AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 54 (2012), Pages 231-260

Holey Schroder designs of type 4™u!

F. E. BENNETT

Department of Mathematics
Mount Saint Vincent University
Halifax, Nova Scotia BSM 2.J6

Canada
frank.bennett@msvu.ca

HANTAO ZHANG

Computer Science Department
The University of Iowa
Towa City, IA 52242
U.S.A.

hantao-zhang@uiowa.edu

Abstract

A holey Schroder design of type hihg? ... hi* (HSD(h{*hy? ... hp*)) is
equivalent to a frame idempotent Schroder quasigroup (FISQ(RT'h3?. ..
hi*¥)) of order n with n; missing subquasigroups (holes) of order h;,1 <
i < k, which are disjoint and spanning, that is, >, ., 7:h; = n. In this
paper, we consider the existence of HSD(4™u!) for 0 < u < 36 and show
that these HSDs exist if and only if 0 < u < 2n — 2 and n > 4 with just
nine possible exceptions. We also investigate the existence of HSD(4"u!)
for general u and prove that there exists an HSD(4™u!) for u > 37 and
n > [2u/3] + 7.

1 Introduction

A quasigroup is an ordered pair (Q, %), where @) is a set and (x) is a binary operation
on @ such that the equations

axr=band yxa="> (1)

are uniquely solvable for every pair of elements a,b € (). A quasigroup is called
idempotent if the identity
Txr=ux (2)
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is satisfied for all x € Q. If the identity

(xxy)x(y*z) == (3)

holds for all z,y € @, then it is called a Schrider quasigroup. The order of the
quasigroup is |Q|.

For a finite set ), it is well known that the multiplication table of the quasi-
group (Q,*) defines a Latin square; that is, a Latin square can be viewed as the
multiplication table of the quasigroup with the headline and sideline removed. Two
quasigroups of the same order are orthogonal if when the two corresponding Latin
squares are superposed, each symbol in the first square meets each symbol in the
second square exactly once. A quasigroup (Latin square) is called self-orthogonal if
it is orthogonal to its transpose. A pair of orthogonal Latin squares (quasigroups),
say (@, *) and (@, -), are said to have the Weisner propertyif xxy =z and x-y = w
whenever zxw =2z and z-w =y for all z,y, z,w € Q.

If (Q,*) is a Schroder quasigroup, then it is self-orthogonal. Moreover, if (Q,-)
is the transpose of (@, ), then z - w = w % z. Consequently, from z x w = x and
z-w =y, we have zxy = (2% w)* (w*z) = z. Similarly, we also have x-y = w. That
is, (@, *) and (Q, ) satisfy the Weisner property. Idempotent Schroder quasigroups,
or ISQs, are also associated with other combinatorial configurations (see [10], [2],
[13], [14] and [15]). In particular, an ISQ(v) corresponds to an edge-colored design
CBD|[Gg; v] which is investigated in [10]. An edge-colored design CBD[Gg;v] on a
v-set () is a partition of the colored edges of a triplicate complete graph 3K, each
K, receives one color for its edges from three different colors, into blocks {a, b, c,d}
each containing edges {a,b},{c,d} colored with color 1, edges {a,c},{b,d} with
color 2, and edges {a,d}, {b, c} with color 3. If we define a binary operation (-) as
a-b=cb-a=d,c-d=aand d-c=0from the block {a,b,c,d} and define -z =z
for every x € @, an ISQ(v) is obtained on set ). On the other hand, suppose @
isan ISQ. If a- b = ¢, b+ a = d, then we must have ¢-d = (a-b) - (b-a) = a and
d-c=(b-a)-(a-b) =b. So the block {a,b,c,d} is determined and a CBD[Gj; v]
can be obtained in this way. The following theorem states the known results on the
existence of Schroder quasigroups:

Theorem 1.1 ([13], [6], [10]) (a) A Schrider quasigroup of order v exists if and only
ifv=0,1 (mod 4) and v # 5.

(b) An idempotent Schrider quasigroup of order v exists if and only if v =
0,1 (mod 4) and v # 5,9.

Let @ be a set and H = {S1,5s,...,5:} be a set of subsets of Q. A holey
idempotent Schréder quasigroup having hole set H is a triple (Q, H, %), which satisfies
the following properties:

1. (%) is a binary operation defined on @; however, when both points a and b
belong to the same set S;, there is no definition for a * b;
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2. the equations (1) hold when a, b are not contained in the same set S;, 1 < i < k;
3. the identity (2) holds for any = & Uj<i<xSi;

4. the identity (3) holds when z and y are not contained in the same set S;, 1 <
i <k.

We denote the holey ISQ by HISQ(v; s1, S, . . ., Sk), where v = |Q)| is the order
and s; = |S;],1 < i < k. Each S; is called a hole. When H = (), we obtain an ISQ,
and denote it by ISQ(v). When H = {5}, we obtain an incomplete ISQ), and denote
it by 1ISQ(v, |S1]).

From the definition of HISQ, we can obtain the definition of frame ISQ as follows.
If H ={S1,52,...,Sk} is a partition of @, then a holey ISQ is called frame ISQ.
The type of the frame ISQ is defined to be the multiset {|.5;] : 1 < ¢ < k}. We shall

use an “exponential” notation si's3? ... sy to describe the type of n; occurrences of

si, 1 <@ <t,in the multiset. We briefly denote a frame ISQ of type s7's52 ... s by
FISQ(s1's5% ... s4).

Now from an FISQ(s]'s5? ... si"*), we can use the same method to obtain an edge-
colored design which is called a holey Schréoder design and denoted by HSD(s}"s5” . ..
sit). A holey Schréder design is a triple (X,H,B) which satisfies the following

properties:
1. 'H is a partition of X into subsets (called holes);

2. B is a family of 4-subsets of X (called blocks) such that a hole and a block
contain at most one common point;

3. the pairs of points in a block {a,b,c,d} are colored as {a,b} and {c,d} with
color 1, {a, c} and {b,d} with color 2, and {a,d} and {b,c} with color 3;

4. every pair of points from distinct holes occurs in 3 blocks with different colors.

The type of the HSD is the multiset {|H|: H € H} and it is also described by an
exponential notation. In particular, we note that an IISQ(v,n) is equivalent to an
HSD(1v="nt).

An HSD can be viewed as a generalization of CBD[G;v]. An HSD of type
{51, S2, ..., sk} is a partition of the colored edges of a triplicate graph 3K, s, . s, into
blocks {a, b, ¢, d} each containing edges {a, b}, {c,d} with color 1, edges {a, c}, {b, d}
with color 2, and edges {a, d}, {b, ¢} with color 3, where each K, s,
color for its edges from three different colors.

An HSD is equivalent to a frame self-orthogonal Latin square (FSOLS) with the
Weisner property. For the existence of FSOLS of type 4™ul, [18] gives the following
theorem.

,,,, s, receives one

Theorem 1.2 There exists an FSOLS(4™u') if and only ifn > 4 and 0 < u < 2n—2.
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In view of Theorem 1.2, we have the following lemma.
Lemma 1.3 If an HSD(4"u') ezists, then n >4 and 0 < u < 2n — 2.

Another class of designs related to HSDs is a group divisible design (GDD). A
GDD is a 4-tuple (X, G, B, \) which satisfies the following properties:

1. G is a partition of X into subsets called groups;

2. B is a family of subsets of X (called blocks) such that a group and a block
contain at most one common point;

3. every pair of points from distinct groups occurs in exactly A blocks.

The type of the GDD is the multiset {|G| : G € G}. We also use the notation
GD(K, M;\) or K-GDD(M; ), to denote the GDD when its block sizes belong to
K and group sizes belong to M.

If M = {1}, then the GDD becomes a pairwise balanced design (PBD). If K =
{k}, M = {n} and with the type n*, then the GDD becomes a transversal design
TD(k,n). The following results are well known (see [1] and [5], for example).

Theorem 1.4 (a) There exists a TD(4,m) for every positive integer m & {2,6}.
(b) There exists a TD(5,m) for every positive integer m ¢ {2,3,6,10}.
(¢) There exists a TD(6,m) for m >5 and m & {6,10,14,18,22},

(d) There exists a TD(7,m) for m > 7 and m ¢ {10, 14, 15, 18, 20, 22, 26, 30, 34,
38,46,60}.

It is well-known that the existence of a TD(k,n) is equivalent to the existence of
k —2 mutually orthogonal Latin squares of order n (MOLS(n)). It is easy to see that
if we erase the colors in the blocks, the HSD becomes a GDD with block size 4 and
A = 3. But the converse may be not true. It is proved in [9] that a {4}-GDD with
A = 3 and of type h* exists if and only if h2u(u — 1) = 0 (mod 4), while in [4, 19],
the following theorem is proved.

Theorem 1.5 An HSD(hY) exists if and only if h*u(u — 1) = 0 (mod 4) with the
exception of (h,u) € {(1,5),(1,9), (2,4)}.

For the existence of HSD(2"u'), the following two theorems come from [5, 19].
Theorem 1.6 For 0 < u < 15, an HSD(2"u') exists if and only if n > u+ 1 with
the exception of (n,u) € {(2,1),(3,1),(3,2),(4,0)}, and with the possible exception
of (n,u) € {(7,5),(7,6), (11,9), (11,10)}.

Theorem 1.7 There exists an HSD(2™u') when v > 16 and n > [5u/4] + 14.
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The following results have been useful for studying Schréder quasigroups with a
specified number of idempotent elements [7].

Theorem 1.8 (a) There exists an HSD(4"11) if and only if n > 4.
(b) There exists an HSD(4™9") if and only if n > 6.
(c) There exists an HSD(4™12Y) if and only if n > 7.
(d) There exists an HSD(4™u') for n = 4,5 and 0 < u < 6.

In this paper, we consider more generally the existence of HSDs of type 4"u!.
These designs represent holey Schréder quasigroups, where the holes of size 4 can be
filled with a Schroder quasigroup of order 4 and the hole of size u can be filled with a
Schroder quasigroup of order u whenever it exists, thereby producing a subquasigroup
of order u in the resulting Schroder quasigroup of order v = 4n + u. The main result
of this paper is the following theorem.

Theorem 1.9 (a) For 0 < u < 36, an HSD(4™u') exists if and only if n > 4 and
0 <wu < 2n—2, with the possible exception of n =19 and u € {29, 30, 31, 33,34, 35},
and n =22 and v € {33,34,35}.

(b) There exists an HSD(4™u') for all u > 37 and n > [2u/3] + 7.

2 Constructions

For direct constructions of HSDs, we sometimes use starter blocks. Suppose the block
set B of an HSD is closed under the action of some abelian group G; then we are
able to list only part of the blocks (starter or base blocks) which determines the
structure of the HSD. To check the starter blocks, we need only calculate whether
the differences +(z — y) from all pairs {z,y} with color ¢ in the starter blocks are
precisely G \ S for 1< ¢ < 3, where S is the set of the differences of the holes. We
can also attach some infinite points to an abelian group G. When the group acts
on the blocks, the infinite points remain fixed. In the following example the z;s are
infinite points.

Example 2.1 An HSD(4°8")
points: Zoy U {x; : 1 <i <8}
holes: {{i,i+6,i+12,i4+ 18} : 0<i <5} U{{z;: 1 <i<8}}
starter blocks: {0,8,17,3}, {0,4,11, 21}, {0,11,21, 25}, {0, 21,8, x5},
{0,9,14, 24}, {0,17,1, 25}, {0,5,9, 26}, {0,2,4, 27}, {0,1,2, x5}

In this example, the entire set of blocks is developed from the starter blocks
by adding 1 (mod 24) to each point of the starter blocks; the infinite points are
unchanged for addition. The above idea of starter blocks can be also generalized:
instead of adding 1 to each point of the starter blocks, we may add 2 or more to
develop the block set; we refer this as the +2 method.
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Example 2.2 An HSD(4*3')
points: Zis U {z,y, 2}
holes: {{i,i+4,i+8,i+ 12} : 0 <i <3} U{{z,y,2}}
starter blocks: {0,2, 15,9}, {0,3,2, 2}, {0,6,5,7}, {0,7,9, 10}, {0,11,6,y},
{0,13,3,2}, {1,0,3, 2}, {1,8,6,2}, {1,12,7,y}

By adding 2 (mod 16) to the 9 starter blocks, we obtain a set of 72 blocks.

Example 2.3 An HSD(3%4!)
points: Z1o U {x1, ¥, 23, 24}
holes: {{i,i+4,i+8}:0<i <3}U{{x1, 22,23, 24}}
starter blocks: {0,2,3, 25}, {0,3,9, 23}, {0,6,5,21}, {0,7,10, 24},
{07 117 17 6}7 {17 07 37 .’E4}, {17 37 107 x2}7 {17 47 67 ‘T3}7 {17 87 77 x1}7
{27 17 37 .'E3}7 {27 37 87 Il}, {27 47 17 1'2}7 {27 57 07 .'E4}7 {37 57 47 1'2}7
{3,6,8,23}, {3,9,6,21}, {3,10,5, 24}

By adding 4 (mod 12) to the 17 starter blocks, we obtain a set of 51 blocks.

Next, we state several recursive constructions of HSDs, which are commonly
used in other block designs. The following construction comes from the weighting
construction of GDDs [16].

Construction 2.4 (Weighting) Suppose (X, H,B) is a GDD with A\ = 1 and let
w: X — ZTU{0}. Suppose there exist HSDs of type {w(x) : © € B} for every
B € B. Then there exists an HSD of type {3, .y w(x) : H € H}.

Using Theorem 1.4(a), if we give every point of an HSD weight m and input
TD(4,m) to each block of the HSD, we can obtain the following construction.

Construction 2.5 Suppose there exists an HSD(hi'hy? ... b)), then there exists an
HSD of type ((mhy)™ (mh2)"™ ... (mhy)™), where m # 2,6.

The next construction is sometimes called “filling in holes”. It is used commonly
in constructing designs.

Construction 2.6 Suppose there exists an HSD of type {s; : 1 < i < k} and HSDs
of type {hi; : 1 < j < m;}U{a}, where 3771, hi; = s; and 1 < i < k — 1, then there
exists an HSD of type {h;; : 1 < j <n;,1 <i <k —1} U {sp + a}.

The next three constructions are a special case of the above construction.

Construction 2.7 If there exist an HSD(4™t') and an HSD(4%u'), where 4s+u = t,
then there exists an HSD(4™sul).
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Construction 2.8 If there exist an HSD(h™t') and an HSD(4%u'), where 4s = h,
then there exists an HSD(45™(t + u)').

Proof We adjoin u infinite points to the HSD(h™t!) and fill the holes of size h with
an HSD(4%u!). O

Construction 2.9 If there exist an HSD(h™') and an HSD(4°T'), where 4s = h,
then there exists an HSD(45™(t + 4)).

The next construction comes from [10].

Construction 2.10 Suppose there exists an FSOLS(h{*hy? ... hp*), then there ex-
ists an HSD((4hy)™ (4ho)™ ... (4dhy)"™).

Lemma 2.11 For any m > 4, there exists an HSD(4*™t') for 0 <t < 8m — 2.

Proof For all integers m > 4 and 0 < j < 2m — 2, we have an FSOLS(4mj1) from
Theorem 1.2. From this, we first get an HSD(16™(45)!) by Construction 2.10. To
this HSD we apply Construction 2.8 with h = 16 and t = k, where 0 < k < 6, using
HSD(4*k!) from Theorem 1.8 to get the desired HSD(4*™(45 + k)1). Let t = 45 + k,
a simple calculation shows that 0 <t < 8m — 2. O

Lemma 2.12 For any n > 6, there exists an HSD(4™u') whenever n = 0 (mod 3),
0<u<2n-2, andu=1 (mod 3).

Proof There exist 4-GDDs of the same type (see, for example, [11]). So we can give
all points of this GDD weight one to get the desired HSD(4"ul!). d

Lemma 2.13 If there ezist a TD(5,m) and an HSD(1™ul), then there is an
HSD(4™ub).

Proof First adjoin an infinite point, say x, to the groups of the TD(5,m), then
delete a point from the TD which is different from z. The resulting design is a
{5,m + 1}-GDD of type 4™m!, where each block of size 5 intersects the group of
size m in a point other than x and the blocks of size m + 1 intersect this group in
the point z. In the group of size m we give x a weight of v and all the other points
weight zero. Give all the other points of the GDD a weight of one. Since we have an
HSD(1*) and an HSD(1™u!), we then obtain the desired HSD(4™u?). O

The following result is proved in [6].

Theorem 2.14 For anyn > 5, there exists an HSD(1"2') whenevern = 0,1 (mod 4)
and n # 8.

As an immediate consequence of Theorems 2.14 and 1.4(b), we have the following
useful results.
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Lemma 2.15 For anyn > 5, there exists an HSD(4"21) whenever n = 0,1 (mod 4)
and n # 8.

Lemma 2.16 There exist an HSD(4"3') forn € {7,8,11,12,15}, an HSD(4"5") for
n € {11,12,15,19}, an HSD(4™6") for n € {13,17}, and an HSD(4'7").

Proof In [6], it is shown that there exist an HSD(1"3!) for n € {7,8,11} and an
HSD(1197Y). An HSD(1'23') and an HSD(1'25) can be obtained from an HSD(3*21)
given in Appendix A16 and an HSD(3%4') given in Example 2.3, by applying Con-
struction 2.8 with an HSD(1%11). Similarly, an HSD(1**3!) and an HSD(1%5!) can
be obtained from an HSD(3%2!) and an HSD(3%4'). The following base blocks can
generate an HSD(3%2') by the +1 method (mod 15):

{07 17 87 4}7 {07 37 27 9}7 {07 67 47 $1}7 {07 137 17 ])2}-
The following base blocks can generate an HSD(3°4!) by the +1 method (mod 15):
{0,1,2,24},{0,2,6,13},{0,4,7,22},{0,9,1, 21 }, {0, 12, 3, z3}.

The other types of HSD(1"u!) are given in Appendix A16. The result then follows
from Lemma 2.13 and Theorem 1.4(b). O

Lemma 2.17 Suppose there exist a TD(5,m) and an HSD(1™~1(k + 1)!). Then
there exists an HSD(4™~1(4 + k)1).

Proof From the TD(5,m), we first get a resolvable TD(4,m) (briefly RTD(4,m))
by deleting a group of size m. This RTD has m parallel classes of blocks, that is,
the blocks of size 4 can be partitioned into m sets of disjoint blocks of size 4. We
select one of these parallel classes, say P, and select a block of size 4 from this
parallel class, say B = {ay, as, as,as}. There are four groups of size m in the RTD,
say G1,Ga, Gz, G4, and without loss of generality we can assume that the block B
intersects G; in a;. We adjoin a set S of k infinite points to the groups of this RTD
as follows. On the group G; we form an HSD(1™~!(k + 1)), where the hole of size
k 4+ 1 consists of the set S plus a;. For the rest of the RTD, we ignore the parallel
class P and form an HSD(1%) on all of the other blocks of size 4. Now for the holes
of size 4 of the required HSD, we take the blocks of the parallel class P other than
B and for the hole of size 4 + k we take the set SU B. It is an easy matter to check
that the resulting design is indeed and HSD of type 4™ 1(4 + k)*. O

Using Lemma 2.17, we can prove the following result:

Lemma 2.18 There exist an HSD(4'35%), an HSD(4"6') for n € {7,8,11,12,15},
and an HSD(4™7TY) for n € {13,17}.

Proof Since both a TD(5,14) and an HSD(1'32!) (Theorem 2.14) exist, we obtain
an HSD(4!35') by applying Lemma 2.17 with m = 14,k = 1. Similarly, for n €
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{7,8,11,12,15}, because both a TD(5,n+1) and an HSD(1"3) exist (see the proof of
Lemma 2.16), we obtain an HSD(4"6') by applying Lemma 2.17 with m = n+1,k =
2. For n € {13,17}, because both a TD(5,n + 1) and an HSD(1"4!) exist (they can
be obtained from HSD(4%11), k = 4,5, by filling & — 1 holes of size four with an
HSD(1%).), we obtain an HSD(4"7') by applying Lemma 2.17 with m = n+1,k = 3.

O

We need some small designs in the following lemma to make use of some con-
structions using TD(6,m) and TD(7,m).

Lemma 2.19 There exist HSDs of type 4"u' forn =4,5,6,7 and 0 < u < 2n — 2.

Proof For n = 4,5 and 0 < u < 6, the designs are provided by Theorem 1.8(d).
For n = 6,7 and u = 1, the designs come from Theorem 1.8(a). For n = 6,7 and
u = 2,3, the design are given in Appendices Al and A2.

For n = 6,7 and u = 4, the designs come from Theorem 1.5. For n = 6,7 and
u = 5,6, the designs are given in Appendices A3 and A4.

For n =5,6,7 and u = 7, the designs are provided in Appendix A5 and Lemma
2.12. Forn = 5,7 and u = 8, we apply Theorem 2.10 with m = 4 on an FSOLS(1"2!).
For n = 6 and u = 8, the construction is given in Example 2.1.

For n = 6,7 and v = 9,10, the designs come from Theorem 1.8(b), Lemma 2.12
and Appendix A6. For n = 7 and u = 11,12, the designs come from Appendix A7
and Theorem 1.8(c). O

Lemma 2.20 If there exists a TD(6,m), then there exists an HSD((4m)*(4k)'t!),
where 0 < k<m and 0 <t < 6m.

Proof Give weight 4 to each point of the first four groups of a TD(6,m). Give a
weight of 4 to k points of the fifth group and weight 0 to the remaining points of
this group. Give a weight of 0, 1, 2, 3, 4, 5 or 6 to each point of the sixth group
so that the total weight is . By using HSDs of types 4" for n = 4,5,6 and also
HSD(47k') for n = 4,5 and 0 < k < 6 by Lemma 2.19, we obtain the desired HSD
by Construction 2.4. O

With a slight modification of the construction given in Lemma 2.20, we get the
following:

Lemma 2.21 If there exists a TD(6,m), then there exists an HSD(4*™ 51 where
k=0,1,4,5,...,m and 0 < t < 6m.

Proof Take an HSD((4m)*(4k)'t!), where 0 < k < m and 0 < t < 6m, from
Lemma 2.20, and fill the holes of sizes 4m and 4k with HSDs of types 4™ and 4F, as
these HSDs exist by Theorem 1.5, we obtain the desired HSD. ]

Lemma 2.22 If there exists a TD(6,m), then there exists an HSD((2m)*(2k)t!),
where 0 < k <m and m <t <3m.
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Proof Give weight 2 to each point of first four groups of a TD(6,m). Give
k points of the fifth group weight 2 and the remaining points weight 0. Give
weight 1, 2 or 3 to the points of the sixth group. Since there exist HSDs of type
241125 2431 2511 26 253! from Theorem 1.6, we obtain the desired HSD. O

Lemma 2.23 If there exists a TD(7,m), then there exists an HSD(4*™* 1), where
0<k<20rd4<k<2m, and0 <t < 6m.

Proof The proof is similar to that of Lemmas 2.20 and 2.21. Let k = r + s, where
r=0,1,4,5...,mand s = 0,1,4,5,...,m. Give weight 4 to each point of the
first four groups of the TD(7,m), give weight 4 to r points of the fifth group and
weight 0 to the remaining points of this group. In the sixth group, give weight 4
to s points and weight 0 to the remaining points of this group. Finally, we give a
weight of 0, 1, 2, 3, 4, 5 or 6 to the points of the seventh group such that the sum of
these weights of the points is equal to t. By using HSDs of types 4", 4°, and 4™ for
n =4,5,6 as well as HSD(4"k!), where 0 < k < 6, from Lemma 2.19, we first obtain
an HSD((4m)*(4r)! (4s)'t!). Filling the holes of sizes 4m, 4r, 4s with HSDs of types
4m 47 45 respectively, this gives an HSD(4™+5¢1) and the desired result. d

In addition to the existence of HSD(4"u!), we also have the following lemma
regarding the existence of HSD(12%u!), which will be needed in Lemma 3.3.

Lemma 2.24 There is an HSD(12*u!) for 2 < u < 18.

Proof We start with a TD(5,4). In the first four groups of the TD we give all the
points weight 3. In the last group we give the points a weight of 0, 2, 3, or 4 for
a total weight of u. The needed input HSDs of types 3* and 3°, which come from
Theorem 1.5, and the types 3*2! and 3%4', which are provided in Appendix A16 and
Example 2.3. The resulting design is an HSD(12*u!) where 0 < u < 16 and u # 1.
For 12 < u < 18, we start with a TD(4,4) and add an infinite point, say z, to
the groups and then delete a point other than x so as to form a {4,5}-GDD of type
34! where x appears only in blocks of size 5 and the group of size 4. In the group
of size 4, we can then give = a weight of k, where 0 < k < 6, and give all other points
of the GDD a weight of 4. Using ingredient HSD(4*k), this gives us an HSD of type
124(12 + k)* and the desired HSD(12%u!) for 12 < u < 18. a

3 HSD(4"u!) for some special n

As an application of the lemmas given in the previous section, we show at first the
existence of HSD(4™u!) for some special values of n and then a general result.

Lemma 3.1 An HSD(4%u!) ezists for 0 < u < 16.

Proof For u = 0,4, they come from Theorem 1.5. For v = 1,9, 12, they come from
Theorem 1.8. For v = 2, it comes from Lemma 2.15. For u = 3,5, 6, 11, 14, 15, they
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are given in Appendix A2, A3, A4, A7, A9, and A10. For v = 7,10, 13,16, they
come from Lemma 2.12. Finally for v = 8, there exists an FSOLS(1%2"). Using
Construction 2.10, we have an HSD(498!). a

Lemma 3.2 An HSD(4'%u') exists for 0 < u < 18.

Proof We have an HSD of type 4%' from Theorems 1.5 and 1.8 and Appendices
Al-A12. O

Lemma 3.3 An HSD(4'2u') exists for 0 < u < 22.

Proof For u = 0,1,4, the designs come from Theorems 1.5 and 1.8. For u =
2,3, 5, the designs come from Lemmas 2.15 and 2.16. For 6 < u < 22, we take an
HSD(124!), where 2 < t < 18, from Lemma 2.24 and then apply Construction 2.9
with o = 12,m = 4,s = 3 to get an HSD of type 4'2(¢t + 4)!. The result is an
HSD(4'2u!) for 6 < u < 22. O

Lemma 3.4 An HSD(4"u') exists for 0 < u < 26.

Proof For v =0,1,4,9,12, they are covered by Theorems 1.5 and 1.8. For u = 2,
the design comes from an HSD of type (41°18!), given in Appendix A12, using Con-
struction 2.7. For u = 8, 16,20, 24, we apply Construction 2.10 on an FSOLS(1¢!),
where t = u/4. For the rest of the cases, we have an HSD of type 4'u! from
Appendix A2 - Al4. O

Lemma 3.5 An HSD(4%u') exists for 0 < u < 28.

Proof For u = 0,1,4,9, the designs come from Theorems 1.5 and 1.8. For u = 2,
the design comes from an HSD of type (4!118!), given in Appendix A12, by using
Construction 2.7. For v = 3,5, the designs come from Lemma 2.15. For u = 6,7, the
designs come from Lemmas 2.12 and 2.18. For u = 8, we apply Construction 2.10
on an FSOLS(1*°2%). For 10 < u < 22, we first form a {5,6}-GDD of type 6° by
deleting one block from a TD(6,7). In the first five groups of this GDD, we give all
of the points weight 2. In the last group we give the points a weight of 1, 2, or 3 for
a total weight of ¢t where 6 < ¢ < 18. Since there are HSDs of types 2" for n = 5,6
and 2"k! for n = 4,5 and k = 1,2,3, we get an HSD of type 12°¢' for 6 < t < 18.
To this HSD we apply Construction 2.9 with an HSD(4%) and get an HSD of type
4'5(t + 4)t. The result is an HSD(4%u!) for 10 < u < 22. Finally, for 20 < u < 28,
from Theorem 1.5, we have an HSD of type 20* or equivalently, type 20320'. To this
we apply Construction 2.8 with A = 20, m = 3, and u = k, where 0 < k < 8, by
using an HSD of type 4%k! from Lemma 2.19. The resulting design is an HSD of
type 4'5(20 + k)'. Hence we obtain an HSD(4'®u!) for 0 < u < 28 as stated, and
this completes the proof of the lemma. O

Lemma 3.6 An HSD(4'"u') exists for 0 < u < 32.
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Proof For u = 0, 1,4, the designs come from Theorems 1.5 and 1.8. For v = 2,6, the
designs come from Lemmas 2.15 and 2.16. An HSD(4!'"7") coms from Lemma 2.18.
For u = 3, 5, the designs come from HSDs of type 4'3t! where t = 19, 21, respectively,
given in Appendix A13 and [7]. Next, for 8 < u < 24, we apply Lemma 2.22 with the
parameters m = 8, k = 2, and 8 < u < 24. The resulting design is an HSD(16%4'u!).
This gives an HSD(4!"u!) by filling in the holes of size 16 with an HSD(4%). For
u = 25,26,27,29, 30,31, the designs are given in Appendix A15. For u = 28,32, we
apply Construction 2.10 on an FSOLS(1'7k!) with k = 7,8. O

Lemma 3.7 An HSD(4'8u') exists for 0 < u < 34.

Proof The cases u = 0,1, are covered by Theorems 1.5 and 1.8. For u = 2,3,
they are obtained from HSDs of type (4'4u!), where u = 18,19, which are given in
Appendix A12 and A13, using Construction 2.7.

For 4 < u < 28, we form a {6, 7}-GDD of type 67 by deleting one block from
a TD(7,7). In the first six groups of this GDD, we give all of the points weight 2.
In the last group we give the points a weight of 0, 1, 2, 3, or 4 for a total weight
of t where 0 < ¢t < 24. Since there are HSDs of types 2" for n = 5,6,7 and 2"k!
for n = 5,6 and k = 0,1,2,3,4 by Theorem 1.6, we get an HSD of type 126¢! for
0 <t < 24. To this HSD we apply Construction 2.9 to get an HSD(4¥(¢ + 4)!) and
hence an HSD(4'8u?!) for 4 < u < 28.

For 24 < u < 34, from Theorem 1.5, we have an HSD of type 24* or equivalently,
type 24324'. To this we apply Construction 2.8 with h = 24, m = 3, and u = k,
where 0 < k < 10. Since we have an HSD of type 4%k!' from Lemma 2.19, the
resulting design is an HSD of type 4'8(24 + k). Hence we obtain an HSD(4'%u) for
24 < u < 34 as stated, and this completes the proof of the lemma. O

Lemma 3.8 An HSD(4'%u') ewists for 0 < u < 28.

Proof For u = 0,1, the designs come from Theorems 1.5 and 1.8. For u = 2,3,
the designs come from HSDs of type 4!422! and 41519, given in Appendix A14 and
Lemma 3.5, respectively, by applying Construction 2.7. For u even and 4 < u < 12,
we can construct the designs by first applying Lemma 2.22 with the parameters
m=28,t=12, and k = (u — 4)/2. The resulting design is an HSD(16%12%(u — 4)!).

For 12 < w < 28, we simply apply Lemma 2.22 with the parameters m = 8,
k=6, and t = u — 4, to get an HSD(16*12! (u — 4)*).

Now we adjoin 4 infinite points to HSD(16*12(u — 4)!) and use types 4* and
4% to fill in the holes of sizes 12 and 16, respectively, leaving one hole of size u as
desired. The resulting design is an HSD(4%u1).

For u = 5,7, the result comes from Lemma 2.16. For v = 9,11, we prove a more
general result for 8 < u < 24 using a TD(8,8): In the first four groups of this TD
we give all of the points a weight of two. In the fifth, sixth and seventh groups, we
give two points weight two and the other points weight zero. In the last group, we
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give the points a weight of 1, 2, or 3, for a total weight of u. Since we have HSDs of
types 2" for n = 5,6,7,8 and 2"k! for n = 4,5,6,7 and k = 1,2, 3, we get an HSD
of type 16143u! for 8 < u < 24. By filling in the holes of size 16 with an HSD(4%),
the resulting design is an HSD(4%u!) for 8 < u < 24. O

Lemma 3.9 An HSD(4?'u') exists for 0 < u < 40.

Proof First of all, for 0 < u < 30, we apply Lemma 2.21 with m =5 and k£ =1 to
get an HSD(42'u!).

Next, for 28 < u < 40, we start with an HSD of type 28 and then apply
Construction 2.8 with h =28 m =3, s =7 and u = k, where 0 < k < 12, since we
have an HSD of type 47k! by Lemma 2.19. The resulting design is an HSD of type
421y' where 28 < u < 40, and this completes the proof of the lemma. O

Lemma 3.10 An HSD(4%u!) exists for 0 < u < 32.

Proof First of all, we start with a TD(8,8). In the first five groups of this TD
we give all of the points a weight of two. In the sixth and seventh groups, we give
two points weight two and the other points weight zero. In the last group, we give
the points a weight of 0, 1, 2, 3, or 4 for a total weight of u. Since we have HSDs
of type 2"k' for n = 5,6,7 and k = 0,1,2, 3,4, we get an HSD of type 16°4%u' for
0 < u < 32. By filling in the holes of size 16 with an HSD(4%), the resulting design
is an HSD(4%2u!) for 0 < u < 32. O

Lemma 3.11 An HSD(4®u!) exists for 0 < u < 36.

Proof For 0 < u < 6, we first apply Lemma 2.22 with the parameters m = 8, k = 6,
t =12+ u to get an HSD(16%121(12 + u)!). Now we adjoin 4 infinite points to this
HSD and use HSDs of types 4%, 4°, and 4*u! to fill in the holes of sizes 12, 16, and
12 + u, respectively. The resulting design is an HSD(4%u!).

For 7 < u < 36, we start with a TD(7,8). In the first five groups of this TD, we
give all of the points a weight of two. In the sixth group, we give six points weight
two and the other points weight zero. In the last group, we give the points a weight
of 0, 1, 2, 3, or 4 for a total weight of u — 4. Since we have HSDs of type 2"k' for
n=>5,6and k=0,1,2,3,4, we get an HSD of type 16512 (u—4)! for 0 < u—4 < 32.
Finally, we adjoin 4 infinite points to this HSD and fill in the holes to get a resulting
HSD(4%3u!) for 4 < u < 36. This completes the proof. O

Lemma 3.12 An HSD(4%u!) exists for 0 < u < 36.

Proof The proof is similar to that of Lemma 3.10. Here we start with a TD(9, 8)
and in the first six groups of this TD we give all of the points a weight of two. In
the seventh and eighth groups we give two points weight two and the other points
weight zero. In the last group, we give the points a weight of 0, 1, 2, 3, 4, or 5 for a
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total weight of u. Since we have HSDs of type 2"k! forn = 6,7,8 and k = 0,1,2,3,4
by Theorem 1.6, we get an HSD of type 16%4%u! for 0 < u < 32. By filling in
the holes of size 16 with an HSD(4%), the resulting design is an HSD(426u!) for
0 < u < 32. To complete the proof, for 28 < u < 36, we can first apply Lemma 2.20
with m =7,k = 5,t = 0 to get an HSD of type 28?20!. Since we have HSDs of type
47k forn = 5,7 and 0 < k < 8 from Lemma 2.19, we can fill in the holes to get an
HSD of type 4%6(28 + k)! for 0 < k < 8. This completes the proof. O

Lemma 3.13 An HSD(4*u!) ewists for 0 < u < 52.

Proof For 0 < u < 26, we apply Lemma 2.20 with m =5, 0 < k <5, and t = 28
to get an HSD(20%28'(4k)'). For 0 < w < 6, we can adjoin w infinite points to
this HSD and fill in the holes of sizes 20, 28 with HSDs of types 4°w!, 47w' from
Lemma 2.19. The resulting design is an HSD of type 4%*7(4k +w)!, that is, type 4°7u'
for 0 < u < 26 as desired.

For 16 < u < 40, we first apply Lemma 2.22 with m =12, k=6, and t = u —4
to get an HSD (2412 (v — 4)'). Now we adjoin 4 infinite points to this HSD and use
HSDs of types 4%, 47 to fill in the holes of sizes 12 and 24, respectively. The resulting
design is an HSD(4%7u!).

Finally, for 40 < u < 52, we start with an HSD of type 36* and then apply
Construction 2.8 with h = 36, m =3, s =9 and u = k, where 0 < k < 16, since we
have an HSD of type 4°k' by Lemma 3.1. The resulting design is an HSD of type
4%y, where 36 < u < 52, and this completes the proof of the lemma. O

Lemma 3.14 An HSD(43'u') exists for 0 < u < 46.

Proof For 0 < u <6, we apply Lemma 2.11 with m = 6 and ¢ = 28 + u, to get an
HSD of type 424(28 + u)!. By filling in the hole of size 28 + u with an HSD(47u?),
we get an HSD of type 4%'u! as desired.

For 7 < u < 46, we first apply Lemma 2.20 with the parameters m = 7, k = 3,
and ¢ = u—4 to get an HSD(28*12' (v —4)'). Now we adjoin 4 infinite points to this
HSD and use types 4* and 4% to fill in the holes of sizes 12, 28, respectively, leaving
one hole of size t. The resulting design is an HSD(43!u!). O

Lemma 3.15 For any m > 5, there exists an HSD(4°™u!) for 0 < u < 10m — 2.

Proof For all odd integers m > 5 and 0 < j < (5m—5)/2, we have an FSOLS(5™51)
([18] Theorem 7.1). From this, we first get an HSD(20™(45)!) using Construc-
tion 2.10. To this HSD we apply Construction 2.8 with A = 20 and u = k, where
0 < k < 8, using HSD(4%k!) from Theorem 1.8 to get the desired HSD(45™ (45 + k)*).
If u =45 + k, then a simple calculation will show that 0 < u < 10m — 2.

When m = 4n for some n > 1, an HSD(4°™u') becomes an HSD(4*C™4') and
we apply Lemma 2.11 (with m = 5n) to get the desired HSD.
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When m = 4n+2 for somen > 1 and 0 < u < 10m—12, we have an FSOLS(5™j!)
([18] Theorem 7.1) for m > 5 and 0 < j < (5m — 10)/2. Applying Construction 2.10
to this FSOLS, we obtain an HSD of type 20™(45)!. To this HSD we apply Construc-
tion 2.8 with h = 20 and w = k, 0 < k < 8, to get the desired HSD(4°™ (45 + k)').
If uw = 45 + k, then a simple calculation will show that 0 < v < 10m — 12. For the
case when 10m — 12 < u < 10m — 2, we note that bm = 20t + 10 = 10(2¢ + 1) for
some t > 1. Since there exists an FSOLS(1%#*+#!) for every ¢t > 1 by Theorem 7.1 of
[18], we can first apply Construction 2.10 to obtain an HSD of type 4%*+1(4¢)!, and
then apply Construction 2.5 to inflate by 10 and get an HSD of type 40%*1(40¢)!.
Finally, we add k infinite points to this HSD, where 0 < k£ < 18, and fill in the holes,
using HSDs of type 4'%k! from Lemma 3.2, to get an HSD of type 42°F10(40¢ + k).
That is, when 5m = 20t + 10 and u = 40t + k, we can get an HSD of type 4°"u',
where 10m — 20 < u < 10m — 2. O

Lemma 3.16 There exists an HSD(4™u') for 0 < u < 42 and n > 32.

Proof We make use of Lemma 2.23. The details of the parameters of m and
n = 4m + k are listed in Table 1. For the existence of TD(7,m) see Theorem 1.4(d).

g
n | 32-42  36-48 40-54 48-66  56-78 72-102 80-114
m 7 8 9 11 13 17 19
n | 96-138 128-186 176-258 248-366 > 252
m 23 31 43 61 > 62

Table 1: The proof of Lemma 3.16 (use Lemma 2.23)

Combining the lemmas in this section, we have the following result.

Theorem 3.17 (a) There exists an HSD(4™u') for 0 < < 32 and n > 20.
(b) There exists an HSD(4™ul) for 0 < u < 36 and n > 23.
(¢) There exists an HSD(4™u') for 0 < u < 42 and n > 27,

Proof (a): For n = 20,24,28, we apply Lemma 2.11. For n = 21,2223, the
result comes from Lemmas 3.9, 3.10 and 3.11. For n = 25, 30, we apply Lemma 3.15
with m = 5,6. For n = 26,27, 31, the result comes from Lemmas 3.12, 3.13, 3.14,
respectively. For n = 29, we apply Lemma 2.21 with m =7 and k = 1. For n > 32,
the result comes from Lemma 3.16.

(b) and (c): The proof is identical to that of (a), except that when n > 23(27),
the value of u can be up to 36 (42). O

4 HSD(4"u') for u < 36

Lemma 4.1 There exists an HSD(4™u') for anyn >4 and 0 < u < 6.
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Proof The cases when v = 0,1,4 or n < 7 are covered by Theorem 1.8 and
Lemma 2.19. Theorem 3.17(a) covers the case when n > 20, Lemmas 3.1- 3.8 cover
the cases when n = 9,10,12,14,15,17, 18, and 19, and Lemma 2.11 covers the case
when n = 16. So the remaining cases left to be covered are for n = 8,11, 13.

For n = 8,11 and u = 2, the designs are given in Appendix Al. For n = 13 and
u = 2, the model is provided by Lemmas 2.15. For n = 811,13 and u = 3, the
models are given in Appendix A2. For n = 8,11,13 and u = 5, the designs are given
in Appendix A3, Lemmas 2.16, and 2.18, respectively. For n = 8,11,13 and u = 6,
the designs are given in Lemmas 2.16 and 2.18, respectively. ]

Lemma 4.2 There exists an HSD(4™u!) if 7 < u <13 and n > [u/2] + 1.

Proof The cases when v = 9,12 or n < 7 are covered by Theorem 1.8 and
Lemma 2.19. When u = 8, for any n > 8, there exists an FSOLS(1"2!). Using
Construction 2.10, we have an HSD(4"8'). Theorem 3.17(a) covers the case when
n > 20, Lemmas 3.1- 3.8 cover the cases when n = 9,10,12,14,15,17,18, and 19,
and Lemma 2.11 covers the case when n = 16. So the remaining cases are for
n=38,11,13.

For n = 8,11,13 and u = 7, the designs are given in Appendix A5 and Lemma
2.18. For n = 8,11,13 and u = 10, 11, 13, the models are given in Appendix A6, A7,
and A8, respectively. O

Lemma 4.3 There exists an HSD(4™u!) if 14 < u < 25 and n > [u/2] + 1.

Proof For n > 20, the lemma holds by Theorem 3.17(a). Lemmas 3.1- 3.8 cover the
cases when n = 9,10,12,14, 15,17, 18, and 19, and Lemma 2.11 covers the case when
n = 16, the remaining cases are for n = 8 11,13 and n > [u/2]. For u = 16,20, 24,
let w = 4k, where k = 4,5,6, then for any 2k + 1 < n < 19, there exists an
FSOLS(1"k!). Using Construction 2.10, we have an HSD(4"(4k)").

Forn =8,11,13 and v = 14, 15,17, 18,19, the designs are given in Appendix A9,
A10, A11, A12, A13, respectively. For n = 13 and u = 21,22, 23, the models are
given in Appendix Al4. O

Lemma 4.4 There exists an HSD(4"u') if 26 < u < 32 and n > [u/2] + 1, with the
possible exception of n =19 and u € {29, 30, 31}.

Proof First of all, for v = 28,32, the models can be generated by applying
Lemma 2.10 on FSOLS(1"k') with & = 7,8. For n > 20, the lemma holds by
Theorem 3.17(a). Lemma 3.4 covers the case when u = 26 and n = 14. The model
for n = 15 comes from Lemmas 3.5. For n = 16,17, 18, the models are provided by
Lemmas 2.11, 3.6, and 3.7, respectively. For u = 26,27 and n = 19, the models come
from Lemma 3.8. O

Lemma 4.5 There exists an HSD(4"u') if 33 < u < 36 and n > [u/2] + 1, with the
possible exception of n € {19,22} and u € {33,34,35}.
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Proof First of all, for u = 36, the models can be generated by applying Lemma 2.10
on FSOLS(1™9). For n > 23, the lemma holds by Theorem 3.17(b). For n = 18 and
u = 33,34, the models are provided by Lemma 3.7. For n = 20,21, the models are
provided by Lemmas 2.11 and 3.9, respectively. ]

In concluding this section, we have essentially proved the following theorem.

Theorem 4.6 For 0 < u < 36, an HSD(4"u') ezists if and only if n > 4 and
0 < wu < 2n—2, with the possible exception of n =19 and u € {29,30, 31,33, 34, 35},
and n =22 and u € {33,34,35}.

Proof The necessary conditions come from Lemma 1.3. For the sufficiency, the
conclusion comes directly from Lemmas 4.1-4.5. ]

5 HSD(4"u') for general u

In this section, we present some constructions for the more general case of existence
of HSD(4™ul).

Lemma 5.1 There exists an HSD(4™u') for 37 <u < 42 and n > [2u/3] + 7.

Proof We have n > 27 and Theorem 3.17(c) applies. O

From Theorem 1.4(d), we know that there exists a TD(7,m) for m > 61. This
fact will be used in proofs of the following lemmas.

Lemma 5.2 There exists an HSD(4™u') for u > 366 and n > [2u/3] + 7.

Proof From u > 366 and n > [2u/3] 47, we know n > 251. Let n = 4m+ k, where
4 <k <Tandm > 61. Fromn > [2u/3]+7, we have dm+7 > 4m+k > [2u/3]+7,
ie., 4m > [2u/3] or u < 6m. That is, the maximal value of u for n = 4m + k is
bound by 6m. Applying Lemma 2.23 with given values of m, k and u, we obtain the
desired result. O

Lemma 5.3 There exists an HSD(4"u') for 42 < u < 366 and n > [2u/3] + 7.

Proof From u > 42 and n > [2u/3] 4+ 7, we know n > 35. Let n = 4s + t, where
4 <t <Tand s > 7. The range of u for this n is from 1 to 6s. From the proof of
Lemma 5.2, we know that if there exists a TD(7,s), then using Lemma 2.23 with
m=s, k=t and 0 < u < 65, we have the desired HSD(4"u!). So our focus is on
such n = 4s + t, where a TD(7, s) is missing.

According to Theorem 1.4(d), for s € M; = {10, 14,15, 18, 20, 22, 26, 30, 34, 38,
46,60}, a TD(7,s) is unknown. For those s € M; except 14, since a TD(7,s 4+ 1)
exists, we may apply Lemma 2.23 with m = s+ 1,k =t —4, and 0 < u < 6s, for
t =4,5,6 to obtain the desired HSD(4"u!).
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For s = 14 and t = 4,5, we apply Lemma 2.21 with m = 15, k = ¢t — 4, and
0 < wu < 6s. For s = 15,20,26,30,34,38,46,60 and t = 7, we apply Lemma 2.21
with m = s, k = 7, and 0 < u < 65 to obtain the desired HSD(4"u!). For s = 22
and t =7, i.e., n = 95, we apply Lemma 3.15 with m = 19.

The remaining cases are for s = 10,14,18 and t = 7, and s = 14 and t = 6, or
n = 47,63,79 and 62.

For n = 47, we at first apply Lemma 2.22 with m = 20,k = 14, and 20 < u < 60
to obtain an HSD(40*(28)u!), and fill the holes of sizes 40 and 28 with an HSD(4'9)
and an HSD(47), we obtain an HSD(4%"u?).

For n = 62,63,79, we at first apply Lemma 2.20 with m = 13 and k£ = 10, 11,
and m = 17 and k = 11, and 0 < ¢ < 6(s — 1) to obtain HSDs of types (52440%¢1),
(52444'Y), and (68%44't!). We then adjoin k infinite points, 0 < k < 18, to these
HSDs and fill the holes of sizes 40, 44, 52, 68, with HSDs of types 4"k!, for r =
10,11, 13,17, respectively, we obtain HSDs of types 4"(t + k)! for n = 62,63, 79,
where 0 <t + k < 6s + 12, as desired. O

Theorem 5.4 There exists an HSD(4™ul) when v > 37 and n > [2u/3] + 7.

Proof The conclusion comes from Lemmas 5.1-5.3 directly. 0

6 Conclusions

We have investigated the existence of HSD(4™u') and showed that for 0 < u < 36 the
necessary conditions for existence are sufficient with just nine possible exceptions for
(n,u). We have also established a general result for the existence of an HSD(4™u!)
for n > [2u/3] + 7, while the existence problem of HSD(4™u!) for u > 37 and
[u/2] +1 < n < [2u/3] + 6 is still open and remains under investigation. In
summary, by combining the results of Theorems 4.6 and 5.4, we have proved the
main result in Theorem 1.9, which is restated below.

Theorem 6.1 (a) For 0 < u < 36, an HSD(4™u') exists if and only if n > 4 and
0 < wu < 2n—2, with the possible exception of n =19 and u € {29,30, 31,33, 34, 35},
and n =22 and u € {33,34,35}.

(b) There exists an HSD(4™ul) when u > 37 and n > [2u/3] + 7.

Proof (a) This is a restatement of Theorem 4.6.
(b) This is a restatement of Theorem 5.4. O
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Appendix

Here we list some HSDs which are used in the previous sections. Most of them are
obtained by computer. In the following list, the point set of an HSD(4™u!) consists
of Z,, and wu infinite points which are denoted by alphabet. For simplicity, we only
list the starter blocks or the corresponding Latin square. We also use the +2 method
to develop blocks, which means that we add 2 (mod 4n) to each point of the starter
blocks to obtain all blocks.

A1 HSD(4"2') for 6 <n <11

n =6 (+1 mod 24):

{0,1,20,3},{0,2,19, 24 }, {0, 3,23,13},{0, 5, 3,14}, {0, 8, 7,16}, {0,20, 11, 22 }

n =7 (+1 mod 28):

{07 17 177 11}7 {07 27 267 22}7 {07 37 17 9}7 {07 57 237 8}7 {07 97 247-’171 }7 {07 107 97 25}7 {07 177 127Z2 }7
n =8 (+1 mod 32):

{0,1,23,3},{0,2,20,23},{0,4,17,7},{0,5,1,15}, {0,6,7,20},{0,7,13,2},{0,17,6,22 },
{0,23,28, 21 }

n =10 (+1 mod 40):

{0,1,36,15},{0,2,3,14}, {0, 3,31,8}, {0,4,17,2}, {0,5,8,24},{0,6,29,22},{0,8,1, 25 },
{0,9,13,31},{0,12, 33,61, {0, 26, 15, 2, }

n =11 (+1 mod 44):
{0,1,9,41},{0,2,19, 32}, {0,3,10,4},{0,4,17,2},{0,7, 6,30}, {0,8,13,23},{0,9,28, 21 },
{0,14,32,6}, {0,16,7, 34}, {0, 19, 3,24}, {0,39, 24, 5 }

A2 HSD(4"3') for 6 <n < 14

n =6 (+2 mod 24):
{0,1,16,z1 },{0,2,10,15},{0,3,22,17},{0, 4, 3,13}, {0,8,19,4},{0,9,11, 23 },{0,10,17,1},
{0,13,23,21},{0,17,21, 22 },{0,23,7,3},{1,4,23, 2, }, {1,14,0,23},{1,18,20, 22 }

n =9 (+2 mod 36):

{0,1,31,16},40,3,17,11},{0,4, 3,5},{0, 5, 28,6}, {0,6,30,17},{0,7,20,10},{0,8,22,34},
{0,11,23,28},{0,16,12, 25 }, {0,17, 7,19}, {0, 19, 15,29}, {0, 21,29, 1}, {0, 25,4, 3},
{0,29,13,33}, {0,33,2,2,},{0,34,5,23},{1,24,13, 21 }, {1,27,12, 23}, {1,33,31, 22}

n =10 (+2 mod 40):

{0,1,12, 25}, {0, 2, 26,19}, {0, 3,29, 2 }, {0, 4, 5,23}, {0, 5, 38, 12}, {0,6,39, 37}, {0,7, 1,15},
{0,8,34,31}, {0,9,36, 21}, {0, 13,8, 39}, {0,15,37,9}, {0,16,3,11}, {0,18, 16, 3},

{0,19, 15,32}, {0,21,9,25}, {0,28,22, 23}, {0,29, 21,22}, {0,35,11,17},{1,5,3, 23},
{1,24,28,21},{1,30,25, 25}

n =13 (+2 mod 52) :

{0,1,20,3},{0,2, 42,24}, {0, 3,46, 45}, {0, 4, 50, 20}, {0, 5, 35,11}, {0, 6,31, 27}, {0, 7, 15, 37},
{0,8,44,41},{0,10, 7,47}, {0, 11, 23,38}, {0, 12,43, 50}, {0,14,19,17}, {0, 15,48, z5 },
{0,16,24, 25}, {0,19,9,30}, {0, 20, 11,21}, {0,21, 17,35}, {0,23,5, 21 }, {0,24, 34,23},

{0, 25,49, 29}, {0,27,12,7}, {0,29,45,1},{0,33,47,4},{1,7,9,47},{1, 36,35, 23 },
{1,37,17,22},{1,44,26, 21 }
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n =14 (+2 mod 56):

{0,2,26,3}, {0,3,24, 54}, {0, 4, 33,26}, {0, 5,31, 21}, {0, 6,53, 25 }, {0, 8,12, 27}, {0, 9, 25, 38},
{0,10,15, 16}, {0,11,49, 15}, {0,12, 35, 55}, {0, 13,7, 10}, {0, 16,9, 1}, {0,17, 29,50},
{0,18,40,31}, {0,19,21,9},{0,20,37,19}, {0, 21, 10,39}, {0,22,47,20}, {0,23, 36, 12},
{0,25,45,8}, {0,31,39,7}, {0,41,8, 21}, {0,45,4,53},{0,51,38, 3}, {1,0,37, 23}, {1,3,55,25}
{1,5,27,11}, {1,18,13, 2, }, {1,51,6, 25}

A3 HSD(4"5') for 6 <n <14

n =6 (+2 mod 24):

{0,1,3,8},{0,2,13,9},{0,4,9,23},{0,5,15,4},{0, 7,16, 25 }, {0, 9, 14, 22 }, {0, 10, 23, 21},
{0,13,5,21},{0,16,2,25},{0,21,4,24},{1,2,4, 21 },{1,8,11, 22 },{1,10,17, 23 }, {1, 17,21, 25 },
{1,22,23,24}

n =7 (+2 mod 28):

{0,1,18,20}, {0,3,4,15}, {0,5,11,23},{0,8, 17, 5 }, {0, 10, 16,1}, {0, 15,2, 19}, {0, 16,6, 24 },
{0,19,3,4},{0,22,20, 25 },{0,23,5,25}, {0, 24,1, 22 }, {0, 25,27, 21 }, {1,19,16, 22 }, {1, 20, 4, 2 },
{1,23,6,25}, {1,25,21, 24}, {1,27,7, 5}

n =8 (+2 mod 32):

{0,1,18,301, {0,3,10,23}, {0,4, 11,6}, {0,7,6,21},{0,9, 7,3}, {0,10, 19, 5}, {0, 11, 17, 18},
{01 18,28, .’E4}, {0) 19,15, 20}1 {07 21,9, 19}1 {O) 23,5, 21 }7 {07 26, 237'T2}1 {07 29, 127'T5})
{0,30,29, 23}, {1,8,12, 21 },{1,16,29, x5}, {1,21, 11,24 }, {1,27, 0,3 }, {1, 31,20, 22}

n =9 (+2 mod 36):

{0,1,35,29}, {0, 2,33, 25}, {0,3,4,1},{0,4,17, 19}, {0, 5,8, 20}, {0, 6, 30, 25}, {0,7, 13, 21}
{0,8,10, 25}, {0, 10,16, 21 }, {0,13, 34,17}, {0,14, 22,3}, {0, 15,23, 24 }, {0, 16,12, 11}, {0, 23,11, 7},
{0,25,5,25},{0,29,3,23}, {1,13,8, 23 }, {1,15,11, 25}, {1, 16,30, 22}, {1,26,0, 24}, {1,27, 13,21}

n =10 (+2 mod 40):

{0,1,38,19}, {0, 3,14, 27}, {0,4,27,1}, 0,5, 19, 25 }, {0, 6,22, 38}, {0,7, 15, 24 }, {0, 8, 12,9}
{0,11,9, 25}, {0,12,7, 15}, {0, 14, 11,39}, {0, 15, 33, 11}, {0, 17, 36, 31}, {0, 18, 31, 7}, {0, 23, 6, 22 },
{0,29,5,61, {0,31,35,33}, {0, 33,39, 5}, {0, 38,16, }., {1, 14,28, 2.4}, {1, 16,24, w5 }, {1,22, 7, 22 ],
{1,32,20,3}, {1,37,9,21 }

n =14 (+2 mod 56):

{0,1,53,31},{0,2, 3,29}, {0, 3,9, 49}, {0, 4, 38,21}, {0, 6, 51, 53}, {0, 7, 39, 52}, {0, 8, 49, 20},
{0,9,2,25), {0, 11,29, 44}, {0, 12, 10, 46}, {0, 13,50, 47}, {0, 15, 37, 27}, {0, 16, 31, 2 }, {0, 17, 40, 16},
{0,18, 55,231, {0, 19,36, 11}, {0, 21,4, 3}, {0, 22,30, 55}, {0, 26, 13, z5 }., {0, 27,7, 51}, {0, 33, 24, 13},
{0,35,45,501, {0,37,21, 21 }, {0, 46,8, 3}, {0,49,19, 24 }, {1, 5,53, 3}, {1, 10,42, 24 }, {1, 37,32, 22 },
{1,39,51, 25}, {1,49,14, 25 }, {1,52,22, 2, }

A4 HSD(4"6') for 6 <n < 14

n =6 (+1 mod 24):
{0,5,21,14},40,8,19,9},{0,13,8,22 },{0,15,11, 23 },{0,20,17, 24 }, {0, 21, 14, 21 }, {0, 22,20, 5 },
{0,23,22, 26}

n =7 (+1 mod 28):
{0,1,4,24},{0,2,8,24},{0,3,5,23 },{0,4,16,5},{0,5,15, 22 }, {0, 8,19, 25 }, {0, 9, 10, 20},
{0,15,2,26},{0,22,3, 21 }

n =9 (+1 mod 36):
{0,1,5,29},{0,2,13,17}, {0, 3,29, 35},{0, 7, 20,6}, {0, 8, 30,5},{0, 15,12, z3 }, {0, 19, 11, 21 },
{0,20,22,25},{0,23,2, 25}, {0, 26,10, ¢ },{0,31,19,24 }
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n =10 (+1 mod 40):
{0,2,23,11},40, 3,12,17}, {0, 4,6,25 },{0,6, 5,27}, {0, 7, 11, 25}, {0, 8, 16, 33}, {0, 9, 3,16},
{0,11,8,21},{0,16,2,22},{0,19,1, 26 },{0,25,13,23},{0,39,4, 24}

n =14 (+1 mod 56):

{0,1,31,51},{0,2,45,29},{0,3,1,16},{0, 4, 48, x5 },{0, 5, 37,20}, {0, 6,16, 9}, {0, 8,26, 15},
{0,12,20,22},{0,13,9,31},{0,18,24,1},{0, 19, 2,23}, {0, 24, 5,34}, {0, 26, 33, z6 }, {0,31,34, 21 },
{0,46,35,24},{0,47,12, 23}

A5 HSD(4"7') for 5<n <14

n =5 (+2 mod 20):

{0,1,7,26},{0,2,13,27},{0,3,2,21}, {0,8,6,25},{0,13,1,4},{0,14,11, 22 },{0,16,4, 23 },
{0,19,12, 24}, {1,3,4,27},{1,5,2,22},{1,9,13, 25 }, {1,10,19, 24 },{1,12,18, 26}, {1,14, 7,21 },
{1,15,17, 23}

n =7 (+2 mod 28):

{01 1,3, 1‘5}, {07 2, 271 1‘7}, {07 3,2, 20}7 {01 4,15, 27}) {01 9,25, 19}) {01 11,6, 22}1 {07 17,8, 22 }1
{0,19,1, 23}, {0,20,4, 26 }, {0, 22,12, 2, }, {0, 23,19, 17},{0,25,10, 4 }, {1, 2,5, 22 }, {1, 5,27, w6},
{1,9,17, 21}, {1,14,16, 23}, {1,16,20, 25 }, {1,19,24, 77 }, {1,24,9, 24 }

n =8 (+2 mod 32):

{0,1,3,29},{0,2,6,15},{0,4,29,19},{0,5,9,10},{0, 7,12, 26 }, {0,10,19, 5 }, {0, 12,10, 1},
{0,13,31,21 },{0,14,2, 27}, {0,15,25,13},{0,17,18,11},{0,19, 7, 25 },{0,26,11, 22 }, {0, 27,4, 24 },
{1,3,28,22},{1,4,10,21 },{1,5,0, 25 },{1,12,15, 24}, {1,15,21, 27 }, {1,22,11, 26 }, {1, 30, 16, 23 }

n =10 (+2 mod 40):

{0,1,24,18}, {0,2,8,23}, {0, 3,37, 25}, {0, 4,35, 19}, {0, 5, 6,28}, {0,7,36, 27 }, {0,9, 11,3},
{0,12,14,1},{0,13, 1,37}, {0, 16,9, 7}, {0, 25,3, 3 }, {0, 26, 12, 24 }, {0, 29, 33,25 }, {0, 31, 39, 5}
{0,32,13,26},{0,33, 7,8}, {0,35,22, w5 }, {0, 37,2, 21 }, {1,18,22, 25 }, {1, 20,36, 23 }, {1, 22,9, 21 },
(1,23, 14,26}, {1, 24,13, 27}, {1, 27, 3, 24}, {1, 30, 5, 25 }

n =11 (+2 mod 44):

{0,1,30,18},40,2,42,1}, {0, 4, 35,42}, {0, 5,37, z3 }, {0, 6,23,38},{0,7,15, 21 }, {0, 8,7,5},
{0,9,28,41}, 40, 10, 29, 23}, {0, 14, 4, 39}, {0, 15, 21, 27 }, {0,16,24, 22 },{0,17, 8, 26 }, {0, 18,31, 2.4 },
{0,19, 34,14}, {0,21,17,7},{0, 31, 3,27}, {0, 39, 18, 25 }, {1, 2,26, 23 }, {1,4, 36,27 },{1,5, 7,21},
{1,13,27,11},{1,18,21, 26 },{1,19,37, 22}, {1,20,11, 25 }, {1,22,6, 21 },{1,37,0, 24 }

n =14 (+2 mod 56):

{0,1,49,30}, {0, 2, 45, 46}, {0, 3,35, 21 }, {0, 4, 52,20}, {0, 5,20, 13}, {0, 6, 15,35}, {0, 7, 8,25}
{0,9,6,311, {0, 11,51, 7}, {0, 12, 16,34}, {0, 13,46, 6}, {0, 20, 31,33}, {0, 21, 11,38}, {0, 23,5, 7 },
{0,24,19, 45}, {0, 26,38, x5}, {0,27, 26,21}, {0, 31, 43,47}, {0,34,2, 25}, {0,37,32,17}

{0,39,37, 15}, {0,45,9,19}, {0, 46, 17, 2 }, {0, 47, 53,37}, {0, 48,41, 24 }, {0,53, 1,3}

{1,14,34, 25}, {1, 19,45, 25}, {1,22,24, 27}, {1,25,3, 25 }, {1,42,2, 2, }, {1, 49, 10, 26 }, {1, 51,54, 24}

A6 HSD(4"10') for 7<n < 14

n =7 (+1 mod 28):
{0,1,20,17},40, 4, 26,29}, {0,6,22,27},{0,8,5,25},{0,9,17, 21 }, {0, 10, 25, 23 }, {0, 11, 1, z6 },
{0,12,13, 25}, {0, 15,10, 24 }, {0, 23,19, x5 }, {0, 26, 24, 1 }

n =8 (+1 mod 32):
{0,1,11,2},{0,3,10,24},{0,6, 17,29}, {0,14, 18,22 }, {0, 15,27, 23 }, {0, 19,2, 25 }, {0, 21, 26, 7 },
{0,22,28, 21}, {0,25,12, 25 },{0,27, 13,9}, {0, 28,29, 27}, {0,30,7,y1 }

n =10 (+1 mod 40):
{0,1,9,33},{0,2,7,39},{0,3,1,15},{0,4, 23,25 },{0,5,27, 25 }, {0, 7,38, 22 },{0, 9, 21, 34},
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{07 157 297 I7}7 {07 187 147 z }7 {07 197 227 I6}7 {07 237 67"E9}7 {07 28747111 }7 {07 297 167Z4}7 {07 347 57Z3}

n =11 (+1 mod 44):

{0,1,2,25},{0,2, 30,37}, {0, 4,40, 35}, {0, 6,36, 4 },{0,9, 26, 38}, {0, 10,28, z9 }, {0, 14, 19, 34},
{0,16,12,21},{0,17,5,24},{0,20,17, 23}, {0, 23,10, y1 }, {0, 26,3, 27 }, {0, 31,6, 23 }, {0, 36,21, w6 },
{0,41,43, 25}

n =13 (+1 mod 52):

{0,1,16,8},{0,2, 50,29}, {0, 3,43,36}, {0, 4, 34,25},{0,5,12, x5 },{0,11, 30,14}, {0,12, 1, 24 },
{0,14, 15,49}, {0,15,46, 27 },{0,19,28,5},{0, 27,47, 29 }, {0, 28,10, 22 }, {0, 30, 20, 1 }, {0, 32,4, y1 },
{0,35,41, 25}, {0,42,44, 25 }, {0,46,29, ¢ }

n =14 (+1 mod 56):

{0,2,47,39}, {0,3,35,1}, {0, 4, 24,48}, {0, 6,31, 49}, {0, 7,20, 29 }, {0, 9, 11, 50}, {0, 11, 23, 38},
{0,12, 16,29}, {0, 16,49, 19}, {0, 20, 10, 23 }, 0,29, 51,y }, {0,31, 1, 27 }, {0, 33, 38, 5 }
{0,35,26, 26}, {0,37, 52,21 }, {0, 46,6, 24 }, {0, 51, 48, 25 }, {0, 55, 34, 2 }

A7 HSD(4"11') for 7<n < 14

n =7 (4+2 mod 28):

{0) 11 237'T4}1 {0747 17'T8}1 {07 97 241 y1}7 {0) 117 19) .’L’g}, {07 13) 177 'Tﬁ}u {07 16) 117 y2}7 {0) 177 16) 1'2},
{0,18,10,z3},{0,19,8,3},{0,20,9, 21 },{0,22,6,27},{0,26,2, ¢ },{1,2,4, 29 },{1,4,3, 22},

{1) 51 247 y?}l {17 77 231 .’L’(;}, {1) 9) 117'T7}1 {17 13) 267'T8}7 {1) 147 57 yl}l {17 19) 147'T1}7 {1) 247 27'T4}1
{1,26,16,25},{1,27,9, 25}

n =8 (+2 mod 32):

{0) 21 207 'Tb'}u {07 47 77 27}7 {0) 51 3) T2 }1 {07 67 251 Y2 }1 {07 77 17) 26}1 {07 97 57 20}1 {0) 12) 221 Ty })

{0) 157 97'T5}1 {07 18) 297'T4}1 {07 19) 307~T3}1 {07 211 6) yl}l {07 221 197'T8}7 {0) 277 18) T1 }1

{0,29,28, 27}, {1,0,3L, 1 },{1.2, 7,21}, {1,3, 15,9 }, {1, 8,21, 27}, {1, 19,5, 6}, {1,20, 11, 5},
{1,22,18, 25}, {1,23,6,12}, {1,27,2, 24}, {1, 29,22, 25 }, {1,30,0, 25}

n =9 (+2 mod 36):

{0,2,16,23},{0,5,31,22},40,6,23,24},{0,7,28, 27 },{0,10,17,32},{0,11, 3,33}, {0,12, 1,91 },

{0) 157 10) 26}1 {07 17) 291 Zs5 }1 {07 19) 327 21}7 {0) 227 6) zy }1 {07 231 127 y2}7 {0) 287 57'T9}1 {07 311 357'T8}1
{0,32,34, 26}, {0,35,19,3}, {1,0,30, 25 }, {1,4,16, 25 }, {1,5,22, 29 }, {1, 8, 7,27 }, {1,9, 11, 23 }
{1,11,25, 26}, {1,23,29, 21}, {1,24, 17,y }, {1, 25,24, 2.4 }, {1, 34,26, 22 }, {1,35,4, 1 }

n =10 (+2 mod 40):

{0,2,14,26},{0,3, 4,91}, {0,4,19,32}, {0,5,7,9},{0,6,17,21},{0,7,1, 25}, {0,8,27, 14},

{0) 147 18) 37}1 {07 16) 51 13}7 {07 177 317 zg }1 {07 18) 357 Ts }1 {07 251 337 'T4}7 {0) 287 211 Y2 }1

{0,29,24, 25}, {0,33,29, 29}, {0,35,8, 21 }, {0,39, 38, 7 }, {1,0,23, 22}, {1,4,2, 23}, {1, 7,35, 19},
{1,10,28, 24}, {1, 15,30, 25}, {1,18,25, 41 }, {1,19,3, 26 }, {1,20, 15, 27}, {1, 26,32, 25 },

{1,29, 38,2}, {1, 30,33, 21 }, {1, 32,16, 29 }

n =11 (+2 mod 44):

{0,2,37,25},{0,3,10,16},{0,7,23, 21 },{0,9, 4,27}, {0, 10, 30, 2}, {0, 12, 25,19}, {0, 13, 43,29},
{0,14,6, 25}, {0, 15,27, 7}, {0, 17,21, 29 }, {0, 19, 17, g }, {0, 21, 3, 15}, {0, 24, 28, 24 }, {0, 26,20, 2+ },
{0,27,18,3},{0,35,29, 34}, {0, 36,13, 22 }, {0, 37, 12, 2}, {0,40, 19, y1 }, {0, 43,42, 25 }, {1,0,41, 25 },
{1,3,4,9y1},{1,4,36,21 },{1,14,40,y2 },{1,17,30, 25}, {1, 20,6, 29 },{1,27,10, 22 }, {1, 35,15, 24 },
{1,37,3, 25}, {1,40,35, 26}, {1,41,33, 27}

n =13 (+2 mod 52):

{0,2,27,5},{0,5,50, 27}, {0,6,35, z5 }, {0, 8,48, 33}, {0,9, 24, 25 }, {0, 10, 32, 21 }, {0, 11, 29, 43},
{0,12,47, 25}, {0, 14,30, 48}, {0, 15,31, 2 }, {0, 16, 36,6}, {0, 17, 14, 45}, {0, 19,8, 41}, {0, 21,6, 23},
{0,24,19,17}, {0, 25,21, 31}, {0,27, 17, 18}, {0, 32, 40, y2 }, {0, 35, 5,23}, {0, 43, 23, 24 }, {0, 45, 51, 2}
{0,47,7, 26}, {0, 48,49,y }, {1,0,49, 27}, {1, 5,38, 25 }, {1,7, 35,15}, {1,12,39, 3 }, {1, 24,0, 7o },
{1,25,17, 21}, {1,30,20, 24}, {1,37,16, 31 }, {1,41,42, 25}, {1,45,43, 2}, {1, 46,3, 25}, {1, 50, 12, z6}
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n =14 (+2 mod 56):

{0,1,5, 2}, {0,2,45,8},{0,3, 11,2}, {0, 4,49, 29}, {0,5,3,9}, {0,6,22, 4}, {0,7, 47, x5},
{1,36,55, 25}, {0, 10, 35,20}, {0, 11,36, 24 }, {0, 12,29, 5 }, {0, 13, 48, 39}, {0,17, 7,22}
{0,19,55,11},{0,22,37,7}, {0, 23,30, z9 }, {0,24, 12,37}, {0, 26, 27, y1 }, {0, 27,39, 47},
{0,29,24, 25}, {0, 36,31, 26}, {0,39, 15,18}, {0, 40, 16, z7 }, {0, 45, 23, 33}, {0, 48, 38, 21 },
{0,51,33,35},{0,55,52,28 },{1,5,35, 21 }, {1, 8,14, 22 },{1,14,40, 23 },{1,17,4, 91 },
{1,19,48, 26 },{1,22,7, 29}, {1,24,47, 25 },{1,26,25, 24 },{1,33,39, 27 },{1,35,38, 92 }

A8 HSD(4"13') for 8 <n < 14

n =8 (+2 mod 32) :

{0,1,3,v3},{0,2,5,42},{0,3,7,41 },{0,4,9,40 },{0,6,17, 29 },{0,7,12, 25 },{0,10,19, x5 },
{0,12,18, 27}, {0, 13,22, 24}, {0, 14, 28, 25 }, {0, 15, 26, 13}, {0, 17, 30, 21 }, {0, 21, 11, 23 }
{0,27,15, 26}, {1,2,4,93},{1,4,8,y1 },{1,5,6,y2},{1,7,13,27},{1,8,15, 24}, {1, 10,0, z3 },
{1,11,10, 29}, {1,13,20, 25 }, {1, 15,29, x5 }, {1,227, 1 }, {1, 24,12, x4 }, {1, 28,11, 5 }
{1,31,2,90}

n =10 (+2 mod 40) :

{0,2,25,1}, {0, 4,35,38}, {0,5,31,16}, {0, 7,23, 3}, {0,8,3, 50}, {0, 9,16, 21 }, {0, 11,9, 29 }
{0,12,18, 25}, {0, 13,36, 12}, {0, 22,27, 24 }, {0, 23,19, 7}, {0, 25,17, 92 }, {0, 26, 13, x5 }
{0,27,15,21},{0,29,32, 25 }, {0, 31, 12, y5 }, {0, 34, 26, 7 }, {0, 39, 38, 26 }, {1, 0,39, 5 1,
{1,5,36,51},{1,6,19, 21 }, {1,8,30, 29}, {1,15,4, 5o }, {1, 17,2, 24}, {1, 20,5, 256 },

{1,22,8, 23}, {1, 23,20, 25 }, {1,24,13,y3 }, {1, 33,15, 25}, {1, 38,34, o }, {1, 39, 33, 7 }

n =11 (+2 mod 44) :

{0,2,23,24},{0,3, 1,25}, {0,5,35,23}, {0, 6,41, 1 }, {0,10,17, 37}, {0,12,7, 24}, {0, 13,5, 20 }.
{0,14,6, 26}, {0, 15,31, 13}, {0, 16,42, 27 }, {0, 17,30, 40}, {0, 18,8, 28}, {0, 23,40, y3 },

{0,29,28, 25}, {0,31, 13,23}, {0, 35, 39, 20}, {0, 36, 24, 41 }, {0, 37, 18, 17}, {0, 40, 43, 3o }
{0,41,21,22},{1,0,42,25},{1,3,37,27},{1,6,20,23},{1,7,8, 24 },{1,17,36,y2 }, {1,20,26, 29 },
{1,24,33,ys},{1,26,30, 22 },{1,31,16, 21 },{1,36,41, 25 },{1,37,31, 26 }, {1, 38,35, %0 },
{1,41,29,y: }

n =13 (+2 mod 52) :

{0,2,31,31}, {0, 3,10, 34}, {0,4,41,9}, {0,5,3,30}, {0,7,12, 27 }, {0,8,2,51}, {0,9, 44, 23},
{0,12,36, 22}, {0, 14,28, 23 }, {0, 15,4, 5> }, {0, 17, 38,5, {0, 18,9, 33}, {0, 21, 46, 24 }, {0, 22, 18, 7}
{0,27,45,16}, {0,32,20, 21 }, {0, 33, 17, 2 }, {0, 36,51, y3 }, {0,42,22, 50}, 0,43, 1, 25},
{0,45,7,49}, {0,46,35, 6}, {0,47,23, 29}, {1,0,35,y2 }, {1,2. 4, 25 }, {1,9, 6,26}, {1, 16,24, 25},
{1,17,25,47}, {1,18,43, 24}, {1,30,20, 29}, {1, 35,34, 51 }, {1,39,17, 2, }, {1,41,21, 25},
{1,42,9, 27}, {1,47, 7, 5o}, {1,49, 28,3}, {1,51,3, 25}

n =14 (+2 mod 56) :

{0,1,24,9},{0,2,20,41 },{0, 3,34,43}, {0,4, 33,51}, {0, 5, 1,27 }, {0, 6, 26, 8}, {0, 7, 46, 3},
{0,15,16,13}, {0, 16,50, 11}, {0,19, 41, z, }, {0, 21,37, 2}, {0, 23,53, 5}, {0, 25, 13, 32}, {0, 26,9, 31}
{0,29,44,y2},{0,32,3,24},{0,33,35, 25 },{0,34,38, 26 },{0,36,27,y3 },{0,43,8,y0 }, {0, 44,4, z9 },
{0,46,11, 25}, {0,47,29,53},{0,48,7, 22 },{0,51,15,19},{0,55,31, 23 },{1,3,36, 24}, {1,8,34, z7 },
{1,12,2, 21}, {1,13,12, 22}, {1,18, 11,0 }, {1,26,32, 25}, {1,27, 21,z }, {1, 30, 18, 23},

{1,37,45, 26}, {1,41,31,y1 },{1,46,35,y2 },{1,47,40, 25 },{1,51,14, y3 }

A9 HSD(4"14') for 8 <n < 14

n =28 u=14 (+1 mod 32) :

{0,4,31,50},{0,15,3, 24}, {0, 18,5, 23}, {0,19,10, 27 }, {0, 20, 13, s }, {0, 21, 7, 25 }, {0, 22, 12, 76 },
{0,23,17,29},{0,25,14, 25}, {0,26,11, 21 }, {0, 27,23, 41 },{0,29,26, y2 },{0, 30,28, y3 },
{0,31,30,y4}
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n=29,u=14 (+1 mod 36) :

{0,1,17,25},{0,2,6,34},{0,3,26,y2},{0,4,1,y4 }, {0,5,12,y1 },{0,6,23,90},{0,11,33, 22 },
{0,13,34,21},{0,15,7, 23}, {0, 16,21, 27}, {0,17,5, 24}, {0,22, 11, 25}, {0, 24, 14, 2 },
{0,26,20,z9}, {0,29,28,y3}

n =10,u = 14 (+1 mod 40) :

{0,1,28,25},10,4,23,27},{0,5,1,y3},{0,6,9,31},{0,9,8, 23 },{0,11,27,y2 }, {0, 16,22, z },
{0,17,29,24},{0,21,38, 21}, {0,25,33, 90}, {0,26,19,29},{0,27,5,y4},{0,28,26, 25},
{0,32,6,22}, {0,33,4,91},{0,38,3,25}

n=11,u =14 (+1 mod 44) :

{0,1,40,43}, {0,2,5,23}, {0, 4,36, 25 }, {0,12,29, 2}, {0,14,27, 23}, {0, 17,3, 24}, {0, 19,28, 27 },
{0,24,32,29},{0,28,34,90},{0,29, 25,y }, {0,31, 13,26 },{0,34,18,24},{0,35, 1,93 },
{0,36,38,y2}, {0,37,30,25},{0,38,9,v4 }, {0, 39, 20, x5 }

n =13,u =14 (+1 mod 52) :

{0,1,18,23},40, 2,12, 43}, {0, 8,28,11}, {0,9, 33, 27 },{0, 10,4, x5 }, {0, 12, 10, 37}, {0, 14, 2, x5 },
{0,15,31,7},40,16,46, y3 },{0,18,32,y1 }, {0,29,47,22},{0,30,51,y0 },{0,32,35,94 },
{0,33,29, 26}, {0,41,14, 29 },{0,45,37, 21 },{0,46,45,y2 },{0,48,43, x5 },{0,49, 16, 24 }

n=14,u = 14 (+1 mod 56) :

{0,2,10,21}, {0, 3,22,4},{0, 5,3,29},{0, 7,41, y3 }, {0,8,49, 24 }, {0,9,45, zs }, {0, 10, 26, 1},
{0,12,18,51},{0,15,54,v1 },{0,16,25, 27 }, {0,17,20, 25}, {0,19,44,24},{0,27,16,y2 },
{0,32,50, 54}, {0,34,21, 21}, {0,35,23, 23 }, {0,43, 13, 26 }, {0,50, 4,22}, {0,52,29, 2o},

{0, 55,48, yo }

A10 HSD(4"15') for 9 <n < 14

n=9,u =15 (+2 mod 36):

{0,2,30,26},{0,4,35,y2},{0,5,7,26},{0,8,1,y5 },{0,11,34, y1 },{0,13,14,y4 }, {0, 14, 26, 1 },
{0,16,32, 50}, {0,19, 8,3}, {0, 21,24, 5}, {0,23, 17, 25 }, {0, 24, 13, 25 }, {0, 26, 20, o },
{0,30,31, 24}, {0,31,23,27},{0,33,11,23},{1,0,23,y4 },{1,2,17,y3},{1, 7,4, y2 }, {1,8,13, 22 },
(1,128, 27}, {1,17,34, 25}, {1,22,29, 51 }. {1,23, 11, 26 }, {1, 25,5, 40}, {127, 31, 21 },
{1,29,3,29},{1,30,16, 23}, {1,33,12,y5},{1,34,32,25},{1,35,18, 24}

n =10,u = 15 (+2 mod 40):

{0,1,28,25},{0,2,31,y3},{0,3,4, 25}, {0,5,27,24},{0,6,38, 21 },{0,7,15,y2 },{0,8,26, 91 },
{0,11,32, 54}, {0,13,22, 4o }, {0, 15,9, 16}, {0,17,13, 25}, {0,21,33,4},{0,22,19, 23 },

{0,24,7, 25}, {0,26,21,27},{0,28,16,29 }, {0, 31,6, 3}, {0,36,29,y5},{1,2,36,y2},{1,3,38, 25},
{1,6,15, 25}, {1,13,6,y5},{1,14,25,y0},{1,16,33,y4 }, {1,17,3,21},{1,18,4, 26 },{1,19,18, 22 },
{1,22,37, 25}, {1,27,0,27}, {1,32,30, 24}, {1,33,35,41 }

n=11,u =15 (+2 mod 44):

{0,2,23,8},{0,4,2, 54}, {0,5,26, 25}, {0,6,10, 261}, {0,7,36, 29}, {0,8,5, 53}, {0,9,4, 51 },

{0,14, 13,34}, {0,19,27,17}, {0, 20, 14, 24 }, {0,21,1,18},{0, 25,37, 3 }, {0, 26,29, 21 },

{0,28,12, 23}, {0,29,28,ys5},{0,31,35, 25 },{0,32,15,92 }, {0,34,9,25},{0,35,41,27},{0,37,7,9},
{1,0,24,90}, {1,2,37,y5},{1,4,41, 22 },{1,6,31, 91 }, {1,9,7,24},{1,15,28, 25 },{1,19,6,92 },
{1,25,35, 23}, {1,28,14,25},{1,29,13,26 }, {1, 32,20, 27}, {1,33,26,y3},{1,39,21,y4},
{1,41,2,21},{1,42,27, 29}

n =13,u =15 (+2 mod 52):

{0, 2, 46,30}, {0, 3,47, 49}, {0, 5,10,19}, {0,7,4,25}, {0,11,31,35},{0,12,49, 25 }, {0, 15,5, 21},
{0,17,2,29}, 0,19, 41, 42}, {0, 22, 36,21}, {0, 24,20, 27}, {0,25, 18, x5}, {0,32,12, 52},

{0,33,35, 29}, {0,34,23, 5}, {0,35,11,51}, {0,38, 3,54 }, {0,41, 1, 24 }, {0, 42, 30, z6 }, {0, 44, 45, 1 },
{0,46,25, 25}, {0,47,9,y3}, {0,48, 14, y5 }, {0, 49, 44, x5 }, {1, 0,43, 25}, {1, 8,32, y3 }, {1, 10,46, 21 },
{1,22,20,24}, {1,24,5, 25}, {1,29,45, 5}, {1,30,36, 20 }, {1,31, 38,50}, {1,33,10,y4 },
{1,35,26, 2}, {1,37,31, 26}, {1,39,21, 5}, {1,43,16, 23}, {1, 45,34, y1 }, {1,47,51, 27}
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n =14,u =15 (+2 mod 56):

{0,1,17,37},40,2,41, 25 }, {0, 3, 23,27 },{0,4,49, 24 }, {0, 5,40, 35}, {0, 6, 33, 52}, {0, 7,6, y3 },
{0,8,54,38},{0,9,7,26 },{0,12,15,31},{0,13,1,34},{0, 15,24, 25 }, {0, 17,22, 19}, {0, 18,29, y5 },
{0) 207 47 &3 }1 {07 221 217 30}7 {0) 257 517 7}7 {0) 291 371 54}1 {07 307 457 Zg }1 {07 321 387 y?}l {07 351 537 y()}7
{01 41,9, y4}u {07431 20, y1}7 {01 46, 55, '758}7 {01 49,44, '754}1 {17 2,51, y1}7 {11 3,46, y5}7 {11 5, 447~T1}1
{1,7,30,28},{1,9,13,y2}, {1,12,9, 24}, {1,23,33,7},{1,24, 32,90 }, {1, 25,47, w5 }, {1, 26, 14, z7 },
{1,30,54,y4},{1,36,5,y3},{1,38,23,22},{1,39,52,25},{1,46,10, 2 }, {1,47, 18, z9 }

A1l HSD(4"17") for 10 < n < 14

n=11,u =17 (+2 mod 44):
{0,1,2,53},10,2,19, 45}, {0,3, 1, 2}, {0,5,26,1}, {0, 7,35, 57}, {0, 9,3,y }, {0,10,31, 25},
{0,14,39, 32}, {0, 15,20, 25 }, {0, 16,40, 24 }, {0,17, 10,50}, {0, 18,32, 23 }, {0,20, 30,2, },
{0,21,38,29}, {0,25,5,12}, {0, 32,16, 4, }, {0,36,27, 24}, {0, 38,9, 3}, {0, 40,36, o }
{0,43,29,27},{1,3,7, 23}, {1,4,22,27},{1,5,2,24},{1,6,15,y3}, {1,9,4,y6},{1,13,25, 29 },
{1,14,33,40},{1,15,28, s }, {1,16,24, 22 },{1,17,27, 26}, {1,18,11, 25 },{1,21, 8,2},
{1,22,20,y7},{1,27,30,ys5 },{1,32,38,ya }, {1,35,17,41 },{1,39,3, 21 }

n =13,u =17 (+2 mod 52):

{0,1,21,25},{0,2,3,y5},{0,4,34,49},{0,5,42,y5 },{0, 6,23, 25 },{0, 7,47, 21 }, {0, 8,36, x7 },
{0,9,40,y6},{0,10,4,27},{0,11,1,y7 },{0,16,27,35},{0, 17,32, 23 }, {0, 19, 38,29}, {0, 22, 30, 3},
{0,28,24, 26 },{0,31,8,y2},{0,32,46, yo }, {0, 33,25, 91 }, {0, 34, 2, 29 }, {0, 38,37, 22 }, {0, 40,49, 2, },
{0,47,43,y4},{0,51,5,45},{1,3,41,37},{1,4,44,y7 },{1,7,18, 25}, {1,8,15,ys }, {1, 12,46, y4 },
{1,15,45,29},{1,16,21,y2 },{1,18,2, 25 },{1,19,24, y5 }, {1, 21,23, 2 }, {1, 24, 22, y1 }, {1, 26,5, 23 },
{1,29,38,24},{1,31,3,27},{1,32,42, 21 },{1,37,12, 22 },{1,43,25,40 }, {1,50,17, y3 }

n =14,u =17 (+2 mod 56):

{0,1,21,24},{0,2,9, 56}, {0,3,51,30}, {0,4, 13,52}, {0, 5,18, 55}, {0, 7, 11, 16}, {0,9, 3, 34},
{0,11,43,y5},{0,13,2,y2},{0,16,5,17}, {0, 18,6, 27 },{0,19,37,y1 }, {0, 20, 55,24}, {0,22,19, 2 },
{0,24,34,y-},{0,29,41,49}, {0, 30,12, 26 }, {0, 33,10, y4 }, {0, 39,24, y5 }, {0,44, 45, zg },
{0,45,20,23},{0,46,17, 21 },{0,47,7,13},{0, 48, 40, 29 },{0, 49,30, yo }, {0, 50, 15, 25 }, {1, 2,22, 24 },
{1,3,18,22},{1,4,55,y2},{1,11,30, 25 },{1,14,8,y1 },{1,16,49, 23 },{1,19,17, 29 }, {1, 22, 13,90 },
{1,27,53,27},{1,30,32,y3},{1,33,11, 26 },{1,34,39,y5 },{1,35,4, x5 }, {1,37,34, ys }, {1, 41, 31, y7},
{1,42,25,y4},{1,53,24, 21 }

A12 HSD(4"18') for 10 <n < 14

n =10,u = 18 (+1 mod 40):

{0,5,39,y5},{0,21,5,24},{0,22,3, 241 },{0,23,12,29 }, {0, 24, 7,23 },{0,25,13,25 },{0,26, 17, yo },
{0,27,9, 25}, {0, 28,15, 27}, {0,29, 21, 1 }, {0, 31,16, x5 }, {0, 32, 18, 6 }, {0, 33, 26,y }
{0,34,29,y4},{0,36,32,y5 },{0,37,34, y6 }, {0, 38,36, y7 }, {0, 39, 38, ys }

n=11,u =18 (+1 mod 44):

{0,1,39,24},{0,2,6,y1},{0,3,19,34},{0,4,24,y4 },{0,5,36,25},{0,7,9,v6 }, {0, 8,3, zs },
{0,12,15,23},{0,13,1,ys},{0,14, 32,26 },{0, 17,16, ys }, {0,18,10, 27 }, {0,19,42, y5 },
{0,20,27,y0},{0,23,4,29},{0,28,14, y7 },{0,34,7, 22}, {0, 35,26, y2 }, {0, 38,23, 21 }

n=13,u =18 (+1 mod 52):

{0,1,42,24},{0,2,19, 5}, {0,3, 1,21}, {0, 4,47, 21 }, {0, 5,43, 5 }, {0, 11,12, 49}, {0, 14, 4, 29 },
{0,16,50, 22 }, {0, 17,46, y5 }, {0, 21,17, 2 }, {0, 23, 45, ys }, {0, 25, 44, ys }, {0, 28,36, 4 },
{0,30,37, 24}, {0, 33,27, 50}, {0, 40, 3, 23 }, {0, 42,22, x5 }, {0, 43,31, y7 }, {0, 44, 28, 7},
{0,45,20, 41 }, {0, 46,41, 26}

n = 14,u = 18 (+1 mod 56):
{0,3,47,y5}.{0,5,22,11},{0,7,54, 93}, {0,8,43, 21 }, {0, 10, 33, z6 }, {0, 12,48, 27 },
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0,z2},{0,17,55,22},{0,18,19, 24 }, {0, 19, 15, 50}, {0, 20, 17, 49}, {0, 22,32, y4 },
27 y6}7 {07 297 37 y2}7 {07 307 497 I9}7 {07 407 167 z3 }7 {07 437 187 Zs }7 {07 477 457 Ts }7
1,y7},{0,52,36,90},{0,54,46,y5},{0,55,4,y1 }

el
o oo
Ul DD =
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N =W

A13 HSD(4"19') for 11 <n < 14

n=11,u =19 (+2 mod 44):

{0,3,22,25},{0,4,9,y6 },{0,5, 7,99}, {0,6,13,y4 },{0,7,8,ys },{0,9, 15,95}, {0,10,21, z7 },
{0,11,18,ys},{0,14,28, x4 },{0,15,25,y0 },{0,17,31, 29 }, {0, 18,34, 21 }, {0, 19,41, 22},
{0,21,6,31},40,22,5,27},{0,24,1,24 },{0,28,17,22},{0,29,11, 23 },{0,32, 14, 25 }, {0, 35,12, 91 },
{0,36,4,92},{0,37,20,25 },{0,42,2,y7},{1,0,2,y0 },{1,1,1,1},{1,2,5,ys }, {1,4,10,y5 },
{1,5,8,y6},{1,6,16,29},{1,7,12,y4},{1,9,18, 27 },{1,12,25, 25 },{1,14,22, 90}, {1,17,37,21 },
{1,18,42,23},{1,22,31,ys},{1,25,33,y2 },{1,27,26, 24 },{1,31,19, 26 },{1,32, 7,41 },
{1,33,17,25},{1,35,6,22},{1,43,3,y7}

n=13,u =19 (+2 mod 52):

{0,1,8,12},{0,3,19, 25 }, {0, 5,36, 28}, {0, 7,3, 52}, {0,10,1,47}, {0, 11, 6,0 }, {0, 14,17, 55}
{0,15,48, 1}, {0, 18,2, 5o }, {0,19, 43,23}, {0, 22, 28, x5 }, {0, 23,5, 9}, {0, 24,9, 1 }, {0, 27,30, 54}
{0,29,18, 23}, {0, 32,12, ys 1, {0, 35,25, 57 }, {0, 36, 11, yg }, {0, 37, 31, 25 }, {0, 40,10, 27 },
{0,43,14,y5},{0,46,32, 9}, {0,49, 27,26 },{0,50,51, 24 },{1,2,6, 26 },{1,6,41,y5 },{1,8,25, 23 },
{1,11,32,24},{1,12,20,92 },{1,17,3,y9 },{1,19,38,y5 }, {1, 20,30, 25 }, {1,22,47,y0 }, {1, 23,8, y6 },
{1,28,35,y4},{1,29,21, 29 },{1,32,31,y1 },{1,36,18,y7 },{1,39,37,ys }, {1,41,9, 22 },
{1,44,46,25},{1,45,4, 21 },{1,51,11, 27}

n=14,u =19 (+2 mod 56):

{0,1,18, 24}, {0,2,21, 5o}, {0, 4,51, 2}, {0, 5,43, 21}, {0, 6, 47, 38, {0, 7, 55, 15}, {0, 8, 20, 4},

{0,10, 15, y7}, {0, 13,33, 50}, {0, 15, 31, 3}, {0, 17, 46, 27}, {0, 18, 17, y4}., {0, 19, 7,22}, {0, 21, 34, 2],

{0,23,25,17},{0, 26,6, y1 }, {0,29,48, 22 },{0, 32,2, y3 }, {0, 34,45, 21 }, {0,36,12, 92 }, {0, 37,30, yo },

{0,44,39,zs},{0,47,37,ys },{0,49,27,y4 },{0,51,16,y6 }, {0, 55,23, x5 }, {1,4,33, 26 }, {1, 5, 55,92 },

{1,12,5,96},{1,14, 23,27 },{1,21,8,y4 },{1,22,47, 22 },{1, 24,13, yo }, {1, 26,28, 23 }, {1, 30,22, 25 },

{1,31,27,y1},{1,32,48,y4 },{1,33,0,y7},{1,39,16, 29 }, {1,45,19,y3 }, {1,46,21, 24 }, {1,47,46, 21},
{1,51,54, 28}, {1,54,44,ys },{1,55,52,y0 }

A14 HSD(4™u!) for n = 13,14 and u = 21, 22,23, 25,26

n=13,u =21 (+2 mod 52):

{0,3,50, 5}, {0,4,21, 3}, {0,5,6,29}, {0,8,31, 31 }, {0,9,16,7}, {0,10, 11, s }, {0, 11, 41, 46}
{0,14,22,05}, {0,19,3, 20}, {0, 25,27, yo }, {0, 28, 44,y }, {0, 29, 23,y }, {0, 30, 25, 1}, {0, 32,4, 21},
{07 337 247 y3}7 {07 347 147 T3 }7 {07 357 497 y9}7 {07 367 407 IZ}? {07 377 197 IG}? {07 407 437 Y1 }7

{0,45,18, 29 }, {0,46,9, ys }, {0, 50, 32, 2 }, {0, 51,10, 24 }, {1,0,21, 24}, {1, 4,18, y7 }, {1,12,0, 0},
{1,15,23, 25}, {1,22,24, 26 }, {1, 23,38, 51 }, {1, 26,7, 53}, {1,29,19, 2}, {1,32,2, 5o }, {1, 33,45, 23},
{17 35, 167 y2}7 {17 367467 y0}7 {17 377 137Z7}7 {17 38, 117 y5}7 {17417 37, y6}7 {17437 87 y4}7
{1,45,48,25},{1,46,5,20},{1,47,15,21},{1,49,6, 21 },{1,51,20,ys }

n =13,u =22 (+1 mod 52):

{0,1,48,y7},{0,3,23,y9 },{0,4,38, 22}, {0,5,30,v1 },{0,8,10,ys }, {0,9, 21,36}, {0, 10, 11, 0 },
{0,11,18, 25 }, {0, 14,20, 52 }, {0, 16,19, 26 }, {0, 17,6, 25}, {0, 19,15, 55 }, {0, 20, 28, 24 },
{0,22,5,95},{0,24,3,y6 },{0,25,40, 25 },{0,29, 51,21 }, {0, 31,50, 20 }, {0, 34,43, x7 },
{0,40,16,y4},{0,45,7,29},{0,46,17, 21 },{0, 50, 8, x5 }

n =13,u =23 (+2 mod 52):

{0,1,25,25},{0,3,36, 21}, {0, 5,45, 20}, {0, 7,9, 29 }, {0,8,3, 23 }, {0, 14,42, 53}, {0, 16,27, 23},
{0,18,49, 25}, {0,19,12,y6 }, {0, 20, 21, 22 }, {0, 22, 20, 27 }, {0, 24, 6, 26 }, {0, 31, 14, y1},{0, 33,11, yo},
{0,35,30,y4},{0,37,8, 22}, {0, 40,24, 2, },{0,42,33,y5 },{0,43,2,ys }, {0,46, 34, y; },{0,47,1, 24 },
{0,48,4,y2},{0,49,35,y9 },{0,50,31, 20 },{1,2,6,99 },{1,3,10, 20 }, {1,5,39, 26 }, {1, 8,5,ys },
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{1797367y5}7 {17 127347Z9}7 {17 137457377}7 {17 247387110}7 {17267417Z2}7 {17 297257'!/3}7
{1,30,24, w5}, {1,31,46, 3}, {1,32,3, ya }, {1,32, 3,44 },{1,33,12, 23}, {1, 35,43, y7 }, {1, 36,35, 56 },
{1,37,2,22},{1,38,48, 24}, {1,39,30, 25}, {1,42,17, 31}, {1,43,33, y2 }, {1, 44,47, 21 },{1,47, 31, z1}

n =14,u =21 (+2 mod 56):

{0,1,36,27}, {0,4, 35, ys }, {0, 6,30,z }, {0, 10,18, 3o }, {0, 13,37, 50 }, {0, 15,54, 5 }, {0, 16, 31, 11}
{0,17,12, 21 }, {0, 18,40, y5 }, {0, 19, 39, 12}, {0, 20, 55, 29}, {0, 21, 23, 30}, {0, 22,13, z0 },
{0,23,4,1}, {0,24,19,13}, {0, 30, 34, x5 }, {0, 33,50, 24 }, {0, 35,32, 5 }, {0, 37, 11, 21 },

{0,39,29, 25}, {0,44,21, 26 }, {0,45,46, s }, {0,48,49,y3 },{0,51,17,ys },{0,53,3,y4 },{0, 54,8, 92 },
{1,2,0,21},{1,5,49,23},{1,9,16, 20 },{1,10,4, 22}, {1,13,42, 26 }, {1,14, 11,24 }, {1, 16, 5,y },
{1,19,27,y9},{1,23,39,y5 },{1,26,33,27},{1,28,13, 25}, {1,32,14, 90 }, {1, 33,52, y3 },
{1,41,23,y2},{1,46,55, 21 },{1,47,24, ys }, {1,48,32,y4 }, {1, 50,30, ys }, {1, 52,21, 25 },
{1,54,41,y1},{1,55,51,z9 }

n = 14,u = 22 (+1 mod 56):

{0,5,39,27},{0,6,25,22},{0,7,9,29},{0, 8,15, 44 }, {0,11, 55,37}, {0, 13,3, 0}, {0, 15, 30, y3 },
{0,16,49,32}, {0, 18,13, 25 }, {0, 22,52, 3 }, {0, 23,32, 24}, {0, 26, 37, 41 }, {0, 27, 11, 5 },

{07 317 357 y8}7 {07 327 507 20}7 {07 357 367 I2}7 {07 377 27 21 }7 {07 447 87y6}7 {07 467 337 I6}7 {07 477 447 y2}7
{0,52,46,21 }, {0, 53,5, yo }, {0,54,29, s}, {0, 55, 38, 7 }

n = 14,u = 23 (+2 mod 56):

{0,1,11,25},{0,4,33,y5},{0,7,50,33},{0,9,17,24}, {0, 10,51, ys }, {0, 13,19, 23 }, {0, 15,32, 22 },
{0,16,12,y7},{0,17,18, 25}, {0, 18,15,y2 },{0,19, 16,26 }, {0, 21,5, 93 }, {0, 24, 8,31 }, {0, 25, 10,47},
{0) 267 471 y[)}7 {0) 297 221 Ys }1 {07 341 297 'T4}7 {0) 367 77 ZO}7 {0) 417 211 21 }1 {07 441 557 99}7 {0) 477 451 "L.3})
{0,48,2,94},{0,50,52, 21 },{0,51,27, 29 },{0, 54, 20, 22 }, {0, 55, 30, 27 }, {1,4,9, 25 }, {1, 5,26, ys5 },
{1,11,18,y0},{1,12,0, 23}, {1,13,25, 41 }, {1, 14,22, 21 },{1,19,37, 22 }, {1, 21, 54, yo }, {1, 22,3, z6 },
{17 247447 y3}7 {17 257477 y4}7 {17 257 47, y4}7 {17 26, 137 y8}7 {17 307 47 I9}7 {17 31, 147 y2}7 {17 347 537Z7}7
{1,35,34, 24}, {1,41,32, 20}, {1,46,8, 23 }, {1,49,19, 7 }, {1, 51,20, 36 }, {1, 52, 41, 5 }, {1, 54, 48, x5},
{1,55,51, 21 }

n =14,u =25 (+2 mod 56):

{0,4,3,25},{0,7,4,y9 },{0,8,33,21 },{0,10,27,53},{0,11,35,y4 },{0,13,51, 24 },{0, 18,7, 20 },
{0,19,29,y6}, {0, 24,48, 21 }, {0, 29,55, 23 }, {0, 30, 53, z5 }, {0, 31,40, y7 }, {0, 33,25, y5 },
{0,34,30,z6},{0,35,24,91 }, {0, 36,10, 22 },{0,39, 2,y5 }, {0,40,18, z5 }, {0, 41, 6, 24 }, {0, 44,49, yo },
{0,45,41, 27}, {0,49,20,ys},{0,50,9, 42}, {0,53,19, 22 }, {0, 54,34, 29}, {0, 55,12, 3}, {1,0,18, ys },
{11 61 01 23}7 {11 71 137'T8}1 {17 97 251 '756}1 {17 101 117 y8}u {17 141 71 yl}u {17 191 317~T1}1 {17 201 537 y9}7
{1,21,46, 21 },{1,23,10, 20 }, {1, 30,20, 22 }, {1, 30,20, 22 }, {1,32,3,y7 }, {1, 33,26, 92 }, {1, 34,42, y5},
{1,36,21, 24}, {1,40,23, 23}, {1,41,39, 20 }, {1,42,40, 54}, {1,45,9, xo }, {1, 47,52, 5 }, {1, 48, 36, 2.4},
{17 527 127 I7}7 {17 537447 I5}7 {17 547 177 y3}7 {17 557 347y0}

n = 14,u = 26 (+1 mod 56):

{0,1,2,2},{0,2,4,25},{0,3,6,24},{0,4,8, 23 },{0,5,10, 22 },{0,6,12, 21 }, {0, 8,15, 20 },
{0,10,25,y5},{0,12,24,y4},{0, 15,26, y5 },{0,17,27, y6 }, {0, 19, 39, 27 }, {0,21,47, x5 },

{0,22,45, 24}, {0, 23,40, 26 }, {0, 24,3, 3 }, {0, 25, 34, ys }, {0, 26,51, 25 }, {0, 27, 43, 25 },

{0, 36,49, 21 },{0,38,20, 29 },{0,40,21,y; },{0,43,19,y0 }, {0,45,23,y2 }, {0,47,18,y7 }, {0, 49, 1, yo}

A15 HSD(4'7u!) for u = {25,26,27,29, 30,31}

n=17,u =25 (+2 mod 68):

{0,1,3,24},10,2,7, 22}, {0,3,4, 23}, {0, 4,10, 2, }, {0, 5, 13, 5o }, {0, 6, 2, 25 }, {0, 7, 12, 0},

{0,8,31, 26}, {0,9, 16, ys 1, {0, 12, 38, 3 }, {0, 13,25, 55 }, {0, 14,57, 37}, {0, 15, 24, y4 }, {0, 16, 54, 35}
{0,18,39, 50}, {0, 19,6, 35}, {0, 20,40, 7 }, {0, 23,36, 42}, {0, 24,43, 51 }, {0, 25,35, y7 }, {0, 26, 59, 27}
{0,27,41, 3}, {0, 28,29, 50}, {0, 29, 45, 9 }, {0, 30, 11, 30}, {0, 31,55, a5 }, {0, 32,48, 25},
{0,33,5,47},40, 39,8, 21 },{0,46,18,24 },{0,53,15,45},{0,58,26, x5 },{1,2,4,24},{1,3,6, 22 },
{1,4,7,25},{1,5,11, 2, },{1,6,13, 20 },{1,7,3, 25}, {1,8,16,y9 }, {1,9,20, 91 },{1,10,19, ys },
{1,11,29, 25 },{1,12,22,y5 },{1,14, 36,29 },{1,15,42, 26 },{1,17,32,40 }, {1,19,39, 27 },
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{17 237497373}7 {17 247537371 }7 {17 257477 I4}7 {17 267377 y6}7 {17287437y2}7 {1732787([2}7
{17347487115}7 {1748754}4}7 {17 577257375}7 {17 58727117}

n=17,u =26 (+1 mod 68):

{0,2,3,26},10,5,12, 59}, {0, 7, 16,57}, {0, 8, 23, 25 }, {0, 9,33, 7 }, {0, 10, 50, 19}, {0, 13, 31, 3 }
{0,14,27, 3}, {0, 15,21, 21 }, {0, 16,26, 0 }, {0, 19, 57,27}, {0, 21,32, y4 }, {0, 22, 61,37},
{0,25,28, 23}, {0, 26,30, 25 }, {0, 27,5, 23 }, {0, 32, 46, 29 }, {0, 33,49, 41 }, {0, 39, 13, 5 },
{0,40,20, 25 }, {0,45, 10, 21 }, {0, 48,25, 20}, {0, 50, 29, y5 }, {0, 56, 24, w6 }, {0, 57, 14, 24},
{0,62,6,ys )}, {0,64,4,y5 1}, {0,65,2, 2}, {0,67, 1, 24 }

n=17,u =27 (+2 mod 68):

{0,1,20,27}, 10,2, 44, yo }, {0, 4,54, ys }, {0, 5,11, 5}, {0, 6,45, 25 }, {0,9,61, 21 }, {0, 11, 58, 2}
{0,12,5, 29}, {0, 14,66, 23 1, {0, 15,1, 25 1, {0, 18, 38, 7 }, {0, 19, 65, 23}, {0, 22, 8, 37}, {0, 24, 64, 3 }
{0,26,31, 25}, {0, 28,7, 22}, {0, 30, 19, y7}, {0, 31,27, 41}, {0, 33, 18, s}, {0,36,12, yo }, {0, 37, 46,1 }
{0,39,36, 24}, {0, 43,41, x5 }, {0,47, 3, 24 }, {0, 48,47, y5 }, {0, 52,13, 4 }, {0, 55, 37, 23}, {0, 58, 52, yo}.
{0,59,40, 25 }, {0, 60,35, 1 }, {0, 61,26, x5 }, {0, 67,57, 20}, {1,4,13, 56}, {1,5,61, 59 }, {1, 6,7, 22},
{1,7,15,ys}, {1,12,20, 26}, {1,20,33, 24 }, {1, 21,44, yr }, {1, 23,16, 29 }, {1, 24, 21, 51 }, {1, 28,40, 2},
{1,31,67, 27}, {1,33,53, 52}, {1,34,30, 24}, {1, 41,10, 21 }, {1,42,6, 21 }, {1, 44, 14, z }, {1, 45, 60, y},
{1,46,36,z3},{1,48,46, 22 },{1,51,26, x5}, {1,53,25,y3 },{1,56,51, 27 },{1,57,2,y5 },{1,59, 48, z5 },
{1,61,23,23},{1,66,31,zs},{1,67,41,y0 }

n=17,u =29 (+2 mod 68):

{07 27 67, y5}7 {07 3, 667 I5}7 {07 67 38, 20}7 {07 77 367 y9}7 {07 87 52, Z3}7 {07 12, 397 y6}7 {07 167 22, Z5}7

{01 207 351 .’L’4}, {0) 217 611 ZS}) {07 231 207 Z?}7 {0) 257 211 y7}1 {07 271 6) 26}1 {07 301 447 91}7 {0) 327 231 27})
{01 357 19) .’L’7}, {07 391 3) 26}1 {07 401 501 T9 }1 {07 421 297 'Tb'}u {07 431 317 y4}7 {0) 447 561 y[)}u {07 461 277 y?}u
{0,49,40,y5},{0,54,4, 25 },{0,55,8,21},{0,57,47, 29 }, {0, 58,57, ys }, {0, 59, 26, z3},{0,61, 11, 21 },
{0,63,10, 22}, {0, 64,25, 20}, {0, 65,5, 24 }, {1,0,61, 2}, {1,2,10, 24 }, {1, 5,60, 55}, {1,7,37, 25}

{17 97 547y8}7 {17 157 147y2}7 {17 16, 537 y3}7 {17 217 77 I9}7 {17 22, 267 y4}7 {17 237 25749}7 {17 28, 07 z8 }7
{1,32,51, o}, {1, 36,31, x5}, {1,37,59, 23 }, {1,38, 13, 22}, {1, 39,28, 27 }, {1,40,3, 25 }, {1,41, 15,1 },
{11 43, 36, %}7 {1) 50, 20, .’L’7}, {17 51,6, .’L’4}, {1) 53,29, y[)}l {17 54,32, Zl}7 {1) 56,4, y7}7 {1) 57,16, xﬁ}v
{1,58,47, 23}, {1,59,24, 2}, {1, 60,62, z }, {1,64,21, 21 }, {1,67, 5,25 }

n =17,u =30 (+1 mod 68):

{0, 1, 43, .T_L)}, {0, 2, 48, zZ8 }, {0, 47 7, .T(,'}, {0, 7, 35, y7}7 {0, 10, 40, Z_()}, {0, 11, 23, y5}, {0, 12, 49, y(,'},
{0,13,66,y2},{0,16,6, 24}, {0, 18,26, ys },{0,19,39, 21 }, {0, 23,64, 27 }, {0, 26,5, 35}, {0, 28,30, y3 },
{0,31,44,23},{0,32,27,y4}, {0, 33,57, 26 }, {0, 39, 32, 20 }, {0, 41,12, 21 },{0, 43,52, 25 },
{0,44,55,24},{0,46,47, 27 },{0,47,22, 25 },{0,48, 3,22 }, {0, 53, 37, z3}, {0, 54, 18,y }, {0, 59, 10, 0},
{0,60,54,y9},{0,62,8,25},{0,63,67,y0},{0,65,15, 25}

n=17,u = 31 (+2 mod 68):

{0,44,25, 21 }, {1,59, 16, 21 }, {0, 23,60, 22}, {1, 20,23, 22}, {0, 7,27, 23}, {1, 44,8, 23 }, {0, 20, 62, 2.4},
{1,65,49, 24}, {0,27,41, 25 }, {1, 46,2, x5 }, {0, 38,48, 26 }, {1,5, 37, 76 }, {0,56, 3, 27 }, {1, 3, 56, 7},
{0,6,4,zs},{1,41,59, 25 },{0,46,57, 29 },{1,25,48, 29 },{0,12,30,y0}, {1, 23,39, 40 },{0,21,33, 41 },
{1,16,6,y1},{0,26,45,y2},{1,51,58,y2},{0,8,9,y3},{1,45,4,y3},{0,9,56,y4 },{1,58,51,y4 },
{0,2,43,y5},{1,57,54,95},{0,57,52,y6 }, {1, 42,5, ys }, {0, 30,59, y7 }, {1,61,32,y7 }, {0, 35,46, ys },
{1,0,63,ys},{0,65,18,y9},{1,60,45,y9 },{0,48,32, 20 },{1,11,17, 20 }, {0, 37,24, 21 }, {1, 50, 55, 21},
{0,60,5,22},{1,29,38,22},{0,4,40, 23 },{1,39,13, 23 },{0,22,47, 24 },{1,9, 14, 24 }, {0, 45, 23, 25 },
{1,34,62, 25 },{0,39,42, 26 }, {1, 30,29, 26 }, {0, 33,19, 27 }, {1, 62, 34, 27 },{0,47,14, 25 }, {1,2,61, 25 },
{0,50,66, 2o }, {1, 63,43, 29 }, {0, 62,49, uo }, {1, 67, 30, uo}, {0, 14, 10, ur}, {1, 37,67, uy}, {0, 43,1, 14}

A16 Miscellaneous HSD(h™u!)
h=1,n=11,u=5 (+1 mod 11):
{0,1,2,25},{0,2,7,21},{0,4,6,24},{0,5,8,25},{0,8,1, 22}

h=1,n=19,u =5 (+1 mod 19):
{0,1,2,25},{0,2,8,12},{0,5,14,8},{0,8,13,2; },{0,10,12, 24 },{0,12,15, 23 },{0,16,1, 22 }
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h=1,n=13,u=6 (+1 mod 13):

{0,1,2,26},{0,4,7,24},{0,5,10,22},{0,6,8,25},{0,10,1, 25 },{0,11,4, 21 }

h=1,n=17,u =6 (+1 mod 17):

{0) 1,2, .’L’(;}, {07 2,8, 'Tl}u {0747 13, 7}7 {0) 5,10, 22 }1 {07 8,11, .’L’4}, {0) 10,12, .’L’5}, {0) 14,1, 'Tii}

h=3,n=4u=2 (46 mod 12):

{0,2,5,3},{0,3,10,22 },{0,5,7,10},{0,7,9,21 },{1,2,0,22},{1, 3,2,4},{1, 8,10, 21 },{2,9,0, 21 },

{2,11,9,22},{3,4,5,21},{3,10,1,22},{4,6,5, 22}, {4, 11,2, 21}, {5,6,7, 21}, {5, 7,2, 22}, {0, 1, 6, 7},

{0,6,11,5},{0,9,3,6},{1,7,8,2},{1,10,4,7},{2,3,8,9},{2,5, 11,8}, {3,9,10,4},{4,5, 10,11}
Please note that the last nine starter blocks of HSD(3*2!) are invariant under the operation

(+6 mod 12). So the total number of blocks for HSD(3%21) is 2 % 15 + 9 = 39.
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