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Abstract

A Roman dominating function (RDF) on a graph G = (V, E) is a function
f : V → {0, 1, 2} satisfying the condition that every vertex u for which
f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2. The
weight of an RDF f is the value f(V (G)) =

∑
u∈V (G) f(u). A function

f : V (G) → {0, 1, 2} with the ordered partition (V0, V1, V2) of V (G),
where Vi = {v ∈ V (G) | f(v) = i} for i = 0, 1, 2, is a unique response
Roman function if x ∈ V0 implies |N(x) ∩ V2| ≤ 1 and x ∈ V1 ∪ V2

implies that |N(x) ∩ V2| = 0. A function f : V (G) → {0, 1, 2} is a
unique response Roman dominating function (or just URRDF) if it is
a unique response Roman function and a Roman dominating function.
The Roman domination number γR(G) (respectively, the unique response
Roman domination number uR(G)) is the minimum weight of an RDF
(respectively, URRDF) on G. We say that γR(G) strongly equals uR(G),
denoted by γR(G) ≡ uR(G), if every RDF on G of minimum weight is a
URRDF. In this paper we provide a constructive characterization of trees
T with γR(T ) ≡ uR(T ).
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19395-5746, Tehran, Iran. The research was in part supported by a grant from IPM (No. 90050042).



134 NADER JAFARI RAD AND CHUN-HUNG LIU

1 Introduction

Let G be a simple graph with vertex set V = V (G) and edge set E = E(G). The open
neighborhood N(v) of a vertex v ∈ V is {u ∈ V : uv ∈ E} and the closed neighborhood
N [v] is N(v) ∪ {v}. If D is a subset of V (G), then the subgraph induced by D in
G is denoted by G[D]. The degree of v, denoted by deg(v), is the cardinality of its
open neighborhood. A vertex of degree one is called a leaf, and its neighbor is called
a support vertex. A tree T is a double star if it contains exactly two vertices that are
not leaves. A double star with respectively p and q leaves attached at each support
vertex is denoted by Sp,q. A set S ⊆ V (G) is a 2-packing of G if for every pair of
vertices x, y ∈ S, N [x] ∩ N [y] = ∅. The distance d(u, v) between two vertices u and
v in a graph G is the minimum number of edges of a path from u to v. The diameter
diam(G) of G, is maxu,v∈V (G) d(u, v).

For a graph G, let f : V (G) → {0, 1, 2} be a function, and let (V0, V1, V2) be
the ordered partition of V = V (G) induced by f , where Vi = {v ∈ V (G) : f(v) =
i} for i = 0, 1, 2. There is a one-one correspondence between the functions f :
V (G) → {0, 1, 2} and the ordered partitions (V0, V1, V2) of V (G). So we will write
f = (V0, V1, V2) (or f = (V f

0 , V f
1 , V f

2 )) to indicate the function f .

A function f : V (G) → {0, 1, 2} is a Roman dominating function (RDF) on G if
every vertex u of V (G) for which f(u) = 0 is adjacent to at least one vertex v for
which f(v) = 2. The weight f(V (G)) of an RDF f on G is the value

∑
u∈V (G) f(u).

The Roman domination number of a graph G, denoted by γR(G), is the minimum
weight of an RDF on G. A function f = (V0, V1, V2) is called a γR(G)-function or
γR-function on G if it is an RDF on G and f(V (G)) = γR(G). Roman domination
has been introduced by Cockayne et al. [4] and has been studied for example in
[1, 2, 3, 6, 7, 8, 9].

A function f : V (G) −→ {0, 1, 2} with ordered partition (V0, V1, V2) is a unique
response Roman function if x ∈ V0 implies |N(x) ∩ V2| ≤ 1 and x ∈ V1 ∪ V2 implies
that |N(x) ∩ V2| = 0. A function f : V (G) → {0, 1, 2} is a unique response Roman
dominating function (URRDF) if it is a unique response Roman function and an
RDF. The unique response Roman domination number of G, denoted by uR(G), is the
minimum weight of a URRDF on G. A function f = (V0, V1, V2) is called an uR(G)-
function or uR-function on G if it is a URRDF and f(V (G)) = uR(G). Note that
unique response Roman dominating functions exist in a graph G, since (∅, V (G), ∅)
is always a unique response Roman dominating function. Unique response Roman
domination has been introduced by Rubalcaba et al. [10] and studied in [5].

Observe that γR(G) ≤ uR(G) for every graph G. Clearly, if G is a graph with
γR(G) = uR(G), then every uR(G)-function is a γR(G)-function. However, not every
γR(G)-function is an uR(G)-function even when γR(G) = uR(G). For example, the
double star S2,3 has two γR(S2,3)-functions, but only one of them is an uR(S2,3)-
function. We say that γR(G) and uR(G) are strongly equal, denoted by γR(G) ≡
uR(G), if every γR(G)-function is an uR(G)-function.

In this paper, we present a constructive characterization of trees T with γR(T ) ≡
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uR(T ). We make use of the following.

Proposition 1 (Cockayne et al. [4]) Let f = (V0, V1, V2) be a γR(G)-function.
Then
(1) The subgraph induced by V1 has maximum degree one.
(2) No edge of G joins V1 to V2.

2 The characterization

We begin with the following lemmas.

Lemma 2 Let G be a connected graph of order n ≥ 3. Then γR(G) ≡ uR(G) if
and only if for every γR(G)-function f = (V0, V1, V2), V1 is independent and V2 is a
2-packing.

Proof. (=⇒) Let f = (V0, V1, V2) be a γR(G)-function. Since f is a URRDF, we
find that V2 is a 2-packing. Assume that V1 is not independent. By Proposition 1,
G[V1] has an edge xy. Since n ≥ 3, we may assume, without loss of generality, that
deg(y) > 1. Let z ∈ N(y)−{x}. Then f(z) = 0, and so there is a vertex z1 ∈ V2 such
that z1 ∈ N(z). Now g defined on V (G) by g(y) = 2, g(x) = 0, and g(u) = f(u) if
u 
∈ {x, y}, is a γR(G)-function. This contradicts γR(G) ≡ uR(G), since z is adjacent
to y and z1.

(⇐=) By the definition of a URRDF, if there is a γR(G)-function f = (V0, V1, V2)
such that it is not a URRDF, then V2 is not a 2-packing, a contradiction. Hence
γR(G) ≡ uR(G).

Lemma 3 Let T be a tree with γR(T ) ≡ uR(T ), T not a star, and f a γR(T )-
function.

(1) If v is a support vertex, then f(v) 
= 1.

(2) If v is adjacent to at least two leaves, then f(v) = 2.

(3) If v is a support vertex of degree at least three, and each neighbor of v except
at most one is either a leaf or a support vertex of degree two, then f(v) = 2.

Proof. (1) If v is a support vertex and f(v) = 1, then f maps every leaf adjacent
to v to 1. But V f

1 is not an independent set in this case, contradicting Lemma 2.

(2) Suppose that f(v) 
= 2, then f(v) = 0 by statement 1, and hence f maps all
leaves adjacent to v to 1, and f maps a neighbor w of v to 2. Note that w is not
a leaf since T is not a star. So replacing f(v) by 2 and f(u) = 0 for all leaves u
adjacent to v makes f a γR(T )-function such that V f

2 not a 2-packing, contradicting
Lemma 2.
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(3) f(v) 
= 1 by statement (1), and we may assume that v is adjacent to exactly
one leaf w by statement (2). If every neighbor of v except w is a support vertex of
degree two, then we can easily see that γR(T ) = t + 2, where t ≥ 2 is the number
of support vertices adjacent to v, and f(v) = 2. So we may assume that there is a
vertex x adjacent to v such that x is not a leaf or a support vertex of degree two.
Let v1 be a support vertex of degree two which is adjacent to v, and v2 be the leaf
adjacent to v1. If f(v) 
= 2, then f(w) = 1 and f(v1) + f(v2) ≥ 2, so replacing
(f(v1), f(v2)) by (2, 0) still keeps f a γR(G)-function, and hence f(x) 
= 2 due to
the strong equality. Define g on V (T ) by g(v) = 2, g(w) = g(v1) = 0, g(v2) = 1,
g(x) = 0, and g(u) = f(u) if u 
∈ {w, v, v1, v2, x}. If f(x) = 1, then g is an RDF on
T with weight less than γR(T ); if f(x) = 0, then g is a γR(T )-function which is not
a URRDF since V g

2 is not a 2-packing, both of which are contradictions.

For nonnegative integers s and t, an (s, t)-star is the graph obtained from iden-
tifying s copies of P2’s and t copies of P3’s at one leaf of each graph, which is called
the central vertex of the (s, t)-star. Note that the (s, 0)-star is the star K1,s. Let F
be the set of (s, t)-stars with s + t ≥ 3 and t ≥ 1. By attaching a tree T ′ to a vertex
v of a tree T at u ∈ V (T ′), we mean that adding a disjoint T ′ to T and an edge uv.

We call a vertex v of a graph G to be a weakly Roman vertex if f(v) 
= 2 for every
γR(G)-function f .

Now we present a constructive characterization of trees T with γR(T ) ≡ uR(T ).
For this purpose, we define a family of trees as follows: Let T be the collection of
trees T that can be obtained from a sequence T1, T2, . . ., Tk = T (k ≥ 1) of trees,
where T1 is K1 or a star K1,t with t ≥ 2, and Ti+1 can be obtained recursively from
Ti by one of the following operations for 1 ≤ i ≤ k − 1.

• Operation O1 : Attach a star K1,r, where r ≥ 2, to a weakly Roman vertex
v ∈ V (Ti) at a leaf of K1,r.

• Operation O2 : Attach a tree in F to a vertex v ∈ V (Ti) at a neighbor u of
the central vertex, where v is weakly Roman if u is a leaf, and f(v) = 0 for
every γR(Ti)-function f if u is a support vertex but not the central vertex.

Lemma 4 If Ti+1 is a tree obtained from a tree Ti by Operation O1, then γR(Ti) ≡
uR(Ti) if and only if γR(Ti+1) ≡ uR(Ti+1).

Proof. Let Ti+1 be obtained from Ti by attaching K1,r to a vertex v ∈ V (Ti)
at a leaf w of a star K1,r, where r ≥ 2. Let O be the central vertex of K1,r. Any
γR(Ti)-function can be extended to an RDF on Ti+1 by assigning 2 to O and zero to
every vertex in N(O)−{w}, and so γR(Ti+1) ≤ γR(Ti)+2. Let a ∈ N(O)−{w}, and
f a γR(Ti+1)-function. Define g on V (Ti) by g(v) = max{1, f(v)}, and g(u) = f(u) if
u ∈ V (Ti)−{v}. It is clear that g is an RDF on Ti. If f(w) = 2, then f(a)+f(O) ≥ 1,
and the weight of g is at most γR(Ti+1) − 2, so γR(Ti) ≤ γR(Ti+1) − 2. If f(w) 
= 2,
then f(w) + f(O) + f(a) ≥ 2, and f |V (Ti) is an RDF on Ti, implying that γR(Ti) ≤
γR(Ti+1) − 2. Hence, γR(Ti+1) = γR(Ti) + 2.
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(=⇒) Let γR(Ti) ≡ uR(Ti). Note that no vertex in K2 is weakly Roman, so
|V (Ti)| 
= 2. Also, the lemma holds if |V (Ti)| = 1, so we may assume that |V (Ti)| ≥
3. Assume that γR(Ti+1) 
≡ uR(Ti+1). By Lemma 2, there is a γR(Ti+1)-function
f = (V f

0 , V f
1 , V f

2 ) such that either V f
1 is not independent or V f

2 is not a 2-packing.
Suppose that f(v) = 2. Since γR(K1,r−{w}) ≥ 2, f |V (Ti) is an RDF on Ti with weight
at most γR(Ti+1)−2, so f |V (Ti) is a γR(Ti)-function that maps v to 2, contradicting v
is weakly Roman. So f(v) 
= 2. Since γR(K1,r) = 2 and every γR(K1,r)-function maps
the central vertex to 2, f(w) = 2 only if f(v) = 0 and f(x) 
= 2 for all x ∈ N(v)−{w}.
However, if f(w) = 2, then g is a γR(Ti)-function such that V g

2 = V f
2 ∩ V (Ti), so V g

2

is a 2-packing and V g
1 is an independent set by the strong equality for Ti, and hence

V f
2 is a 2-packing and V f

1 is an independent set as f(x) 
= 2 for all x ∈ N(v) − {w},
a contradiction. So f(w) 
= 2. Since f(v) 
= 2 and f |V (Ti) is a γR(Ti)-function, V f

1

is an independent set and V f
2 is a 2-packing as no γR(Ti+1)-function maps w to 1, a

contradiction.

(⇐=) Let γR(Ti+1) ≡ uR(Ti+1). Assume that γR(Ti) 
≡ uR(Ti). By Lemma 2,
there is a γR(Ti)-function f = (V f

0 , V f
1 , V f

2 ) such that either V f
1 is not independent

or V f
2 is not a 2-packing. Then h defined on V (Ti+1) by h(O) = 2, h(u) = 0 if

u ∈ N(O), and h(u) = f(u) if u ∈ V (Ti), is a γR(Ti+1)-function which is not a
URRDF, a contradiction.

Lemma 5 If Ti+1 is a tree obtained from a tree Ti by Operation O2, then γR(Ti) ≡
uR(Ti) if and only if γR(Ti+1) ≡ uR(Ti+1).

Proof. Let Ti+1 be obtained from Ti by attaching a tree F ∈ F to a vertex
v ∈ V (Ti) at w, where w is a neighbor of the central vertex of F , and v is weakly
Roman if w is a leaf, and f(v) = 0 for every γR(Ti)-function f if w is a support vertex
but not the central vertex. Let O be the central vertex of F . We shall prove that
γR(Ti+1) = γR(Ti) + l + 2. Any γR(Ti)-function can be extended to an RDF on Ti+1

by assigning 2 to O, 0 to every vertex in N(O), and 1 to vertices in V (F ) − N [O],
and so γR(Ti+1) ≤ γR(Ti) + l + 2. For every γR(Ti+1)-function f , it is easy to see
that f(V (F )) =

∑
z∈V (F ) f(z) ≥ l + 2 = γR(F ), and we define f ′ to be a RDF on

Ti by f ′(v) = max{1, f(v)} and f ′(u) = f(u) for every u ∈ V (Ti) − {v}. If f is a
γR(Ti+1)-function such that f(V (F )) > γR(F ), then f ′ is an RDF on Ti with weight
at most γ(Ti+1) − γR(F ) = γR(Ti+1) − l − 2, so γR(Ti) ≤ γR(Ti+1) − l − 2. On the
other hand, if f is a γR(Ti+1)-function such that f(V (F )) = γR(F ), then f(w) 
= 2,
and hence f |V (Ti) is an RDF on Ti, implying that γR(Ti) ≤ γR(Ti+1) − l − 2. We
deduce that γR(Ti+1) = γR(Ti) + l + 2. In other words, γR(Ti+1) = γR(Ti) + γR(F ).

(=⇒) Assume that γR(Ti) ≡ uR(Ti), and let f be a γR(Ti+1)-function. As in the
proof of Lemma 4, we may assume that |V (Ti)| ≥ 3. Note that f(V (F )) ≤ γR(F )+1
since γR(Ti) ≤ f ′(V (Ti)) ≤ f(V (Ti)) + 1. Suppose that f(V (F )) = γR(F ). Then
f(w) = 0, so f |V (Ti) is a γR(Ti)-function, and hence f(v) 
= 2. Furthermore, as
f(V (F )) = γR(F ) and f(v) 
= 2, f(O) = 2 and f(x) 
= 2 for x ∈ V (F ) − {O}. By

the strong equality for Ti, V f
2 = V

f |Ti
2 ∪{O} is a 2-packing, and V f

1 is an independent
set. This proves that the strong equality holds for Ti+1 by Lemma 2. So we may
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assume that f(V (F )) = γR(F ) + 1. In this case, f |V (Ti) is not an RDF on Ti, so
f(w) = 2, f(v) = 0, and f ′(v) = 1. Since f ′ is a γR(Ti)-function with f ′(v) = 1, w
is a leaf adjacent to O, but this implies that f(V (F )) ≥ γR(F ) + 2, a contradiction.
Hence, γR(Ti+1) ≡ uR(Ti+1).

(⇐=) By Lemma 2, γR(Ti) ≡ uR(Ti) since every γR(Ti)-function can be extended
to a γR(Ti+1)-function by assugning O to be 2 and assigning u to be 0 for u ∈ N(O),
and assigning u to be 1 for u ∈ V (F ) − N [O].

We now are ready to establish our main result.

Theorem 6 Let T be a tree. Then γR(T ) ≡ uR(T ) if and only if T is K2 or T ∈ T .

Proof. (⇐=) Clearly if T = K2, then γR(T ) ≡ uR(T ). Let T ∈ T . Then there
is a sequence of trees T1, T2, . . ., Tk = T (k ≥ 1) such that T1 is K1 or a star K1,t

with t ≥ 2, and Ti+1 can be obtained recursively from Ti by Operation O1 or O2

for 1 ≤ i ≤ k − 1. We use the induction on the number of operations performed
to construct T . Clearly, the property is true if k = 1. This establishes the basis
case. Assume now that k ≥ 2 and that the result holds for all trees in T that can be
constructed from a sequence of length at most k − 1. By the induction hypothesis,
γR(Tk−1) ≡ uR(Tk−1). By construction, T is obtained from Tk−1 by using one of
Operations O1 or O2. Hence, γR(T ) ≡ uR(T ), by Lemmas 4 and 5.

(=⇒) Let T be a tree of order n with γR(T ) ≡ uR(T ). We shall do induction on
n to show that T ∈ T . If 1 ≤ n ≤ 2, then clearly T = Kn. This establishes the base
case. Assume that every tree T ′ 
= K2 with order less than the order of T and with
γR(T ′) ≡ uR(T ′) is in T . Let T be a tree with n ≥ 3 and γR(T ) ≡ uR(T ), and let f
be a γR(T )-function. If diam(T ) ≤ 2, then T is a star K1,r ∈ T for some r ≥ 2. If
diam(T ) = 3, then T is a double star. In this case, let x, y be the two non-leaves of
T . If deg(x) ≥ 3 and deg(y) ≥ 3, then γR(T ) = 4, and (V (T ) − {x, y}, ∅, {x, y}), is
a γR(T )-function, contradicting γR(T ) ≡ uR(T ). So one of x and y has degree two,
and hence T can be obtained from K1 by Operation O1. Thus, we may assume that
diam(T ) ≥ 4. Let k = diam(T ), and let x0x1x2...xk be a diameterical path of T ,
where x0 and xk are two leaves of T . We root T at x0.

Assume that there is a γR(T )-function f such that f(xk−1) = 2. Let T ′ be the
component of T − xk−2xk−3 containing xk−3. By the strong equality, f(u) = 0 for
u ∈ N(xk−1) since f(xk−1) = 2, so replacing f |T ′ by any γR(T ′)-function still keeps f
a γR(T )-function, and hence no γR(T ′)-function maps xk−3 to 2, again by the strong
equality. Thus, xk−3 is a weakly Roman vertex of T ′. If deg(xk−2) = 2, then T
is obtained from T ′ by operation O1, so it is done by Lemma 4 and the induction
hypothesis. So we may assume that deg(xk−2) ≥ 3. By the strong equality, xk−2

is adjacent to at most one leaf, and no support vertex other than xk−1 is a child
of xk−2. In other words, children of xk−2 are xk−1 and a leaf a. By Lemma 3 (3),
deg(xk−1) ≥ 3, so that T can be obtained by attaching a tree in F to T ′ at vertex
xk−3. If there is a γR(T ′)-function g such that g(xk−3) = 1, then the function h
defined on V (T ) by h(xk−1) = h(xk−2) = 2, h(a) = h(xk−3) = 0, h(u) = 0 for
u ∈ N(xk−1) − {xk−2}, and h(u) = g(u) for u ∈ V (T ′) − {xk−3}, is a γR(T )-function
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such that V h
2 is not a 2-packing, a contradiction. Therefore, every γR(T ′)-function

maps xk−3 to 0, so the result follows by Lemma 5 and the induction hypothesis.

Consequently, we may assume that every γR(T )-function f satisfies f(xk−1) 
= 2,
and hence f(xk−2) = 2, f(xk) = 1, and f(u) = 0 for all u ∈ N(xk−2) by Lemma
3 and the strong equality. In fact, f maps every child of xk−3 on any longest path
in T to 2 by symmetry. Hence, together with Lemma 3 and the strong equality of
γR and uR, each child of xk−3 other than xk−2 is either a leaf or a support vertex of
degree two. Also, since no γR(T )-function maps xk−3 to 2, the strong equality implies
that xk−3 has at most one child other than xk−2, and the child (if exists) must be
a leaf. Similarly, every support vertex which is a child of xk−2 has degree two by
Lemma 3. If deg(xk−2) = 2, then we can replace f(xk−1) by 2, f(xk−2) and f(xk)
by 0, and f(xk−3) by max{1, f(xk−3)} to obtain a γR(T )-function with f(xk−1) = 2,
a contradiction. Thus, deg(xk−2) ≥ 3. Let X be the component of T − xk−3xk−4

containing xk−3, and Y the other component. It is clear that X is in F , so it is
sufficient to show that xk−4 is a weakly Roman vertex in Y if xk−3 does not have
children other than xk−2, and show that every γR(Y )-function maps xk−4 to 0 for
otherwise, and then the theorem follows from Lemma 5.

Note that no γR(Y )-function maps xk−4 to 2 by the strong equality. Assume that
xk−3 has some children other than xk−2, so the children of xk−3 are xk−2 and a leaf z.
If there is a γR(Y )-function q such that q(xk−4) = 1, then the function q1 defined on
V (T ) by q1(xk−3) = 2, q1(xk−4) = q1(z) = 0, q1(u) = f(u) for u ∈ V (X) − {z, xk−3},
and q1(u) = q(u) for u ∈ V (Y ) − {xk−4}, is a γR(T )-function such that V q1

2 is not a
2-packing, a contradiction. Thus, every γR(Y )-function maps xk−4 to 0 as desired,
so we may assume that xk−3 does not have children other than xk−2. Let t be the
number of support vertices in X. Clearly, γR(X) ≤ t + 2, so γR(Y ) ≥ γR(T )− t− 2.
Conversely, since every γR(T )-function maps xk−3 to 0, γR(Y ) ≤ γR(T ) − t − 2.
Hence, if xk−4 is not a weakly Roman vertex of Y , then there is an RDF c of Y with
weight γR(Y ) = γR(T ) − t − 2 such that c(xk−4) = 2, and then c can be extended
to an RDF of T with weight γR(T ) by assigning c(xk−2) = 2, c(u) = 1 for every
u ∈ V (X) − N(xk−2), and c(u) = 0 for every u ∈ V (X) ∩ N(xk−2). However, V c

2 is
not a 2-packing, a contradiction.
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