ) runs over all n-tuples (aq, o, . .., ) satisfying 0 < a; < b

for each 1.
Now applying Lemma 3 and using (13), we get

CHe (20,215 -+ 05 20) = Zf(v): ﬁ Z f(u)

vel ueCL
1 nofb
= @ Z A(al’ag,“‘,an) H <Z Km(ai)zpi> .
i=1 \p;=0

This proves the theorem. O

4 Weight enumerators with respect to the m-spotty Lee
metric

In this section, we discuss various weight enumerators defined with respect to the
m-spotty Lee metric and derive MacWilliams identities for them. First of all, we
define the Lee weight in I, as follows:

Definition 14. [5] Let ey, e, ..., ex be the standard basis of the real k-dimensional

k
space R over R. Now define a map ¢ : Z¥ — F, as p(z) = Y a;x; (mod p) for
i=1

k
x =) xie; (x; € Z), where ay, as, ..., a; are distinct elements of the finite field F,
i=1

chosen in such a way that the map ¢ is surjective. Then the Lee weight wy (a) of an
element a € I, is defined as

k
wr(a) = min il ¢,
o= i, {3 1a1

p(x)=a =1
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where |z| denotes the absolute value of a real number x.
The Lee weight of a vector over [F, is defined as the sum of Lee weights of all its
components.

Next we define Lee weights in Ry and R,, in terms of certain gray maps, as
follows:

Definition 15. Let ¢; : Ry — F{ be a gray map defined as follows:

P1(r) = (i: ai(r),ial(r), ,ae_l(r))

for each r = ag(r) 4+ uay(r) +- - -+ uta._1(r) € Ry with a;(r)’s in F,. Then the Lee
weight of an element r € R; is defined as the Lee weight of the e-tuple ¢:(r) € F;.
The Lee weight of an n-tuple over R; is defined as the sum of Lee weights of its
components.

Definition 16. Let ¢y : Ry — IF;1 be a gray map defined as
Go(1) = (ao(r) + a1 (r) + az(r) + az(r), as(r) + az(r), a1 (r) + az(r), as(r))

for r = ap(r) + uai(r) + vas(r) + uwvas(r) € Ry with each a;(r) € F,. Then we define
the Lee weight of an element r € Ry as the Lee weight of the 4-tuple ¢o(r) € Fy.
Further, the Lee weight of an n-tuple over R, is defined as the sum of Lee weights
of its components.

Let R be either the ring Ry or the ring 5. Then we extend the notion of m-spotty
Lee distance in R™ as follows:

Definition 17. [10, 13] Let u, v be two vectors in R*™ having u;, v; as their ith bytes.
Then the m-spotty Lee distance between u and v, denoted by dysr(u,v), is defined

as
n

darr (1, v) = Z(wy

t
i=1
where dp(u;,v;) denotes the Lee distance between ith bytes u; and v; of u and v,
respectively.

Note that dz is a metric on . When t = 1, the m-spotty Lee distance between
any two vectors in R"™ is same as the Lee distance between those two vectors.

Definition 18. [10, 13] The m-spotty Lee weight of a vector u = (uy,ug, ..., u,) €
R, denoted by wyyr(u), is defined as

n

) = 32 [,

i=1
where wr(u;) denotes the Lee weight of ith byte u; of u.

Observe that dysp(u,v) = wyr(u —v). When ¢ = 1, the m-spotty Lee weight of
a vector in R" is same as the Lee weight of the vector.
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4.1 m-spotty Lee weight enumerator

In this subsection, we define the m-spotty Lee weight enumerator of a byte error-
control code over R, derive a MacWilliams identity for the same and discuss its
application. Let |R| = ¢, and let the elements of R be listed as ro = 0,71, ...,7/_1.

Definition 19. [10, 13| Let C be a byte error-control code of length bn and byte
length b over R. Then the m-spotty Lee weight enumerator of C is defined as

Lc(Z) — Z ZwML(U) — Z ﬁz(wL(ui)/ﬂ'

ueC u=(u1,...,un)€C i=1

When t = 1, the m-spotty Lee weight enumerator of C coincides with the Lee
weight enumerator of C.

Let u = (uy,us, ..., u,) be a vector in R with each u; € R®. For 0 < k </ —1,
if jir is the number of bits in w; that are equal to rj, then the composition of the
ith byte u; of u is defined as the ¢-tuple J; = (Jio, Ji1, - - -, Jie—1) and the composition
vector of u is defined as the tuple J = (Jy, Ja, ..., Jp).

Now if A(J) denotes the number of codewords in C having the composition vector
as J, then the m-spotty Lee weight enumerator can be rewritten as

Le(z) = ZA(J) HZ[P(Ji)/t-|7
J i=1

where the summation ) runs over all n-tuples J = (Jy, Ja, ..., J,) with each J; =
7
-1

(Jio, Jits - - - Jie—1)) an £-tuple over {0,1,2,...,b}, and p(J;) = > wr(re)Jik-
k=0

Definition 20. For a fixed positive integer ¢ and an ¢-tuple J = (jo, j1,- .-, Je—1)

over {0,1,2,...,b}, we define a polynomial gy)(z) as

-1

) /—1 =1 (-1
! {2 (; wL(mskp)/tw
=3 T[] =~ (2 ) Zli=0 = , (14)

p=0

where the summation ) runs over all non-negative integers s, (0 < k,p < ¢ —1)

skp
-1
satisfying > sy, = ji for each k, and x is the non-trivial additive character on R,
p=0

given by

| xa when R= Ry,
X = X2 when R = Ry

with x; and yo as defined by (1) and (2).
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In the following theorem, we derive a MacWilliams identity for the m-spotty Lee
weight enumerator of a byte error-control code over R.

Theorem 11. [10] Let C be a byte error-control code of length bn and byte length b
over R and C* be its dual code. Then the m-spotty Lee weight enumerator of C is
given by

n

1
Le(z) = a1y ST AU B ) T 6 (2.
(

J1,J2,..., Jn) =1
where the summation runs over all n-tuples (Jy, Jo, ..., Jp) with each J; =
(J1, T2 I
(Ji0s Jits - - -+ Jiu—1) an L-tuple over {0,1,2,...,b}, A(Jy, Ja, ..., Jy) is the number of

codewords in C* having the composition vector as (Ji, Jo, ..., J,) and for 1 <i <mn,
the polynomial g(Ji)(z) is as defined by (14).

Remark 6. The computation of the numbers A(Jy, Ja, ..., J,) is, in general, very
hard for a code C of large size. But the numbers A(Jy, Jo, ..., J,)’s are comparatively
easier to compute for the dual code C*, which is of relatively smaller size. Thus by
applying the MacWilliams identity (Theorem 11), one can easily obtain the m-spotty
Lee weight enumerator of C.

Proof of Theorem 11. Let f(v) = [] 2=/t for v = (vy,ve,...,v,) € R™, where
i=1

each v; € R*. Then for u = (uy,us, ..., u,) € R™, by Lemma 3, f(u) is given by

n n

f(u) = Z Y({u,v)) HZ(wL(m)/ﬂ - H Z (s, v3))2Moe @/

v=(v1,V2,...,0n ) ERP™ i=1 =1 \v;ERP

Now if J; (1 <i < n) is the composition of the ith byte u; of u, then working as
in Lemma 2 of Sharma et al. [10], we get

S iy v — g 0z)

’UZ'ERb
for each 7. This gives
fw) =TT % ).
i=1
If A(Jy, Jo,...,J,) is the number of codewords in Ct having the composition

vector as (J1, Ja, ..., J,), then
S fwy = > AW e T[]0V ), (15)
ueCt (J1,J2,5dn) =1

where the summation runs over all n-tuples (J, Ja, ..., J,) with each J;, an {-tuple
over {0,1,2,...,b}.
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Again applying Lemma 3 and using (15), we get

Le(z) = Zf(v)zﬁ S fu)
ueCt

1
= SN AL B T [V (R),
( )

J1,J2,5dn i=1
which proves the theorem. O

An application

For a byte error-control code C of length bn and byte length b over R, the m-spotty
Lee distance of the code C is defined as dp1(C) = min{dy(u,v) : u,v € C,u # v}.
It is easy to see that dy,(C) = min{wyr(u) : u € C,u # 0}.

In the following theorem, it is proved that the m-spotty Lee distance of a code
measures the m-spotty error-detecting and error-correcting capabilities of the code C.

Theorem 12. [10] Let C be a byte error-control code of length bn and byte length b
over R. Then we have the following:

(1) The code C can detect any m-spotty byte error e satisfying wy(e) < d if and
only if dy(C) > d.

(i) Ifdunr(C) = d, then C can correct all m-spotty byte errors e satisfying warr(e) <
d/2, and C cannot correct any m-spotty byte error e satisfying wyr(e) > d/2.

Proof. For proof, see Sharma et al. [10, Theorems 2-3]. O

Observe that the m-spotty Lee distance of C is the least positive integer d such
that the coefficient of 2% in L¢(2) is non-zero. Thus knowing the m-spotty Lee weight
enumerator L¢(2) of a code C, one can compute its m-spotty Lee distance.

4.2 Split m-spotty Lee weight enumerator

In this subsection, we define the split m-spotty Lee weight enumerator of a byte
error-control code over R, derive a MacWilliams identity for the same and discuss
its application.

Definition 21. [10] Let C be a byte error-control code of length bn and byte length
b over R. Then the split m-spotty Lee weight enumerator of C is defined as

Se(zi:i=1,2,...,n) = Z ﬁz;uML(c").

(c1,¢2,...cn)€C =1

If A(Jy, Jo, ..., Jy) is the number of codewords in C having the composition vector as
(J1, J2, ..., Jn), then the split m-spotty Lee weight enumerator of C can be rewritten
as

Selziti=12,...,n)= > A(Jl,Jg,...,Jn)HZ[ all

(J1,T2,eesTn) i=1
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where each J; = (jio, Jits---,Jie—1) is an C(-tuple over {0,1,...,b}, and p(J;) =
-1

> wr(ry)ja for each i.
k=0

When 2y = zp = ... = 2, = z, the split m-spotty Lee weight enumerator of C
coincides with the m-spotty Lee weight enumerator of C.

In the following theorem, we derive a MacWilliams identity for the split m-spotty
Lee weight enumerator of a byte error-control code over R.

Theorem 13. [10] Let C be a byte error-control code of length bn and byte length b
over R and C* be its dual code. Then the split m-spotty Lee weight enumerator of C
15 given by

n

1
C_ _ ()
Sc(zi.2—1,2,...7n)—@ Z A<J17<]27---7Jn)HgJi<Zi)a
(J1,T2eenrIn) i=1

where the summation runs over all n-tuples (Jy, Ja, ..., Jp,) with each J;, an {-tuple
over {0,1,2,...,b}, A(Jy, o, ..., Jy) is the number of codewords in C*+ having the
composition vector as (Jy, Jo, ..., J,), and the polynomials gy)(zl) 's are as defined by
(14).

Remark 7. (i) When z; = z5 = ... = z, = z, Theorem 11 follows from Theorem

13.

(ii) It is generally very hard to compute the numbers A(Jy, Ja, ..., J,) for a code
C of large size, and hence its split m-spotty Lee weight enumerator. However,
the dual code Ct of C is of relatively smaller size, so it is comparatively easier
to compute the numbers A(J;, Jo, ..., J,) for the dual code C*. From this, one
can easily obtain the split m-spotty Lee weight enumerator of C by applying
the MacWilliams identity (Theorem 13).

Proof of Theorem 13. We will prove this theorem by applying Lemma 3. For this,
let f(v) = [T 2" for v = (v, va,...,v,) € R*™, where each v; € R*. Then by

=1
Lemma 3, for u = (uy, us, ..., u,) € R™, f(u) is given by
OEED D (| E Rl | | DR EE R
v=(v1,v2,...,0n ) ERD™ i=1 1=1 \v;ERP

Let the composition of the ith byte u; of u be J; (1 < i < mn). Then working as
in Lemma 2 of Sharma et al. [10], we get

S (i, vi)) 21O = g0 ()

Vi ERP

for each 7, 1 <14 < n. This gives

Flu) =L o5 (0.
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If A(Jy, Jo,...,J,) is the number of codewords in C* having the composition
vector as (Ji, Ja, ..., J,), then we have
ueCt (J1,J2,.ey JIn) =1
where the summation runs over all n-tuples (Ji, Ja, ..., J,) with each J;, an {-tuple

over {0,1,2,...,b}.
Again applying Lemma 3 and using (16), we get

SC(Zi:i:1727"'7n) = Zf(v):C—J-Z‘f<u)
veC ‘ ’ ueCLt
1 n
- W Z A<J17J27" 7Jn)HgJ)(Zl)7
(J1,J2,5dn) 1=1
which proves the theorem. O

In the following theorem, we show that two equivalent byte error-control codes
may have the same m-spotty Lee weight enumerator but their split m-spotty Lee
weight enumerators may be different.

Theorem 14. [10] Let C, D be byte error-control codes of length bn and byte length
b over R having the m-spotty Lee weight enumerators as L¢(2), Lp(z) and split m-
spotty Lee weight enumerators as Se(z; i = 1,2,...,n), Sp(Z; : i = 1,2,...,n),
respectively. Then

(1) the direct sum
CoD={(ulv) : uel, veD}

has m-spotty Lee weight enumerator as Le¢(z)Lp(z) and split m-spotty Lee
weight enumerator as Sc(z; 1 =1,2,...,n) Sp(Z; :i=1,2,...,n).

(ii) assuming n even, the code
C||D=A{P ") : uw= (") eC, v=(]") e D}

(where u and v have each been broken into two equal halves) has m-spotty Lee
weight enumerator as Le(2)Lp(2) and split m-spotty Lee weight enumerator as

Sc(zi;Z; i=1,2,...,n/2)Sp(2z; Z; i = (n/2) +1,...,n).
Proof. For proof, see Theorem 4 of Sharma et al. [10]. O

An application

Let C be a byte error-control code of length bn and byte length b over R. Suppose
that the codewords of C are transmitted through the channel € (as defined in Section
3.2). Then we define

Opr(C) = min{wpr(u) :u e C,u#0},
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where for each u = (u1, us, . . ., u,) € R with each u; € R®, wyr(u) = > piwnrr (u;)

and p; = log(%) for each i.
In the following theorem, we see that d,,7(C) is a measure of (m-spotty) error-
detecting and error-correcting capabilities of the code C.

Theorem 15. (i) The code C can detect any m-spotty byte error e satisfying
wr(e) <6 if and only if 0 (C) > 0.

(i) If Sp1(C) = 9, then the code C can correct all m-spotty byte errors e satisfying
wyr(e) < durn(C)/2 and C cannot correct any m-spotty byte error e satisfying

Proof. For proof, see Sharma et al. [10, Theorems 6-7]. O

Note that the number &y, (C) can be computed from the split m-spotty Lee
weight enumerator S¢(z; : ¢ = 1,2,...,n) of C by taking z; = 2P for 1 < i < n.
Hence 6,1 (C) equals the least positive real number ¢ such that the coefficient of z°
in Se(zP:i=1,2,...,n) is non-zero.

4.3 r-fold joint m-spotty Lee weight enumerator

In this subsection, we define the r-fold joint m-spotty Lee weight enumerator of
r byte error-control codes over R, derive some MacWilliams identities for the same
and discuss its properties. For this, we need to define the following:

For £ = {0,1,2,...,¢0 — 1}, let £" be the set of all r-tuples over £. Then for
1 <1 <r, define

Qi={ae " : [a; #0 and [a]; =0 for all j # i}

and
T, ={a€ " : [a]; # 0 and [a]; # 0 for some j # i}.

Definition 22. [11] For each a € £, define a function f, : (R?)" — Z as

fa(ur,ug, .. su) = {p 1 <p <b, (urp, Ugp, - - -, Urp) = (Tlal1s Tlalas - - -5 T]als ) s
where each u; = (u;1, Ui, . .., uyp) € R°.
Definition 23. [11] For 1 <i <r, define K;, L; : (R°)" — Z as
2] it A + Byw) =
Kiw) = 4 |29 +1 i 0< A(u) + Bi(u) <t (17)
A;i(u)
|=22 ] +2 if t < Aj(u) + Bi(u) < 2t -2,
_ | Bilu)
Li(u) = L t | (18)

where u = (u1, us, . .., u,) with each u; € R®, and A;(u)’s and B-(u)’s are given by

Ai(u) = Z Wi, (77a),) fa(u ZwL Tla);) fa(u) (19)

a€Q); a€T;
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Now for each i, we extend the functions Kj, L; defined on (R°)" to the elements
of (R™)" as

ZK ul 7“’2 7---7u$j))7 ZL U’l 7“’2 7"'7“1("j))7 (20)

where u = (uy, us, ..., u,) € (R™)" with each u; = (u",u®, ..., u™) € R and
ufj)ERbforlgjgn.

Now we extend the definition of r-fold joint m-spotty Lee weight enumerator for
r byte error-control codes over R.

Definition 24. [11] Let C;, Cs,..., C. be r byte error-control codes of length bn
and byte length b over R. Then the r-fold joint m-spotty Lee weight enumerator of
the codes Cy, Cy,..., C, is defined as

Jer,en(@inyi 1< i <r) Z Z H ien ’C’“) L (e1,e )7

cl€C1 cr€Cr i=1
where K;, L;’s are as defined by (17)-(20).
Remark 8. The r-fold joint m-spotty Lee weight enumerator coincides with
(i) the m-spotty Lee weight enumerator when r = 1;
(ii) the joint m-spotty Lee weight enumerator when r = 2.

In the following theorem, we show that the r-fold joint m-spotty Lee weight
enumerator generalizes m-spotty Lee weight enumerator just like the joint probability
density function generalizes single probability density function.

Theorem 16. Let Je,c,...c.(xi,yi + 1 < @ < 1) be the r-fold joint m-spotty Lee
weight enumerator of byte error-control codes Cy,Cs,...,C, over R. Then we have
the following:

(1) Joy.c.0n(1,1,000,1) = |Ch]|C] - . . |Cy.

(ii) For integers 1 < p < q <, the r-fold joint m-spotty Lee weight enumerator of
the codes Cy,...,Cq,...,Cp,...,C, (i.e., for the same sequence of codes except
for C, and C, interchanged) is given by Je, c,...c.(Zi,¥i = 1 < i < 1), where for
each x; ory; (1 <i<r)

xq ifi=p; Yg ifi=p;

T;=14 x fi=¢q; and Gi=4 Y ifi=gq;
x; otherwise y; otherwise.
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(iii) The m-spotty Lee weight enumerator of the code Cs (1 < s <) is given by

z ifi=s;

Hs c,l 1 otherwse,

where the product H 15 extended over all integers j satisfying 1 < j <r and
J#s.
Proof. For proof, see Sharma et al. [11, Theorem 3.6]. O

J

To derive MacWilliams identities, we define the following:
For integers 1 < ¢ < r, 7 € £ and for each tuple a € £", define the vector
aij(a) S £T+1 as

[a]k ifl1<k<i-—1;

[oij(a)]k = J if k=
[a]k_l ifi+1 §k§T+1

Note that £ = |J { U az»j(a)} for each 1.

ac L ~jeL

Definition 25. [11] Let ¢t (1 <t < b) and ¢ (1 < g < r) be fixed integers. Let

d = (0, : a € £") be an ("-tuple over {0,1,2,...,b} satisfying > 0, = b. For
aclr

an integer p (0 < p < b), let A, be the set of all tuples o = (v, : w € £11) of

non-negative integers «,’s satisfying the following:

Z Z U1y, (a) =p and Zo‘ﬂ<q+1>j(a) =, for each a € £,

acsr jegr jeg
where £ = £\ {0}. Then define the polynomial Gs(z;,y; : 1 <7 <r) as
b r Ai@) | Lg(e) | Bile)
33wl [Tl @)
p=0

i=1

where for each p (0 < p < b), the summation Ep runs over the set A,; and further
for each tuple a € A, the coefficient h,(a) is given by

ho(e) = ] (% X(Z T[amj%j<a>>>7

acLr a"(qﬂ)j (a)- jegr
the integers A;(«), B;(a) are given by

AZ<C¥) = Z ZwL(T[a]i)agqj(a), BZ(Oé) = Z ZwL(r[a]i)aaqj(a), (22)

a€S; jeL a€T; jekl
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and the number 0\ is given by

0 if A (@) + Bi(a) = 0;
0 =< 1 if 0 < A;(@) + By(a)
2 ift < Ai(o) + Bi()

(23)

S
<2

Definition 26. [11] For 1 < j < n, let 0, — (09 : a € £) be an "-tuple over
{0,1,2,...,b} satisfying > 6%) = b. Then for § = (81,09, ...,0,), we define the

actlr
polynomial
G(;(xi,yi:1§i§r):HG5j(xi,yi:1§i§7“). (24)
j=1
Definition 27. [11] The joint composition vector of an r-tuple (ci,ca,...,¢,) €

(R®)", denoted by j(cy,ca, ..., c), is defined as the tuple § = (J, : @ € £7), where for
each a € £, J, is given by

= ’{k 01 § k S b, (élk,égk, .. .,érk) = CL}‘ with ézk = s if Cik = Ts.

It is easy to see that > d, =b.
acLr

The joint composition vector of an r-tuple (¢!, c® ... ™) € (R™)" is defined

as
G @)y =8 = (61,0, ...,6,),

where for each i, ¢V = (Ci1, Cigy - -+ Cin) € R with each ¢;; € R’ and 6, =
J(Cig, Cogy - - - Cr) Tor each k.

Theorem 17. [11] Let Cy,Cy, ..., C, be byte error-control codes of length bn and byte
length b over R. For 1 < q <, let P,(6) be the number of r-tuples (c1,ca, ..., ¢) of
codewords ¢; € C; (1 <i<r,i#q) and ¢, € CqL having the joint composition vector
as 0. Then we have

Jereoeer (T yi: 1 <0 <) = qu(a)GJ@myi 1<i<r),

Iy
where the summation runs over all n-tuples § = (01,92, ...,6,) such that each 6; =
((5((13) ca € L") is an ("-tuple over {0,1,2,...,b} satisfying > 59 = b, and the

acLr
polynomial Gs(z;,y; - 1 <1 <) is as defined by (24).

Remark 9. When one of the codes, say C,, is of large size, the computation of the
numbers P,(6)’s for the codes Ci,Cs,...,C, becomes very tedious. However it is
easier to compute these numbers for the codes Cy, ... ,Cq_l,CqL,CqH, ...,C,, as the
dual code CqL of C, is of relatively smaller size. From this, one can obtain the r-fold
joint m-spotty Lee weight enumerator for the codes Cy,Cs, . .., C,, using Theorem 17.
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Remark 10. The MacWilliams identity for m-spotty Lee weight enumerator follows
from Theorem 17 when r = 1, and that for joint m-spotty Lee weight enumerator
follows from Theorem 17 when r = 2.

Proof of Theorem 17. The r-fold joint m-spotty Lee weight enumerator of the codes
C1,Cy,...,C, is defined as

. i(c1,¢2,..5¢r)  Li(er,c2,...5¢
\761702,...701«(351'7% 1<i < T § H ) Y; ( )7

where the summation ) runs over all the codewords ¢; € C; for 1 <1 <.

In order to prove this result, we will apply Lemma 3. For this, let

i(c1,. +Cq—1,V,Cq+1,-- 1T)yL’i(Cl1‘“7ClI711’U1Cq+17“'1C7‘)

for v € R™, where the summation Y , Tuns over all codewords ¢; € C; (1 <i < i #

q). Then by Lemma 3, for u = (u1,us, ..., u,) € R™, f(u) is given by

017 +Cq—1,V,Cq+1,-- 707‘) L(CL +Cq—1,V,Cq+1,...,C )
> x(wv) ) H vl

veERD
n
> qH >~ x((uj,05))
j=1 ’UjERb
r
K’L(Clju‘“)c(q—l)jvvj)C(q-&-l)j)“‘uc’rj) Li(clj7"'1C(q—1)j7Ujuc(q+1)j7“')c’rj)
Z; Y; )
=1
where ¢; = (¢;1, ¢y - -+, Cin) € C; for 1 < i < r with i # gq.

If the joint composition vector of the r-tuple (cij, ..., ¢(g—1)j, Uj, C(g+1)js - - -+ Crj)
is §; for each j, then working as in Lemma 4.7 of Sharma et al. [11], we obtain

r

Ki(Clj,AAA,C(q_l)j,’Uj,C(q_;'_l)j,A“,CTj) Li(Clj,AAA,C(q_l)j,’Uj,C(q_;'_l)j,A“,CTj)
> x({usv) [ Vi

’UjERb i=1
= Gs;(v5,y;: 1 <i<r) for each j.

This gives
n
fleg) =D T Gslwiyi: 1<i <),
cq€Cq J=1
where the summation ) runs over all codewords ¢; = (¢;1,¢i,...,¢m) € C; for

1<i<7r(i#q)and ¢; = (cqu,Cq, - - -, Cqn) € Cp satisfying j(cyj,caj,. .., ¢rj) =
for each j.
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Now if P,(6) is the number of r-tuples (¢y,ca, ..., ¢,) of codewords ¢; € C; (1 <
i<ri7#q)and ¢, € CqL such that j(cy, ¢, ..., ¢) =9, then using (24), we get

Z f(cq ZP VGs(xi,y; 2 1 <i <), (25)

cq€CF
where the summation ) runs over all n-tuples § = (d1,0s,...,0,) such that each
§; = ((5&7) ca € £7) is an "-tuple over {0,1,2,...,b} satisfying > 6% = b. Again

acLr
applying Lemma 3 and using (25), we get

which proves the theorem. O

4.4 Complete m-spotty Lee weight enumerator

In this subsection, we define the complete m-spotty Lee weight enumerator of a
byte error-control code over R and derive a MacWilliams identity for the same.

Definition 28. Let C be a byte error-control code of length bn and byte length b
over R. Then the complete m-spotty Lee weight enumerator of C is defined as

CLe(z0, 215 -y 20) = Z szL(ui),

u=(u1,...,un)€C i=1

where M = max{wL( )}

reR

If A(J) is the number of codewords in C having the composition vector as .J, then
the complete m-spotty Lee weight enumerator can be rewritten as

CLe(20, 21,5 2u ZA H (1)

=1

where J = (J17 JQ, RN J ) with each JZ = (ji07ji17 C 7ji,€—1) an E—tuple over {0, ]., 27
-0} and p(J;) = Z wr(T%) ik

Definition 29. For a fixed positive integer ¢ and an ¢-tuple J = (jo, j1,- .-, Je—1)
over {0,1,2,...,b}, we define a polynomial hg)(zo, 21y, Z00) 8S

/-1

- -1

Ji!

7D (20,20, ... 2 Z H zﬁl (Zrkrpskp> Zuras (26)
s k=0 p=0

p=0
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where the summation ) runs over all non-negative integers sy, (0 < k,p < ¢ —1)
=1 ’ -1 ,0—1

satisfying > sy, = ji for each k, wy, = > (Z wL(rp)skp> and x is the non-trivial
p=0 k=0 ‘p=1

additive character on R that equals x; when R = R; and equals y, when R = R,

(x1 and x2 are as defined by (1) and (2)).

In the following theorem, we derive a MacWilliams identity for the complete
m-spotty Lee weight enumerator of a byte error-control code over R.

Theorem 18. Let C be a byte error-control code of length bn and byte length b over
R and C* be its dual code. Then the complete m-spotty Lee weight enumerator of C
15 given by

n

¢Le(z0, 21, - - 2m) = T S AL Doy T) T RS (o2 2w,
(J1,J2y-yn) =1
where the summation runs over all n-tuples (Jy, Js, ..., J,) with each J; = (ji0, Ji1,
oy Jiw—1) an L-tuple over {0,1,2,...,b}, A(J1, Jo, ..., Jy) is the number of code-
words in C*+ having the composition vector as (Jy, J, ..., J,) and for 1 <i <n, the

polynomial hf;i)(zo, Z1y...,20M) 1S as defined by (26).

Proof. Let f(v) = [] 2wy, () for v = (vi,ve,...,v,) € R™, where each v; € R". Then
i=1

by Lemma 3, for u = (uy,us, . .., u,) € R™, f(u) is given by

n n

flu) = > X, o) [T 2w =TT | D0 Wi v:)zun )

v=(01,02,...,0n) ERP" i=1 i=1 \weRb

Now if J; (1 <i < n) is the composition of the ith byte u; of u, then working as
in Lemma 2 of Sharma et al. [10], we get

Z X(<uivvi>)ZwL(vi) = hf;? (Zo, 21y .- ,ZM)

Vi ERP

for each 7. This gives

f(u) = Hh(J?(zo, 21y ZM)-
i=1

If A(Jy, Jo,...,J,) is the number of codewords in C* having the composition
vector as (Jy, Jo, ..., J,), then

n

SN fwy= > AU T) ] oy 2y ), (27)

ueCt (J1,J25e-3dn) =1

where the summation runs over all n-tuples (Jy, Ja, ..., J,) with each J;, an {-tuple
over {0,1,2,...,b}.



A. SHARMA ET AL./AUSTRALAS. J. COMBIN. 58 (1) (2014), 67-105 102

Again applying Lemma 3 and using (27), we get

Loz, 20, s ont) = Zf(v):CiZf

veC uECL

1
- W Z A(‘]17J27"'7Jn)Hh((]?(Z()7217...7ZM)7

(J1,J25--,dn) i=1

which proves the theorem. O

5 Byte-weight enumerator

In this section, we extend the definition of byte-weight enumerator for a byte
error-control code over R and derive a MacWilliams identity for the same.

Definition 30. [22] Let C be a byte error-control code of length bn and byte length
b over R. Then the byte-weight enumerator of C is defined as

BWe(z, - k € RY) = Z ﬁzu

u=(u1,u2,...,un)€C i=1

It is easy to see that the complete m-spotty Hamming weight enumerator of
a byte error-control code C can be obtained from the byte-weight enumerator of
C by replacing z,, with z,, @, for each 7 and the complete m-spotty Lee weight
enumerator of C can be obtained from the byte-weight enumerator of C by replacing
2y; With 2y, ;) for each i.

In the following theorem, we derive a MacWilliams identity for the byte-weight
enumerator of a byte error-control code over R.

Theorem 19. Let C be a byte error-control code of length bn and byte length b over
R and C* be its dual code. Then the byte-weight enumerator of C is given by

BWe(z k€ R) = |CL|BWCJ_ (ZX uv)v:ueRb>,

€Rb

where x 1s the non-trivial additive character on R, given by

| xa when R = Ry,
X= X2 when R = Rs.

Proof. Let f(v) = [] 24, where v = (v1,vg,...,v,) € R*™. Then by applying Lemma
i=1
3, for u = (uy,us, ..., u,) € R™, f(u) is given by

flu) = > X(w,o)) [Tz =TT | Do xCuisvi))z,

n
v=(v1,02,...,vn) ER™ i=1 i=1 \v;eRb
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This gives

Zf ZH Z ((wi,vi))z, | - (28)

ueCL ueCL i=1 \v;eR®

Again applying Lemma 3 and using (28), we get

BWel(o ke BY) = Hzf —%ZH S X v0)) 20,

ueCt v; ERY

— ‘CL’BWCL (Z X((u,v))zy :u € Rb> ,

vERP

which proves the theorem. O

6 Conclusion

Let R be either the finite chain ring Ry = F, + uF, + u’F,+ - - -+ u"'F, (u® = 0)
or the ring Ry = F, + ulF, + vF, + wvF, (uv* = 0,v* = 0,uv = vu). In this paper, we
defined the m-spotty weight enumerator, split m-spotty weight enumerator, r-fold
joint m-spotty weight enumerator, complete m-spotty weight enumerator and byte-
weight enumerator for byte error-control codes over R with respect to both m-spotty
Hamming and m-spotty Lee metrics. We also derived MacWilliams identities for
these enumerators and discussed some of their applications. Further, it would be
interesting to find some more applications of these enumerators and to study their
invariance properties.

Note that the results on m-spotty enumerators with respect to m-spotty Hamming
metric can be extended to any finite Frobenius ring, while the results on m-spotty
weight enumerators with respect to m-spotty Lee metric can be extended to all those
finite Frobenius rings for which a suitable notion of Lee weight can be defined.
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