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Abstract

For a graph G = (V, E), a Roman dominating function on G is a func-
tion f : V (G) → {0, 1, 2} such that every vertex u for which f(u) = 0
is adjacent to at least one vertex v with f(v) = 2. The weight of a
Roman dominating function is the value f(V (G)) =

∑
u∈V (G) f(u). The

minimum weight of a Roman dominating function on a graph G is called
the Roman domination number of G, denoted by γR (G). The removal
criticality index of a graph G is defined as ci−R(G) = (

∑
e∈E(G)(γR (G) −

γR (G − e))/ |E(G)| and the adding criticality index of G is defined as
ci+R(G) = (

∑
e∈E(G)(γR (G)−γR (G + e))/

∣∣E(G)
∣∣ where G is the comple-

ment graph of G.
In this paper, we determine the criticality indices of paths and cycles.

1 Introduction

We consider simple graphs G = (V (G), E(G)) of order |V (G)| = |V | = n(G) and
size |E(G)| = m(G). A graph is said to be nontrivial if n(G) > 1. The complement
of G is the graph G = (V, E(G)), where E(G) = {uv | uv /∈ E}. The neighborhood
of a vertex v ∈ V is NG(v) = {u ∈ V | uv ∈ E}. If S is a subset of vertices, then
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its neighborhood is NG(S) = ∪v∈SNG(v). The closed neighborhoods of v and S are
NG[v] = NG(v) ∪ {v} and NG[S] = NG(S) ∪ S, respectively. The degree of a vertex
v of G is dG(v) = |N(v)|. The maximum degree of G is Δ(G) = max{dG(v); v ∈ V }
and the minimum degree of G is δ(G) = min{dG(v); v ∈ V }. The subgraph induced
in G by a subset of vertices S is denoted by G[S]. The degree of vertex v in the
subgraph induced in G by S ⊆ V is denoted by dS(v) = |N(v) ∩ S| = |NS(v)| and
the maximum degree of G[S] is denoted by Δ(S). The path (respectively, the cycle)
of order n is denoted by Pn (respectively, Cn).

A dominating set S is a set of vertices such that every vertex in V − S has
at least one neighbor in S, equivalently N [S] = V . A total dominating set S is a
dominating set S with no isolated vertices in G[S], equivalently N(S) = V . The
minimum cardinality of a dominating set (respectively, a total dominating set) in G
is called the domination number (respectively, the total domination number) of G,
denoted by γ(G) (respectively, γt(G)).

A Roman dominating function (RDF) on G is a function f : V (G) → {0, 1, 2}
such that every vertex u for which f(u) = 0 is adjacent to at least one vertex v
with f(v) = 2. The weight of a Roman dominating function is the value f(V (G)) =∑

u∈V (G) f(u). The minimum weight of a Roman dominating function on a graph G is

called the Roman domination number of G, denoted by γR(G). A Roman dominating
function of minimum weight is called a γR-function. If f : V (G) → {0, 1, 2} is a
Roman dominating function, then let (V0, V1, V2) be the ordered partition of V (G)
induced by f , where Vi = {v ∈ V (G) | f(v) = i} for i = 0, 1, 2. Note that there
is a 1-1 correspondence between the function f : V (G) → {0, 1, 2} and the ordered
partition (V0, V1, V2) of V (G). Thus we will write f = (V0, V1, V2). Roman dominating
functions have been introduced by Cockayne et al. [1].

Several studies have investigated the problem of the effect of some parameters
of domination of a graph G when deleting or adding a vertex or edge. The study
of critical, minimal or maximal graphs under vertex removal, edge removal or edge
addition is classical (see [7, 8]). Sometimes, the concept of critical graph is presented
in different aspects, depending on the effect of adding or deleting a vertex or edge; a
survey on this concept is given in [3].

Sumner and Blitch [7] studied graphs for which γ(G + e) = γ(G) − 1 for each
e /∈ E(G), and called these graphs domination edge critical. Haynes, Mynhardt
and Van der Merwe [4] initiated the study of total domination edge critical graphs.
A graph without isolated vertices is total domination critical, or just γt-critical if
γt(G + e) < γt(G) for any edge e ∈ E(G) provided E(G) �= ∅. They remarked that
while adding an edge can decrease the domination number by at most one, adding
an edge can decrease the total domination number by as much as two.

Since any RDF of a spanning graph of G is also an RDF of G, we have γR(G) ≤
γR(G − e) for every e ∈ E(G) and γR(G + e) ≤ γR(G) for every e /∈ E(G). On the
other hand, it was shown in [5] that removing any edge from G can increase by at
most one the Roman domination number of G. Also in [2], adding any edge to G
can decrease by at most one the Roman domination number of G.
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For a graph G, we define the criticality index of an edge e ∈ E(G) as ci−R(e) =
γR(G) − γR(G − e), and the removal criticality index of a graph G as ci−R(G) =(

m∑
i=1

ci−R(ei)

)
/m(G). Similarly we define the criticality index of an edge e ∈ E(G)

as ci+R(e) = γR(G) − γR(G + e), and the adding criticality index of a graph G as

ci+R(G) =

(
m∑

i=1

ci+R(ei)

)
/m(G).

From the above, we mention that ci−R(e) ∈ {−1, 0} for every e ∈ E(G) and
ci−R(e) ∈ {0, 1} for every e /∈ E(G).

The criticality index of a graph is a value associated to a graph which measures
the effect on a graph upon edge adding with respect to the parameter of a graph.
Criticality index was introduced first in [4, 6] for the total domination number.

In this paper, we determine exact values of the criticality indices of G, ci−R(G)
and ci+R(G) when G is a path or a cycle.

2 The removal criticality index of a cycle and a path

We begin by recalling the following result of Cockayne et al. that will be useful for
what follows.

Theorem 1 (Cockayne et al. [1]) If G = Cn or Pn, then γR (G) = �2n/3�.

As an immediate consequence of Theorem 1, we have the following.

Theorem 2 For every cycle Cn, ci−R(Cn) = 0.

Now we determine the value of the removal criticality index of a path. Let Pn

be a path whose vertices are labeled v1, v2, . . . , vn. Note that when an edge vivi+1 is
removed from the path Pn, we obtain two paths Ppi

and Pn−pi
. Hence the following

observation is a direct consequence of Theorem 1.

Observation 3 If Pn is a path, then for every i with 1 ≤ i ≤ n − 1,

γR (Pn − vivi+1) = γR (Ppi
) + γR (Pn−pi

) = �2pi/3� + �2(n − pi)/3� .

From the above observation, we deduce the following result.

Corollary 1 For every nontrivial path Pn and 1 ≤ i ≤ n − 1,

γR (Pn − vivi+1) =

⎧⎨
⎩

�(2n + 1)/3� if i ≡ 1 (mod 3)
�(2n + 2)/3� if i ≡ 2 (mod 3)

�2n/3� if i ≡ 0 (mod 3).
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Theorem 4 For every nontrivial path Pn,

ci−R (Pn) =

⎧⎨
⎩

−2n/3(n − 1) for n ≡ 0 (mod 3)
−�n/3� /(n − 1) for n ≡ 1 (mod 3)

0 for n ≡ 2 (mod 3).

Proof. By using Corollary 1, we can see that:

a) if i ≡ 1 (mod 3), then ci−R(vivi+1) = γR (Pn) − γR (Pn − vivi+1)

= �2n/3� − �(2n + 1)/3� =

⎧⎨
⎩

−1 for n ≡ 0 (mod 3)
0 for n ≡ 1 (mod 3)
0 for n ≡ 2 (mod 3)

b) if i ≡ 2 (mod 3), then ci−R(vivi+1) = γR (Pn) − γR (Pn − vivi+1)

= �2n/3� − �(2n + 2)/3� =

⎧⎨
⎩

−1 for n ≡ 0 (mod 3)
−1 for n ≡ 1 (mod 3)
0 for n ≡ 2 (mod 3)

c) if i ≡ 0 (mod 3), then ci−R(vivi+1) = γR (Pn) − γR (Pn − vivi+1) = 0.

Now we can establish the patterns for ci−R (vivi+1); 1 ≤ i ≤ n − 1.

ciR (vivi+1) =

⎧⎨
⎩

−1, −1, 0, . . . , −1, −1, for n ≡ 0 (mod 3)
0, −1, 0, . . . , 0, −1, 0, for n ≡ 1 (mod 3)
0, 0, 0, . . . , 0, 0, 0, 0, for n ≡ 2 (mod 3).

which implies that if n ≡ 0 (mod 3), then ci−R (Pn) = −2n/3(n−1). If n ≡ 1 (mod 3),
then ci−R (Pn) = −�n/3� /(n − 1), and if n ≡ 2 (mod 3), then ci−R (Pn) = 0.

3 The adding criticality index of a cycle

In this section we give exact values of the adding criticality index of a cycle. Let G
be a graph obtained from a cycle Cn by adding a chord such that G is formed from
two cycles Cp and Cq (so n = p + q − 2).

The following proposition is fundamental in determining ci+R(Cn).

Proposition 5 Let G = Cn + uv, where the chord uv forms two cycles Cp and Cq

sharing uv. Then
γR (G) = γR (Cp) + γR (Cq) − 2.

Proof. Since Cn is vertex transitive, there exists a γR-function f = (V0, V1,V2) on
Cp and a γR-function f ′ = (V ′

0 , V
′
1 , V

′
2) on Cq such that u ∈ V2 ∩ V ′

2 and v ∈ V0 ∩ V ′
0 .

Then (V0 ∪ V ′
0 , V1 ∪ V ′

1 , V2 ∪ V ′
2) is an RDF on G, so

γR (G) ≤ |V1 ∪ V ′
1 | + 2 (|V2 ∪ V ′

2 |)
= |V1| + |V ′

1 | + 2 (|V2| + |V ′
2 | − 1)

= γR (Cp) + γR (Cq) − 2.
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Now, we show that there exists a γR-function f = (V0, V1,V2) on G with f (u) = 2
and f (v) = 0 or f (v) = 2 and f (u) = 0. Let Cp = (u, x1, . . . , xp−2, v) and Cq =
(u, y1, . . . , yq−2, v). Let f = (V0, V1,V2) be a γR-function on G. There are two cases:

Case 1. f (v) �= 2 and f (u) �= 2. Then f is a γR-function on Cn and so γR (Cn) =
γR (G). Since Cn is vertex transitive, there exists a γR-function f1 = (V ′

0 , V
′
1 , V

′
2)

on Cn, where f1 (u) = 2. If f1 (v) = 0, then we are done. If f1 (v) = 1, then
we form the new function (V ′

0 ∪ {v} , V ′
1 − {v} , V ′

2), which is an RDF for G with a
smaller weight than f , a contradiction. If f1 (v) = 2, then we form a new function
f2 = ((V ′

0 ∪ {v}) − {xp−2, yq−2} , V1 ∪ {xp−2, yq−2} , V2 − {v}), which is a γR-function
on G with f2 (u) = f1 (u) = 2 and f2 (v) = 0.

Case 2. f (u) = 2 or f (v) = 2. Suppose without loss of generality that f (u) = 2. If
f (v) = 0, then we are done. If f (v) = 1, then we form a new function (V0∪{v} , V1−
{v} , V2), which is an RDF with weight less than f , a contradiction. If f (v) = 2, then
we form a new function f3 = ((V0 ∪ {v})−{xp−2, yq−2} , V1 ∪{xp−2, yq−2} , V2 −{v}),
which is a γR-function on G with f3 (v) = f (v) = 2 and f3 (v) = 0.

Therefore, in all cases there exists a γR-function f = (V0, V1,V2) on G with f (u) =
2 and f (v) = 0. Thus, (V0 ∩Cp, V1 ∩Cp,V2 ∩Cp) is an RDF on Cp and (V0 ∩Cq, V1 ∩
Cq, V2 ∩ Cq) is an RDF on Cq. Therefore,

γR (G) = |V1| + 2 |V2|
= |(V1 ∩ Cp) ∪ (V1 ∩ Cq)| + 2 (|(V2 ∩ Cp) ∪ (V2 ∩ Cq)| − 1)

= |(V1 ∩ Cp)| + |(V1 ∩ Cq)| + 2 |(V2 ∩ Cp)| + 2 |(V2 ∩ Cq)| − 2

≥ γR (Cp) + γR (Cq) − 2,

and the desired equality is proved.

For the rest of this section, we label the vertices of Cn as v0, . . . , vn−1. Without
loss of generality, we consider v0vj as the edge added to Cn.

Proposition 6 Let G = Cn + v0vj and k a positive integer with j +3k ≤ n/2. Then

ci+R (v0vj) = ci+R (v0vj+3k) .

Proof. Let Cp and Cq be the two induced cycles of G. By Theorem 1, γR (Cp+3k) =
�2p/3�+2k and γR (Cq−3k) = �2q/3�−2k, and by Proposition 5, γR (Cn + v0vj+3k) =
γR (Cp+3k) + γR (Cq−3k) − 2 = γR (Cn + v0vj). Hence ci+R (v0vj+3k) = γR (Cn) −
γR (Cn + v0vj+3k) = γR (Cn) − γR (Cn + v0vj) = ci+R (v0vj).

We note that by symmetry, we have ci+R (v0vj) = ci+R (v0vn−j).

Theorem 7 For every cycle Cn,

ci+R (Cn) =

⎧⎨
⎩

0 for n ≡ 0(mod 3)
�n/3� /(n − 3) for n ≡ 1(mod 3)

2 �n/3� /(n − 3) for n ≡ 2(mod 3).
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Proof. If n ≤ 7, then it is easy to see that the theorem holds, so let n ≥ 8.
Proposition 6 implies that we need to consider the addition of only three edges, say
v0v2, v0v3 and v0v4.

Case 1. Cn + v0v2. We have γR (Cn + v0v2) = γR (C3) + γR (Cn−1) − 2 = γR (Cn−1).
Now γR (Cn−1) = γR (Cn) if n ≡ 0 (mod 3) and γR (Cn−1) = γR (Cn) − 1 if n ≡ 1, 2
(mod 3). Hence

ci+R (v0v2) =

{
0 for n ≡ 0(mod 3)
1 for n ≡ 1, 2(mod 3).

Case 2. Cn+v0v3. We have γR (Cn + v0v3) = γR (C4)+γR (Cn−2)−2 = γR (Cn−2)+1.

Now γR (Cn−2) = γR (Cn) − 1 if n ≡ 0, 1 (mod 3) and γR (Cn−2) = γR (Cn) − 2 if
n ≡ 2 (mod 3). Hence

ci+R (v0v3) =

{
0 for n ≡ 0, 1(mod 3)
1 for n ≡ 2(mod 3).

Case 3. Cn+v0v4. We have γR (Cn + v0v4) = γR (C5)+γR (Cn−3)−2 = γR (Cn−3)+2.
Now γR (Cn−3) = γR (Cn) − 2 for all n. Hence

ci+R (v0v4) = 0 for all n.

Now we can establish the patterns for ci+ (v0vj), 2 ≤ j ≤ n − 2.

ci+R (v0vj) =

⎧⎨
⎩

0, 0, 0, 0, 0, 0, . . . , 0, 0, 0 for n ≡ 0(mod 3)
1, 0, 0, 1, 0, 0, . . . , 1, 0, 0, 1 for n ≡ 1(mod 3)
1, 1, 0, 1, 1, 0, . . . , 1, 1, 0, 1, 1 for n ≡ 2(mod 3).

Note that m(Cn) =
∣∣E (Cn

)∣∣ = n(n − 3)/2. Hence

If n ≡ 0(mod 3), ci+R (Cn) = 0.

If n ≡ 1(mod 3), ci+R (Cn) = (n/2) �n/3� /(n/2) (n − 3) = �n/3� /(n − 3).

If n ≡ 2(mod 3), ci+R (Cn) = (n/2)2 �n/3� /(n/2)(n − 3) = 2 �n/3� /(n − 3), and
the proof is complete.

4 The adding criticality index of a path

In this section we give exact values of the adding criticality index of a path. Let the
path Pn have a chord forming two paths Pp, Pq and a cycle Ct (so n = p + q + t).

In order to determine the criticality index of a path, we first describe two proce-
dures:

Procedure A :

Let Pn be the path with consecutive vertices w1, . . . , wn (where n ≥ 3). Let H1

be the unicyclic graph obtained from Pn by joining two non-adjacent vertices wi and
wj with an edge, where i < j. Suppose H1 has a cycle of length greater than 5. Then



CRITICALITY INDICES OF ROMAN DOMINATION 109

H1 has a subpath P = v1, u1, u2, u3, v2 = wj of the cycle, and we form the graph H2

from H1 by deleting vertices u1, u2 and u3 and joining vertices v1 to v2. We repeat
this process until eventually we obtain a graph Hk having a cycle of order 3, 4 or 5.

Lemma 8 γR(Hi) = γR(Hi+1) + 2.

Proof. Suppose f = (V0, V1,V2) is a γR-function of Hi+1. Then (V0∪{u1, u3} , V1,V2∪
{u2}) is an RDF of Hi, and so γR(Hi) ≤ |V1| + 2 |V2 ∪ {u2}| = γR(Hi+1) + 2.

Next suppose that f ′ = (V ′
0 , V

′
1 , V

′
2) is a γR-function of Hi such that f ′(u1) +

f ′(u2) + f ′(u3) is minimum.

If v2 ∈ V ′
2 and v1 ∈ V ′

0 or v2 ∈ V ′
0 and v1 ∈ V ′

2 then, without loss of generality,
u1 ∈ V ′

2 and u2, u3 ∈ V ′
0 or u3 ∈ V ′

2 and u1, u2 ∈ V ′
0 . If v2 ∈ V ′

1 and v1 ∈ V ′
0 or

v1 ∈ V ′
1 and v2 ∈ V ′

0 then u2 ∈ V ′
2 and u1, u3 ∈ V ′

0 , otherwise we have a contradiction
with f ′(u1) + f ′(u2) + f ′(u3) minimum. Finally, if v2 ∈ V ′

0 , then v1 ∈ V ′
0 and so

u2 ∈ V ′
2 and u1, u3 ∈ V ′

0 , for otherwise we obtain a contradiction with the choice
of f ′. So in all cases (V ′

0 − {u1, u3} , V ′
1 , V ′

2 − {u2}) is an RDF of Hi+1 with weight
γR(Hi+1) ≤ |V ′

1 | + 2 |V ′
2 | − 2 = γR(Hi) − 2. Hence γR(Hi+1) = γR(Hi) − 2.

Procedure B :

A 3-endpath in a graph is a path v, u1, u2, u3 such that dG(v) ≥ 2, dG(u1) =
dG(u2) = 2 and dG(u3) = 1. Consider the graph Ri with a 3-endpath v, u1, u2, u3.
Let Ri+1 be the graph obtained from Ri by deleting vertices u1, u2 and u3. We repeat
this process until we obtain a graph Rl with no 3-endpath.

Lemma 9 γR(Ri) = γR(Ri+1) + 2.

Proof. Suppose that f = (V0, V1,V2) is a γR-function of Ri+1. Then (V0 ∪ {u1, u3} ,
V1,V2 ∪ {u2}) is an RDF of Ri, and so γR(Ri) ≤ |V1| + 2 |V2 ∪ {u2}| = γR(Ri+1) + 2.

Next suppose that f ′ = (V ′
0 , V

′, V ′
2) is a γR-function of Ri with f ′(u1) + f ′(u2) +

f ′(u3) is minimum. In this case it is not difficult to see that u1, u3 ∈ V ′
0 and u2 ∈ V ′

2 .
So, (V ′

0 −{u1, u3} , V ′
1 , V ′

2 −{u2}) is an RDF of Ri+1, which implies that γR(Ri+1) ≤
|V ′

1 | + 2 |V ′
2 | − 2 = γR(Ri) − 2. Hence γR(Hi+1) = γR(Hi) − 2.

Theorem 10 For a path Pn with n ≥ 3,

ci+R (Pn) =

⎧⎨
⎩

0 for n ≡ 0(mod 3)
2 (n + 2) /9 (n − 2) for n ≡ 1(mod 3)
5(n + 1)/9(n − 1) for n ≡ 2(mod 3).

Proof. Let M(n1, c, n2), where n1, n2 ∈ {0, 1, 2} and c ∈ {3, 4, 5}, be the graph
obtained from the cycle C of length c by joining one end-vertex of a path Pn1 to
some vertex x of C and joining one end-vertex of the path Pn2 to a vertex y on C
adjacent to x. The graph M(n1, c, n2) will be called an elementary unicyclic graph.
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By applying Procedures A and B on a Pn + e, where e ∈ E
(
Pn

)
on the resulting

graphs as much as possible, at the end we obtain an elementary unicyclic graph
M(n1, c, n2) of order n1 + c + n2.

Let k1, k2 and k denote the number of groups of three vertices that were removed
from Pn + e to obtain the paths Pn1 , Pn2 and the cycle C, respectively, of the
elementary unicyclic graph M = M(n1, c, n2). Thus,

3(k1 + k + k2) = n − n(M),

and so
k1 + k + k2 = (n − n(M)) /3. (1)

The number of graphs Pn + e corresponding to the elementary unicyclic graph M
equals to the number of solutions of Equation (1),

�2
(n−n(M))/3+2 = (n − n(M) + 3)(n − n(M) + 6)/18.

By Lemmas 8 and 9, we have that ci+R(e) = γR(Pn) − γR(Pn + e) = γR(Pn1+c+n2) −
γR(M) for some e ∈ E

(
Pn

)
.

Let Mi, for i = 0, 1, be the set of all elementary unicyclic graphs M = M(n1, c, n2)
for which ci+R(e) = i and set M = M0 ∪M1. So

ci+R(Pn) =

(∑
e∈E(G)

ci+R(e)

)
/m
(
Pn

)
=
(∑

M∈M
(# of graphs Pn + e corresponding to M)

)
/m
(
Pn

)
.

=
(∑

M∈M
(n − n(M) + 3)(n − n(M) + 6)/18

)
/m
(
Pn

)
.

Note that m
(
Pn

)
= (n − 1)(n − 2)/2, so

ci+R(Pn) =
(∑

M∈M1

(n − n(M) + 3)(n − n(M) + 6)/9
)

/(n − 1)(n − 2). (2)

Then, by applying Procedures A and B, we distinguish three cases:

Case 1. n ≡ 0 (mod 3). We have n(M) ≡ 0 (mod 3). Note that n(M) = n1+c+n2 =
3, 6 or 9 for each M ∈ M. So,

M =

{
M(0, 3, 0), M(0, 4, 2), M(0, 5, 1), M(1, 3, 2), M(1, 4, 1),

M(1, 5, 0), M(2, 3, 1), M (2, 4, 0) , M (2, 5, 2)

}
.

It is a routine matter to check that for all M ∈ M, M ∈ M0. So, by Equation (2),
we have ci+R(Pn) = 0.

Case 2. n ≡ 1 (mod 3). We have n(M) ≡ 1 (mod 3). Note that n(M) = n1+c+n2 =
4 or 7 for each M ∈ M. So,

M =

{
M(0, 3, 1), M(0, 4, 0), M(0, 5, 2), M(1, 3, 0), M(1, 4, 2),

M(1, 5, 1), M(2, 3, 2), M (2, 4, 1) , M (2, 5, 0)

}
.
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We can easily check that M1 = {M(0, 3, 1), M(1, 3, 0)} and

M0 = {M(0, 4, 0), M(0, 5, 2), M(1, 4, 2), M(1, 5, 1), M(2, 3, 2),

M (2, 4, 1) , M (2, 5, 0)}.

So, by Equation (2), we have

ci+R(Pn) = 2(n − 4 + 3)(n − 4 + 6)/9(n − 1)(n − 2) = 2(n + 2)/9(n − 2).

Case 3. n ≡ 2 (mod 3). We have n(M) ≡ 2 (mod 3). Note that n(M) = n1+c+n2 =
5 or 8 for each M ∈ M. So,

M =

{
M(0, 3, 2), M(0, 4, 1), M(0, 5, 0), M(1, 3, 1), M(1, 4, 0),

M(1, 5, 2), M(2, 3, 0), M (2, 4, 2) , M (2, 5, 1)

}
.

Again, it is easy to see that

M1 = {M(0, 3, 2), M(0, 4, 1), M(1, 4, 0), M(2, 3, 0)}

and
M0 = {M(0, 5, 0), M(1, 3, 1), M(1, 5, 2), M (2, 4, 2) , M (2, 5, 1)} .

So, by Equation (2), we have

ci+R(Pn) = 5(n − 5 + 3)(n − 5 + 6)/9(n − 1)(n − 2) = 5(n + 1)/9(n − 1),

and the proof is complete.
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