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Abstract

Let t > 6 be an integer. We show that if G is a [(3t — 3)/2]-connected
K 4free graph, then G has a 4-factor.

1 Introduction

In this paper, we consider only finite, simple, undirected graphs with no loops and
no multiple edges.

Let G = (V(G), E(G)) be a graph. For z € V(G), degq(x) denotes the degree
of z in G. We let §(G) denote the minimum of deg.(x) as x ranges over V(G). For
an integer r > 1, a subgraph F' of G such that V(F) = V(G) and degp(z) = r
for all # € V(F) is called an r-factor of G. The complete bipartite graph K, with
partite sets of cardinalities 1 and t is called the t-star. We say that G is K; ;-free or
t-star-free if G does not contain K, as an induced subgraph.

The following two results concerning 2-factors and 4-factors were proved in [1]
and [3].

Theorem 1. Lett > 3 be an integer, and let G be a 2-connected K 4-free graph such
that 6(G) > t. Then G has a 2-factor.

Theorem 2. Lett > 3 be an integer, and let G be a 2-connected K 4-free graph such
that 6(G) > [(3t +1)/2]. Then G has a 4-factor.
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In Theorems 1 and 2, the condition on §(G) is best possible. However, it is natural
to expect that we can weaken the condition on d(G) if we replace the assumption that
G is 2-connected by a stronger assumption. Along this line, the following theorem
on 2-factors was proved by Aldred et al., in [1].

Theorem 3. Let t > 4 be an integer, and let G be a (t—1)-connected K 4-free graph.
Then G has a 2-factor.

In [1], it was also shown that Theorem 3 is best possible in the sense that for
each t > 4, there exist infinitely many (¢ — 2)-connected K7 ;-free graphs G with
0(G) > t — 1 such that G has no 2-factor. The purpose of this paper is to prove
a result about 4-factors which corresponds to Theorem 3. Our main theorem is as
follows.

Theorem 4. Lett > 6 be an integer, and let G be a [(3t — 3)/2]-connected K ,-free
graph. Then G has a 4-factor.

Theorem 4 is best possible in the sense that for each ¢ > 6, there exist infinitely
many [ (3t — 5)/2]-connected K7 -free graphs G with §(G) > [(3t — 1)/2] such that
G has no 4-factor. To construct such graphs, fix ¢ > 6 and set r = [(3t — 5)/2].
Let m > t be an arbitrary integer relatively prime to ¢t — 1. Let Iy, Iy, ..., Iy, Ji,
Joy ooy Im, Hy, Hy, ..., Hp—1) be disjoint graphs such that I is isomorphic to the
complete graph of order [r/2] for each 1 < k < m, Jj is isomorphic to the complete
graph of order |r/2| for each 1 < k < m, and H; is isomorphic to the complete graph
of order 3 for each 1 < i <m(t—1). For each 1 < k < m, set

T, = U V(H e—1)(t-1)+5)5

1<j<t—1

Ti= |J V(Hj-vme)

1<j<i—1
Now define a graph G by

V<G>=< U (mmumu))u( U vm).

1<k<m 1<i<m(t—1)

E(G)—( U (BayuEW)

1<k<m

U{zylz € V(Iy),y € Tt U{zy|z € V(Ji),y € Tﬁ)
U ( U E(HZ-))).
1<i<m(t—1)

Then G is [(3t — 5)/2]-connected and K ,-free, and satisfies §(G) = [(3t — 1)/2].
However, we easily see that G does not have a 4-factor (for example, if we apply
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Lemma 2.1 in Section 2 with S = {J, )., (V 1)UV (Ji)) and T' = U, <<, s V (Ha),
then we get 6(S,T) = —2m or —4m depending on whether ¢ is even or odd). In
passing, we mention that Theorem 5 does not hold for ¢ < 5 (we plan to discuss in

detail the case where t < 5 in a subsequent paper). For related results, we refer the
reader to Tokuda and Ota [4] and Yashima [6].

Our notation is standard, and is mostly taken from Diestel [2]. Possible exceptions
are as follows. Let G be a graph. For z € V(G), N(z) = Ng(z) denotes the set of
vertices adjacent to x in G; thus degs(z) = |Ng(z)|. For A C V(G), we let N(A)
denote the union of N(z) as z ranges over A. For A, B C V(G) with AN B =0,
E(A, B) denotes the set of those edges of G which join a vertex in A and a vertex in
B. For A C V(G), the graph obtained from G by deleting all vertices in A together
with the edges incident with them is denoted by G — A. For A C V(G), we let G[A]
denote the subgraph induced by A in G. We often identify a vertex x of G with the
set {z}; for example, when B is a subset of V(G) with = ¢ B, we write E(x, B) for
E({z}, B).

2 Preliminary results

In this section, we state preliminary lemmas, which we use in the proof of Theorem 4.
Let G be a graph. For S, T C V(G) with SNT = 0, define 6(S,T) by

0(5,T) = 415 + Xyer(degg_s(y) —4) — h(S, T),

where h(S,T) denotes the number of those components C' of G — S — T such that
|E(T,V(C))] is odd. The following lemma is a special case of the f-Factor Theorem
of Tutte [5].

Lemma 2.1. (i) The graph G has a 4-factor if and only if 6(S,T) > 0 for all S,
TCV(G) with SNT = .

(ii) Whether G has a 4-factor or not, 0(S,T) is even for all S, T C V(G) with
SNT =9. O

The following lemma seems to be well-known, but we include its proof for the
convenience of the reader.

Lemma 2.2. Let S, T C V(G) be subsets of V(G) with SNT = 0 for which, 6(S,T)
becomes smallest. Then the following hold.

(i) Let C be a component of G — S — T such that |[E(T,V(C))| = 1. Then
V(e =2

(i) Suppose that S and T are chosen with |T| is as small as possible, subject to
the condition that 0(S,T) is smallest. Then deggp(y) < 2 for everyy € T.

Proof. Suppose that there exists a component C' of G — S —T such that |E(T,V(C))|
=1and [V(C)| = 1. Let V(C) = {v}, and set 7" = T'U {v}. Then deg;_g(v) =1,
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and hence
0(5,T") = 4|S| + Eyer (degg_s(y) —4) — h(S,T")
= 4|5 + Zyer(degg_s(y) — 4) + degg_g(v) —4 = (S, T) +1
=0(5,T) — 2,
which contradicts the minimality of (S, T"). Thus (i) is proved.
Now let y € T, and set 7" =T — {y}. Then
RS, T") > h(S,T) — E(y,V(G) — S —T),
and hence
US.T) < 0(S,T)—degg_g(y) +4+ By, V(G) — S —T)|
= 0(5,T) — deggn(y) + 4.
On the other hand, by the minimality of |T'| and Lemma 2.1 (ii), 8(S,T7") > 6(S,T) +
2. Hence 0(S,T) +2 < 0(S,T) — deggp(y) + 4, which implies (ii). O

We also need the following technical result.

Lemma 2.3. Suppose that 6(G) > 6 and |V(G)| < 0(G)+3. Then G has a 4-factor.

Proof. Let S, T C V(G) with SNT = 0. In view of Lemma 2.1, it suffices to
show that 6(S,T) > —1. If T = 0, then A(S,T) = 0 by definition, and hence
0(S,T) = 4|S| > 0. Thus we may assume T # 0. If |S| > |V(G)|/2, then since
2yer(deggs(y) —4) = —4[T| and h(S,T) < [V(G)| = S| = [T], we get

0(5,7) = 45| =4|T| = (V(G)] =S| = IT1)
> A|S| 4T - 4(V(G) = S| = T1)
> 0.

Thus we may assume |S| < |V(G)|/2. Since §(G) > 6 and §(G) > |V(G)| — 3, we
have degq_g(y) > max{6 — |S|, |[V(G)| — |S| — 3} for every y € T'. Hence

0(,T) > 4IS| +|T| -max{2 S}, V(G| - |S| = 7} — (S, 7). (21)
Note that we have h(S,T) < 3 because 6(G) > |V(G)| — 3. Thus 6(S,T) > 4|S| +
|T|-max{2—|S|,|V(G)|—|S|—7}—3. If S =0, then 6(S,T) > |T'|-2—3 > —1. Thus
we may assume S # 0. If |S| < max{2,|V(G)| — 7}, then 0(S,T) > 4|S| — 3 > 0.
Thus we may assume |S| > max{3, |V (G)| — 6}. Since|S| < |[V(G)|/2, this implies
|[V(G)| < 11. Since |S| > 3, it now follows from (2.1) that

0(5,T) = 4|S|+ T2 - |S]) = (V(G)] = [S| = IT])
LS|+ 1T((2 = [8]) = (IV(G) = S| = [TN(IS] = 2)
ISI(1S1+2) = [V(G)I(IS] - 2)
ISI(1S1+2) = 11(]S] = 2)
0,

ALY,

VoIV

as desired. O
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3 Notation

Let ¢, G be as in Theorem 4; thus ¢ > 6, and G is a [(3t — 3)/2]-connected K ,-free
graph. In this section, we fix notation for the proof of Theorem 4.

Since G is [(3t — 3)/2]-connected, we have §(G) > [(3t — 3)/2] > 8. In view of
Lemma 2.3, we may assume |V (G)| > §(G) +4 > [(3t +5)/2].

Let S, T be subsets of V(G) with SNT = @ for which 6(S,T) becomes smallest.
We choose S, T'C V(G) so that |T'| is as small as possible, subject to the condition
that 6(S,T) is smallest. We show that 6(S,7) > 0. By Lemma 2.1, this will imply
that Theorem 4 holds.

If T =0, then h(S,T) =0, and hence 8(S,T) = 4|S| > 0. Thus we may assume
that T # 0.

We call a component C' of G — S — T an odd component or an even component
according as |E(T,V(C))| is odd or even.

Let C4,...,C% be the components of G — S —T. We may assume that there
exists a with 0 < a < k such that |[E(T,V(C;))] = 1 for each 1 < i < a and
|E(T,V(C;))| # 1 for each a +1 < i < k. Then the components C,...,C, are
odd components. We may further assume that there exists b with 0 < b < k —a
such that C; is an odd component for each a +1 < i < a + b and C; is an even
component for each a+b+1 <i < k. Then h(S,T) = a+b. Set U = U¢_,V(C;) and
U =V(G)-S—T-U. Foreachy € T, set a(y) = |[N(y)NU| and S(y) = |N(y)NU’|.
Then

a(y) +By) =N N (V(G) =S =T); (3.1)
in particular,
a(y) + B(y) < degg_g(y). (3.2)

We also set B(A) =3 ., B(y) for a subset A of T.

Claim 3.1. (i) a = )_ ra(y).
(ii) For eachi witha+1<i<a+b, > |N(y)NV(C;)| > 3.

(ii)) b < (O yer BY))/3.

Proof. We have

a= > |E(T.V(C)|=IET,U) =Y |EyU)|=> INynU =Y al),

1<i<a yeT yeT yeT

which proves (i). Let a+1 <4i < a-+b. Then |[E(T,V(C)))| # 1 and |E(T,V(C;))| is
odd. Hence > - [N(y) N V(Ci)| =3 ,cr |E(y, V(Ci)| = |[E(T,V(Cy))| = 3. Thus
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(ii) is proved. By (ii),
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which proves (iii). O
Let 1 <4 < a. Since t > 6 and G is [(3t — 3)/2]-connected, G is 2-connected.
Since |V(C;)| > 2 by Lemma 2.2(i), this implies that there exists an edge joining S
and V(C;) — N(T). Let z;u; be such an edge (z; € S, u; € V(C;) — N(T)). Set
L={u|1<i<a}
Then
|L| = a. (3.3)
For each z € S, let L(z) = {u; |1 < i < a,z; = z}. Clearly
L(z) € N(z) and L(z) is independent. (3.4)
Also L = J,.g L(x) (disjoint union), and hence

S IL@) = a (35)

zeS
by (3.3).

We now look at components of G[T]. Recall that T # (). Let Hy, Ho,..., H,, be
the components of G[T]. Then

T = U V(H;) (disjoint union). (3.6)

1<i<m

By Lemma 2.2 (ii), H; is a path or a cycle for each 1 < ¢ < m. In the remainder of this
section, we assign a real number 6; to each H;, and show that 0(S,7) > 3, ., 0.
We first prove several claims concerning H;.

Claim 3.2. Let 1 < i < m, and suppose that H; is a cycle of order 5. Then there
exist vertices z, z' € V(H;) with z2' € E(G) such that [N({z,2'})n(SUUUU")| >
[(3t—5)/2].
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Proof. Note that we have |[N(y)N(SUUUU’)| = degg(y) —degy, (y) > [(3t—3)/2] —
2 = [(3t —7)/2] for every y € V(H;). Suppose that |[N({z,2'}) N (SUUUU")| <
[(3t —7)/2] for any z, 2 € V(H;) with zz' € E(G). Then since H; is connected,
it follows that |[N(H;) N (SUU UU")| = [(3t —7)/2]. Since G is [(3t — 3)/2]-

connected, this implies V(G) = V(H;)U(N(V (H;)N(SNUNU’)). But then |V(G)| =
5+ [(3t — 7)/2], which contradicts the assumption that |V (G)| > [(3t +5)/2] (see
the second paragraph of this section). O

Claim 3.3. Let 1 < i < m, and suppose that H; is a cycle of order 3. Let z,
2 e V(H;) with z# 2. Then [IN({z,2/})n(SUUUU")| > [(3t —5)/2].

Proof. Suppose that |[N({z,z’}H) N (SUUUU")| < [(3t —7)/2]. Then |[N({z,2'}) N
V(@) = V(H))| = [((N{z,z)) n(SUT LT U (V(H;) —{z2'})| < [(3t = 5)/2].
Since G is [(3t — 3)/2]-connected, this implies |V (G)| = |V(H;) U (N({z,2'}) N
(SuUuU))| < [(3t—1)/2], which contradicts the assumption that |V(G)| >
[(3t+5)/2]. M

Claim 3.4. Let 1 <i < m, and suppose that H; is a path of order 1 or 2, or a cycle
of order 3. Then |[N(V(H;))N(SUUUU")| > [(3t —3)/2].

Proof. It IN(V(H;)) N (SUU UU")| < [(3t —5)/2], then since G is [(3t — 3)/2]-
connected, it follows that |V (GQ)| = |V (H;)N(N(V (H;))N(SUUUU"))| < [(3t+1)/2],
a contradiction. O

Before defining the numbers 6; (1 < i < m), we choose, for each 1 < i < m,
disjoint subsets T;1, Tio...,T;;, of V(H;) such that E(TZ],T /) = 0 for any j, j'
with j # j/, where j; is the independence number of H;. Our choice of the T; ; depend

on whether t > 7 or t = 6.

(1) Let t > 7.

(D1-1) Assume that H; is a path of order I, where [ > 3, or a cycle of order [,
where [ =4 orl > 6. Let z1,..., z; be j; independent vertices of H;. Under
this notation, we set T; ; = {2;} for each 1 < j < j;.

(D1-2) Assume that H; is a path of order 1 or 2, or a cycle of order 3. In this
case, j; = 1. We set T;; = V(H;).

(D1-3) Assume that H; is a cycle of order 5. In this case, j; = 2. By Claim 3.2,
there exist vertices z, 2’ € V(H;) such that zz' € E(G) and |[N({z,2'}) N

(SUUUU")| > [(3t—5)/2]. Let z” be the unique vertex in V(H;) — {z, 2’}
such that E(z2",{z,2'}) = 0. We set T;1 = {z,2'} and T}, = {z"}.

(2) Let t =6.

(D2-1) Assume that H; is a path of order [, where [ is odd. Let z1,..., z;, be j;
independent vertices of H;. Under this notation, we set T; ; = {z;} for each
1<j <
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(D2-2) Assume that H; is a path of order [, where [ is even and [ > 4, or
H; is a cycle of order I, where [ = 4 or [ > 6. Note that we can take two
independent sets Y, Y’ C V(H;) having cardinality j; so that YNY”’ = ). We
may assume 3(Y) < B(Y’). Write Y = {z,...,2;,}. Under this notation,
we set T; ; = {z;} for each 1 < j < j;. We have /5( (Hy)) > pY)+6(Y") >
26(Y) =23 1<, B(Ti)-

(D2-3) Assume that H; is a path of order 2, or a cycle of order 3. In this case,
jl = 1. We set T;',l = V(Hl)

(D2-4) Assume that H; is a cycle of order 5. In this case, j; = 2. First assume
that B(V(H;)) = 0. By Claim 3.2, there exist vertices z, 2’ € V(H;) such
that zz' € E(G) and [N({z,2'}) N (SUUUU’)| > 7. Let 2 be the unique
vertex in V(H;) — {z, 2’} such that E(2",{z,2'}) = 0. We set T;; = {z,2'}
and T; o = {z"}. Next assume that 3(V ( ;)) > 1. Note that we can take
two independent sets Y, Y’ having cardinality 2 so that Y N Y’ = ). We
may assume G(Y) < B(Y’). Write Y = {z1,22}. We set T;; = {z} and
Tip = {z2}. We have 5(V(H;) — (T;1 UT;»)) = 8(Y') = B(Tia) + B(T52)
and B(V(H) — (T;n U Ti2)) > 1.

For each x € S, let N (z) = {T;;|1<i <11 <j<ijx e N(T,)}
Claim 3.5. (i) If (4,7) # (¢,j'), then E(T;;,Ty ;) = 0. In particular, for each
z €S, we have E(T; ;,Ty ) = 0 for any T, ;, Ty € N(x) with (i,5) # (i, §).

(ii) Let x € S. Then E(u,T;;) =0 for any u € L(x) and for any T;; € N(z).

Proof. Statement (i) follows from the definition of H; and T} ;. Since L(x)NN(T) =0
by the definition of L(x), (ii) also holds. O

Claim 3.6. (t—1)|S| > Y > |N(Ti;)n(SuU)|.

1<i<m 15 <5

Proof. Since G is K 4free, it follows from (3.4) and Claim 3.5(i), (ii) that [N (x)| +
|L(z)| <t—1forevery z € S. Note that >, ¢ N ()] =300 D1<jey IN(T35) N

S|, and that 3 g |L(z)| =a= 3" cra(y) =X icicm Zer(H a(y) by (3.5), Claim
3.1(i) and (3.6). By the definition of a(y), we also have

doaw) = Y > aly= Y INT,)NU
yeV (H;) 1<5<ji y€Ti ; 1<5<7i

for each 1 < ¢ < m. Consequently

(t=DIS| = D (V@) + |L(@)])

zeS
= ( ST IS+ Y aly)
1<i<m  1<j<j; y€eV (H;)

> 3 (X (IN@) N S|+ N NUD),

I<ism  1<j<ji

as desired. O
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We now estimate 6(.5,T") from below. For each 1 < ¢ < m, set

0; zﬁ > \N(Ti,j)m(SuU)Hgﬁ(V(Hi))— > (4 —degy,(y)).

1<j<ji yeV (H,)

Claim 3.7. 0(S,T) > Y 6.

1<i<m

Proof. Note that h(S,T) =a+b < Zlg]‘gm Zer(Hi)(oz(y) + 6(y)/3) and

Z(degc sy Z Z (degg_s(y) —4)

yeT 1<]<mer(H

by Claim 3.1 (i), (iii) and (3.6). Also degg_g(y) = degy, (y) + a(y) + B(y) for every
y € T. Therefore it follows from Claim 3.6 that

0(5,T) = 4|9 +Z (dege_g(y) —4) — h(S,T)

yeT

— Z Z IN(T;;) N (SUU)|

1<z<m1<]<]L

+ Y > <degH (y)+/5(y)4>

1<i<m yeV (H;)

DY <a(y)+%ﬁ(y)>

1<i<m yeV(H;)

= { Z ‘N i) (SUU)’—&- Z <degHZ(y)—4>
)

1<i<m 1<]<]z yeV(H;

+Zﬁ}

yeV(H,

- ¥ {% 3 (’N(Tm)ﬁ(SUU)O +§6(V(Hi))

1<i<m 1<5 <5

-y (4degHi<y>>},

y€eV (H;)

Y%

as desired. O

4 Proof of Theorem 4

We continue with the notation of the proceeding section, and complete the proof of
Theorem 4. We divide the proof into two cases.
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Case 1. Suppose t > 7.
For each 1 < i < m, set

=S V@) (SUT LD - Y (4 - degg ().
152 eV (H,)
Since 4/(t—1) <2/3 and B(V(H;)) > 301 <;<;, B(Tig) = >21< <y IN(Ti)NU'| by the
definition of 3, it follows that 6; > (4/(t—1)) 32, (IN(Ti;)U(SNU)|+|N(T;;)N

U’|) — Zer(H,)(4 —degy.(y)) = pi. By Claim 3.7, we see that 0(S,T) > Zlgigm ;.
Hence in order to prove Theorem 4, it suffices to show that p; > 0 for each 1 < i < m.
Thus fix ¢ with 1 < ¢ < m. Recall that we have §(G) > (3¢t —3)/2 by the assumption
that G is [(3t — 3)/2]- connected.

Subcase 1.1. H; is a path of order [, where [ > 3, or H; is a cycle of order [, where
l=4o0rl>6.

Let z; be as in (D1-1). Thus T;; = {z;} for each 1 < j < j;. Since §(G) >
(3t — 3)/2, we get

Z |N(Ti;) N (SuUUU')| = Z (degc(zj)—degm(zj))

1<j<ji 1<5<ji

3t73
Z Z degy. (25)-

1<5<7i

First assume that H; is a path of order [, where [ is odd and [ > 3. Then

= (+1)/2 and 3, ,;, degy, (2) = 2ji — 2. Alsoz yevia) (4 —degy, (y )) =2[+2.
Hence

4 (3t —3)j .
e (U @) - @iy
> 6 %240)(m+@—£+§>0
=07 — 3 Ji =373 .

Next assume that H; is a path of order [, where [ is even and [ > 4. Then j; = [/2,

di<i<j degp, () = 25 — Lor 2j; — 2, and 37y, (4 — degy, (y)) = 20 + 2. Hence
N 4

Pr=

2 14
263'1'*5(2]'1'*1)7(2[+2):517520_

(B2 - ) - @i +2)

Now assume that H; is a cycle of order I, where [ = 4 or [ > 6. Then

Pi<jey degy () = 2j; and 3y, (4 — degp,(2;)) = 2. In the case where !
is even, j; = [/2, and hence

\/

4 /(3t—3)
Pi 1( 2
2 1
> 6, — =2 — 20 = =1 > 0;
= 3 3

—2;.)—21
> = j
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in the case where [ is odd, j; = (I — 1)/2 and [ > 7, and hence

p> A (BB o))
7

2 1
6j,— = 2j,—2 = ~1— +>0.
> 0= 34 373

This completes the discussion for Subcase 1.1.
Subcase 1.2. H; is a path of order 1 or 2, or a cycle of order 3.
By (D1-2) and Claim 3.4, j; = 1 and

IN(T, )N (SuTUuU)| =|NV(H)NSUUUU)| > (3t —3)/2.
Also 3 cy g,y (4 — degpy, (y)) < 6. Hence

I )

P 5 -6 = 0.

Subcase 1.3. H; is a cycle of order 5.
By (D1-3), j; = 2 and

3t—5
IN(T)n(Suuul)| > —5
Also, letting T; 2 = {2}, we get
IN(Ti2) N (SUUUU)| = degg(z") — degy, (2")
> §(G)—2 > ?’t2—7372
C3t—7
= =

Further 3° 4, (4 — degy, (y)) = 10. Hence

—10 > 0.

4 3t—5 3t—-7 12t — 24
P > —10 = ——
t—1 2 2 t—1

Thus the proof for the case where t > 7 is completed.

Case 2. Suppose t = 6.

In view of Claim 3.7, it suffices to show that 8; > 0 for each 1 < i < m. Fix i
with 1 <4 < m. Note that [(3t — 3)/2] = 8. Thus G is 8-connected, and §(G) > 8.

Subcase 2.1. H; is a path of order [, where [ is odd.
Let z; be as in (D2-1). Thus T;; = {#;} for each 1 < j < j;. We have j; =
(I1+1)/2, Z1g]‘g]‘, degy (z;) = 2j; — 2 and Zer(H,)(4 — degy, (y)) = 21+ 2 (note
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that these equalities hold for [ = 1 as well). Further 4/(t — 1) = 4/5 > 2/3, and
BV (H;)) > Z1g]‘g]‘, |N(z;) NU'| by the definition of 5. Since §(G) > 8, we obtain

Z [N(z) N (SUU)| + /5( (Hi)) — (21 +2)

1<J<J7
4
>z > IN(z)N SUU]+ > IN(z) NU'| = (21 +2)
1<5<y; l<]<]Z

2 )
>3 Z‘ IN(z)n(SUUUT")| - (20 +2)
2

=2 2 (dega(z;) — degp, () — (21 +2)
1<5<ji
2 4
>=(8i—2+2)—(2l+2) = 3> 0.

w

Subcase 2.2. H; is a path of order [, where [ is even and [ > 4, or H; is a cycle of
order [, where [ =4 or | > 6.

Let z; be as in (D2-2). Set

,g 3 degy(z)— Y (4 degy, ()

1<5<ji yeV(H,)

By (D2-2), 8(V(H;)) > 221§j§jf B(z;) > 2218’8&' |N(z;) NU'|. Hence

0 = ¢ Z IN(z) N (SUU)| + /5( (H))— Y (4—degy,(y)

1<]<]L yeV (H;)
4
> < > N(z)n(SUD) y+ ST NE)NU = > (4—degy,(y))
1<j<jL 1<]<]L yeV (H,;)
> - Z IN(T)N(SUU U = > (4—degy,(y)
1<]<]L y€eV (H,;)
4
=z D (degalzy) — degy,(2)) — > (4 — degy, ()
1<5<5i yeV(H,)
4 . 4
> 5-8-]1-*5 Z degy () — Z (4 — degy,(v))
1<j<ji YEV (H;)

Therefore it suffices to show that p; > 0.

First assume that H; is a path of order [, where [ is even and [ > 4. Then j; = [/2,
i<jey degpy, (25) = 2j; — 1, and 37 (4 — degp, (y)) = 20 + 2. Hence

2 6
= 21— 2.
Pi=gtT3
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Next assume that H; is a cycle of order [, where [ is even and [ > 4. Then
Ji=1/2, Z1g]‘g]‘, degy, (z;) = 24;, and Zer(H,)(4 — degy, (y)) = 21. Hence

2
z:_l>0
bi=7y

Now assume that H; is a cycle of order [, where [ is odd and [ > 7. Then
=(1=1)/2, X1cj<j, degy,(2)) = 2ji, and - ) (4 — degp, (y)) = 2I. Hence
12

-:—lf— 0.
pi 5

Subcase 2.3. H; is a path of order 2.

Note that > vy, (4 — degy,(y)) = 6. By (D2-3), ji = 1 and T;; = V(H,).
First assume that §(V (H)) = 0. Then by the definition of S(V (H;)) and Claim 3.4,
IN(V(H;))N(SUU)|=|NV(H;))N(SUUUU)| > 8. Hence

Gi:5|N(V(Hi))U(SﬂU)|762%~876>0.

Next assume that S(V(H;)) > 1. Write V(H;) = {z, 2’} with §(z) < 8(2'). Then
B(z') > 1. Hence

0; = ZIN({z2})n (SUU)|+—5(Z)+§B(Z/)_

2
3
2 2
=8() + 38() -

ING) N (SUT VY| — 12_5/3@) + %ﬁ(z’) 6

o ot

> —|N(z)N(SuU)|+

IN(z) N (SUUUU)| + %ﬁ(z') —6

(degg(1) — degy, (21)) + — — 6

>
- 15

v
%ml»&ml»&ml»&m

8
> 281+ = —6>0.
e T

Subcase 2.4. H; is a cycle of order 3.

Note that > vy, (4 — degp, (y)) = 6. By (D2-3), j; = 1 and T;; = V(H;). If
B(V(H;)) = 0, then arguing as in the first paragraph of Subcase 2.3, we get 6; > 0.
Thus we may assume that S(V(H;)) > 1. Write V(H;) = {z,2/,2"} with p(z) <
G(2") < B(2"). First assume that G(z') = 0. Then 3(z) = 0 and /5( ") > 1. By the
definition of 5 and Claim 3.3, |[N({z, 2’})N(SUU))| > IN({z,2'})Nn(SUUTUU")| > 7.
Hence

b = FINU=Z, 2NN (S VD) + 25" ~6

%

%’N({z, NN (SUT)| + ;ﬁ(z”) 6

1 7+2 6>0
5 3 ’

%
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Next assume that 5(z') > 1. Then (z”) > 1. Hence

0i

Subcase 2.5.

Next assume that 5(V (H;)) > 1.
{z1,22}) = B(21) + B(22) and B(V (H,

0;

%

>

>

Y

Y

g‘ ({2 2,2")N (SUU)I+§ﬁ(z)+zﬁ(2/)+zﬁ(zﬁ)*6
%y ()N (SUU)|+ gﬁ(z) + g/J(z’) +36(") ~

%]N() (SUUUU’]—zﬁ (2) + §6() gﬁ( ) -
%]N(z)m(SUUUU’)]+%ﬁz)+§ﬁ(z)*6

£ (dog(z) — dogyy (2)) + 15+ — 6
82+t 26

0.

H; is a cycle of order 5.

Note that > oy, (4 degH( )) = 10. By (D2-4), j; = 2. First assume that
G(V(H;)) = 0. By (D2-4) ’N i) NSy U)’ > 7, and we also have |N(TZ-,2) NSy
U)’ (G )722872—6 Hence

0;

_ %(|N(Ti,1) N(SUD)| + |N(T2) N (SUD)|) — 10

4
> =(7+6)-10 > 0.

Let 21, 29 be asin (D2-4). By (D2-4), 8(V (H;)—
{z1,22}) > 1. Therefore we obtain

i) —
g]N(z1 m(SuU)|+%|N(z2) N(SuU)|
z2) + H;) = {z1,22}) — 10

%]N(zl nESuuut) ]+—]N 2)N(SUT U
2

OJI[\D
~
=
<
—

2

— ) - 155(22)+ 5( (Hi) ={z1,22}) = 10
%]N(z1 NSuUul’) ]+5]N 2)N(SUT U

OV (H) — {21,220) — 10
4 4 8
g(degc(zl) — degy,(21)) + p(degg(22) — degy, (22)) + 77 — 10
4 8
= 6+— 6+ —10 > 0.

Now the proof for the case where ¢t = 6 is completed. This completes the proof
of Theorem 4.
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