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Abstract

Let A be a non-trivial, finitely-generated abelian group and A* = A\{0}.
A graph is A-magic if there exists an edge labeling using elements of A*
which induces a constant vertex labeling of the graph. In this paper,
we analyze the group-magic property for complete n-partite graphs and
composition graphs with deleted edges.

1 Introduction

Let G = (V, E) be a connected simple graph. For any non-trivial, finitely generated
abelian group A (written additively), let A* = A\{0}. A mapping f : F — A*
is called a labeling of G. Any such labeling induces a map f* : V — A, defined

by fT(v) = > f(uv). If there exists a labeling f whose induced map on V is a
wel
constant map, we say that f is an A-magic labeling of G and that G is an A-magic

graph. The corresponding constant x is called an A-magic value. The integer-magic
spectrum of a graph G is the set IM(G) = {k | G is Zj-magic and k > 1}. Note that
the integer-magic spectrum of a graph is not to be confused with the set of achievable
magic values. A labeling matrixz for a labeling f of G is a matrix whose rows and
columns are named by the vertices of G and the (u, v)-entry is f(uv) if uv € F, and
is * otherwise. In particular, if f is an A-magic labeling of GG, then a labeling matrix
of f is called an A-magic labeling matriz of G. Thus G is A-magic if and only if there



4 W.C. SHIU AND RICHARD M. LOW

exists a labeling f : F — A* such that the row sums (and the column sums) of the
labeling matrix for f are a constant value x.

Z-magic (or Z,-magic) graphs were considered by Stanley [26, 27], where he
pointed out that the theory of magic labelings could be studied in the general context
of linear homogeneous diophantine equations. Doob [1-3] and others [7,9,15,16,23]
have studied A-magic graphs and Z;-magic graphs were investigated in [4,6,8, 10—
14,17-20,24,25].

Within the mathematical literature, various definitions of magic graphs have been
introduced. The original concept of an A-magic graph is due to J. Sedlacek [21,22],
who defined it to be a graph with real-valued edge labeling such that (i) distinct
edges have distinct nonnegative labels, and (ii) the sum of the labels of the edges
incident to a particular vertex is the same for all vertices. Previously, Kotzig and
Rosa [5] had introduced yet another definition of a magic graph. Over the years,
there has been great research interest in graph labeling problems. The interested
reader is directed to Wallis’ [28] monograph on magic graphs.

2 Group-magic labelings of K, — ¢

First, let us make the following useful observations.

e Graph G is Zy-magic <= every vertex of G is of the same parity.
e If A; is a subgroup of A and graph G is A;-magic, then G is A-magic.

Since the Klein-4 group Vj is isomorphic to Zo @ Zs, we let Vy = {0, a, b, ¢}, where
0=1(0,0), a=(1,0),b=(0,1) and ¢ = (1,1).

In this section, we focus on a complete graph with one edge missing K, — e.
Here, we set V(K,,) = {v1,...,v,}. Without loss of generality, we let e = vjv,. Any
labeling matrix of K, — e is defined according to this list of vertices. First, note that
K,, — e is not Zsy-magic.

Theorem 2.1. K, — e is Vy-magic.

Proof. The following matrix is a Vj-magic labeling matrix of Ky — e.

x % a4 a
* x b b
a b *x ¢
a b c *

Theorem 2.2. IM(K, —¢) = 2N\ {2}.
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Proof. Let a Zy-magic labeling matrix of K; — e be

* * I
* * T3
Tr1 I3 k
To Ty Ts

T2
Ty
Ts5

*

Then, we have x5 + 4 + x5 = 1 + 29 and z; + 23 + x5 = x3 + 4. This implies
205 + 11 + Lo + 23 + x4 = 21 + 29 + 23 + 24, and hence 2z5 = 0. Thus if k is odd,

then x5 = 0, which is not allowed. Thus, k = 2n for some n > 2.

A Zs,-magic labeling matrix of K; — e is

* * 1 —1
* * n—1 n+1
1 n-—-1 * n
-1 n+1 n *

where n > 2.

Theorem 2.3. Kj — e is A-magic, for all A # Zs.

Proof. Suppose A contains a subgroup isomorphic to Z or Z, with n > 3. Then the

following matrix is an A-magic labeling matrix of K5 — e.

2

-1
—2

*

1

-1
-1
1
1

*

Suppose A contains a subgroup isomorphic to Vj. Then, a Vj-magic labeling matrix

* * —1
* * 2
—1 2 *
2 -1 =2
-1 -1 1
of K5 —eis

* % a b

* % a b

a a * ¢

b b c *

c ¢ ¢ c

Hence, K5 — e is A-magic.

* O O OO0

(|

The following definition and Theorem 2.4 were introduced by Salehi [18] and will

be used within this paper.

Definition. The null set of a graph G, denoted by N(G), is the set of all numbers

k € N, where G has a Zg-magic labeling with magic-value 0.

Theorem 2.4 ( [18, Theorem 2.1]). Forn > 4, N(K,) = N\ {2} if n is even and

N(K,) =N ifn is odd.
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Lemma 2.5. Let A be an abelian group, where |A| > 3. Then, there exist x1, 2,3 €
A* such that xy + x9 + x3 = 0.

Proof. Suppose A contains an element x such that 2z # 0. Then, choose 17 = 15 = ©
and z3 = —2x.

Suppose every element x in A satisfying 2z = 0. Then, A contains a subgroup
isomorphic to V4. Then, choose 1 = a, x5 = b and z3 = c. O

Theorem 2.6. K, — e is A-magic, for all A # Zo, where n > 6.

Proof. Let A be an abelian group not equal to Zs. By Theorem 2.4, there exists an
A-magic labeling matrix M of K,,_5 such that the row sums are zero.

Let @ = (21, 22,...,2,_2). Suppose n is odd. By Lemma 2.5 we can choose
Ty, %9, 73 € A such that their sum is zero. Moreover, we choose z; = (—1)'x for
i=4,...,n—2, for some x € A*. Suppose n is even. We choose z; = (—1)’z from
some x € A* for i =1,2,...,n— 2. For both cases, the sum of all components of «
is zero.

Then the following matrix is an A-magic labeling matrix of K, —e with row sums
equal to zero.

where M and « are defined above. O

Example. A Zj-magic labeling matrix of Kg — e, where k # 2.

* x| 1 -1 1 -1 1 -1
* x| =1 1 -1 1 -1 1
1 -1} = 1 -1 2 -1 -1
-1 1 1 % -1 -1 2 -1
1 -1}-1 -1 % 1 -1 2
-1 1 2 -1 1 * -1 -1
1 -1\-1 2 -1 -1 % 1
-1 1/-1 -1 2 -1 1 =x

From the results above, we obtain the following corollary.

Corollary 2.7. N(K, —¢) = 2N\ {2} and N(K,, —e) =N\ {2} forn > 5.

Proof. This follows from Theorems 2.3 and 2.6. (|
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3 Group-magic labelings of K, ; — {e}

In this section, we focus on the class of complete bipartite graphs with a deleted
edge. Throughout this section, we shall use X = {uy,...,u,.} and Y = {v,...,vs}
as the bipartition of K, with » > s > 1. Without loss of generality, we may let
e = u1v1. Any labeling matrix of K, ; — e is defined according to this list of vertices.
Since K1 — e contains an isolated vertex, we do not consider these cases. So we may
assume that r > s > 2. It is clear that K, ; — e is not Z,-magic.

Note that the labeling matrix of K, ; —e of any labeling is of the form <E} f ) ,

S
where B is an r X s matrix whose (1, 1)-entry is , %, and % are square matrices
of order r and s respectively with all entries being *. In order to find an A-magic
labeling matrix of K, ; — e with magic value x, it suffices to find such a matrix B

(having non-zero entries) so that its row sums and column sums are x.

The following theorems, which were proved by the authors in [23], will be used.

Theorem 3.1 ( [23, Theorem 1]). Let ny and ny be even. Then, K,, ,, has an
A-magic labeling with magic value O for all abelian groups A.

Theorem 3.2 ( [23, Theorem 3]). Suppose ny is odd, with ny > 3 and ny > 2.
For any abelian group A where |A| > 3, Ky, n, has an A-magic labeling with magic
value 0.

Theorem 3.3. Suppose r > s > 5. For any abelian group A where |A| > 3, K, s —e
has an A-magic labeling with magic value 0.

Proof. Since 7 > s > 5, by Theorems 3.1 and 3.2, there is an A-magic labeling
matrix M of K,_5 4 such that its row sums and column sums are zero. We write
M as the following partition matrix:

_ (M1 g
e ()
where my; € A and 3, v and M; are 1 x (s —3), (r —3) x 1 and (r — 3) x (s — 3)
matrices, respectively.
Since r > s > 5, by the argument of the proof of Theorem 2.6, we have a 1x (s—3)
matrix « such that the sum of all its components is zero. By Lemma 2.5 there are

x1, %9, x3 € A* such that z1 + x5 + 23 = 0. There also exists a 1 x (r — 3) matrix 0,
whose sum is 0. Hence the matrix

* ry —I «

*, B where B = T2 T dpma
BT %.)’ o —X9 Ty My &)

T =T 4| M

is an A-magic labeling matrix of K, ; — e. |
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Ezample. A Zs-magic labeling matrix of K45 — e.

* 1 -1 1 -1

1 1 1| -1 1

*s B 1 1 —-1|-1 2
<BT *5>7 where B = 1 T 5
1 -1 —-1|—-1 2

1 -1 1 1 =2

Corollary 3.4. N(K,s —e) =N\ {2} forr > s> 5.

Now we consider the graph K, o — e. Its labeling matrix is of the form:

* m
*7‘ 1\/-{7"2 Z i
’ here M, » =
(Mg:g *2 , where 2 - .
Tr—1 Yr—1

for some m € A*. Since Ky — e = P; (which is not A-magic, for any abelian group
A), we assume that » > 3. If M, is to be used to construct an A-magic labeling
matrix of K, 5 — e, then we must have

T= gt Yot m
zi=—yi+m (for2<i<r—1)
Y1= —Ya — " — Yp_1
0:(7"72)771

(3.1)

The first equation follows from the fact that =1 + 1y, = m + Z:;ll y;- The second
equation follows from the facts that m is the magic value and x; +y; = m. The third
equation follows from the fact that m + Z::_ll y; = m. To obtain the last equation,
observe that m = Y1_a; = .0 (—y; +m) = (r — 1)m + >_/_ —y; which implies
m = (r —1)m + 0 and hence, (r —2)m = 0. Clearly, K, » — e is not Z-magic. Now,
we consider A = Z. If g.c.d.(r — 2,k) = 1, then K, 5 — e is not Zg-magic. So we

assume that g.c.d.(r — 2,k) =d > 1. Let k = dk.

If d = 2, then r is even. We can choose a € Z; \ {ko} for & > 4. Then, 2a # 0

and thus
* k’o

ko +2a —2a
ko —a a
ko —a a

<§r} B), where B= | ko—a a
*o ko+a —a

ko —a a
ke+a —a
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is a Zi-magic labeling matrix of K, 2 — e [note that (r — 1)ky = ko (mod k), since
(r —2)ko =0 (mod k)], for even r > 4.

If d > 3, then k =3 or k > 5. We can choose a € Zj \ {ko, —ko, 2ko} for k > 5.
Then

* k’o

ko +a —a
%, B | B 2kg —a —ko+a
BT %) where B = 2%, "k
2ko —ko

is a Zj-magic labeling matrix of K, o — e with magic value kg, for & > 5. Suppose
k = 3. Since all unknowns including m are nonzero, from Eq. (3.1) we have z; = y;
for all 4. Hence, the column sums of the matrix M, o are not the same. So K, — e
is not Zi-magic for g.c.d.(r — 2,3) = 3.

From the discussion above, we have
Theorem 3.5. Suppose r > 3. For k > 4, K, o — e has a Zy-magic labeling if and
only if g.c.d.(r — 2,k) > 1. Moreover, K, — e is neither Zs-magic nor Z-magic.
Corollary 3.6. Forr >3, N(K,, —¢) = .

Ezample. A Zs-magic labeling matrix of K7, — e with magic value 1.

* 1

4 -3

-1 2

<ET7 f), where B = 2 —1
’ 2 —1

2 -1

2 -1

For the graph K, 3 — e, its labeling matrix is of the form

* x y
a b c

(J{w Ai”) ,  where M, 3 = ' ' '
73 3

Ay —1 brfl Cr—1

for x,y,a;,b;,¢; € A*. If M, 5 is to be used to construct an A-magic labeling matrix
of K, 3 — e (with magic value m), then we must have

r=c1+ - +c

Y= —C — "= C1+Mm

ar=Dbo+ -+ b+ o+
a;=—-bj—c;+m (for2<i<r-—1)
bi=—by—---—=b_1—ci—-—c_1+m
0= (r—3)m

(3.2)
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If r = 3, we obtain

r=c+C
Yy=—C —Ca+m
ay= b2+C2 . (33)
agz—bQ—CQ-i-m
bi=—by—c1—ca+m
Then
* 2 =2

(gj’% f) where B = 2 -3 1

s -2 1 1

is a Z;-magic labeling matrix of K33 — e with magic value 0, where k =1,4,5,....

For r = 4, we obtain

r=cC+Cy+C3

y=-—c—C—cztm

a1:b2+b3+02+63

as= —by —cy+m ' (3.4)
as— —b3—03+m

blz—bg—b3—61—02—03+m

where m is the magic value. Then,

* 1 —1

*, B |l -2 3 -1
(BT *3>, where B = 1 -9 1
1 -2 1

is a Z;-magic labeling matrix of K3 — e with magic value 0, where k =1,4,5,....

Let x;, 29, 23 € Zj such that z; + o + 23 = 0. Then,

* 2 -
2 -3 1
—2 1 1
*, B 1 T2 T3
<BT *3) ,  where B = oy —y —3
T T T3

—Xy —T2 —I3
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for odd r > 5, and

* 1 -1

-2 3 -1

1 =2 1

1 -2 1

<§r} f) ,  where B = Ty w2 I3
3 —Tr —I2 —T3

Ty T3 Z3

—Xr1 —X9 —IT3

for even r > 6, are Zy-magic labeling matrices of K, 3 — e with magic value 0, where
k=1,4,5,....

Now, we consider A = Z. Since (r —3)m = 0, rm = 0 (in Z3). Suppose r is
not a multiple of 3. Then, m = 0. Since a; # 0 in Eq. (3.2), from a; = —b; — ¢; for
2 <i<r—1, we have b; = ¢;. Hence Eq. (3.2) becomes

Tr=C +(CQ+"'+CT_1)

y=—c—(c2+ - +c1)

a=2(ca+ - +¢q) . (3.5)

ai=—bj—c¢; (for2<i<r-—1)

bi=—c1—2(ca+ - +c1)=—c1+ (4 +c1)
It follows that & — by = 2¢; or equivalently x+ ¢y = by. This implies z = ¢; as by # 0.
Then ¢y + -+ + ¢,—1 = 0 and hence a; = 0, which is not allowed. So, K, 3 — e is not
Zs-magic when r is not a multiple of 3.

Suppose r is a multiple of 3. By the same proof above, m # 0. We consider r = 3

first. Then
* 1 1
(’5;: f) where B=| 1 2 2

3 12 2

is a Zs-magic labeling matrix of K33 —e with magic value 2. Now we consider r = 3/.
We add ¢ — 1 copies of the matrix C' to the bottom of B defined above, where

1
C=11
1

[NCR N )
DN DN DO

So, K, 3 — e is Zs-magic when r is a multiple of 3.

From the discussion above, we obtain the following theorem.

Theorem 3.7. Suppose r > 3. Then K,3 — e has a Zi-magic labeling with magic
value 0 for k =1,4,5,... Moreover if r is a multiple of 3, then K, 3 — e is Zs-magic.
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Corollary 3.8. N(K,3 —e¢) =N\ {2,3}, forr > 3.

Now, we consider K, 4 — e for r > 4. It is clear that

* 1 =2 1
*, B _ 1 2 -2 -1
(BT *4>, where B = 1 —2 9 _1
-2 -1 2 1

is an A-magic labeling matrix of K, 4 — e with magic value 0, for A =Z or A = 7,
where k£ > 3. Now, suppose r > 4 and even. Let A =Z or Z;, for k > 3. Then

* 1 =2 1

1 2 -2 -1

1 -2 2 -1

-2 -1 2 1

(;’; f) ,  where B = L1 -1 -1
4 -1 -1 1 1

1 1 -1 -1

-1 -1 1 1

is an A-magic labeling matrix of K, 4 — e with magic value 0, for even r > 4. For
odd r > 5, we obtain the following A-magic labeling matrix of K, 4 — e where A =7
or Zy, k > 4.

* 2 -1 -1
1 -3 3 -1
-1 1 -2 2
*, B 11 -1 -1
(BT *4> s where B = -1 -1 1 1
1 1 -1 -

-1 -1

Finally,

<E} *B) ,  where B =
4

DN NN %
N —| = = N = =
e NN N NN
— N = =N

Ju—y
N}
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is a Zs-magic labeling matrix of K, 4, — e with magic value 0, for odd r > 5.
From the above discussion, we have the following theorems.

Theorem 3.9. Let r > 4. Then K, 4 — e has a Zi-magic labeling with magic value
0 for k > 3. Furthermore, K, 4 — e is Z-magic, and hence, IM(K, 4 — e) = N\ {2}
forr > 4.

Theorem 3.10. N(K, 4 —¢) =N\ {2} forr > 4.
From Eq. (3.1), if we choose A = Vj, then r must be even. Without loss of
generality, we may assume m = a. Then, z; = y; + a for 1 <7 <r — 1. This implies
r—1
that y; # a for 1 <i <r—1. So, y; € {b,c}. But >_ y; = 0 and r is even, which is
i=1
impossible. Hence K, 5 — e is not Vj-magic for r > 2.

It is clear that

x b b Z bb x b ¢ a Z boc Z

b a c |, “c , b a a b |, and @

b e a c a b b e b e c a ¢ a
a b c ) a b a b

can be used (as the B and BT partitions) to construct V;-magic labeling matrices of
Kss—e, Ky3—e, K34—eand K44 —e with magic value 0, respectively. By adjoining

copies of
b a c
b a c

to the bottom of the first two matrices and adjoining copies of

b a a b
b a a b
to the bottom of the last two matrices, we obtain the following theorem.

Theorem 3.11. There exist Vy-magic labelings (having magic value 0) for K5 — e
and K, 4 — e where r > 3.

4 Group-magic labelings of complete N-partite graphs with
deleted edges

Definition. Let G be an n-partite graph with (vertex) partite sets Py, Pa,. .., Pn.
An edge e of G joining a vertex in P; to a vertex in P; is said to join partite pair

<P17P]>

Theorem 4.1. Let min{ny,na,...,n} >3 and G = Ky, n,..n, — {€1,€2,..., 65} be
a connected graph. If each of the e; (in K,y n,) joined different partite pairs, then
G has a Vy-magic labeling with magic value 0.
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Proof. This follows from examining the cases involving all possible partite pairs of
G and applying Theorems 3.1, 3.2, 3.3 and 3.11. (|

Theorem 4.2. Let min{ni,ns,...,m} =3 and G = Ky, p,,..n, — {€1,€0,..., 65} be
a connected graph. If each of the e; (in K, ny.. n,) joined different partite pairs, then
G has a Zi-magic labeling with magic value 0, for k € N\{2,3}.

Proof. This follows from examining the cases involving all possible partite pairs of
G and applying Theorems 3.1, 3.2, 3.3, 3.7 and 3.9. (|

The following two corollaries are direct consequences of Theorem 4.2.

Corollary 4.3. Let min{ni,no,...,m} =3 and G = Ky, ny...ny — {€1,€2,...,65} be
a connected graph. If each of the e; (in Ky, p,,..n,) joined different partite pairs (not
involving partite sets of cardinality 3), then G has a Zi-magic labeling with magic
value 0, for k € N\{2}.

Corollary 4.4. Let min{ny,na,...,m} >4 and G = Ky, py..n, — {€1,€2, ..., €5}
be a connected graph. If each of the e; (in Ky, n,..n,) joined different partite pairs,
then G has a Zx-magic labeling with magic value 0, for k € N\{2}.

5 Group-magic labelings of composition graphs and compo-
sition graphs with a deleted edge

Definition. Given two graphs G = (Vg, Eg) and H = (Vy, Ey), the lezicographic
product (or composition) of G with H, denoted by G[H] (or Go H), is the graph with
vertex set Vi x Vi where (uq,v1) is adjacent with (ug,v9) if and only if wyus € Fg,
or u; = uy and vivy € Eg.

Let N,, be the null graph of order n. Let J, be the n X n matrix whose entries
are 1. It is easy to see that if M = (m,,) is the adjacency matrix of G = (V. E),
where u,v € V, then (under lexicographic order) the adjacency matrix of G[N,] is
M@ J,.

Example. Let G be the left graph of Figure 1.

Figure 1: The graph G and the graph G[Ns].
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The adjacency matrix of G is

a b ¢ d

af0 1 1 O
b1 0 1 O
M= cl1 1 0 1
d\0 0 1 0

and the adjacency matrix of G[Ns] (the right graph of Figure 1) is

b2 C1 Cg d1 d2
11

S
o

Q
N

k=l
=

(45
[£5)
by
by
C1
[&]
dy
dy

O O = RO O
O Ol =IO Ol =
O O RO oo o
O Ol =IO oo o

O Ol =P OOo
O Ol =IO O =

e RNl I
== O O =

Let A be a non-trivial abelian group. One obtains a labeling matrix of G[V,] in
the following way: Each sub-matrix block B,, of 1s in the upper triangular part of
M ® J, is replaced by an n x n matrix L,, with entries in A*. Since the labeling
matrix of a graph is symmetric, the corresponding sub-matrix block B,, of 1s is
replaced by LT . BEach sub-matrix block of 0s in M ® J, is replaced by an n x n
matrix J,,.

Using the example above, suppose that f is a labeling of G[Ny]. Then, we have

*2 Lab Lac *2
Lz;b *2 Lbc *2
LI, LL %2 Lea|’
*o ko L e

where

N Vi) I G I

_ () flbrico)) _ (fledr)  flerdy)
= () fime) 0t 2= (o) Fo)

By examining the parity of the vertex degrees of G, it is easy to determine if 2
is an element of N(G). Thus, we assume that |A] > 3. By Theorems 3.1 and 3.2,
there exists an A-magic labeling matrix

*, L
L %k,
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of K,, with A-magic value 0, for > 2. By Theorems 3.3, 3.7, 3.9 and 3.11, there
exists an A-magic labeling matrix

*, B

BT %,

of K,, — e with A-magic value 0, for r > 4. Here, if r = 3, then we assume that
|A] > 4. The existence of these A-magic labeling matrices will be used to construct
A-magic labeling matrices for G[N,] and G[N,] — e.

Theorem 5.1. Let G be a simple connected graph and let A be an abelian group with
|A] > 3. Forn > 2, G|N,] has an A-magic labeling with magic value 0. Moreover,
forn >4, G[N,] — e has an A-magic labeling with magic value 0; and G[N3] — e has
an A-magic labeling with magic value 0, if |A| > 4.

Proof. Replace each sub-matrix block of 1s in the upper triangular part of the ad-
jacency matrix of G[V,] with L, each sub-matrix block of 1s in the lower triangular
part with LT, and each sub-matrix block of Os with ¥,. This yields an A-magic
labeling matrix for G[N,], with magic-value 0.

Now, consider G[N,]—e. By slightly modifying the A-magic labeling matrix (that
we just obtained) for G[N, ], we construct an A-magic labeling matrix for G[N,,] — e.
Replace the L (and LT) with B (and BT), respectively, where B is determined by
the particular deleted edge e. This yields an A-magic labeling matrix of G[N,] — e,
with magic value 0. O

Example. Let us again consider the graph G in Figure 1. Let A be the Klein-4 group
Vy ={0,a,b,c} and n = 3. Then,

a b ¢ * b b
L=1|b c¢c al andB=|b a ¢
c a b b ¢ a
Thus,
*; L L ks *3 B L ks
LT Y3 L s and BT %3 L ks
LT LT %y L LT LT %y L
*s ks LT kg *3 ks LT kg
are Vj-magic labeling matrices of G[N3] and G[N3] — a1b;, respectively.
Moreover,
3 L B %3 %3 B B %3
LT Y3 L ks and B" %3 B k3
BT LT %s; B B” BT %, B

*3 k3 BT kg *3 k3 BT kg
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are Vj-magic labeling matrices of G[N3] — {aic1, c1dy }, and G[N3] — {a1by, aycq, bicy,
c1dy }, respectively.

As the reader may have noted (as illustrated in the example above), an A-magic
labeling matrix for certain G[N,]—{e1, e, ..., er} can be obtained by carefully mod-
ifying the A-magic labeling matrix of G[NV,,].

Corollary 5.2. Suppose m > 3. Forn > 2, N(C,,,[N,]) = N. Moreover, N\{2,3} C
N(C[Ns] —e€). Forn >4, N(C,[N,] —e) =N\ {2}.

Proof. This follows immediately from Theorem 5.1. O

Since Ky, ... n = Ky,[N,] is an n(m — 1)-regular graph, we have the following
——

m

result.
Corollary 5.3. Forn > 2, N(Kp,...,n) = N, if n(m — 1) is even, and
——

N(Kn ,n) =N\ {2}, ifn(m—1) is odZZL. Moreover, N(Kn, ... ,n—e)=N\{2}
——

g

ifn>4"and N(Kp,  n—e) DN\ {2,3} ifn=3. "
——

m

Corollary 5.4. If n is even, then N(Py,[N,]) = N. If n is odd and m is even,
then N(P,[N,]) = N\ {2}. Moreover, N(P,[N,] —e¢) = N\ {2} if n > 4 and
N(Pa[Ny] - ) 2 N\ {2,3}.

Proof. This follows immediately from Theorem 5.1. (|
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