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Abstract

Magic rectangles are well-known for their very interesting and entertain-
ing combinatorics. Such magic rectangles have also been used in designing
experiments. In a magic rectangle, the integers 1 to pq are arranged in an
array of p rows and ¢ columns so that each row adds to the same total P
and each column to the same total (). In the present paper we provide a
systematic method for constructing a p by ¢ magic rectangle where p > 1
and g > 1 are any odd integers.

1 Introduction

Magic rectangles are well-known for their very interesting and entertaining combi-
natorics. A magic rectangle is an arrangement of the integers 1 to pg in an array of
p rows and g columns so that each row adds to the same total P and each column
to the same total (). The totals P and () are termed the magic constants. Since the
average value of the integers is A = (pg + 1)/2, we must have P = ¢A and @ = pA.
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The total of all the integers in the array is pgA = pP = qQ. If pq is even pg + 1 is
odd and so for P = g(pg + 1)/2 and @ = p(pg + 1)/2 to be integers p and ¢ must
both be even. On the other hand, if pq is odd then p and ¢ must both be odd. In
this case also P and @) are integers since pq + 1 is even. Therefore, an odd by even
magic rectangle is impossible.

For an update on available literature on magic rectangles we refer to Hagedorn
[5], and Bier and Kleinschmidt [1]. Recently, Reyes, Das and Midha [3], and Reyes,
Das, Midha and Vellaisamy [4], have provided complete solutions for constructing
an even by even magic rectangle. The method of construction provided there is not
extendable to the odd case. Thus the construction of odd by odd magic rectangles
has been more challenging.

Das and Sarkar [2] provide constructions for a few odd by odd magic rectangles
by taking a rectangle with constant column sums and transforming it into a magic
rectangle via transpositions within columns. They provide tables for the constructed
magic rectangles. Following the ideas of Das and Sarkar [2], in the present paper we
provide complete solutions to the construction problem by providing a systematic
method of constructing a p by ¢ magic rectangle where both p and ¢ are odd. A
p % q rectangle Hp,, containing integers 1, 2,..., pg once, with constant column sums,
is readily produced. This rectangle can be transformed into a magic rectangle M
by performing transpositions within columns to make the row sums constant. The
change in a particular row sum from H), to M is equal to a certain sum of differences
of transposed entries. The method has been shaped in the form of an algorithm that
is very convenient for writing a computer program.

In Section 2 we construct p by ¢ magic rectangles. The supporting proofs related
to the construction are given in Section 4. In Section 3 we illustrate our construction
method through some examples of magic rectangles.

2 The construction

We construct magic rectangles with p rows and ¢ columns (p > 1 and ¢ > 1 both
odd). In order to build our construction method, we first define some matrices. In
the sequel, J,,,, denotes a m x n matrix having all its elements equal to 1, and J,;
is denoted by 1,,. Also, ® denotes the Kronecker product symbol.

Definition 2.1. For ¢ = 2¢' — 1, ¢ > 1, define

o 1 2 - q9¢g=-1¢q\ _ [ Ry
“\¢g ¢g—-1 -+ 2 1) \ Ry )’

1 2 e q’ q/+1 . q
S = q’ q’_l’_l e q 1 .. q/_l ,
q q—2 1 ¢g—1 2



MAGIC RECTANGLES OF ODD ORDER 133

and
g g—2 -+ 1 g—1 ¢g—3 - 2
T: 1 2 - q/ q/_l’_l q’+2 - q _ TU
1 3 e q 2 4 g —1 T, )’
g ¢g—1 - ¢ ¢-1q¢-2 1

where each of Ry and Ry, are of order 1 x g and each of Ty and 77, are of order 2 x q.

Ry
Definition 2.2. Let p’ > 1. Define G3 = 5, G5 = S |, and
Ry
1p/ [09] TU
S if p=4p +3,
1p/ 039 TL
G, =
Ry
Gp,Q lfp = 4})’ + 5.
Ry

Also, define, H, = (h;;), where h;j = (g;; —p+14, 1 <i<p, 1 <j <gq, and
Gp = (9ij)-

Theorem 2.1. Suppose p > 1, ¢ > 1, n > 1 are odd. Let My be a p X n magic
rectangle. Then there exists a p X qn magic rectangle M.

Proof. For 1 <i<p, 1 <j<gq,let M; =M, + (j — 1)pnJ,, and m;; represent
the 4-th row of M;. Then M is obtained from G, by replacing the element j in the
i-th row of G}, by m;j, 1 <14 <p, 1 <j <gq. Using the fact that M is p X n magic
rectangle and using the properties of the matrix G, (Lemma 4.1), it is easy to see
that each row sum of M equals (@)q+npn+n2pn+ coot+n(g—1)pn = M
and each column sum of M equals @ + (@ —p)pn = w

p X ng magic rectangle. O

. Hence M is a

Theorem 2.2. For p odd, consider the p X p matrices

1 2 p—1 p p p—1 2 1

2 3 P 1 1 P 3 2

Ny = : P : : and Ny = : : :
p—11p p—3 p—2 p—2 p—3 p p—1

p 1 p—2 p—1 p—1 p—2 r p

Then a p x p magic rectangle M is given by M = Ny + p(Na — Jpp).

Proof. Let a;; and b;; be the (ij)-th element of N; and Ny, 1 < 4,5 < p. Notice
that N; and N, are orthogonal latin squares since both of them are latin squares
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and the collection {(a;j, b;;),1 <1i,j < p} collects all p? ordered pairs. Based on the
orthogonality of N; and Ny, the collection of all elements of M is the set {i + (j —
1)p,1 < 4,7 < p} which contains p? consecutive integers from 1 to p?. Now, it is
clear to see each column and row sums of M equals p(1+p)/2+p(p(1+p)/2—p) =
p(1 +p?)/2. Hence M is a p X p magic rectangle. O

Magic rectangle construction method: step by step descriptions

Suppose p > 1 and ¢ > 1 are odd. The p x ¢ magic rectangle M is constructed as
follows.

Step I. Construct G, and H,, ( both matrices are defined in Definition 2.2). Each
row of G, is a permutation of (1,2,...,q) and its column sums are all equal. H, has
the following properties. (i) each of the numbers 1 through pg appear once; (ii) each
column sum equals p(pg + 1)/2; (iii) the i-th row sum is pg(q — 1)/2 + ¢i; (iv) for
1 <i < (p—1)/2, the difference between the (p+ 1 —i)-th row sum and the i-th row
sum is ¢(p + 1 — 2i); (v) the (p + 1)/2-th row sum is q(pg + 1)/2.

Step II. Each column sum of H, are equal, that matches the column sum require-
ments of a magic rectangle. Hence, in this step, we will rearrange the element orders
within columns such that the resulting H), has the equal row sums, therefore, it is
the required magic rectangle. Observe that (iii), (iv) and (v) properties of H, in
Step I, we wish to exchange some elements of the i-th row with the correspond-
ing elements of the (p + 1 — i)-th row, such that the resulting row sum of the i-th
row gains ¢(p + 1 — 2i)/2 and the resulting row sum of the (p + 1 — i)-th row loses
q(p+ 1 —2i)/2. Then, the resulting row sum of i-th equals to pg(q — 1)/2 + qi +
q(p+1—2i)/2= q(pqg + 1)/2 and the resulting row sum of the (p + 1 — i)-th row
equals to pg(q —1)/2+q(p+1—1) - g(p+1—2i)/2 = q(pg + 1) /2.

We now explain how this row element exchanges procedure works. For 1 < i <

p, let gi = (9a, Y2, - - - 79¢q)7 Ip+1—i) = (g(p+17i),17 I(p+1—i),25 - - - 7g(p+17i),q)7 hi =
(hi17 hi27 ey hzq) and h(p+1—i) = (h(p+1—i)‘17 h(p+1—i)727 ey h(p+1—i)‘q) denote the i-th
and (p+1—1i)th rows of G, and H,. Based on h; = pg; +il, the above row element
exchanges on rows of H, can be done through the row element exchanges on the
rows of G,. We prefer to do the row element exchanges on rows of Gy, since the row
differences of G, are easier to be characterized.

Let the difference row vector d; = ggpy1—iy — gi = (dit, dia, . . ., dig), 1 <3 < (p—1)/2.
Assume, in d;, the I elements, dj;,, dij,, - - ., d;j,, are chosen, such that pZL:l dij, +
l(p+1-2i) = q(p+1—2i)/2. This suggests that, in G}, the [ elements g;j,, Gijo, - - - » Giji
of the i-th row should be exchanged with the [ elements, gip+i—1)j1, 9p+i-1)ja»- - - >
Gpti-1),j, of the (p + i — 1)-th row. Also, it indicates, in H,, the I elements,
hijy s Rijy, - . ., by, of the i-th row should be exchanged with the [ elements, hgpyi_1)j,,
R(ptiz1)gos - - - > Ppri-1),j, of the (p 4 i — 1)-th row. Then the i-th and (p + 1 —i)-th
row sums of the resulting H, are both equal to ¢(pg + 1)/2.

Step III. Do the above row element exchanges of G, and H,, for 1 <1i < (p—1)/2.
Keep the (p + 1)/2-th row of H,, intact, since its row sum equals to ¢(pg + 1)/2.
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Now, the resulting H, has equal column sums and row sums, and is a p X ¢ magic
rectangle.

3 Some illustrative examples

The method provided in this paper allows one to write a simple computer program
for obtaining any odd by odd magic rectangle. We provide two examples of magic
rectangle of sides 7 by 11 and sides 13 by 19.

Magic rectangle of order 7 by 11

p=7=4+3,q=11=2x6—1. Thus p’ =1 and ¢ = 6.
1 9 75 3 110 8 6 4 2
1 234 5 6 789 10 11
1 234 5 6 789 10 11
Gy = 6 78 9 10 11 1 2 3 4 5
1 975 3 1108 6 4 2
1 357 911 2 4 6 8 10
1 10 9 8 7 6 5 43 2 1

From G7 above, we obtain H; as below:

71 57 43 29 15 1 64 50 36 22 8

2 9 16 23 30 37 44 51 58 65 72

3 10 17 24 31 38 45 52 59 66 73

H:=1 39 46 53 60 67 74 4 11 18 25 32
75 61 47 33 19 5 68 54 40 26 12

6 20 34 48 62 76 13 27 41 55 69

77 70 63 56 49 42 35 28 21 14 7

For rows i and 7 — ¢, 1 <1i < 2, we carry out the corresponding interchanges as in
Case II of Theorem 4.1. Here, l = (11 —7)/2 =2=2x 0+ 2. Thus y = 0. So we
interchange (i) between rows 1 and 7 at positions 1 and (7+3—2)/2 = 4, (ii) between
rows 2 and 6 at positions 1 and (7+3—4)/2 = 3. For rows 3 and 5, we carry out the

corresponding interchanges as in Case I of Theorem 4.1. Here, ¢ =11 =6 x 2 —1
(i.e., k=2),l =2 =4 x 0+ 2. Thus y = 0. Hence, we interchange between rows 3
and 5 at positions 2 x 2 =4 and 4 x 2 =8.

From H; above, on carrying out the interchanges, we obtain 7 x 11 magic rectangle
M as below:
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77
6

57

9
10
46
61
20
70

43
34
17
53
47
16
63

56
23
33
60
24
48
29

15
30
31
67
19
62
49

Magic rectangle of order 13 by 19

p=13=4x2+5¢=19=2x10—1. Thus p' =

Gi3 =

—_ — = —_ =
N OOt W W Otw otWw

—
~ =1 Ot

—_
w
—

—_
w
—_

— =
UL O © UL O = UL Ot = Ot Ot

—_
(=)
—_

—
(=]
==

OO OO D

11
14
11
14
14

1
1
1
1
1

[SYES IENEEN PN RN PN

—_
Gl =] 00 0O Ut 0O Wt 0o

3
3
3
3
3

= e e
(SR NCRN, B R

VOO WO WO

17
11
17
11
11

1 64
37 44
38 45

74

4

5 68

76 1

3

42 35

10 1

10 1

10 1
10 1
19

19
10
19
10
10

50
o1
54
11
52
27
28

12
16
12
16
12
12

W~

Q0 00 W= 00

From Gi3 above, we obtain Hyz = (Hiy, H%), where

1
H13_

1
236

238

124
242

244

11
246
247

14
210
16
212
18
19
137
216
35
231
37
233
234

27
184
29
186
31
32
150
190
61
218
63
220
221

40
158
42
160
44
45
163
164
87
205

89
207
208

53
132
55
134
57
58
176
138
113
192
115
194
195

66
106
68
108
70
71
189
112
139
179
141
181
182

79
80
81
82
83
84
202
86
165
166
167
168
169

92
54
94
56
96
97
215
60
191
153
193
155
156

36
58
59
18
40
41
21

13
14
13
14
13
13

14

SIS SRS

105

28
107

30
109
110
228

34
217
140
219
142
143

22
65
66
25
26
95
14

72
73
32
12
69

2 and ¢’ = 10.

15
10
15
10
15
15

10

—_
oot o ot

118

120

122
123
241

243
127
245
129

130

16
16

16
16

12

12
4
4

131
223
133
225
135

136

229
22
114
24
116
117

3
3

18
18

18
18

16

16
2
2

144
197
146
199
148
149

20
203

48
101

50
103
104

19

19

19

19

18

18

and
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157 170 183 196 209 222 235
171 145 119 93 67 41 15
159 172 185 198 211 224 237
173 147 121 95 69 43 17
161 174 187 200 213 226 239
162 175 188 201 214 227 240
H% = 33 46 59 72 8 98 111
177 151 125 99 73 47 21
74 100 126 152 178 204 230
88 75 62 49 36 23 10
76 102 128 154 180 206 232
90 77 64 51 38 25 12
91 78 65 52 39 26 13

For rows 1 and 13, we carry out the corresponding interchanges as in Case III of
Theorem 4.1. Here, I = (19 —13)/2 =3 =2 x 1+ 1. Thus y = 1. So for row
1 we carry out the corresponding interchanges which is between rows 1 and 13 at
positions 1, 19 and 7. For rows ¢ and 14—i, 2 < ¢ < 5, we carry out the corresponding
interchanges as in Case II of Theorem 4.1. Again, [ = 2y + 1 with y = 1. So we
interchange (i) between rows 2 and 12 at positions 10, 11 and 6, (ii) between rows 3
and 11 at positions 10, 11 and 5, (iii) between rows 4 and 10 at positions 10, 11 and
4, (iv) between rows 5 and 9 at positions 10, 11 and 3.

Finally, for rows 6 and 8, we carry out the corresponding interchanges as in Case
I of Theorem 4.1. Here, g =19 =6 x 3+ 1 (i.e., k=3),l =3 = 4 x 0+ 3. Thus
y = 0. Hence we interchange between rows 6 and 8 at positions 13, 6 and 8.

From H,3 above, on carrying out the interchanges, we obtain 13 x 19 magic rectangle
M = (M*, M?), where

247 14 27 40 53 66 169 92 105 118 131 144
236 210 184 158 132 181 80 54 28 129 116 197
3 16 29 42 115 68 81 94 107 245 24 146
238 212 186 205 134 108 82 56 30 127 114 199
5 18 61 44 57 70 83 96 109 243 22 148

6 19 32 45 58 112 84 60 110 123 136 149
M'=| 124 137 150 163 176 189 202 215 228 241 7 20 [ and
242 216 190 164 138 71 86 97 34 8 229 203
9 35 31 87 113 139 165 191 217 122 135 48
244 231 218 160 192 179 166 153 140 4 225 101
11 37 63 89 55 141 167 193 219 120 133 50
246 233 220 207 194 106 168 155 142 2 223 103
1 234 221 208 195 182 79 156 143 130 117 104
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157 170 183 196 209 222 13
171 145 119 93 67 41 15
159 172 185 198 211 224 237
173 147 121 95 69 43 17
161 174 187 200 213 226 239
177 175 188 201 214 227 240
M? = 33 46 59 T2 8 98 111
162 151 125 99 73 47 21
74 100 126 152 178 204 230
88 75 62 49 36 23 10
76 102 128 154 180 206 232
90 77 64 51 38 25 12
91 78 65 52 39 26 235

4 Proof of the validity of the construction

We first establish some preliminary results. Recall that matrices R, S, T, G, and
H, are defined in Section 2.

Lemma 4.1. The rows of R, S, T and G, are permutations of (1,2,3,...,q) and
the column sums of R, S, T and G, are ¢+ 1, 3(¢+1)/2, 2(¢+ 1) and p(¢+1)/2
respectively.

Proof. For R, S and T, it is easy to see that each row being a permutation of
(1,2,...,q) has row sum ¢(¢+1)/2 and each column has column sum g+1, 3(¢+1)/2,
2(g + 1), respectively. G, is formed as the combination of copies of R, S and T, has
the above row properties and equal column sums p(q + 1)/2.

The following quantities are needed in Lemma 4.2. For a positive integer k, let

62—(—11),63—(—101),64—<(1] _? (1) (1)>,v1_(6k—26k—5~-~3k+10),
vy=(3k—23k—5 - 1),v3=(-2 =5 -+ =3k+1),v,=3k—33k—6 --- 3),
vs=(-3 —6 - —3k+3),v5=(-3k —3k—3 .-+ —6k+3),

wy = (6k 6k —3 -+ 3k +3), wy = (3k3k—3 -+ 3), wg = (-3 —6 -~ —3k),
wy =3k —23k—5 - 1), ws= (-2 =5 -+ —3k+1),

wg=(—3k—2 —3k—5 -+ —6k+1).

Observe that v, and vs are of length k — 1, while the others are of length k.

Lemma 4.2. Let ¢ =2¢' — 1. Then we have

(i)esR=(q—1 ¢—=3 ... 4 2 0 =2 —4 ... —q+3 —q+1),
(’U1 vy w3 vy 0 vy UG) ifq=06k—1
(wl wy 0 w3 wy ws 1_U6> if g =6k+1,
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(01 - -1 —¢d+1 —¢+2 -+ =2 -1
(m}e4T—<0 1o =1 41 —q+2 - —2 —1

Proof. This follows from straight observations on row differences in R, S and T'. O

The following two lemmas describe detailed element relations among v;’s and w;’s,
1 <4 <6, which appear in Lemma 4.2 (ii).

Lemma 4.3. Foru=1,2,3,6, letvu:(vm Vo ** Uuk)andforu:él,f’), let
Uu:(Uul Vy2 0 Uyk-1 ) Then,

(i) vij=6k—2-3(j—1), 1 <j <k,

(i1) vo; =3k —2-3(j —1), 1 <j<k,

(it1) vg; = —=2—=3(j — 1), 1 <5<k,

(iv)v4j:3k: 3-3(j—-1),1<5<k—1,

(v)vsj=-3-3(j—1), 1<j<k—1,

(’UZ) Ugj*—gk 3(]—1) 1<]<k

Also, the following hold:

(a) For 1 S j S k, U1 +U6,k+1—j =1 and Vaj +U3,k+1—j = *1,
(b) FO’F 1 Sj S k* 17 U4]‘ +U5,k—j = 0,

(C) For1<j <k, V15 + V25 + V3 k+1—5 + V6 k+1—5 = 0,

(d} Vo = 1; Vg, k—1 + U5 = 0.

Lemma 4.4. For 1 <u <6, let w, = ( Wyl Wyz **+  Wyk ) Then 1 < j <k,
(i) wy; = 6k = 3(j — 1),

(ii) wyy = 3k —3(j — 1),

(iii) ws; = =3 = 3(j — 1),

(’L’U) ’lU4J:3k’*3j+17

(v) ws; ==2-3(j — 1),

Also, the following hold:

(a) wij + we g1 = 1; wa; + Wy g1 = 0; way + ws g5 = —1,
(b) wyj 4 wa; + w5 15 + We pr1—5 = 0,

(C) Wy = 1,‘ Wop + W3 = 0.

Lemma 4.5. The p x ¢ matriz H, has the following properties,
(i) each of the numbers 1 through pq appear once,

1
(i) each column sum equals 2 pq+ plpatl)

(i) the i-th row sum is pq(q 1) + qi,

() for 1 <1 < B, the dlﬁemnce between the (p + 1 —i)-th row sum and the i-th
row sum is q(p + 1 — 22)7

(v) the (E2)-th row sum is L2

Proof. This follows from Lemma 4.1.
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Theorem 4.1. For given odd integers p > 1 and q > 1, there exist a p X q magic
rectangle M.

Proof. By the application of Theorems 2.1 and 2.2 and without loss of generality,
we can assume that p < ¢ and ¢ does not have a factor 3. First, construct G, and

H,. From Lemma 4.5, in H), each column sum equals @ and the (%)—th row

sum equals M. Therefore we will rearrange the elementorders within columns of

H, such that the resulting H, has equal row sums. More specific, our objective, for

1< %, is to interchange some elements of the i-th row of H, with the corresponding

elements of (p + 1 — i)-th row such that it results in the two row sums being equal

to @. The row elements interchanges strategy in H, as follows.

Suppose we interchange ! elements hyj, Rij,, - .., hij of the i-th row with cor-

responding elements hy1—;j,, Bpt1—ijas - - - Rpy1—i; Of the (p + 1 — i)-th row of H,,.

Then, by Lemma 4.5 (ii), (iii) and (iv), we must have 3! [hpy1j, —hij] = q(”;;%)
in order to make the corresponding row sums equal to %. This implies
1 A
A q(p+1—21)
P;(gpﬂ—mu = gi) + (0 +1-20) = ——F,
which has a solution S [gpr1ij. — iju] = P2 and | = L2 for 1 <4 < 2L
Thus, for I = (g—p)/2 we seek j1, ja, . . ., j; such that Zizl[gp+1,i7j,w —Gij.) = M.

Based on the different row positions of H,, there are three cases of positions
interchanges, Cases I, IT and III, which are shown at the end of the proof.

Let the desired magic rectangle M be the matrix obtained from H,, after carrying
out interchanges at positions as below:

(A) If p=3, then do the positions interchanges as in Case I.

(B) If p=5, then the first and the 5-th rows do the positions interchanges as in Case
IIT and the rest of rows do the positions interchanges as in Case 1.

(C) If p=4p’ + 3 and p’ > 1, then the (p — 1)/2th and (p + 1)/2-th do the positions
interchanges as in Case I and the rest rows do the positions interchanges as in Case
IT withi=1,3,5,...,2p' — 1.

(D) If p = 4p'+ 5 and p’ > 1, then the first and the last rows do the positions
interchanges as in Case I1I, the (p — 1)/2th and (p 4+ 1)/2)-th rows do the positions
interchanges as in Case I and the rest of rows do the positions interchanges as in
Case II with 7 = 2,4,6,...,2p.

Then, following the effects of interchange of elements in Hy, the p x ¢ matrix M has
the following properties,
(i) each of the numbers 1 through pq appear once,

. 1
(ii) each row sum equals [I(L;),
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1
(iil) each column sum equals Z pq+ p(patd)

Thus M is a magic rectangle.

Case I: Interchanges between row elements of H, corresponding to .S

The three rows of S appear as (Z7)-th, (221)- th and (E52)-th rows of G,. Also, the
difference between the (2£2)-th and (27%)-th row sums of H, is 2¢. Suppose [ corre-
sponding elements between the (%) th and (5= L)-th rows of H, are interchanged.
Let the sum of the differences between these [ elements in G, equals s (say). Then [
and s satisfies ps + 21 = ¢ with a solution s =1 and | = (¢ — p)/2.

Let l=(¢—p)/2=4y+ z (say), y >0, 1 < z < 4. We have

Case I (a) ¢ = 6k — 1. The choice of the [ interchanges, gp+1)/2,5. — 9p—1)/2,ju>
1 < uw < I, means the choice of the [ elements from (v, vy, vs,v4,0,v5,v6). Let
Vo = ¢ and V; = {vy;, vaj, V3 k41— Ve k+1—j 1> 1 < j < k — 1. The [ interchanges are
as follows.

(1) If I = 4y + 1, then choose V}, 0 < j <y and vy

(2) If | = 4y + 2, then choose V;, 0 < j <y and vy, 0

(3) If I = 4y + 3, then choose V;, 0 < j <y and vay, Vap—1, Us1-

(4) If | = 4y + 4, then choose V}, 0 < j <y and voy, vaj-1, 0, v51.

By Lemma 4.3, we got Zl =0,7=0,1,...,y <k —1, vy =1 and vy 1 + v5:=0,
lev;

hence, Zizl[g(p+1)/2‘ju — Gp-1)/2,5.) = 1 for (1) to (4).

Case I (b) ¢ = 6k + 1. The choice of the [ interchanges, gp+1)/2,5. — 9p—1)/2,ju>
1 < u < [, means the choice of the [ elements from (wy, ws,0, w3, wy, ws, wg). Let
Wo = ¢ and W; = {wy;, waj, W5 j+1—j, We g+1—5 1> 1 < j < k — 1. The [ interchanges
are as follows.

(1) If I = 4y + 1, then choose W;, 0 < j < y and wyy.

(2) If I = 4y + 2, then choose W;, 0 < j <y and wyy, 0

(3) If I = 4y + 3, then choose W;, 0 < j <y and way,, wo, ws;.

(4) If | = 4y + 4, then choose W;, 0 < j <y and wyy, way, 0, ws;.

By Lemma 4.4, we obtained Zl =0,7=0,1,...,y <k—1, wy = 1 and vor+v3;=0,
lEUj

hence, Zizl[g(p+1)/2‘ju — 9p-1)/2,5.) = 1 for (1) to (4).

Let ¢;, 1 < j < ¢ denote the j-th column position of H,. Then the above solution
suggests interchange between (5~ 1) th and (?)—th rows of H, at [ positions as
below:

For ¢ = 6k — 1, let Cf = ¢andC = {¢;, Chjy Cakr1—j Con—j 1 1 < J < (B —1).

(1) If I = 4y + 1, then choose C’j7 0<j <y and co.
(2) If | = 4y + 2, then choose C}, 0 < j <y and ¢y, Cap.
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(3) If I = 4y + 3, then choose 0}7 0<j<yand cop, Cap_1, Capi1-
(4) If I = 4y + 4, then choose C}, 0<j<yand ¢, Cap_1, Car, Capr1-

For ¢ = 6k + 1, let C§ = ¢ and C7 = {c;, Cakt144, Cohra—j, Cokya—j}, 1 < j <k — 1.
() l=4y+1, Cf, 0<j<yand cgps1.

(2) fl =4y +2,CF, 0<j<yand cypi1, Copt-

(3)Ifl=4y+3,CF, 0<j<yand cas1, Cok, Conro:

(4) If I = 4y + 4, 0]27 0 <j <y and capq1, Cor, Cokr1s Conta

Case II: Interchanges between row elements of H), corresponding to Ty and T},
Let Ty = ( T ) and Tp, = T > Let |z| denote the largest integer less
Tyo Tro

than or equal to z. As rows of G, the four rows of T appears as follows. For
% — 2L$j <i< % — 1 and ¢ taking alternate values (i.e., 1,3,... or 2,4,...),
Ty1 appear as i-th row, Ty appear as (¢ + 1)-th row, T, appear as (p+1—1¢ — 1)-
th row and 17, appear as (p + 1 — i)-th row of G,. For &2 — 2[22| < i < 23,
the difference between the (p 4+ 1 — 7)-th and i-th row sums of H, is q(p + 1 — 2i).
Suppose [ corresponding elements between the (p + 1 — i)-th and é-th rows of H,
are interchanged. Again, let the sum of the differences between these [ elements in
G)p equals s. Then ! and s satisfies ps + (p + 1 — 24)l = q(p + 1 — 2i)/2 with a
solution s = (p+ 1 — 2i)/2 and [ = (¢ — p)/2 for carrying out interchanges between
(p +1 —4)-th and i-th rows of G,,.

Let I = (¢ —p)/2 =2y + z (say), y > 0, z = 1,2. The choice of the [ interchanges,
Ip+1—i)ju — Yijus 1 < u <1, means the choice of the [ elements from (0,1,2,...,¢ —
2, -1,—-¢+1,-¢d+2,...,-2,-1). Let Vo = pand V; = {¢ —j,—¢ + j}, 1
< j < ¢ — 2. The | interchanges are as follow.

(1) If I =2y + 1, then choose V;, 0 < j <y and 1.

(2) If I = 2y + 2, then choose V;, 0 < j <y and 0, 1.

It is clear to see Zl =0,7=0,1,...,y < ¢ —2, hence, Zizl[g(pﬁﬂfi)yju —gij) =1
leV;

for (1) and (2).

Let ¢j, 1 < j < g denote the j-th column position of H,. Then the above solution
suggests interchange between (p + 1 — i)-th and i-th rows of H,, at [ positions as
below:

Let Cy = ¢ and C; = {c#_j7

(1) If I = 2y + 1, then choose C}, 0 < j <y and Cpigoai.

(2) If I = 2y + 2, then choose C}, 0 < j <y and ¢;, Cpis—2.
2

C‘IT'H—]'}v 1 S] < q/_2



MAGIC RECTANGLES OF ODD ORDER 143

Case III: Interchanges between row elements of H), corresponding to Ry and Ry,
The two rows of R appear as 1-st and p-th rows of G,,. Also, the difference between
the p-th and 1-st row sums of H, is ¢(p — 1). Suppose [ corresponding elements
between the p-th and 1-st rows of H, are interchanged. As earlier, let the sum
of the differences between these [ elements in G, equals s. Then [ and s satisfies
ps+(p—1)l = q(p—1)/2 with a solution s = (p—1)/2 and | = (¢ — p)/2 for carrying
out interchanges between p-th and 1-st rows of G,,.

Let I = (¢ —p)/2 =2y + z (say), y > 0, z = 1,2. The choice of the [ interchanges,
pju — 91.us 1 < w < [, means the choice of the I elements from eaR=(¢ — 1,9 —
3,...,4,2,0,-2,—-4,...,—¢+3,—q¢+1). Let Vo =¢pand V; = {¢' — j,—¢ + 5}, 1
< j < ¢ — 2. The | interchanges are as follow.

(1) If I = 2y + 1, then choose V;, 0 < j <y and (p —1)/2.
(2) If I = 2y + 2, then choose V;, 0 < j <y and (p—1)/2, 0.
It can be checked that (p — 1)/2 is the (2¢ — p + 3)/4-th element of e R and

Nl=0, j=01,...,y<q -2
lev;

hence Y (g, — 91, = (p— 1)/2 for (1) and (2).

Let ¢;, 1 < j < g, denote the j-th column position of H,. Then the above solution
suggests interchange between p-th and 1-th rows of H), at [ positions as below:

Let Cy = ¢ and Cj={c;, cgy1-;}, 1 < j < ¢ —2.
(1) If I = 2y + 1, then choose C;, 0 < j < y and ¢(2g43-p)/a-
(2) If I = 2y + 2, then choose C;, 0 < j <y and c(ag43-p)/a; Cg+1)/2-
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