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Abstract

Let m > 2 and k£ > 2 be integers. We show that K, ,(Ci)m has a decompo-
sition into Hamilton cycles of Kierstead-Katona type if k& | m. We also
show that Kéi)m — T has a decomposition into Hamilton cycles where T'
is a 1-factor if and only if 3 { m and m # 4. We introduce a notion of
symmetry and comment on the existence of symmetric Hamilton cycle

decompositions of K, ,Eli)m.

1 Introduction

Let G = G(V,E) be a graph whose vertex set V' has n vertices and an edge set
E. A decomposition of G is a partition of E. A Hamilton cycle decomposition of
G is a decomposition of G into Hamilton cycles. A graph G must necessarily have
even regularity for a Hamilton cycle decomposition of G to exist. The existence
of Hamilton cycle decompositions for families of such graphs like K, (n odd) and
K, — F (n even and F a 1-factor) was classified in the late 19th century by Walecki
[6]. Furthermore, the bipartite graphs K, , (n even) and K, , — F (n odd and F a
bipartite 1-factor) have Hamilton cycle decompositions.

Let G be a k-uniform hypergraph with V' = {vo, ..., v,—1}. Berge [3] generalized
the definition of a Hamilton cycle H as a sequence of vertices and hyperedges

H = (v, e1,v1,€2,02, ..., Un_1, €y, V),
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where v; and v;_; are incident with e; (modulo n) and ey, ..., e, are distinct hyper-
edges. A classification of the existence of Hamilton cycle decompositions of complete
3-uniform hypergraphs (also minus a 1-factor) of this type was completed in 1994 by
Verrall [9].

Kierstead and Katona [5] introduced an alternative generalization of a Hamilton
cycle; a Hamilton cycle in a k-uniform hypergraph is represented by a sequence of
vertices of G

H= (1)071)1, e ,’Un,hl)o)

where the hyperedge {v;,vit1,..., 0461} (modulo n) is contained in H for each
i € Z,. Meszka and Rosa [7], along with Bailey and Stevens [2], investigated the
existence of a Hamilton cycle decomposition of the complete k-uniform hypergraph
K% for various n and k using the K-K definition of a Hamilton cycle. We will use
this definition for the duration of the paper. For ease of notation, a decomposition will
mean a K-K type Hamilton cycle decomposition of a hypergraph, unless otherwise
specified. Furthermore, all indices for vertices and partitions are taken from quotient
rings of integers (e.g. Z,,) and any index arithmetic takes place in the specified ring.

Let Kixm = Ky, .. m denote the complete k-partite graph in which each part
contains m vertices. Let VO, ... V*¥! denote the parts of the vertex set V, where
Vi = {0%1% ..., (m — 1)*}. The use of a superscript (or bars in the k¥ = 3 case)
indicates a vertex in a corresponding part of V', whereas the absence of such indicates
the value of the vertex in Z,,. Denote K ,(Ci)m as the complete k-uniform k-partite
graph whose edge set F is defined as

E={{u,vl,...,0f{}: vl € V' (and thus v; € Zy,)}
and hence |E| = mF. In this way, we associate E with Z% | where
{U87 R U’]z:%} — (U07 V1yeeey Uk—l)'

Furthermore, a necessary condition for the existence of a Hamilton cycle decompo-

sition of K is that km | m* or k | mF=1.

In Section 2, we show that Kz’()i)m has a Hamilton cycle decomposition when the
necessary condition of 3 | m is satisfied and relate this to triomino tilings of an
m x m grid on a torus. In Section 3, we classify when Kéi)m — T has a Hamilton
cycle decomposition, where 34 m and T is a 1-factor. In Section 4, we generalize this
result to show that if & | m, then K ]g]i)m has a Hamilton cycle decomposition. We also
give an example showing that & | m is not a necessary condition, and we conjecture
that the necessary numerical condition above is sufficient. In Section 5, we summarize
these results and relate them to symmetric Hamilton cycle decompositions.

(3)

2 Decompositions of K3,/ .

For this section, let G = Kéi)m. Since a necessary condition for the existence of a
Hamilton cycle decomposition of G is 3m | m?, we may assume 3 | m.
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For convenience, we use W, W, and W instead of V°, V', and V2 to denote the
vertices of G, where

W= {0,1,...,m—1},
W = {0,1,...,m—1}, and
W = {0,1,....m—1}.

Let (a,b,c) € Z3, denote the edge {a,b,c} € E(G) for each a € W, b € W, and

¢ € W. A Hamilton cycle H of G is necessarily of the form

H= (a07b_07 C:07 CL17E7 C:17 sy Am1, b’m—17 Cm—1, a0)~ (1)

A Hamilton cycle H is called cyclic if there exists a difference d € Z,, such that
a; — a;11 = b; — b4y = ¢; — ¢;y1 = d for each i € Z,,. Note this is possible only when
d is a unit of Z,,. We now make some useful observations.

Observation 2.1. Let H be a cyclic Hamilton cycle with difference d as given in
(1). Then b; — a; = b; — aj and ¢; — b; = ¢; — b; for each i, j € Zy,.

The difference type of an edge (a, b, ¢) is the ordered pair (b— a,c—b). Note there
are exactly m edges in G which have a specified difference type (z,y), and these
edges form a 1-factor:

{la;a+z,a+x+y): a €Ly}
From these definitions, we have the following lemma.

Lemma 2.2. Let H be a cyclic Hamilton cycle as given in (1) with difference d.
Then there exists a difference type (x,y) for which H is the union of all edges of
difference type (z,y), (x +d,y) and (z,y + d).

Proof. Let H be a cyclic Hamilton cycle with difference d. Define x = by — ay,
y = co — by, and let i € Z,,. Using Observation 2.1, we compute the difference type
of edge (a;, bi, ¢;) to be

(b — ai, ¢; = bi) = (bo — ao, co — bo) = (2, y).

The sequence b;,¢;, a;41 in H implies that (a1, b;,¢;) is an edge in H, which has
difference type

(bi = aiv1,¢i — b)) = (bi — (a; — d),ci = b;) = (v + d,y).
Similarly, (a1, bi1,¢;) is an edge in H, which has difference type
(bit1 — @iy1, ¢ — big1) = (v, ¢, — (b — d)) = (v,y + d).

Since there are m edges of each difference type and 3m edges in H, it follows that
H is the union of all edges of these three difference types. O
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Definition 2.3. The cyclic Hamilton cycle H from Lemma 2.2 with difference d is
centered at (z,y), and denoted as H = hgy If d =1, we abbreviate H as h,, or
hy . Similarly, we use h,, when d = —1.

A set of three difference types which are of the form (z,y), (x+d,y), and (z,y+d)
is called a permissible triple.

Example 2.4. Let m = 3. The 9 difference types of edges from Kéi)S can be
partitioned into 3 permissible triples:

{(0,0),(1,0),(0, )}, {(1,1),(2,1),(1,2)}, and {(2,2),(0,2),(2,0)}.

These give the cyclic Hamilton cycles

hO‘O = (0767 §727§7 ?7 17T7 ia 0)7
hl‘l = (OuTu 272767 Ia 1757 ga 0)7 and
hep = (0,2,1,2,1,0,1,0,2,0).

Each Hamilton cycle corresponds to a permissible triple in a 3 x 3 grid representing
Z2. The collection of permissible triples with d = 1 is equivalent to a covering of Z2
by triominoes on a torus. See Figure 2.
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0 1 2 (x)
Figure 1: A triomino tiling of Z32

We now generalize Example 2.4 to find a decomposition of G in which each
Hamilton cycle is cyclic by partitioning the m? difference types into %2 permissible
triples.

Let i € Zs. Define A; as
Ai = {(z,y) GZiL: x —y =imod 3}.

Note this is well-defined since 3 | m.

Suppose that (z,y) € Ap and d is a unit of Z,,. Then x =y mod 3, so
(x+d)—y=dmod 3, and x — (y + d) = 2d mod 3.

Thus every permissible triple contains a difference type from each A;, for each i € Zs.

2 . . . . .
Hence, |A;| = %~ for each i € Zz. Using this construction, we prove the following
theorem.
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Then G has a decomposition if and only if 3 | m.
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Figure 2: A triomino tiling of Z2.
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Proof. Suppose G has a decomposition. Since G' has m?® edges and each Hamilton

cycle contains 3m edges, it follows that 3m | m® and hence 3 | m.

Now, suppose 3 | m. Let h,, and h, s be cyclic Hamilton cycles for which (z, y)
and (2/,y") are distinct elements of Ag. These are disjoint Hamilton cycles provided
their three difference types are distinct. Suppose not, and two difference types were
identical. Those would then belong to the same A;. So either (z+1,y) = (2’ + 1,¢)
or (z,y+1) = (2/,y +1), which is not possible. Therefore, h, , and h, , are disjoint
Hamilton cycles.

Define H = {h,, : (z,y) € Ag}. Then H is a partition of the edges of G into %2

Hamilton cycles, giving a decomposition of G.

O

Example 2.6. Let m = 6. Using the argument from Theorem 2.5, we can partition
ZZ% into permissible triples with d = 1. See Figure 2. The 36 difference types are
partitioned into 12 permissible triples, which give rise to the following 12 Hamilton

cycles:
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ho.s (0,0,3,5,5,2,4,4,1,3,3,0,2,2,5,1,1,4,0)
his = (0,1,5,5,0,4,4,5,3,3,4,2,2,3,1,1,2,0,0),
hes = (0,2,1,5,1,0,4,0,5,3,5,4,2,4,3,1,3,2,0),
hso = (0,3,3,5,2,2,4,1,1,3,0,0,2,5,5,1,4,1,0),
hii = (0,4,5,5,3,4,4,2,3,3,1,2,2,0,1,1,5,0,0), and
hso = (0,5,1,5,4,0,4,3,5,3,2,1,2,1,3,1,0,2,0).

3 Decompositions of Kéi)m —T,31tm
A 1-factor in a k-uniform hypergraph G with n vertices is a collection of edges

{e1, ..., en/k} such that no two edges have any vertices in common.

3m 18 possible when 3 | m. However, if
31 m, the removal of a 1-factor T leaves a total of m® — m edges, which is divisible

By Theorem 2.5, a decomposition of K

by 3m, making it numerically possible for Kéi)m — T to have a decomposition. We
begin with some small examples.

Example 3.1.

(a) Let G = Ké% and T be any 1l-factor of G. Then G is a Hamilton cycle and
hence has a decomposition. If 7" is the edge set of difference type (0,0), we can
express this decomposition as a tiling of Z2 — {(0,0)}. See Figure 3.

(v)

1

0 I
0 1 (z)

Figure 3: A tiling of Z2 — {(0,0)}.

(b) There does not exist a decomposition of G = K?Ei)4 — T for any 1-factor T

Assume that G = K§i>4 has a decomposition into five Hamilton cycles {C; :
i € [5]} and a 1-factor T, and let e = (a,b,c) € T. Let H be the generalized
line graph of G, where V(H) = E(G) and

E(H) ={eie;: e,e; € E(G) and |e; Ne;| = 2}.

Then H is 9-regular and 7' is an independent set in H, implying that each edge
of N(e) belongs to one of the five Hamilton cycles. Thus |N(e) N C;| < 2 for
each i € [5] and Zle |N(e)NC;| = 9. Tt follows that four cycles intersect N(e)
in two vertices, say C1,Cy, Cs, Cy. Then for each C, i € {1,2,3,4}, it follows
that
(a,b,¢),(a,b, ") € C; for some ¢, " € (Z4)\{c},
(a,V,¢),(a,b",c) € C; for some V', 0" € (Z,)\{b}, or
(d,b,¢),(a",b,c) € C; for some o', a” € (Zs)\{a}.
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So there must be two cycles, say C; and Cs, which intersect e at the same pair
of vertices, say a and b. Suppose that the edges (a,b, '), (a,b,¢") € Cy and
(a,b,d'),(a,b,d") € Cy. Then {c,c,c",d',d"} is a set of distinct elements of
Z4, which is impossible. Therefore, there is no decomposition of Kéill — T into
Hamilton cycles for any 1-factor T'.

(c) Let G = Kg% — T where T is the edge set of difference type (2,2). Then
H= {ha—,m hf{g, hg',O, h;',g, ha1 Wi hags haal
is a decomposition of G. See Figure 4.

(v)
4 -—1 —
LT L
0| &—e

0 1 2 3 4 (z)
Figure 4: A tiling of (Z5)? — {(2,2)}.

(d) Let G = K§i>7 — T, where T is the edge set of difference type (3,3). Then

_ofht ot Bt 1t pt bt ot bt
H = {hgo P30, h50s hoos Pig hoas hags hish U
{h2‘11 h4‘27 h6,21 h2‘31 h6‘47 h1,61 h3‘61 hG‘G}

is a decomposition of G. See Figure 5.

(e) Let G = K, — T, where T is the edge set of difference type (4,7). Then

H = {ha—,mhz’tmh;mhg—,mh({%h;%hi—,%has} U
{his, his, b5, i, hiz har his, his} U
{h27‘17h57,17h77,21h97‘27h17,47h?:4’h57‘4’h77‘5} U
{hg s hags Nse hg 7 R 7y Mg Pags Reoy Pg o}

is a decomposition of G. See Figure 6.

We now make some observations that will allow us to inductively construct de-
compositions for Kéi)m — T for some 1-factor T and arbitrary m with 3 { m.
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Figure 5: A tiling of (Z;)? — {(3,3)}.
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Figure 6: A tiling of (Z19)? — {(4,7)}.

Observation 3.2.

(a) For each case in Example 3.1, the Hamilton cycles of the form A}  are such
that x # m —1 and y # m — 1. Similarly, each Hamilton cycle A, is such that
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x#0and y #0.

(b) If X contains all edges from a 3 x 2 block of difference types {z,z+ 1,2+ 2} x
y,y+1} C Z2 , then X has a decomposition {hF  h_ , which we denote
m T,y e +2,y+1
as Byy.

If X contains all edges from a 2 x 3 block of difference types {z,z+1} x {y,y+
1,y +2} C Z2,, then X has a decomposition {h}, h;,, .o}, denoted as B;Fy

For example, the graph in Example 3.1(c) has the decomposition
H = By UBgyUBy,UBys.

In the previous examples, all Hamilton cycles came from sets of this type, with
a single exception in the m = 2 or 10 case.

c) For any two l—factors T and Tl Of K(3) s there is an automorphism which sends
3xm
T to T

Using this notation, we prove a simple, yet useful lemma.

Lemma 3.3. Let t > 1. If X is a set of all edges from a 6 X t block of difference
types, then X has a decomposition. Similarly, if X is a set of all edges from a t x 6
block of difference types, the X has a decomposition.

Proof. Suppose X contains all edges of difference types from the block {z,...,z +
5} x {y,...,y +t— 1}, and first assume that ¢ is even. Then

H = {Bsyt2i; Bergyy2i: 0<i < %}

is a decomposition of X. If ¢ is odd, then ¢t > 3 and
H = {BzTﬂﬁ B;I‘+2,y7 B;I‘+4,y} U

. . -3
{Bry+3+2i> Bogaysspei s 0 <i< 52

is a decomposition of X. Note that by swapping B with BT in this argument, we
make the same conclusion if X is the set of all edges from a ¢ x 6 block of difference
types. O

We use this lemma and the previous observations to prove the following classifi-
cation.

Theorem 3.4. Let m > 1 and 3t m. Let T be a 1-factor of Kéi)m, and let G =
K$) —T. Then G has a decomposition if and only if m # 4.

3xm

Proof. If G has a decomposition, then m # 4 by Example 3.1(b).

Suppose that m # 4 and 3 { m. We will proceed by induction on m. Assume that
m > 7 and K?()i)(m_e) — T" has a decomposition H for some 1-factor 7" consisting of
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edges of the same difference type. Furthermore, assume each Hamilton cycle in this

decomposition is cyclic of the form h:y or h;,, and each satisfies the conditions in

Observation 3.2(a). Let X+ and X~ be subsets of Z2, defined as

Xt = {(z,y): hf, €M}, and
X~ = {(wy): hoye M}

Furthermore, let Hy and Hy be Hamilton cycles of Kéi)m defined as
HY = {hf,: (z,y) € X*}, and
Hy = {h;y s(x,y) € X}

By Lemma 3.3, the edges from the block of difference types {m —6,...,m — 1} x
{0,...,m — 7} has a decomposition H' and the edges from the block of difference
types {0,...,m — 1} x {m —6,...,m — 1} has a decomposition H”. Thus, the
collection of Hamilton cycles

HyUHyUH UH"

is a decomposition of Ké?m — T, where T is a 1-factor of edges in Kéi)m which
have the same difference type as those in T7”. By Observation 3.2(c), the theorem
follows. O

Example 3.5. Let m = 8. Following the construction in Theorem 3.4, we find a
decomposition of Kg‘i)g —T, with T being the edges of difference type (0,0). First use

the decomposition if Kéi)Q —T’, and then “pad” with blocks B and BT. See Figure 7.

4 Decompositions of K,g];)m, k|lm

Let G = Kéli)m. For each i € Zy, let Vi = {0°1¢,...,(m — 1)'}. Denote the vertex
set of Gas V=VOUVIU---UV*L Let (w9, 21,...,75 1) € ZF, denote the edge
{0, x},...,2F"1} € B(G). As with k = 3, a Hamilton cycle H of G is necessarily of
the form

_ 0 1 k-1
H = ( 0,00 41,00+ -+ Q10
0 1 k—1
Ag,15 @115+ 5 Qg1 1) @)
0 1 k—1 0
Ao m—1: A m—15+ 3 Ck—1.m—1> 30,0 ),

where Zy, = {a;; : j € Zn,} for each i € Zj, using the convention that a; ; = (a; ;)" €
Vi

Definition 4.1. A Hamilton cycle H is cyclic if there exists a difference d € Z,, such
that a;; — a; ;41 = d for each i € Z and j € Z,,. Again, this is possible only when
d is a unit of Z,,. Also, along the lines of Observation 2.1, such a cyclic Hamilton
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ot
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o 1 2 3 4 5 6 7 (2)
Figure 7: A tiling of (Zs)? — {(0,0)} arising from the tiling in Figure 3.

cycle has the property that a;; — a;41; = aiy — a;+1, for each ¢ € Z\{k — 1} and
Gl € Loy

Similarly, the difference type of an edge (ag,ay, ..., a;_1) is the ordered (k — 1)-
tuple (x1,...,2,_1), where x; = a; — a;_1 for each i € Z;\{0}. Again, there are
exactly m edges in G which have a specified difference type, which form the 1-factor

{(a,a+z1,a+ 21 +29,...,a+ 21 +To+ -+ Tp_1): @€ Ly} (3)

From these definitions, we have the following generalization of Lemma 2.2:

Lemma 4.2. Let H be a cyclic Hamilton cycle as given in (2) with difference d.
Then there exists a difference type (x4, ..., Tx_1) € ZF-1 for which H is the union of
all edges of the k difference types

(Ihl’z, s 7xk—1)7
(xl + d7 Ty 7xk—1)7

(x17x2+d7"'7xk—1)7 (4)

(xh T2y, Th—1 + d)
Proof. Let H be a cyclic Hamilton cycle as given in (2) with difference d. Define
T = aj—10 — G for each i € Z;\{0}.
Let i € Z,,. The edge (ao,, a1, - - -,ax—1,;) has difference type
(a(),i — Q14,15 — A4y - - o5 Ap—2,i — akfl,i)

= (ao,o — a1,0,01,0 — 42,0y - -+, Ak—20 — ak—l,o)
(xh s 7xk—l)-
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Let j € Z\{k — 1}. The edge

(ao7i+1, Alit1y -« o5 Qjitly gl - - ak—u)
has difference type
(G041 — G1yig1, Q11 — G241, - - - s Aj—1,i4+1 — Qjit1,
Ajit1 — Qi1 i1 — Aj424y -+ -5 Ap—25 — Qk—1,5 )
= ( ap,0 — A1,0,a1,0 — G20, ---,5-1,0 — @50,
5,1 = Aj+1,00 @j+1,0 — Aj42,05 - - -5 Ak—2,0 — Qk—1,0 )
= (.'Ehl’Q,...,ij,l,l’]‘+d,Ij+17...7Ik,1 )

Again, since there are m edges of each difference type and km edges in H, it follows
that H is the union of all edges of these k difference types. O

Definition 4.3. The cyclic Hamilton cycle H from Lemma 4.2 with difference d is
centered at X = (xg,1,...,25_1), and denoted as H = hg@. We abbreviate H as h}
(or simply hyx) when d =1, or hy when d = —1. A set of k difference types which
are of the form given in (4) is called a permissible k-tuple.

Example 4.4. Let k = 4 and m = 2. Let V! = {07, 1¢} for each i € Z;. Then
Kﬁg has 8 difference types from Z3, which can be partitioned into two permissible
4-tuples:

,0),(1,0,0)} and

1), (0,1, 1)},

h(4):070 — (007 017 02’ 03’ 107 117 12’ 13’ 00)7 and
hfll = (00711702713710701712703700)~
The following is a generalization of the constructions in Section 2. We partition
—1
the m*~! difference types of Z*~1 into % permissible k-tuples, thereby giving a

decomposition of K ,(Ci)m into cyclic Hamilton cycles. For each i € Zy, define A; as

k-1
A = {(xl,...,xk_l)ernl: Zj~szimod k}

j=1

At this point, we assume that & | m for these sets to be well-defined. Suppose that
(@1,...,xp-1) € Ag. Let i € Z;\{0}. Then

i—1 k—1 k—1

Z(j~xj)+i-(xi+d)+ Z (G- z;) :i~d+Zj-wj =1¢-dmod k.

j=1 Jj=i+1 Jj=1
So, (x1,...,xi—1,T; + d,xiy1, ..., 1) € Ajg. Thus, since d is a unit of Z,,, each
element in any given permissible k-tuple belongs to a distinct A;. So |A;] = m’;].

Using this construction, we prove the following theorem.
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Theorem 4.5. The graph G = K,(Ci)m has a decomposition if k | m.

Proof. Let X = (x1,...,25-1) and X' = (2/,...,2}_,) be distinct elements of A
and H = hx and H' = hx be their corresponding cyclic Hamilton cycles.

Assume H and H’ are not disjoint. Since X and X’ are distinct, there is a
common difference type to both H and H' belonging to A; for some i € Z;\{0}.
Those difference types in H and H’ belonging to A; are (z1,...,2; + 1,...,2Zk_1)
and (29,...,2;+1,...,2)_,), respectively. Therefore, z; = 2; for each j € Z;\{0},
which contradicts X and X’ being distinct. So H and H' are edge-disjoint Hamilton
cycles.

Define H = {hx : X € Ap}. This is a partition of the edges of G, and H consists
of # Hamilton cycles, giving a decomposition. O

Example 4.6. The results from Theorem 4.5 imply that if 4 divides m, then G =
K i@m has a decomposition. The graph in Example 4.4 has a decomposition, but
4 m. Furthermore, if m is even, then 4 | m?, so the necessary condition is satisfied.

Define H as

H={h: X €(2Z,)*}U{hy: X € (1+2Z,)*}

m3
1
for m even.

This produces
@

4xm

Hamilton cycles which are disjoint, so H is a decomposition of

A necessary condition for the existence of a decomposition of K| ,Ei)m is that k |
mF=1. The previous example leads to the following conjecture.

Conjecture 4.7. Let G = KW

pem- LThen G has a decomposition if and only if
k| mkt.

5 Summary

We summarize the results from the previous sections in the following theorem.

Theorem 5.1. Let m > 1 and k > 2 be given. Then a hypergraph G has a decom-
position if

o G= Kéi)m — T, where 3tm, m #4 and T is a 1-factor,
o G= K}S@m and k| m, or
o G= Kii)m and m is even.

Let k > 2. Define k' as the largest square-free divisor of k. Then k | (k')
and k' is the smallest such integer for which such divisibility holds. Thus to prove

Conjecture 4.7, the remaining cases one must consider are values of m for which
E' | m, ktm, and k # 4.
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Symmetric Decompositions

The constructions from the previous sections have nice structure which relates to
symmetry as defined in [8].

Definition 5.2. Let ¢ be an automorphism of a graph G. A Hamilton cycle decom-
position is ¢-symmetric if each Hamilton cycle in the decomposition is ¢-invariant
as an edge set.

In [8], [1] and [4], the existence of ¢-symmetric Hamilton cycle decompositions is
classified for K,,, K, — F, Ky, Ky, — F, and K,,x:, where F' is a 1-factor. This
notion can be extended to hypergraphs.

Observation 5.3. Let G = K,(Ci)m and let X = (x1,...,2,_1) be a difference type of
G. Then the set of edges with difference type X is ¢-invariant, where ¢ : V' — V' is
the map ¢(a;) = (a + 1); in Z,,, as shown in (3). Furthermore, any cyclic Hamilton

cycle is also ¢-symmetric.

We conclude with the following theorem.

Theorem 5.4. Let m > 1 and k > 2 be given. Then for each graph G given in
Theorem 5.1, there exists a Hamilton cycle decomposition of G which is ¢-symmetric
for an appropriate order m automorphism.

Proof. In each of the cases above, the constructions in the previous sections involve
only cyclic Hamilton cycles of the type given in (2) and Lemma 4.2, and the result
follows from Observation 5.3. (|

We would like to thank our anonymous referees for their comments and sugges-
tions.
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