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Abstract

In this paper we investigate properties of rank correlation coefficients
that can be derived from right-invariant generalized metrics on the sym-
metric group. We prove some new inequalities between a number of
generalized metrics, and we characterize the sample sizes for which sev-
eral (right-invariant) rank correlation coefficients can equal zero. Using
the Hausdorff generalized metric, we show how to construct circular rank
correlation coefficients from regular rank correlation coefficients. In ad-
dition, we show how generalized triangle inequalities satisfied by gener-
alized metrics on the symmetric group can be used to create new partial
rank correlation coefficients (that measure the association between two
variables controlling for the effect of a third one).

1 Introduction

Correlation coefficients range from —1 to 1 and they give a numerical summary of the
relationship between two numerical variables. In this paper we concentrate on rank
correlation coefficients that are derived from right-invariant metrics, pseudo-metrics,

* Certain parts of this paper were completed while the first author was taking part at the Clark
Scholar Program at Texas Tech University (in Lubbock, Texas, USA) in Summer 2010, while the
second author served as the faculty mentor.
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or semi-metrics on the symmetric group, which we collectively call “generalized met-
rics”, and whose general theory was developed by Diaconis and Graham [8] in 1977.
While reviewing and expanding on this theory, we define new right-invariant gener-
alized metrics and their corresponding rank correlation coefficients and prove new
inequalities between a number of such generalized metrics.

Of particular interest in this paper is Daniels’ [5] rank correlation coefficient that
can be used to measure the relationship between two angular variables (and in gen-
eral between two circular variables). We indicate that this circular rank correlation
coefficient (introduced in 1950) was re-invented several decades later by different
authors doing independent work in different countries! Inspired by this coefficient
and the work of Critchlow [4] on the analysis of partially ranked data, we give a
general theory for the creation of right-invariant circular generalized metrics (and
their corresponding circular rank correlation coefficients) from any right-invariant
generalized metric.

Finally, inspired by the triangle inequality satisfied by metrics on the symmetric
group, we give probably the first ever interpretation of the corresponding inequality
of the induced rank correlation coefficients: we show how a partial rank correlation
coefficient between two variables controlling for the effect of a third variable can be
created based on this inequality. (Most of our discussion on this topic is limited to
right-invariant metrics and their corresponding rank correlation coefficients that are
symmetric with respect to complements.)

We start our paper with a motivation and a review of the theory of right-invariant
generalized metrics on the symmetric group.

Given two numerical variables z and y (such as height and weight), one can take
measurements on n individuals or objects:

($17y1)7($27y2)7'"7($n7yn)' (1)

One can measure the linear relationship between the x and y variables using the
Pearson product moment correlation coefficient

2i (@i —av(z))(y: — av(y))
V(i —av(@)? /L, (g — av(y))?

where av(z) and av(y) are the sample means of the observed values of the z and
y variables, respectively. The correlation coefficient r always satisfies the inequal-
ity =1 < r < 1. If r = 1, there is a perfect positive linear relationship between
the observed values of x and y, while if r = —1, there is a perfect negative linear
relationship between the observed values of x and .

In case the data (1) are not on an interval scale, some scientists prefer to replace
the data by the corresponding ranks:

(a’17 b1)7 (a’27 b2)7 RS (a”nu b’n)

Here a = (a1, aq,...,a,) is a permutation of the numbers 1,2,...,n, and q; is the
rank of z;: the smallest = value gets rank 1, the second smallest = value gets rank 2,
and so on. Also b = (by, ba, ..., b,) are the ranks for (y1,v, .., Yn)-

(2, y) = (2)
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If some of the x values have ties, then some ranks must be averaged. In this
paper, we are assuming there are no ties among the x values and no ties among the
y values!.

The Pearson moment product correlation coefficient between the ranks of x and
the ranks of y is called the Spearman rank correlation coefficient:

2 iz (0 — av(a))(bi — av(b)) .
Vi (@ —av(a))? /300, (b — av(h)?

One can show that (for n > 1)

(3)

Tsn(a,b) =

nn—1)(n+1) 4)

TS,n(av b)

The numerator of the fraction of the expression above,

n

SQua(ab) ==Y (a; — b;)*, (5)

i=1
is a measure? of “distance” between the permutations a and b. It can be shown that

0 < SQin(a,b) < w

The first inequality holds as equality if and only if @ = b, while the second inequality
holds as equality if and only if

a=(n,n—1,...,2,1)0b,

where o denotes the composition of permutations f and g.

The set of all permutations, S,,, of the numbers 1,2, ..., n, endowed with the com-
position o of permutations, has the structure of a group and is called the symmetric
group on n elements with identity element e, := (1,2,...,n). Instead of using SQ1 ,,

to measure the distance between a and b, one can use other “distance” functions,
which we call “generalized metrics” on S, in this paper.

A generalized metric sequence? is a list! (d,, | n € N*) of functions d,, : S,, x S,, —
[0,00) that satisfy the following properties:

1. For all n € N* and a,b € S,, we have d,,(a,b) > 0.

!Unfortunately, the methods for tied ranks work well only for the Spearman pseudo-metric
SQ1., (that appears in the formula for the Spearman rank correlation coefficient) and for few other
generalized metrics—see later for a precise definition. For an arbitrary generalized metric sequence
(dn|n € N*), one has to use the general approach in Chapter IV of Critchlow [4].

2The subscript “1” in SQ1,, (and later in the section, in D; ;) can be understood by reading
the beginning of Section 4 in this paper, where two new pseudo-metrics, SQ2, and Ds,, are
introduced.

3The phrase “generalized metric” has a different meaning in Section 3.4 (p. 75) in [6].

“We let N := {0,1,2,...} be the set of non-negative integers and N* be the set of positive
integers.
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2. For all n € N* and a,b € S,, we have d,(a,b) = d,(b, a).
3. There is C' > 0 such that for all n € N* and a, b, ¢ € S,, we have
dn(a,b) < Clda(a,c) + dn(c,b)].

5

A pseudo-metric sequence® is a generalized metric sequence (d, |n € N*) that

satisfies the following property:
4. For all n € N* and a,b € S,

dn(a,b) =0<a=0.

Pseudo-metric sequences were introduced by Estivill-Castro [12, 13].

A semi-metric sequence is a generalized metric sequence (d,, | n € N*) that satisfies
Property 3 above with C' = 1, i.e., it is one that satisfies the triangle inequality. Some
of the semi-metrics we will examine in this paper are appropriate for measuring the
“distance” between the “ranks” of observations on two angular variables.

A metric sequence is a generalized metric sequence (d, |n € N*) that is both
a pseudo-metric and a semi-metric sequence, i.e., it satisfies Properties 1-4 with 3
satisfied for C' = 1.

A generalized metric sequence (d,, |n € N*) is called right-invariant if it satisfies
the property below:

5. For all n € N* and a,b,c € S,, we have d,,(aoc,boc) = dy(a,b).
The last property is called right invariance and it implies
dn(a,b) = dy(aob ™t e,) =d(e,,boa™")

and d,(e,,a) = d,(en,a™t) for all a,b € S,,. Here a™! and b~! are the inverses of
a and b, respectively, in the symmetric group S,, (endowed with the operation of
composition). For abbreviation, we use d,(a) for d,(e,,a). One can think of d,(a)
as a measure of disarray in the permutation a. Not all plausible measures of disarray
in S, however, correspond to metrics (for more details, see Estivill-Castro [12, 13]
and Estivill-Castro et al. [14]). Right-invariant metrics were introduced by Diaconis
and Graham [8]. The reader may also consult [6, Chapter 11].

If right invariance is known to hold for a function d,, : S, x S, — [0,00) (that
satisfies Properties 1 and 2), to prove Property 3, it is enough to prove that there is
C > 0 such that for all n € N* and z,y € 5,, we have

du( o) < Cldu() + du(y)]

The generalized metric sequence (SQ1,|n € N*), where SQ1, is defined by
Equation (5), is an example of a right-invariant pseudo-metric because it satis-
fies Property 3 with C' = 2. On the other hand, the generalized metric sequence

5Sometimes the term quasi-metric is used in place of pseudo-metric.
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(/SQ1s|n € N*) is an example of a right-invariant metric sequence because it
satisfies Property 3 with C' = 1.

According to Diaconis and Graham [8] and Estivill-Castro [12, 13], other examples
of right-invariant metrics on S,, are

(i) Din(a,b) = Z:'L:1 |la; — bil;

(i1) EX,(a,b) = the minimum number of transpositions (exchanges) required to
bring the list (a4, ..., a,) into the list (by,...,b,);

(iii) I,,(a,b) = the minimum number of pairwise adjacent transpositions required
to bring ((a™')1,...,(a7!),) into the order ((b=1)q,..., (b71),);

(iv) Hp(a,b) = number of i € {1,2,...,n} such that a; # b;.

By a result due to Cayley [3], EX,(a) = EXn(a,e,) is equal to n minus the number
of cycles in a. By a “pairwise adjacent transposition” we mean a transposition of
the form (a;,a;41). Note that I,(a) = I,(a,e,) is the number of inversions in the
permutation a. An inversion in a is a pair of integers (i,7) with 1 < i < j <n
and a; > a;. The quantity H,(a,b) is known as the Hamming distance between
permutations a and b and it was introduced by Hamming [25, pp. 154-155] in 1950.
Many of the measures of disorder induced by the above generalized metrics (through
dyn(a) = dp(a,e,) for a € S,) have been used by Hadjicostas and Lakshmanan
[21, 22, 23] for the analysis of sorting algorithms with erroneous comparisons.

If (d,|n € N*) is a generalized metric sequence of functions d,, : S,, X S, — [0, 00)
that are not necessarily right-invariant on the symmetric group, then one can create
a corresponding right-invariant generalized metric sequence (d"|n € N*) as follows:

dri(a,b) = M Z dy(aoc,boc) (a,besS,), (6)

cESy

where M is an arbitrary positive constant, e.g., M = 1/nl. It can be easily proven
that if (d,|n € N*) is a generalized metric sequence, then so is (d"f|n € N*) with the
same constant C' in Property 3. In addition, if (d,|n € N*) is a pseudo-metric (resp.,
semi-metric, metric) then (d7|n € N*) is also a pseudo-metric (resp., semi-metric,
metric).

Finally, we mention that there are useful generalized metric sequences (d,,|n € N*)
that are neither right-invariant nor left-invariant (see (38)), such as those considered
by Block et al. [2]. Those generalized metrics are invariant under inverse trans-
formations, i.e., they satisfy d,(a,b) = d,(a™!,b71) for all n € N* and a,b € S,.
Such generalized metrics are useful for “dependence orderings on bivariate empirical
distributions,” but will not be examined in this paper.

The organization of the paper is as follows. In Section 2, as suggested by Diaconis
and Graham [8], we use right-invariant metrics (or pseudo-metrics or semi-metrics)
to define rank correlation coefficients between two permutations in the symmetric
group. Part of the section is devoted to the discussion and history of Daniels’ rank
correlation coefficient introduced by him in 1950, re-discovered independently by
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Guilbaud [20] in 1980, and re-discovered again by Fisher and Lee [16] in 1982 (even
though the two authors were not acquainted with his work). Daniels and Guilbaud’s
identity relating their rank correlation coefficient to the Spearman’s and Kendall’s
correlations—see (10)—was rediscovered independently by Shieh [36], who although ac-
quainted with the work of Fisher and Lee [16], was unaware of the work of Daniels [5]
and Guilbaud [20] (and the more general work of Monjardet [32, Section 6] on that
subject®). To the best of our knowledge, this is the first time anyone has pointed
that all of these works are connected together. Daniels’ coefficient serves as the in-
spiration of a number of original results and useful methodology proposals in this
paper (e.g., see the descriptions of Sections 3, 6, 7 and 8 below).

In Section 3, we formulate a precise theorem of when two angular variables have
Daniels-Gilbaud” rank correlation coefficient equal to one. (This theorem can be
easily modified to deal with the case when the coefficient equals minus one.) This
simple, but clear result gives a useful interpetation of this coefficient that does not
depend on the probabilistic framework of Fisher and Lee [16]. In Section 4 we
introduce two new right-invariant pseudo-metrics, Dy, and SQ2,: the first one
is a variation of Spearman’s footrule metric D;, and the other is a variation of
Spearman’s pseudo-metric SQ1,. (We do prove, however, that SQs,, is a multiple
of SQ1 ., see (17).) We then proceed to prove that the first pseudo-metric is greater
than or equal to the Spearman pseudo-metric SQ;, and less than or equal to n — 1
times the Spearman footrule metric D, ,, (thus refining an inequality that appears in
Diaconis and Graham [8]).

In Section 5, we review the results of Marshal [30] about the sample sizes for
which Spearman’s correlation can be zero and the sample sizes for which Kendall’s
correlation can be zero, and then we characterize the sample sizes for which other
rank correlations can be zero. For example, in Theorem 3 we prove that for each
sample size n > 3, Daniels and Guilbaud’s rank correlation coefficient can be zero if
and only if n is not of the form n = 4m + 3, where m € N.

In Section 6 we prove a new inequality between three of the semi-metrics discussed
in this paper (Ds ,, I, and the Daniels-Guilbaud semi-metric) and show how it can be
transformed into an inequality between three rank correlation coefficients—see (25).

In Section 7 we give a motivation and a definition for generalized metrics that
measure the “distance” between the ranks of two circular variables (such as angles).
We also note that the Daniels-Guilbaud semi-metric (and the corresponding rank
correlation coefficient) is indeed circular because of a formula due to Shieh [36]. This
formula expresses the Daniels-Guilbaud rank correlation coefficient between two sets
of ranks (permutations in S,) as an “average” of all the Kendall’s rank correlations
between circular permutations of the two sets of ranks.

In Section 8 we use Critchlow’s [4] method (for partially ranked data) to create
circular rank generalized metrics (and circular rank correlation coefficients) from any
(usual) generalized metric. This method uses the Hausdorff (generalized) “distance”

SUnfortunately, Monjardet [32] refers to the wrong paper by Daniels when mentioning his in-
equality (that can be derived from his equality (10)). He does refer to the right paper in later
works [33, 34].

"This name was suggested by Deza and Deza [6, p. 212].
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between two right cosets in the quotient space of the symmetric group with the cyclic
group generated by g, := (2,3,...,n,1). In the case of bi-invariant generalized
metrics, we note that this method can be simplified (due to a result by Diaconis
and Graham that appears in Critchlow [4].) (A bi-invariant generalized metric is
one that is both left- and right-invariant.) For the case of the Hamming metric, we
show how to obtain the corresponding circular semi-metric and (using a result due
to Chris Monico [31]) we explain how to define the corresponding circular Hamming
rank correlation coefficient.

In Section 9 we show how the triangle inequality for metrics on the symmetric
group can be transformed into an inequality for the corresponding rank correlation
coefficients, and then use the latter to define partial rank correlation coefficients of
two sets of ranks controlling for a third one. More precisely, we define partial corre-
lation coefficients for generalized metric sequences that are symmetric with respect
to complements and satisfy Property 3 with C'= 1. (In Remark 4, we generalize this
by showing how to define such coefficients when the constant C' in Property 3 can
take any (fixed) positive value.)

The usual computational formula for the partial correlation coefficient between
two numerical variables x and y controlling for a third variable z—see Equation
(46)—can be used to define not only a Spearman partial rank correlation coefficient
(that corresponds to the pseudo-metric SQ4 ), but also a Spearman-induced partial
rank correlation coefficients that arises from any semi-metric that is symmetric with
respect to complements—see Equations (48) and (52). Besides the fact that this was
done in the past for the Spearman rank correlation coefficient, we note that it has
also traditionally been done on the Kendall (tau) correlation coefficient as well (see,
for example, [19, Chapter 5]). We observe in Remark 3 that the absolute value of
our partial rank correlation coefficient is greater than or equal to the corresponding
Spearman-induced rank correlation coefficient (for each semi-metric that is symmet-
ric with respect to complements).

The paper concludes with Section 10, where we discuss some possible future
research topics.

2 Rank correlation coefficients

Given a generalized metric sequence (d,, | n € N*) of functions d, : S, x S, — [0, 00),
Diaconis and Graham [8] defined the corresponding sequence of rank correlation
coefficients (rq, | n € N*) consisting of functions

Tan S X Sy — [—1,1]

satisfying )
2d,(a,b
Td‘n(a, b) =1- m7 (7)

where
max(d,) := max{d,(w,o)|mr,0 € S, }.
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The above definition makes sense only for those n € N* such that max(d,) > 0.
Note that ry4,(a,b) = 1 if and only if d,,(a,b) = 0; and r4,(a,b) = —1 if and only if
dy(a,b) = max(d,).

The most widely used rank correlation coefficient is the one introduced by Spear-
man that was discussed in Section 1; see Equations (3) and (4). Another one is
Kendall’s (tau) rank correlation coefficient [27]

21, (a,b) 41, (a,b)
apla,)=1— ——=1—- ——"=/ 8
rica(a,b) max [, n(n —1) (®)
which can be defined for all integers n > 1.8 Finally, one can use Spearman’s footrule
rank correlation coefficient defined by

_ 2[)1771(0/7 b) . _ 2D17n(a,b)

Sab) =1 e ACILIN
ren(ab) max Dy, [n?/2]

(9)
Diaconis and Graham [8] pointed out that Kendall [27, p. 32] used the wrong de-
nominator in the definition of Spearman’s footrule.

The Hamming rank correlation coefficient can be similarly defined:

2H,(a,b) 2H,(a,b)
lab) =1 — 22 g 20 )
ran(a;b) max H,, n
Note that g, (a,b) = 1 if and only if @ = b, and rg,(a,b) = —1 if and only if

a = cob for some derangement ¢ € S,,. A derangement c is a permutation in .S,
with no fixed points, and there are exactly L%’ + %J of them in S,,; see, for example,
Hassani [26]. (Here |z is the greatest integer less than or equal to x € R.)

Daniels [5] introduced another correlation coefficient, ry,, @ S, X S, — [—1,1],
which satisfies the equality

3nrin(a,b) —2(n+ Drgy(a,b) = (n — 2)rp.(a,b). (10)

To define ry7,,(a, b), we first define the function OT,, : S, x S,, — R as follows?: we let
OT,(a,b) be the number of triplets of integers (i,7,k) such that 1 <i < j <k <n
and such that there is an odd permutation («, 3,7) € S3 with

Perm(a;, aj, a;) = Perm(b;, b;, bi,) o (o, 5,7).

Here Perm(a;, aj, ay) is the (ordered) list of ranks of the numbers a;, a;, ay; for exam-
ple,
Perm(10,1,33) = (2,1, 3). Daniels’ correlation coefficient can then be defined as

follows: 20T, (a,b) 1207, (a, b)
a a
n(a,b) :=1— - U , 11
rua(a,) max OT, nn—1)(n —2) (11)

8For the traditional rank correlation coefficients, such as the ones due to Spearman and Kendall,
we use the more traditional notation, rather than the one introduced in this paper. For example,
for Kendall’s tau we write r , rather than ry .

9The notation OT stands for “odd triplets.”
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which can be defined only for n > 2.
The quantity OT,,(a,b) can also be written as

OT,(a,b) = #{(i,j, k) |1 <i<j<k<nand
Perm([(b;, b;, b)] ' o Perm|[(a;, a;, a;,)] is odd}.

For all a,b € S,, it can be proven that 0 < OT,(a,b) < (3); OT,(a,a) = 0; and
OT,(a,b) = OT,(b,a). On the other hand, OT,,(a,b) = 0 if and only if a0 b~! is a
cyclic permutation of e, i.e., there is m € {1,2,...,n} such that

a=(m+1,m+2,...,n,1,2,...,m)ob.

(If m = n, the numbers m + 1,m + 2,...,n do not exist in the above equality, in
which case @ = e, 0 b =b.) This means that OT,, : S,, x S, — [0, 00) is not a metric
on S, but a semi-metric because it does not satisfy Property 4 of the definition of
a metric.

If g, :==(2,3,...,n,1), then ¢ = (m+1,m+2,...,n,1,2,...,m) for m =
0,1,...,n—1, where g* := g, 0gfF t for k > 1, g% := e, and g;* := (g;1)* for k > 1.
This means that

g;m:g;l*m:(nfm+1777,7m+2,...777,71727...777/*771).

It follows that ry,(a,b) = 1 if and only if OT,(a,b) = 0 if and only if there is
m € {1,2,...,n} such that a=! = b= 0 g" ™ i.e., if and only if a=! is a cyclic
permutation of b=1.

Daniels [5] mentions that ry,(a,b) = —1 if and only if OT,(a,b) = (3), if and
only if aob~! is a cyclic permutation of €, := (n,n—1,...,1). Since the set of cyclic
permutations of €, can be written as

= = = 2 = n—1
{en7e7logn7enogﬂ,7"'7enogn }7

we have that ry,(a,b) = —1 if and only if there is m € {0,1,...,n — 1} such that
a="e,ogrob.
It can be easily shown that Equation (10) implies that

OT,(a,b) = nl,(a,b) — SQ1.(a,b). (12)

Since I, and SQ , are right-invariant functions on S,, X S, so is OT,, (see Property 5
in Section 1).
Because of right invariance,

OT,(a,b) = OT,(aob™ ', e,) = OT,(en, boa™).

Thus, we may assume without loss of generality that b = e, and define the measure
of disarray

OT,(a) == OT,(a,e,) = #{(4,5,k) |1 < i < j < k <n and Perm[a;, a;, ai]

is an odd permutation in S3}.
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Fisher and Lee [16] re-discovered Daniels’ rank correlation coefficient without
being acquainted with his work. They also gave the formula

ran=(3) T auliqn (13)

1<i<j<k<n

where

dap(i, J, k) :=sgn(a; — a;)sgn(a; — ag)sgn(ar — a;)
x sgn(b; — b;)sgn(b; — by,)sgn(by — b;),

with sgn(z) = 1if 2 > 0, =1 if < 0, and 0 if z = 0. The equivalence between
Daniels’ formula and Fisher and Lee’s formula was proven, for example, by Shieh [36]
and Shieh et al. [37, Appendix 4] even though in neither reference is Daniels’ paper
cited! For more details (and for an additional formula due to Shieh), see Section 7
of this paper.

Daniels did not emphasize the importance of his correlation coefficient, nor did
he state or prove the triangle inequality for OT,, (i.e., Property 3 with C' = 1).
Fisher and Lee [16] do not mention the triangle inequality either. This was proven
by by Monjardet in [33, Proposition 2] in a more general framework than the one
considered here.

3 Applications of Daniels’ rank correlation coefficient

Let 6 and ¢ be two angular variables. Fisher and Lee [17] mentioned that a natural
way of defining linear relationship between these two variables is to write

0=¢+ay mod (2rr) for positive association, and (14)

0=—¢+ay mod (2m) for negative association, (15)

for some arbitrary angle ag. They call such a dependence between 6 and ¢ as toroidal-
linear.

As examples of two angular variables (whose association we want to study) one
may consider peak times of successive measurements of blood pressure, converted
into angles (Fisher and Lee [16, 17]; Downs [11]). Another example of a pair of
angular variables 6 and ¢ are wind directions at two different times in a given day at
a weather station (Fisher [15, pp. 149-150]). One can then collect data over a period
of n days for the same weather station, or collect data for n weather stations on a
single day (but at two different times).

If Daniels’ correlation coefficient of the ranks of two angular variables 6 and ¢
equals 1, the relationship between 6 and ¢ is not always described by (14). Similar-
ily, if Daniels’ correlation coefficient of the ranks of 6 and ¢ is —1, angular variables
6 and ¢ are not necessarily related through (15). This, for example, is indirectly
mentioned in the discussion preceeding the introduction of Daniels’ correlation coef-
ficient in Section 2 of Fisher and Lee [16] (even though the authors were not aware
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of Daniels’ work). In any case, by avoiding the notation and probabilistic framework
of Fisher and Lee [16], we formulate below a theorem that gives necessary and suffi-
cient conditions of when the angular variables have ry = 1. A similar theorem can
be formulated for the case ry = —1 when we replace “strictly increasing function” by
“strictly decreasing function.” In the theorem below the angular data are described
by the n pairs

(917 ¢1)7 (927 ¢2)7 EER (9717 ¢n)7

and we assume there are no ties among the 6 values and no ties among the ¢ values.
Without loss of generality we assume the 6 values are listed in increasing order. The
proof of the theorem is elementary and thus is omitted.

Theorem 1 Assume 0 < ¢;,0; < 2w fori=1,2,...,n with 0; # 0; and ¢; # ¢; for
i # j, and Perm(0) = e,, = (1,2,...n). Then ry,(Perm(f), Perm(¢)) = 1 if and only
if there is an m € {1,2,...,n} and a strictly increasing function g : R — R such
that 0; = g(¢) fori=m,m+1,....,n and 27 + 6; = g(¢;) fori=1,2,...,m — 1.

4 Some new right-invariant pseudo-metrics

In this section we define two new right-invariant pseudo-metrics that are indirectly
related to Daniels’ semi-metric OT,, defined earlier—see also Section 6. We define the
generalized metric sequences (D ,|n € N*) and (SQ2,|n € N*) by introducing the
functions Dy, : S, x S, — R and SQq,, : S, X S, — R through the formulas

Don(a.b) = > |(a;—b)— (a; — b))l (16)

1<i<j<n

and
SQan(a,b) = > |(ai —b;) — (a; = bj)
1<i<j<n

for all a,b € S,,. The subscript 2 in the notation for D, and SQs, indicates that
the pseudo-metrics are modifications of D;, and SQi,, respectively, that involve
two indices under the sum (i and j). One can ecasily show that D, is a metric
while SQs,, is a pseudo-metric with C' = 2 in Property 3 (see Section 1). To show
right-invariance for Dy, one has to observe that

Daalab) =5 3 I —b) — (&~ by)]

1<i,j<n

for a,b € S,,. A similar observation can be used to show that SQ2,, is right-invariant.
Unfortunately, the pseudo-metric SQ2,, does not add anything to our collection
of pseudo-metrics because

SQan(a,b) =nSQin(a,b) (a,bes,). (17)
It follows that
n?(n+1)(n—1)

max SQz, = 3 ,
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and thus the non-parametric rank correlation coefficient induced by SQs,, is the one
induced by SQ1 ,, i.e., the Spearman rank correlation coefficient. To prove (17), note
that for a,b € S,,,

SQunlab) = Y (ai—b)?+ D (a;—b)

1<i<j<n 1<i<j<n
=2 > (4 —bi)(a; —by)
1<i<j<n
=Y (n—i)(ai—b)’+ > (j— 1)(a; — b;)?
i=1 j=1

— D (ai—b)a; —b) + Y (ax — by)?

1<i,j<n

= Z(n —i4 (i — 1)+ 1)(a; — b;)? — 0 =nSQy n(a,b).

Note that
nn—1)(n+1)

3
and Dsp(a,b) = max Dy, if and only if a = (n,n — 1,...,1) o b. To prove these
claims, observe first that

Don(a,d) < D lai—ajl+ D> bhi=bl=2 > (G—i. (19

1<i<j<n 1<i<j<n 1<i<j<n

max Dy, = = max SQ1 n, (18)

The latter sum equals n(n — 1)(n + 1)/3, while equality in (19) holds if and only if
(ai — a;)(b; = b;) <0

for all 4,5 € {1,2,...,n} with ¢ < j. The latter condition holds if and only if
a=(n,n—1,...,1)0b, and our claims have been proven.
The metric Ds,, is connected to SQ1,, and D, , through

SQ1n(a,b) < Dan(a,b) < (n—1)Dyy(a,b) (20)

for a,b € S,,. The inequality SQ1,(a,b) < (n—1)D ,(a,b) is proved in Diaconis and
Graham [8], and equality here holds if and only ifa = bora = (n,2,3,...,n—1,1)0b
— see also Hadjicostas and Monico [24]. To prove the right inequality in (20) we use
the triangle inequality to get

Dog(a,b) < D Jai—bil+ > laj— bl

1<i<j<n 1<i<j<n

=> (n—i)la; —bi| + > (G — Dla; — byl
i=1 j=1
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from which we obtain
Ds . (a,b) Zn—z—i—z—l la; — b;| = (n — 1)Dy n(a, b).

To prove the left inequality in (20), note first that

> (@i = b)) = (a; = b)) = *QZi(ai —bi). (21)

1<i<j<n

When b = e, equality (21) gives

> (@i —i) = (a5 — 5)) _221 fzzwl_scgm (). (22)

1<i<j<n

Since z < |z| for each number z, it follows from the definition of D, (a) that
SQl,n(a) < D2,n(a)-

We finish the section by giving necessary and sufficient conditions for each equality
to hold in (20). Due to space limitations we omit the proofs of our claims.

(i) For n = 1 we obviously have Ds ,(a,b) = (n—1)D1 ,(a,b) =0 for a = b= (1).
Let n > 2 and consider the set

A, :={ce S,|¢ #i for at most two i € {1,...,n}}.

If c € A, and ¢ # e,, then there are ¢ and j with 1 < i < j < n such that a; = j
and a; = 4. This means that #A, = (Z) + 1. One can show that Dy,(a,b) =
(n —1)Dy,(a,b) if and only if there is ¢ € A, such that a = cob.

(ii) It follows from (22), and the fact that = |z| if and only if z > 0, that (in
the case b = e,) we have SQ1 ,(a) = Da,(a) if and only if

a—1>a—-2>...>a,—n.

We can actually characterize all a € S, that satisfy SQi,(a) = Dsn(a) (or more
generally, all a,b € S, that satisty SQ1,(a,b) = Dan(a,b)).

Define recursively the sequence of sets (B, : n € N*) as follows. For n = 1, let
By :={(1)}. For n > 1 define B,; C S,, by attaching to each element ¢ of B,_; the
number n at the beginning of the list to create (n,c) in S,. Also, define B,y C S,
by inserting to each element f of B,,_; the number n after n — 1 and before the next
integer in f. Thus, if

f=C0 fi,n—=1,fix1,...) € Buo,

we create (..., fioi,n—1,n, fit1,...) € Bye. Finally, define B, := By,; U Bys.

It is clear that #B, = 2"~'. Note also that &, € B,, and for n > 1, we have in
particular that €, € B,1. One can show by induction that SQ1 ,(a,b) = Ds,(a,b) if
and only if there is ¢ € B,, such that a = cob.
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5 When does a rank correlation coefficient equal to zero?

If d, : S, xS, — Ris the n'® member of the generalized metric sequence (d,|v € N*)
and 74, : Sp X S, — [—1,1] is the corresponding rank correlation coefficient given
by Equation (7), then rg,(a,b) = 0 if and only if

max(d,)
2

Marshall [30] proved that if n > 3, Spearman’s rank correlation coefficient, rg .,
can be zero if and only if n is not of the form n = 4m + 2, where m is a positive
integer. He also proved that Kendall’s rank correlation coefficient, rg ,, can be zero
if and only if n is either of the form n = 4m or n = 4m + 1, where m is a positive
integer. For example, for the Hamming rank correlation coefficient, 74, it is clear
that it can be zero if and only if n is an even positive integer.

Knuth [28; p. 74, Ex. 104] calls a permutation a € S,, well-balanced if

dy(a,b) =

n

Zkak = Z(n + 1 —k)ay.
k=1

k=1

It turns out a permutation a € S,, is well-balanced if and and only if rg,(a,e,) =0
(i.e. the Spearman’s rank correlation coefficient of a with the identity e,, is zero).

Marshall [30] proved a result that shows for which integers n there are two per-
mutations for which the Spearman’s footrule rank correlation coefficient can be zero,
but he used the wrong denominator for the correlation coefficient: he used the one
suggested in Section 2.20 in Kendall [27]. In Equation (7), instead of dividing by
the maximum of Dy, over S,, x S,, Kendall [24] divides by 2(n? —1)/3. (In another
suggestion, he proposes dividing by n?/2, which does not equal the maximum of Dy ,
when n is odd.) Below we prove a similar result using Equation (9), which is the one
suggested by Diaconis and Graham [8].

Theorem 2 For each integer n > 1, Spearman’s footrule rank correlation coefficient
T, can be zero if and only if n is not of the form 4m+2 wherem € N ={0,1,2,...}.

Proof. Notice that rp,(a,b) = 0 if and only if

2
%]
1)17,1((],7 b) = 2 .
If nis even and rp,(a,b) = 0, it can be easily shown that n is a multiple of 4
(since Dy, is always even). To prove the converse (when n is even), we show by
induction that if n = 41 (I € N*), rankings a and b in \S,, can be constructed so that
ren(a,b) = 0. For n = 4, consider the two rankings a = (1,2, 3,4) and § = (2, 1,4, 3),
for which D, ,,(«, 8) = 4 and 5, (c, §) = 0.
Assume now that n = 4l is a multiple of 4 greater than or equal to 8 and that
we can find @ and b in S,—4 = Sy—_4 so that rp,_4(a,b) is zero. Without loss of
generality we may assume b = e,,_4. Consider

™= (1,2, . ,4[ — 174Z) and o = (4l — 17 1,61762, .. .764174,2,4”,
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where (€1, €,...,64-4) = (a1 + 2,a2 + 2,...,a4_4 + 2), which is a rearrangement
of (3,4,...,41 —2). We have .0 |e; — (i +2)| = 41> — 81 + 4 (by the induction
hypothesis), so Dy (7, 0) = 4%, which implies 7, (7, o) = 0.

Next we show by induction that if n = 2k + 1 (k € N*), rankings a and b in
Sy, can be constructed so that rp,(a,b) = 0. For n = 3, consider the two rankings
a = (1,2,3) and b = (2,1,3), for which D;,(a,b) = 2 and rp,(a,b) = 0. For
n = 5, consider the two rankings a = (1,2,3,4,5) and b = (4,1, 3,2,5), for which
D n(a,b) =6 and rp,(a,b) = 0.

Assume now that n = 2k + 1 > 5 and that we may find ¢ and b in S,,_4 = Soi_3
so that rp,_4(a,b) is zero. Again assume b = e,,_4. Consider ™ = eg;41 and

g = (2]6, 2, €1,€2,...,€2k_3, 1,2]{ + 1),

where (e1,€,...,€3) = (a1 + 2,a9 + 2,...,a9,_3 + 2), which is a rearrangement
of (3,4,...,2k —1). We have Z;Zf le; — (i +2)| = k* — 3k + 2 (by the induction
hypothesis), so Dy (7, o) = k? + k, which implies 7, (7, 0) = 0. This completes the
proof of the theorem. ]

Next we investigate for which n > 2 there are at least two permutations for which
Daniels’ correlation coefficient ry;,, can be zero.

Theorem 3 For each integer n > 3, Daniels’ correlation coefficient ry.,, can be zero
if and only if n is not of the form n = 4m + 3, where m € N.

Proof. If ry,(a,b) = 0 for some a,b € S, then n(n — 1)(n —2)/12 is an integer,
and thus n # 3 (mod 4). Conversely, assume first that n = 2 (mod4) (where n > 6),
and let b = e,, and

2
a= 1,2,3,...,ﬁ,n,n—1,n—2,...,n+ .
2 2

We have

NI

I,(a,b) =

(2—-1) g , 2 pd—dn

5 and  SQ,(a,b) —; (2 2i 1) =~
Using (12), we obtain OT),(a,b) = n(n — 1)(n — 2)/12, which implies ry,(a,b) = 0.

Now we proceed with the cases n = 0 (mod4) and n = 1 (mod4) (where n € N*
with n > 4). We will show by induction on n that there are two permutations whose
Kendall and Daniels rank correlations are both zero. For the base case, consider
the two rankings (1,2,3,4) and (2,4, 1,3) for the first case, for which rg,, =rg, =
Ty, = 0; while for the second case consider (1,2,3,4,5) and (2,5,3,1,4), for which
TkKm =TSn =TUun = 0.

Assume now that n is an integer greater than or equal to 8 and that it is possible
to find a and b in S,—4 so that 7k ,—4(a,b) = ry,s—a(a,b) = 0. Assume again that
b =e,_4. Consider ™ = ¢, and

0= (TL— 1717617627"'7611747”72)7
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where (€1, €,...,6,-4) = (a1 + 2,a2 + 2,...,a,_4 + 2), which is a rearrangement
of (3,4,...,n —2). Since ry,_4(a,b) = rgn—a(a,b) = 0, we get from (10) that
65Q1,n-4(a,b) = (n —4)(n — 3)(n — 5). In addition, the increment in the sum
of squares contributed by the integers n — 1,1,n,2 is 2n? — 8n + 10, which implies
6SQ1n(m,0) = (n—1)n(n+1),ie., rgn(m,0) = 0. Furthermore, we have rx (7, 0) =

0 because I, 4(a,b) = ("47 (by the induction hypothesis), and the increment
in the number of inversions due to the numbers n —1,1,n,2 is 2n — 5. By (10),
ryn(m,0) = 0. This completes the induction. O

In the next theorem we investigate for which integers n > 2 the modified Spear-
man’s footrule (rank correlation coefficient), defined by
2D2 n(a, b) 6D2 n(a, b)

n(a,b) =1 — =22 —1- 7 : 23
rarrn(a;b) max Dy, nn—1)(n+1) (23)

equals zero. (Because of (18) and (20), we have ryrn(a,b) < rgn(a,b), ie., the
modified Spearman’s footrule is always less than or equal to the Spearman rank
correlation coefficient.)

Theorem 4 For each integer n > 2, the modified Spearman’s footrule ryp,, can be
zero if and only if n is not of the form 4m + 2 where m € N.

Proof. If rypn(a,b) =0, then Dy, (a,b) = n(n — 1)(n + 1)/6. Because of (21),
the integer Ds,,(a,b) must be even. Thus n cannot be of the form 4m + 2 where
me{0,1,2,...,}.

Conversely, assume n = 2k — 1, where k € N* — {1}. Let b = e,, and

a=(1,3,...,2k—1,2,4,... 2k —2).

It follows that

(a1 —bl,ag—bg,...,an—bn) = (0,1,2,...,k—1,—(l€— 1),—(]{—2)7,—1)
Then
k—1 k—1
Ds . (a,b) = Z -1+ Z (G—i)+ (i+k—37).
0<i<j<k—1 1<i<j<k—1 i=0 j=1

Expanding the sums either by hand or using a symbolic computation package, we
obtain 2D; ,(a, b) = max Ds ,,, which proves that ra;p,(a,b) = 0.

Finally assume n = 4m (m € N*), and let 0 = ¢,, and

m=(1,3,...,4m—1,2,4,....2m — 2,4m,2m + 2,2m + 4,...,4m — 2,2m).
In other words, 7 consists of the odd integers in order followed by the even integers
in order with the exception that 4m switches position with 2m. Then

(m1— o1,y —0,) =(0,1,....2m —1,—(2m — 1),. ..,
—(m+1),m—(m—-1),...,—1,—2m).

Using a symbolic computation package, a tedious but straightforward calculation

(similar to the one above for the case n = 2k — 1) yields 2Dy (7, 0) = max Ds,,
which implies 7pp,, (7, 0) = 0. This completes the proof of the theorem. a
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6 A new inequality between three generalized metrics

In this section we prove a new inequality between the three generalized metrics D,
1, and OT,, for n > 2:

|Ds,(a,b) — nly(a,b)| <30T,(a,b) (a,beS,). (24)

Equality holds if and only if a=! is a cyclic permutation of b= (i.e., if and only if
OT,(a,b) = 0).

In terms of the corresponding rank correlation coefficients, after suppressing the
dependence on a and b, when n > 2, inequality (24) becomes

2(n+ 1)1 —rppn) —3n(1 —rrn)| <3(n—2)(1 —run),

where the three coefficients are defined by Equations (8), (11) and (23). Equivalently,
the above inequality can be written as

(n—2)Brun —2) <3nrg, —2n+ Dryp, < (n—2)(4 — 3ru,). (25)

Fix a € S,, and without loss of generality assume b = ¢e,,. To prove (24), for each
pair of integers (i, j) with 1 <14 < j < n, we define:

wi; = #{keNnN[l,n]|i<j <k and Perm[a;, a;, a;] is odd};
m;; = #{keNNl,n]|i <k < jand Perm|a;, a;,a;]is odd};
Xij = #{keNNIL,n]|k<i<jand Perm|ag,a;,a;]is odd}.

Recall from Section 2 that Perm[z, y, 2] is the (ordered) list of ranks of the numbers
x,y, 2, i.e., Perm[z, y, z] € S3. Note that

Z (1 +mij + Nij) = 30T, (a). (26)

1<i<j<n

For the numbers = and y let §(z,y) =1 if © > y, and 0 otherwise. We observe that

Li(a)= Y d(a,ay). (27)

1<i<j<n

We claim (and prove later in the section) that for each pair of integers (i,7) with
1 <i<j<n we have

(a; — a;) = (i = j) = nd(a;, a;) + mij — pij — Nij. (28)
Since 0 < 1 + my; + Ay < n — 2, the latter equality implies
né(a;, a;) = (mij + i+ Aig) < [(ai—az) — (i —7)| < né(ai, a;)+ (mi;+pi + i) (29)
Using (26)—(29) and the definition of Ds,(a) we get

nl,(a) —30T,(a) < Dy, (a) < nl,(a) +30T,(a), (30)
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which entails inequality (24).

Proof of equality (28). (i) First assume a; < a;, in which case d(a;,a;) = 0.
Since
Nij=#{k e NN[l,n]|k<i<jand a; < a < a;}

and
pi; =#{keNN[L,n]|i<j<kand q <ap <aj},

we have
(t—1—=Xj)+(n—J—pwy)=#{keNN[l,n]|not-(: <k < j) and
not-(a; < ax < a;)}.
Since in addition
miy; =#{k e NN[l,n]|i <k < j and not-(a; < a, < a;)}

and there are (a; — 1)+ (n—a;) integers k € [1,n] — {4, j} such that aj, is not between
a; and a;, we have
(1 =1=X5) +(n—Jj = pi) +my = (a; = 1) + (n — a;).

The last equality implies (28) for the case a; < a;.
(ii) In the case a; > a; we have §(a;,a;) = 1 and a similar reasoning as in case

(i) gives
(i —=1=Xj)+(n—J—pij) + my = a; —a; — 1,

the number of integers k € [1,n] — {4,j} such that a; is between a; and a;. By
simplifying the last equality, we obtain (28). O

Remark 1 Summing both sides of (28) over all integers (i,7) with 1 <i < j <n
and using (22) and (27) we obtain

_ Z (myj — pij — Aij) = nly(a) — SQ1n(a). (31)

1<i<j<n

Subtracting (31) from (26) we get

2 > my =30T,(a) — (nl(a) — SQ1.(a)).

1<i<j<n

On the other hand, it follows from the definition of OT, (a) that

OT,(a) = Z Mjj.

1<i<j<n
If follows easily from the last two equalities that
OT‘n(a) = n[n(a) - SQl,n(a)v

which gives another proof of (12) provided of course one has a proof of equality (28)!
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Remark 2 Equality (12) implies 25Q1 ,,(a) < 2nl,(a). Adding this one to inequal-
ity SQ1n(a) < Dy, (a) from Section 4 gives us

35Q1n(a) < 2nly(a) + Dan(a).

Replacing SQ1 ,(a) with nl,(a) — OT,(a) in the above inequality, we obtain after
some simple algebra
nl,(a) — 30T, (a) < Dy p(a),

which is the left inequality in (30).

7 Right-invariant generalized metrics for circular data

In this section we discuss right-invariant generalized metrics for angular (and in
general, circular) data consisting of n pairs of angles

(917¢1)7(927¢2)7'"7(9n7¢n)' (32)

As before, we assume that there are no ties among the 6 values and no ties among
the ¢ values. Finally, we assume that all the angles are in the interval [0, 27). To
motivate our definition below about circular generalized metrics, we first prove the
following result.

Lemma 1 Let n € N* — {1} and assume the list ¢ = (¢1,...,¢n) consists of n
distinct numbers such that 0 < ¢; < 2w fori = 1,....,n. If 0 < ¢ < 27, and
¢’ = (&), ...,¢,) with ¢, = ¢; + ¢ (mod 27) fori=1,...,n, then there is an integer
m € {0,1,...,n— 1} such that

Perm(¢’) = g,' o Perm(¢), (33)
where g, :==(2,3,...,n,1).

Proof. Let a := [Perm(¢p)]™! = (ay,...,a,) € S, and b = [Perm(¢’)] ™ =
(b1,...,b,) € S, be the inverses of the lists of ranks of vectors ¢ and ¢’, respectively.
Then the lists of ordered statistics for ¢ and @’ are (¢q,, ..., ¢a,) and (¢}, , ..., ¢}, ),
respectively. We have

c< g +c< ... < Py, + <21+ < A4m.

If ¢ <27 < ¢, + ¢, then ¢ = (¢p;+¢) mod 2r =¢;+c—2rfori=1,...,n,in
which case Perm(¢) = Perm(¢’), that is, equality (33) holds trivially with m = 0.
Similarly, if ¢,, +¢ < 27 < 27+ ¢, we have again Perm(¢) = Perm(¢’), and equality
(33) holds again trivially with m = 0.

Assume ¢, + ¢ < 2w < ¢, +cfor some k€ {1,...,n —1}. Then

oy + =21 <. < Qg F 2T S0 < gy, T2 <. < @y, +c—21 <

and thus
Gpy =2 < ... <y, —21<0< ¢,  <..<d¢, <c

k1
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Since @q, + ¢ — 2T < ¢q, +c, that is, ¢, < ¢/, , we obtain
0< Gy <-oo <Py, <Py < ... <, <2,
which entails
b=(b1,...,bn) = (Qky1,-- - an,a1,...,a;) = ao gt

This implies b~' = g;¥ 0 a7, i.e., Perm(¢’) = ¢"* o Perm(¢). This means that
equality (33) holds with m=n—k € {1,...,n—1}. O

The previous lemma tells us that if we rotate the origin clockwise by ¢ radians,
then the ranks of the new values of the angles in ¢ are connected to the ranks of the
angles of the original angles through Equation (33). If without loss of generality, we
assume the ranks of the angles (64,...,6,) are (1,2,...,n) = e,, then we want any
right-invariant generalized metric sequences (d,|n € N*) applied to the ranks of the
data in (32) to satisfy

d,(Perm(¢), e,) = dn(Perm(¢’), e,) = dn(gy' o Perm(¢), e,)

for all n € N* — {1} and all m € {0,1...,n — 1}. This leads us to the following
definition:

Definition 1 A right-invariant generalized metric sequence (d,|n € N*) of functions
dy, : Sy X Sy, — [0,00) is called circular if

dn(a7 b) = dn(g;n oa, g:z © b) (34)

foralln € N*—{1}, m,s € {0,1...,n—1},and a,b € S,, (where g, = (2,3,...,n,1)).

It is clear that a right-invariant generalized metric sequence (d,|n € N*) is circular
if and only if d,,(¢) 0a) = d,(a) foralln e N*—{1}, m € {0,1...,n—1} and a € S,.
Such a sequence obviously does not satisfy Property 4 (in Section 1), so a circular
generalized metric sequence cannot be a pseudo-metric sequence.

The Daniels-Guilbaud semi-metric sequence (OT,|n € N*) is indeed circular.
This follows directly from the following formula proved in Shieh [36] and Shieh et
al. [37]:

run(a,b) = m

m=0 s=0

In terms of the corresponding semi-metrics, this formula becomes:

n—1 n—1

1 (n—=1n(n+1)
n b [n b -
@ =18 g onson -

m=0 s=0 6
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8 Creation of circular generalized metrics

In this section we show how Critchlow’s [4] theory can be used so that a right-
invariant generalized metric sequence (d,|n € N*) can be transformed into a circular
one. Even though Critchlow’s [4] theory was applied for analyzing partially ranked
data, it can be easily modified for our purpose.

For each n € N* consider the cyclic group

Cp:={gl|me{0,1...,n—1}andg, :=(2,3,...,n,1)},

which is a subgroup of the symmetric group S,, of order n. For each permutation
a € S, consider the right coset

Coa = {groal me{0,1...,n—1}andg, = (2,3,...,n, 1)},
and the coset (quotient) space S,,/C:
Sn/Crn i={Chala € S,}.

Essentially, S,,/C,, partitions S,, into (n — 1)! equivalent classes, each of size n. The
idea is to create (through a certain process) a right-invariant generalized metric
sequence ((fn|n € N*) on S,,/C,, from the given right-invariant generalized metric
sequence (d,|n € N*) on S,. We can then define a circular right-invariant generalized
metric sequence (d,|n € N*) on S, by

o

d,(a,b) == d,(Cpa, Cpb) (35)

for n € N* and a,b € S,. Such a generalized metric does satisfy Equation (34)
in Definition 1. One can then define the corresponding circular rank correlation
coefficient as follows:

Tan(a,b) :=1— M (a,b € 8S,).

max(d,)

By right invariance, the denominator in the above formula equals
maX((in) = max{(in(a, b)|a,be S,} = max{d,(Cpa, Cpe,) |a € Sy}

The discrete maximization above, however, is a difficult combinatorial problem even
for circular generalized metrics d,, induced by quite simple generalized metrics d,,.
But the main question is how to define the right-invariant generalized metric
sequence (d,|n € N*) on S, /C,, from (d,|n € N*). The most often used and simplest
method of achieving that is through the Hausdorff generalized metric as modified by
Dieudonné [10, pp. 53-54] and introduced to statisticians by Critchlow [4, pp. 14-26]:

dn(Cra, Cpb) = max{max min d,(c, ), max min d,(c, f)} (36)

ceCha fECLb feCybceCpa
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for a,b € S, (or equivalently, for cosets Cya,C,b € S,,/C,). Observe that, for each
¢ € Cyha, the quantity frnéllbd7l(c, f) is the distance of permutation ¢ to the coset
fecn

Cypb. Then max (fménbdn(c7 f )) is the worst (largest) of these distances to the coset
celna €Cn

Cpb. Similarly, fmgx (min dy(c, f)> is the largest distance to the coset C,a from
fe

ceCpa
permutations in C,b. The Hausdorff distance between cosets C,,a and C,b is the
largest of these two maximum distances.

It can be proven that the induced sequence of Hausdorff generalized metrics
((fn | n € N*) satisfies Property 3 with the same positive constant C' as the sequence
(dn|n € N*).

The calculation of the Hausdorff generalized “distance” through Equation (36)
is a formidable task and (in this paper) we shall only concentrate on right-invariant
generalized metrics that are also left-invariant because, in this case, as proven in a
lemma in Critchlow [4, pp. 21-24],

n

dn(Cra, Cub) = min{d,(c, f) | ¢ € Cpa, f € Cpb} = min d,(c, b). (37)

ceCna

Critchlow attributes this result and its proof to Diaconis and Graham [9]. See also
[7, Chapter 6D]. We remind the reader that d,, : S,, X S,, — [0, 00) is left-invariant if
and only if

dy(coa,cob)=d,(a,b) (38)

for all a,b,c € S,,.

Imitating Equation (6) from Section 1, if (d,|n € N*) is a right-invariant general-
ized metric sequence of functions d, : S, X S, — [0, 00) that are not necessarily left-
invariant on the symmetric group, then one can create a corresponding bi-invariant
generalized metric sequence (d%|n € N*) as follows:

di(a,b) =M > dy(coa,cob) (abeS,), (39)

cESp

where M is an arbitrary positive constant, e.g., M = 1/nl. Equations (6) and (39),
however, involve a lot of computational cost, so we would stick with the two natural
bi-invariant (generalized) metrics in this paper: H,, and EX,,.
Using Equations (35) and (37), we can define the Hamming circular semi-metric
as follows:
H,(a,b) = H,(Cpa,Cob) = min H,(c,b) (a,b€ S,).

ceCpa

For example, if a = (4,3,2,1) and b = (3,2, 1,4), then
Cya ={(4,3,2,1),(1,4,3,2),(2,1,4,3),(3,2,1,4)}

and 1'70[4(117 b) = min{4,4,4,0} = 0. On the other hand, if b = (3,2,4,1), then
Hy(a,b) = min{3,4,3,2} = 2.
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Because of the bi-invariance of H,,, the Hamming circular semi-metric ﬁn(a7 b)
can be calculated using left cosets as well:

H,(a,b) = H,(aC,,bC,) = min H,(c,b) (a,be S,),

ceaCly

where H : (Ch\Sn) X (C,\Sn) — [0,00) can be defined via a modification of (36) on
the set'® C,\ S, of left cosets

aCy :={aog)|me{0,1...,n—1}andg, :=(2,3,...,n,1)} (40)

= {(a17a27 L) a”n)a (a’27 as, . . -7an7a1)7 L) (a”nu A1yeeey an—l)}~ (41)

Since a; appears in all possible positions in the members of aC,,, there is ¢ € aC,
such that ¢,, = a1. In such a case, H,(c,e,) # n, and thus

Ogmaxﬁngnfl.

We are now ready to define the Hamming circular rank correlation coefficient:

2 min H,(c,b) 2 min H,(c, b)
Tan(a,b) ==1— cE0na —1_ celcna .
w16

The denominator in the above expression is n — 1 when n is odd and n — 2 when
n is even (see below). For the first example above (with a = (4,3,2,1) and b =
(3,2,1,4)) we have rg4(a,b) = 1, while for the second example (with the same a but
b=(3,2,4,1)) we have 7y 4(a,b) = —1.

Since H,(€,,e,) =n—1 when n is odd, it is obvious that (in this case) max H, =
n — 1. The case n being even is more complicated. To prove that (in such a case)
max H, = n — 2, we need the following result due to Chris Monico [31]:

Lemma 2 Assume n = 2k with k € N* and let a = (ay,...,a2;) € So. If gor. =
(2,3,...,2k,1), at least one of the permutations in the left coset aCoy, given by (40)
or (41), has at least two fized points.

Proof. Consider the 2k integers a; := a; — i (mod 2k), i = 1,2,...,2k, with
0 < a; < 2k. If these integers were distinct, then

{al,...,agk}:{0717...,2k71}

and
2k 2k 2k—1
0= (ai—i)=> ai=> j=2k —k=k(mod 2k),
i=1 i=1 j=0

a contradiction because k # 0 (mod 2k). Therefore there are two integers l; and Iy
such that 1 <1l; <ly <2k and a;, — l; = a;, — I (mod 2k). Then

a, =L +r+2ks and a, =l +7r+2ks

0Tg agree with Critchlow [4, p. 15], we are forced to use the opposite notation from the one used
by Dieudonné [10, pp. 52-55].
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for some r, s € Z with r € {0,1,...,2k — 1}. Since l; < Iy, we have
1<a, =L+r+2ks<ay,=I+r+2ks <2k,
from which we obtain
1— 2k —1)— 2k —1)<1—1 —r < 2ks < 2% —ly—r < 2k —2—0.

This entails

3 1
RS
BT

It follows that s = —1 or s = 0.
Ifs=0,thenl <a,=hL+r<a,=Il+r<2kand1<1[; <ly <2k—r. Since

2k—r
aogy, = (Q2kg1—rs - - A2k, G, - - -, A2k—r),

it follows that the element of aoggfr in position r+1(; is a;, = r+1; and the element

of ao g3k~ in position 7 +1s is aj, = 1 +1y, i.e., aogg,]jfr has at least two fixed points.
Ifs=—-1thenl<a, =hL4+r—2k<a,=1Il+r—2k <2k, and the element of

ao ggllj_r in position l; +r — 2k is a;, = ; + r — 2k for i = 1,2. Again, ao ggllj_r has
at least two fixed points and the proof of the lemma is complete. O

Lemma 2 implies that, for each a € Sag, there is ¢y € aCyy such that Hoy(co, ear) <
2k — 2. Thus )
Hy(a,eg) = min Hog(c, eqr) < 2k — 2. (42)

ceaCyy,

To show that there is an a € S,, so that equality can be achieved in (42), consider the
left coset €5,Co,. Each permutation in this coset that starts with an even number
has no fixed points because even integers occupy odd positions and vice versa. On
the other hand, each permutation in the coset that starts with an odd integer, say
2XA — 1 (where A € {1,2,...,k}), has exactly two fixed points, in positions A and
A + k. This shows that ﬁ%(égk, ear) = 2k — 2, which proves that max Hyp = 2k — 2.

Another bi-invariant metric on S, is EX,, which induces the following Cayley
circular semi-metric:

EO'Xn(a7 b) = EX,(aC,,bC,) = min EX,(c,b) =n — max C'Y,(cob™")
ccaCy ceaCy

for a,b € S,,. Here, C'Y,,(f) is the number of cycles in list f € S,,. In order to be able
to define the corresponding Cayley circular rank correlation coefficient, we would
need to know a general formula for max EX,, over (S/Chn) % (Sn/Cy). This is a
topic for a future paper as is the analysis for other generalized metrics used in this
paper (most of which are not bi-invariant).

9 Partial rank correlation coefficients

If (d,|n € N*) is a generalized metric sequence with maxd,, > 0 for each n € N* with

n > N (for some N € N*), Property 3 from Section 1 can be expressed in terms of

the corresponding rank correlation coefficient sequence:
1 rgn(a,b)

Td‘n(aﬂ C) + Td‘n(c7 b) < 2——=+

c c (a,b,c € S,). (43)



RIGHT-INVARIANT GENERALIZED METRICS 181

Even though in Section 1 we let C' > 0, for the rest of the section we will assume
that C > 1. If C' = 1, (d,|n € N*) becomes a sequence of metrics and inequality
(43) simplifies to

Tan(a,¢) +ran(c,b) <1+ ran(a,b). (44)

It is not clear what the meaning of inequalities (43) and (44) is. Even Diaconis [7,
pp. 103-104] wonders about the meaning of (44). In this section, we shall attempt
to use (44) to define partial rank correlation coefficients.

Given three numerical variables z, ¥, z (such as height, arm length and weight),
one can take measurements on n individuals or objects:

(xluyluzl)7(x27y2722)7’"7($n7ynuzn)' (45)

One can measure the linear relationship between the z and y controlling for z using
the following formula (see [1], [18], and [29]):

7171(‘7“‘7 y) - T’ll(‘r? Z)Tn(y7 Z)
VL=, 221 = raly, 2)7

where r,, (w1, ws) denotes the Pearson product moment correlation coefficient between
numerical variables w; and wy, defined by Equation (2) in Section 1.

We call the quantity 7, [(z, y)ez] the partial ! linear correlation coefficient between
variables x and y controlling for z and originally it is defined as follows. One runs
a linear regression between x and z and a linear regression between y and z and
then calculates the residuals from each linear regression. The quantity r,[(x,y) e z]
is defined to be the Pearson product moment correlation coefficient between the two
sets of residuals. Formula (46) follows from this definition.

If we replace the data (46) with their ranks'?

ral(z,y) o 2] = (46)

(a17b17cl)7(a27b2702)7"'7(an7bnucn)7 (47)

they we may calculate the Spearman partial rank correlation coefficient between the
two variables controlling for the third one:

Tsn(a,b) —rsn(a, c)rsn(b,c)

\/[1 —rgn(a, c)?|[1 —ren(b, 0)2}-

Here we use rg,(-,-) to denote the Spearman rank correlation coefficient given by
Equation (3) (or equivalently by (4)).

It is not clear how formulas (46) and (48) can be used to define partial rank
correlation coefficient corresponding to other generalized metrics (besides SQ1 , that

Fon[(a,b) ®c] = (48)

1Tt should be noted, however, that this is not a conditional linear correlation between x and y
given z unless certain conditions hold; see [1] and [29]. This is the reason we do not use the notation

(T, y|z)
2Here a = (ay,...,a,) are the ranks of the = values, b = (b1,...,b,) are the ranks for the y
values, and ¢ = (c1,...,¢,) are the ranks for the z values. We assume that there are no ties in the

x values, and similarly for the y values and the z values.
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gives rise to (48)). Even though one can define a kind of “linear regression” based
on ranks using generalized metrics'® (see [7, pp. 106-107] and [35]), we propose a
different method for creating partial rank correlation coefficients induced by metrics
(with C = 1) that are symmetric with respect to complements.

A right-invariant generalized metric sequence (d,|n € N*) is called symmetric
with respect to complements if

dy(a) + dn(a) = max d, (49)
for alln € N* and a € S,,. Here
a=¢,oca=Mn+1—a,n+1—az....,n+1—ay,)

is the complement or conjugate!* of list a. Note that, even for generalized metrics
that do not satisfy (49), Property 3 in Section 1 (along with right invariance) implies

d(@n)
o

d,(a) + d,(a) >

In case d(€,) = maxd, (which happens, for example, when d,, is SQ1 ., I,, or OT},),

we then have
max d,,

C
If d(e,) = maxd, (for all n € N*) and C' =1 (e.g., when d,, = \/SQ1,,), then

d,(a) + d,(a) >

dy(a) + dn(a) > maxd,.

If (dn|n € N*) is a generalized metric sequence that is symmetric with respect
to complements and (rgn|n > N) is the corresponding induced rank correlation
coefficient sequence (for some N € N*), then we have

Tan(@) = —rgn(a) (n > N,a€S,). (50)
Note that (50) and the right invariance of 74, imply
Tan(@0) = —ran(a,b) and 74,(@,b) = rq.(a,b) (51)

foralln > N and a,b € S,,.

Examples of generalized metric sequences (d,|n € N*) that are symmetric with
respect to complements are (SQ1,|n € N*), (I,|n € N*) and (OT,|n € N*). The last
two are semi-metrics for they satisfy Property 3 with C' = 1, and we concentrate for
the rest of the section on such examples only. (We do, however, briefly discuss the

13Tf this is possible and reasonable, then one can define 7,,[(x, y) ® z] from any generalized metric
by using the procedure used above for creating the usual r,,[(z,y) ® z] and by replacing the usual
linear regression with the linear regression based on ranks with “distance” defined through the
generalized metric.

14G8ee Section 4 in [21], Section 5 in [22], Section 4 in [23] and pp. 11-12 in [27].
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general case at the end of the section.) For such cases, for a,b,c € S,, we define!®
the partial rank correlation coefficient of a and b controlling for ¢ by

71d,n(a'7 b) - 7‘d,n(a7 C),"d,n(b7 C)
min Q4,[(a,b) e c|

rd,n[(a, b) [ ) C] = 7

where

Qanl(a,b) o c] :={[1 —rgn(a,o)][l = ranb,c)], [1+ran(a,c)][1 +ran(b, )}
if rqn(a,b) — ran(a, c)ran(d, ¢) <0, and

Qanl(a,b) @] :={[1 —ran(a,c)][l + ran(b,c)], [1 + ran(a,c)][l —ran(b,c)]}

if rqn(a,b) — ran(a, c)ran(d, c) > 0.

It is interesting that, in either case, the geometric mean of the two numbers in
the set Q4,,[(a,b) ® ¢] is equal to the denominator of the formula for the Spearman
partial rank correlation coefficient in (48)-see also Remark 3 below. The fact that
—1 <rgn[(a,b)ec] <1 follows from inequality (44)-valid when C' = 1-and equalities
(51).

It is clear that the partial rank correlation coefficient 74.,[(-, -)®-] : (S5, X.Sn) XS, —
[—1,1] (as defined above) is right-invariant, i.e.,

ranl(ac fibo f)eco fl=rqn(a,b)ec]

for all n > N and a,b,c, f € S, (for which both sides of the above equality make
sense). We can also easily prove that

Tan[(@ ) ®c| = —ran[(a,b) e c], 74,[(@,b)ec] =ryn[(a,b)ec],
and  74,[(a,b) o€ =r4,[(a,b) e c].

Remark 3 Suppose that given a metric sequence'® (d,|n € N*), we define the
Spearman-induced partial rank correlation coefficient of a and b controlling for ¢ as

follows:
rdﬂ(aa b) - Td‘n(aw C)Td‘n(bu C)

VI = ran(a, )L — ran(b, c)?]
for all n € N* and a,b,c € S, such that 0 < d,(f,g) < maxd, for (f,g) €
{(a,b), (a,c), (b,c)}. In other words, Ryn[(a,b) ® c] is obtained from formula (48)
by replacing rg,, with r4,. Since for =,y > 0 we have min(z, y) < /Ty, we obtain

Rynl(a,b)ec:= (52)

|Ranl(a,b) e c]| <l|ran[(a,b) e d| <1,
which shows that (indeed) Ry,[(a,b) e c] € [—1,1]. We also have
Ryn[(@,b) e c] = —Ry,[(a,b) e c|, Ry,[(@,b)ec| = Rynl(a,b)ecd,

157t is clear that we have to assume that —1 < rg,(a,¢) < 1 and —1 < rg,(b,c) < 1 (ie,
0 < dn(a,c) < maxd, and 0 < d,(b,¢) < maxd,), otherwise the definition is meaningless.
Y6 That is, we assume (d,|n € N*) satisfies Property 3 with C' = 1.
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and Ry,[(a,b) e¢] = Ry,[(a,b) ec|.

Note that, if a,b,c € S, are the lists of ranks for n triplets of observations from
the numerical variables z,y, z, respectively—see (45) and (47)—and ry,, is the Kendall
tau correlation coefficient (i.e., d, = I, and 74, = rk,), then Equation (52) has
been used for many decades to define “Kendall’s partial tau correlation coefficient
for  and y when z is held constant” (see, for example, [19, Chapter 5]).

Remark 4 For generalized metric sequences (d,|n € N*) that satisfy Property 3 for
a general C' > 1 and are symmetric with respect to complements, inequality (43)
allows us to define a partial rank correlation coefficient in a way that generalizes the
definition of r4,[(-,-) ® -] above (for metric sequences). We let

(2C — Vrgn(a,b) — C?ryn(a, c)ran(b, c)
min Ay ,[(a,b) e ¢; C] '

Tan[(a,b) e c| ==

where!”

Agnl(a,b) e c;C: = {[(2C = 1) = Crypnla, o)][(2C = 1) — Cry,(b, )],
[(2C = 1) 4 Cran(a, o)][(2C = 1) + Crqu(b, o)}

if (2C — Drgn(a,b) — C?rgp(a, c)ran(b,c) <0, and

Agnl(a,b)ec;Cl: = {[(2C —1) = Cran(a,o)][(2C — 1) + Cran(b, c)],
[(2C = 1) + Cran(a, )[2C — 1) — Cran(b, ]}

if (2C — Drgn(a,b) — C*rgnla,c)ran(b,c) > 0. Even though inequality (43) and
equalities (51) can be used to show that —1 < r4,[(a,b)ec] < 1, the above definition
(for a general C' > 1) is not as elegant as the one for the case C' = 1 nor does
it have any connection to the Spearman-induced partial rank correlation coefficient
defined in Remark 3 above, which resembles the one in formula (48)'8. In addition,
if d, = SQ1, and C = 2, then rg,[(-,-) ® -] (as defined in this remark) clearly does
not equal the Spearman partial rank correlation coefficient given in (48)%.

10 Future research

The research in this paper reveals many open problems that require study and careful
examination. For example, if all permutation pairs (a,b) in S, x S,, are assumed to
be equally likely and the sample size n goes to infinity, what is the asymptotic
distribution of the right-invariant generalized metrics (and their corresponding rank

17Using a notation introduced earlier in the section, A4, [(a,b) e ¢;C = 1] = Qq.,[(a,b) o ].

80ne can generalize Ry ,[(,-) -] in (52) for generalized metrics (d,|n € N*) as well that satisfy
Property 3 for a general C' > 1 and are symmetric with respect to complements. The resulting
formula, however, is as not as elegant as the one for C = 1. To avoid confusion, we omit the relevant
discussion.

9This is the reason we put a tilde over g, in (48) so that we can distinguish the usual Spearman
partial rank correlation coefficient from the one defined in this remark with d,, = SQ1, and C = 2.



RIGHT-INVARIANT GENERALIZED METRICS 185

correlation coefficients) studied in this paper? For most of the “old” generalized
metrics, the asymptotic theory is well-established—see, for example, [8, 19, 36, 37].

Even if a general asymptotic theory is not feasible, it would be interesting to
study the asymptotic properties of the new right-invariant metric D,,, defined by
(16) (and those of the corresponding rank correlation coefficient 7y 5, defined by
(23)).

The creation of circular generalized metrics using Critchlow’s theory (via the
Hausdorff generalized metric) was studied in Section 8, but a detailed analysis was
given only for the Hamming circular rank correlation coefficient. It will be interesting
to investigate the properties of other circular rank correlation coefficients generated
in the same way.

Finally, the partial rank correlation coefficients introduced in Section 9 require
further analysis and how they relate to the ones introduced in Remark 3 (e.g., one
may study which one of the two has the smallest asymptotic variance).

References

[1] K. Baba, R. Shibata and M. Sibuya, Partial correlation and conditional corre-
lation as measures of conditional independence, Aust. N. Z. J. Stat. 46 (2004),
657-664.

[2] H.W. Block, D. Chhetry, Z. Fang and A.R. Sampson, Metrics on permutations
useful for positive dependence, J. Statist. Plann. Inference 62 (1997), 219-234.

[3] A. Cayley, A note on the theory of permutations, Phil. Mag. 34 (1849), 527-529.

[4] D.E. Critchlow, Metric methods for analyzing partially ranked data, Springer-
Verlag, Berlin (1985).

[5] H.E. Daniels, Rank correlation and population models (with discussion), J.
Roy. Statist. Soc. Ser. B 12 (1950), 171-191.

[6] M. M. Deza and E. Deza, Encyclopedia of distances, Springer, New York (2009).

[7] P. Diaconis, Group representations in probability and statistics, Institute of
Mathematical Statistics, Hayward, California (1988).

[8] P. Diaconis and R.L. Graham, Spearman’s footrule as a measure of disarray,
J. R. Stat. Soc. Ser. B Stat. Methodol. 39 (1977), 262-268.

[9] P. Diaconis and R.L. Graham, Personal communication to D.E. Critchlow
(1985).

[10] J. Dieudonné, Treatise on Analysis, Vol. II. Academic Press, New York (1969).

[11] T.D. Downs, Rotational angular correlations, in: Biorhythms and human repro-
duction (Eds. M. Ferin, F. Halberg, R. Richart and R. Vande Wiele), Chapter
7, pp. 97-104, Wiley, New York, NY (1974).



186 DONGYANG CHENG AND PETROS HADJICOSTAS
[12] V. Estivill-Castro, Sorting and measures of disorder, Ph.D. thesis, University of
Waterloo, Ontario, Canada (1991).

[13] V. Estivill-Castro, Generating nearly sorted sequences—the use of measures of
disorder, Electron. Notes Theor. Comput. Sci. 91 (2004), 56-95.

[14] V. Estivill-Castro, H. Mannila and D. Wood, Right invariant metrics and mea-
sures of presortedness, Discrete Appl. Math. 42 (1993), 1-16.

[15] N. I. Fisher, Statistical analysis of circular data, Cambridge University Press,
New York, NY (1995).

[16] N.I. Fisher and A.J. Lee, Nonparametric measures of angular-angular associa-
tion, Biometrika 69 (1982), 315-321.

[17] N.I. Fisher and A.J. Lee, A correlation coefficient for circular data, Biometrika
70 (1983), 327-332.

[18] J.L. Fleiss and J. M. Tanur, A note on the partial correlation coefficient, Amer.
Statist. 25 (1971), 43-45.

[19] J.D. Gibbons, Nonparametric measures of association, Sage Publications, New-
bury Park, California, USA (1993).

[20] G.Th. Guilbaud, Relation entre les deux coefficients de corrélation de rangs,
Math. Sci. Hum. 72 (1980), 45-59.

[21] P. Hadjicostas and K. B. Lakshmanan, Bubble sort with erroneous comparisons,
Australas. J. Combin. 31 (2005), 85-106.

[22] P. Hadjicostas and K. B. Lakshmanan, Measures of disorder and straight inser-
tion sort with erroneous comparisons, Ars Combin. 98 (2011), 259-288.

[23] P. Hadjicostas and K.B. Lakshmanan, Recursive merge sort with erroneous
comparisons, Discrete Appl. Math. 159 (2011), 1398-1417.

[24] P. Hadjicostas and C. Monico, A re-examination of the Diaconis-Graham in-
equality, J. Combin. Math. Combin. Comput. (to appear).

[25] R. W. Hamming, Error detecting and error correcting codes, Bell System Tech.
J. 29 (1950), 147-160.

[26] M. Hassani, Derangements and applications, J. Integer Seq. 6 (2003), Article
03.1.2, 8 pp.

[27] M. G. Kendall, Rank correlation methods, Oxford University Press, New York,
NY (1975).

[28] D.E. Knuth, The art of computer programming: Generating all tuples and perm-
utations, Volume 4, Fascicle 2, Addison-Wesley, Upper Saddle River, NJ (2005).



RIGHT-INVARIANT GENERALIZED METRICS 187
[29] A.J. Lawrance, On conditional and partial correlation, Amer. Statist. 30 (1976),
146-149.

[30] E.I. Marshall, Conditions for rank correlation to be zero, Sankhya Ser. B 56
(1994), 59-66.

[31] C. Monico, Personal communication (2011).

[32] B. Monjardet, Concordance et consensus d’ordres totaux: les coefficients K et
W, Rev. Statist. Appl. 33 (1985), 55-87.

[33] B. Monjardet, Concordance between two linear orders: The Spearman and
Kendall coefficients revisited, J. Classification 14 (1997), 269-295.

[34] B. Monjardet, On the comparison of the Spearman and Kendall metrics between
linear orders, Discrete Math. 192 (1998), 281-292.

[35] P.K. Sen, Estimates of the regression coefficient based on Kendall’s tau, J.
Amer. Statist. Assoc. 63 (1968), 1379-1389.

[36] S.R. Shieh, Some extensions of U- and V -statistics, Ph.D. thesis, University of
Wisconsin-Madison, Madison, Wisconsin, USA (1990).

[37] G.S. Shieh, R. A. Johnson and E. W. Frees, Testing independence of bivariate
circular data and weighted degenerate U-statistics, Statist. Sinica 4 (1994), 729-
47.

(Received 29 July 2012; revised 12 July 2013)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


