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Abstract

In this paper we study 6-cyclic codes over the ring R = Fy + vFy =
{0,1,v,v+1} where v?> = v. This is the only ring of order four that is not
a field and has a non-trivial ring automorphism. We describe generator
polynomials of #-cyclic codes defined over this ring. We also describe
the generator polynomials of the duals of free f-cyclic codes with respect
to Euclidean and Hermitian inner products. Finally, we give examples
of optimal self-dual codes with respect to the Euclidean and Hermitian
inner products.
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1 Introduction

Linear and cyclic codes have been studied for the last sixty years. Different methods
and different approaches have been applied to produce certain types of codes with
good parameters and properties. Recently, Boucher et al. in [5], and Abualrub et
al. in [1] studied an interesting class of linear codes. In [5], Geiselmann and Ulmer
introduced the class of #-cyclic (skew cyclic) codes that generalizes the concept of
cyclic codes and uses a non-commutative polynomial ring, called a skew polynomial
ring, to construct these types of codes. Abualrub et al., in [1], generalized the
concept of skew cyclic codes to skew quasi-cyclic codes. In both cases a number of
new codes over GF(4) with better parameters than the previously best known codes
were produced. A further generalization was given in [4] where constacyclic codes
over Galois rings are studied.

After GF(4) it would be natural to consider 6-cyclic codes over the ring Z.
However, #-cyclic codes depend on a ring automorphism and Z4 has only the trivial
automorphism. There are two other commutative rings of order four: R = Fy+vF, =
{0,1,v,v + 1} where v* = v, and S = Fy + uFy = {0,1,u,u + 1} where u? = 0, as
in [8]. Like Z4, the ring S only has the identity automorphism. So, over the rings
S and Z,, there do not exist any #-cyclic codes that are different from the ordinary
cyclic codes.

The ring R, on the other hand, has a non-trivial ring automorphism. If we let
0(0)=0,0(1)=1, O(v) =v+1, 6(v+1) =wv, then 0 is a ring automorphism that
is different from the identity. Therefore, it would be interesting to consider #-cyclic
codes over R. It is worth mentioning that the ring R = Fy + vFy = {0,1,v,v + 1} is
isomorphic to the ring Fy x Fy via 0 — (0,0),1 — (1,1),v — (1,0),v + 1 — (0, 1),
ie.a+bv— (a+b,a).

The rest of the paper is organized as follows. Section 2 gives a brief description
of the skew polynomial ring R[z;6] and the definition of 6-cyclic codes. We show
that R, = R[x;0]/ (2™ — 1) can be considered as a left R[z;6f]-module and hence
f-cyclic codes are left submodules of R,,. In Section 3, we describe generators of
these codes. In Section 4, we define Euclidean and Hermitian dual codes and find
the generator polynomials for the dual code of a free #-cyclic code. We give tables
of optimal self-dual codes in Section 5.

2 The Skew Polynomial Ring R[z;0)]

In this section we construct the non-commutative ring R[z;6]. The structure of
this non commutative ring depends on the elements of the commutative ring R =
Fy + vFy = {0,1,v,v + 1}, where v? = v and the automorphism # on R, defined by
6(0) =0, (1) =1, O(v) =v+1, 0(v+ 1) = v. Note that 62 (a) = (0 (a)) = a for
all @ € R. This implies that 6 is a ring automorphism of order 2.

Definition 1 Define the skew polynomial ring R[z; 0] as the set of polynomials over
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R where the addition is the usual polynomial addition and the multiplication, which
we denote by *, is defined by the basic rule

(az’) * (bx?) = ab(b)a"t?
and the distributive and the associative laws.

Note that this multiplication is not commutative. For example, zxvz = 0(v)z® =

(v + 1)z% and vz * x = vf(1)x? = va®. Therefore, when an ideal of R[z;0] is
considered, one should specify whether it is a right ideal or a left ideal. In the rest
of the article, when we talk about ideals of R[x; 6] we always mean left ideals and we
use the notation (p(x)) to denote the (left) ideal generated by p(x).

Definition 2 Consider the ring R = Fy + vFy = {0,1,v,v + 1} where v?> = v and
the automorphism 6 defined as above. A subset C' of R" is called a 0-cyclic code of
length n if

1. C is an R-submodule of R™ and

2. if
c= (607617" '767171) eC

then
To(c) = (0(cn-1),0(co),-..,0(ch2)) € C.

Let R, = R[z;0]/ (z" — 1) denote the quotient ring of R[x;0] by the (left) ideal
(z™ — 1), and let f(x) € R, and r(z) € R[x;6]. Define multiplication from left as:

r(z) * (f(z) + (2" — 1)) = r(z) = f(z) + (2™ — 1) for any r(z) € R[z;6]. (1)

This is a well-defined multiplication of the elements of R,, by the elements of R[z;6].
With this definition we have the following theorem

Theorem 1 R, is a left R[x;0]-module where multiplication is defined as in Equa-
tion 1.

Proof. The proof is similar to the proof of Theorem 9 in [9)]. ]

Under this representation of R,,, we can identify each element (cq, ¢y, ..., ¢,—1) in
R"™, by the polynomial

f(x) =co+cx+ 62232 + -+ Cn_lxnf1 in R,.

This relationship between R,, and R™ will give us the following theorem.

Theorem 2 A code C in R, is a 0-cyclic code if and only if C is a left R|x;0]-
submodule of the left Rlx;0]-module R,.
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Proof. See Theorem 10 in [9]. ]

Lemma 1 If n is even, and (z" —1) = g(z) * h(z) in R[z;0], then (" —1) =
g9(x) * h(z) = h(z) * g().

Proof. See Lemma 8 in [6]. ]

3 Generators for 6-Cyclic Codes

Theorem 3 Let C be a 0-cyclic code in R, = R[z;0]/(z" — 1), C' # {0}. Let f(z)
be a polynomial of minimal degree in C' (among non-zero polynomials) and suppose
f(x) is monic. Then C = (f(z)) = {r(z)f(z)|r(z) € R,}, where f(z) is a right
divisor of ™ — 1. Moreover, C' is a free code of dimension k =n — deg(f(z)) with a

basis {f(z),* f(z), 2% x f(x),..., 251 * f(2)}.

Proof. Let ¢(x) € C. Then by the left division algorithm, there exist polynomials
q(z) and r(z) such that c(z) = q(z) * f(z) + r(x), where r(x) = 0 or deg(r(z)) <
deg(f(z)). Since C' is linear, r(z) = c¢(z) — q(x) * f(x) € C. Since f(z) is of minimal
degree, we have r(z) = 0, so ¢(z) = q(z) * f(z) and C = (f(z)).

Next we show that f(z) is a right divisor of 2™ — 1. By the left division algorithm,
" —1 = ga(x) * f(x) + ro(z), where ro(z) = 0 or degra(x) < deg f(z). Reducing the
last equation mod z" — 1, we get mo(x) = —go(x) * f(x) € C. By the minimality of
degree of f(x) we have ro(z) =0, i.e., f(z) is a right divisor of 2" — 1.

The work above shows that the set B = {f (), f(z), 2% % f(z),..., 2" 1 f(z)}
is a spanning set for C. It is easy to show that B is also linearly independent, hence
a basis for C. ]

Lemma 2 Let f(x) be a non-monic polynomial in C of minimal degree then f(z) =
vfi(z) or f(z) = (v+1)fi(x), where fi(x) is a binary polynomial.

Proof. Since f(x) is not monic in R,, the leading coefficient of f(x) is either v
or v+ 1. First assume f(v) = vat +a;_12'™t + ... + 12 + ao. Then (v + 1)f(z) =
(w4 Da o7+ (v+ Dag_oxt™2 + ... + (v + 1)ay + (v + 1ag, since (v + 1)v = 0.
But minimality of f(z) implies that (v + 1) f(z) = 0. Hence f(z) = vfi(x) for some
binary polynomial fi(z). If the leading coefficient of f(x) is v + 1 then a similar
argument shows that f(z) = (v + 1)fi(z), where fi(z) is a binary polynomial of
degree t. [

Left and right division algorithms in a polynomial ring are not applicable unless
the divisor polynomial is monic or its leading coefficient is a unit. Because of the
structure of the ring R we have the following lemma that gives us a little more
freedom in division if the leading coefficient is not a unit.
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Lemma 3 Let f(z) and g(x) be two non-zero, non-monic polynomials in R[x; 0]
with deg f(x) > deg g(z). Then there are polynomials q(x) and r(x) such that

f(x) = q(x) * g(x) + r(2),

where r(xz) = 0, or degr(z) < degg(x) or r(x) is a monic polynomial of degree at
most the degree of f(z).

Proof. Let f(z) and g(z) be two non-monic polynomials of degrees s and ¢
respectively, with s > t. We may assume, without loss of generality, that

g(x) = vat + bzt . by + by,

If the leading coefficient of g(z) is (v+ 1), a similar argument works. Note the
following important equation:

- vz’ if i is even,

' xv = o (2)
(v+ 1)zt if ¢ is odd.

We proceed by induction on the deg f(x) = s. Suppose

1

f(z) = a2 + as_12" + ...+ a12 + ag.

If s =0, then t =0 and f(z) = ap where ag = v or (v+ 1), and g(x) = v. It is clear
that there is a constant r such that ay = v + r, satisfying the required conditions.

Suppose the theorem is true for all polynomials of degree less than s. Consider
the polynomial:

I(2) = f(a) — 2" # g(a).

From Equation 2 it is clear that 2~ x va! = va® or (v + 1) 2°. This implies that I(z)

is either a polynomial of degree less than degree f(z) or is a monic polynomial of
degree s.

If [(x) is a monic polynomial of degree s, then
fl@) = 2"+ g(z) + ().
In this case the proof is complete by taking q(x) = z*~* and r(x) = I(x).
If degi(x) < deg f(x), then by the inductive hypothesis we have
I(x) = f(z) — 2" " x g(x) = m(z) * g(2) + r(z),

for some polynomials m(z), r(x) where r(z) = 0, or degr(z) < degg(z) or r(z) is a
monic polynomial of degree equal to at most the degree of I(z). Arranging the above
equation and taking ¢(z) = (z°~* + m(z)), we get:

f(x) = q(x) * g(x) + r(2).
]

We now consider the case where the #-cyclic code does not contain any monic
polynomials.
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Lemma 4 Let C be a O-cyclic code in R, = R[z;0]/(x™ — 1). Suppose that a
polynomial of minimal degree in C' is not monic, say f(x) = vfi(z) is a polyno-
mial of minimal degree in C'. Moreover, suppose C' contains no monic polynomials.
Then C = (vfi(z)) where fi(x) is a monic binary polynomial of lowest degree with

fi(@)] (2" = 1).

Proof. Suppose C has no monic polynomials and let f(z) = vfi(x) be a poly-
nomial of least degree in C. Let ¢(x) € C; then by Lemma 2, there are polynomials
q(z), and r(x) such that

c(x) = q(x) * f(z) +r(z),

where r(xz) = 0, or degr(z) < deg f(x) or r(z) is a monic polynomial of degree
equal to at most the degree of ¢(x). Since C' has no monic polynomials and f(z) is
a polynomial of minimal degree in C, r(z) = 0. Hence C' = (f(x)). Since Fy is a
subring of R, factorization of binary polynomials is still valid in the skew polynomial
ring R[z; §]. Hence using the division algorithm we get two unique binary polynomials
Q(z) and R(x) such that

" —1=Q(x)* fi(x) + R(x),

where R(z) is a binary polynomial with R(z) = 0 or deg R(z) < deg fi(z) =
deg f(z). Write Q(z) = Q1(x) + Qa(x) where Qq(x) consists of all terms with odd
powers and ()2(x) consists of all terms with even powers. Hence

" =1 = (Qi(r) + Qa(2)) * fi(z) + R(x),
=1 = () fi(x) + Qa(x) * fr(x) + R(x),
v (" —1) = vx(Qu(x) * fi(2)) + v (Qa(x) * fi(w)) + v * R(z)
= (1)*(U+1)f1( )+ (Qa(x) x vfi(x)) + v+ R(x)
= (Qu(x) xvfi(2)) + (Qa(2) x vfi(2)) + Qu(2) * fr(2) + v * R(x).

Since deg R(x) < deg f1(z), Qi(z) * fi(z) + v * R(x) is a monic polynomial in C, a
contradiction. Thus Q1 (z) * fi(z) + v x R(z) = 0. Since Qi(z) * fi(z) and R(z) are
binary polynomials, R(x) = 0 and f;(z)| (" —1). |

Theorem 4 Let C be a -cyclic code in R, = R[z;0]/(z" — 1) that contains some
monic polynomials. Suppose that no polynomial f(x) of minimal degree in C is
monic. Then C = (f(z), g(x)) where g(x) is a polynomial of least degree among
monic polynomials in C.

Proof. Suppose that a polynomial f(z) of minimal degree in C' is not monic.
Let g(x) be a monic polynomial in C' of minimal degree and let ¢(x) € C. Then by
the left division algorithm there are polynomials ¢;(x) and 71 (x) such that

c() = q(z) * g(x) +ri(x)  wherer(z) = 0 or deg(ri(z)) < deg(g())-
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Since g(x) and c(x) are in C and since C' is -cyclic, we have r(x) € C. Since
degri(z) < deg g(z), either ry(x) is a non-monic polynomial or 1 (z) = 0. If ry(z) =
0 then ¢(z) € (g(z)) C (f(x),g(z)). If ri(z) # 0, then by Lemma 3 we can find
polynomials go(x), and ro(z) such that

() = ga(x) * f(2) + ra(2),

where ry(z) = 0, or deg(ra(z)) < deg(f(x)), or r2(z) is a monic polynomial of degree
less than or equal to degri(x) < degg(xz). Since f(z) is a non-monic polynomial
of minimal degree in C' and g(x) is a monic polynomial of minimal degree in C, we
must have ro(x) = 0. Therefore, we have:

c(x) = qx)*g(x) +r(z)
@1 (x) * 9(x) + ga(2) * f ().

Thus we have C' = (f(z), g(z)) where g(x) is a monic polynomial of minimal degree
in C. |

We summarize the results in this section as follows.

Corollary 5 Let C be a 0-cyclic code in R,,. Then

1. If a polynomial g(x) of least degree in C' is monic then C = (g(z)), where g(x)
is a (skew) right divisor of z™ — 1.

2. If C contains some monic polynomials but no polynomial f(x) of least degree
in C is monic then C = (f(x),g(x)) where g(z) is a monic polynomial of
least degree in C, and f(x) = vfi(z) or f(z) = (v+1)fi(x) for some binary
polynomial fi(x).

3. If C does not contain any monic polynomials, then C' = (f(x)) where f(z) =
vfi(z) or f(x) = (v+ 1)fi(z) and fi(zx) is a binary polynomial that divides
" —1.

4 Duals of §-Cyclic Codes over R

In this section we focus on dual codes over the ring R. First we consider Euclidean
and Hermitian inner products and show that if C' is a #-cyclic code over the ring
R, then the Euclidean and Hermitian dual codes C* and C* are also 6-cyclic codes
over R. Furthermore, we give the generator polynomials for the dual codes in this
section.

Definition 3 Let © = (x1,%9,...,2,) and y = (y1,Y2,--.,Yn) be two elements of
R". The FEuclidean inner product in R" is defined as

(T, y) = 21y1 + T2y + - + Tuln,
and the Hermitian inner product as

[2,y] = 210(y1) + 220(y2) + - + 2,0(yn)-
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Definition 4 The dual code C* with respect to the Euclidean inner product of C' is
defined as
Cr={zeR"|(x,¢)=0 forallceC}

and the dual code C* with respect to the Hermitian inner product of C is defined as
C*={zeR"|[z,dJ=0 forallceC}.
C is called Euclidean self dual if C = C* and is called Hermitian self dual if C = C*.

Lemma 5 Let C be a 0-cyclic code of even length n over R. Then C+ and C* are
also O-cyclic codes.

Proof. The proof is based on the fact that if (u,v) = 0, and [u,v] = 0, then
(Top(u), Tp(v)) = 0 and [Ty(u), Ty(v)] = 0. This can be verified easily.

Let C be a f-cyclic code of even length n over R with a generating set (not
necessarily a basis) {vy, Ty(v1),..., Ty (v1),v2, Tp(va),...} and let uw € C* and

w € C*. Then (u,Tj(v;)) = 0 and [w,Tj(v;)] = 0 for all 4,j. It follows that
(Ty(u), Ty (v;)) = 0 and [Tp(w), T (v;)] = 0 for all 4, j. Since Ty () = z, for any
z € R™, where n is even, the result follows. [

Theorem 6 Let C' = (g(z)) be a O-cyclic code of even length n and dimension k,
where 2" — 1 = g(x) x h(z), and

h(r) = 1+hax+... +2" and

glz) = 1+gqgz+...a" "
Let

W) = 14 0(hp1)x + 0 (hp_o)z® + - + 0 (hy) 2t + 2",

Then h(x) is a right divisor of ™ — 1.

Proof. We will give a constructive proof that gives the polynomial g(x) such
that 2™ — 1 = h(z) * g(x). First note that since n is even, (2" — 1) = g(x) * h(z) =
h(z) * g ().

If £ is odd, let

9(@) = 14 gur12+0(gnk2) 2 + gn k32> + 0 (gnr—a) 2" +
e gor" TR0 (gr) 2T 2
and note that
h(x) = 1+40(kp1)x + hp_ox® + 0(hp_s)a® + - + 0(hg) a2 + hya*1 4 2%,

We claim that ™ — 1 = g(x)* h(x). If k is even, let

g@) = 14+0(gnor-1) T+ gnr22® 4+ 0 (gn-r_3) >+ gn_p_ax® + ...
4 0 (g2) xn—k—? 4 glffn_k_l 4 ‘,L,n—k7
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and note that

h(x) = 1+ e(kk_1)$ + hk_2$2 + G(hk_g)x3 + -+ h2$k72 + 9(}11)]31671 + l’k.

Again we claim that ™ — 1 = g(z) % h(z). The proof when k is even is similar to
the proof when k is odd and in fact the proof depends on comparing the coefficients

in g(z) % h(z) with the coefficients in 2™ — 1 = h(z) * g(x). So we will give the proof
when £ is odd.

Case 1: Suppose i is even and less than k. The coefficient of 2% in g(z) % h(x) is
equal to

Pie—i + gn—r—1hi—it1 + 0 (Gn-r—2) hi—ita + Gn-r—she—izs +
0 (gn—k—a) hi—iva + - + gnr—iv1ho—1 + 0 (Gn—s—i) -

The coefficient of 2"~ in h(x) * g(z) is

Pie—i + gn—r—1hi—iv1 + 0 (Gn-r—2) hi—ita + Gn-r—she—its +
0 (gn—k-a) hi—iva + - + gnr—iv1hi—1 + 0 (gn—s—i) = 0.

Therefore, the coefficient of 2% in g(x) * h(x) is zero.

Case 2: Suppose i is odd and less than k. The coefficient of z in g(z) * h(z) is equal
to

0 (hy—i) + gn-r-10 (hi—is1) + 0 (gn-r-2) 0 (hi—it2) + gn-r—30 (h—is3) +
0 (gn-k-4) 0 (hii—ia) + -+ + 0 (gn-k—i+1) 0 (hr—-1) + Gn—r—i- (3)
The coefficient of 2"~ in h(x) * g(z) is
Pie—i + hi—is16 (Gn—r—1) + Pi—iv2gn—r-2 + hp—i 30 (gn-r-3) +

hi—ivagnt—a + -+ + P—1Gnt—it1 + 0 (Gn-r—i) (4)
= 0.

Since 6 is an automorphism of order 2, apply 6 to (4) to get

0 (hi—i) + Gn-t—10 (Rr—iv1) + 0 (gn-r-2) 0 (hk—ir2) + gn—r—30 (hi—iy3) +
0 (gn—r—a) 0 (Pp—iga) + ...+ 0 (gn—t—i+1) 0 (he—1) + gn—r—; = 0. (5)

Therefore, the coefficient of 2% in g(x) x h(z) is zero.

Case 3: If i (even or odd) is larger than or equal to & and less than n, then comparing
coefficients as in the above cases we see that the coefficient of ¢ is always 0. Therefore

" —1=g(z) * h(x). |

Corollary 7 Let C = (g(z)) be a 0-cyclic code of even length n and dimension k,
" —1=h(z)=*g(x), and

h(r) = 1+hax+... +2" and
glr) = 1+ga+.. 2"k
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Then the Buclidean dual of C is C*+ = (h_(:v)) , where

Wz) = 14 0(hp1)x + 0 (hp_o)z® + - + 0 (hy) 2t + 2",

Moreover, C' has a parity check matriz given by

hk G(hk,l) e ek(ho) 0 N 0
0 O(hg) ... . OF+1(hy) ... 0
0 PN 0 Gn‘k‘l(hk) Bn_k(hk,l) . 9"‘1(h0)
Proof. The proof follows from Theorem 6 [ ]

Lemma 6 Let C be a 0-cyclic code of length n over R with a monic generator g(x)
that divides 2" — 1, and let g(x) * h(z) = ™ — 1, where h(z) = ho + hiz + - - -+ hpz®.
Then a generator polynomial of C* is h*(z) = 0(hg) + 0*(h_1)x + - - - + 05+ (hg)z*.

Proof. The proof is similar to the proof of Theorem 6 [ ]

The above discussion about the dual of #-cyclic codes will yield the following
corollary.

Corollary 8 Let C = (g(x)) be a 8-cyclic code of even length n and dimension k.
Then

1. C is Fuclidean self dual if and only if g(z) = h(z).
2. C is Hermitian self dual if and only if g(x) = h*(x)

where the notation is as in Theorem 6 and Lemma 6.

5 Examples of Optimal Self-Dual Codes

Self-dual codes and optimal self-dual codes are intensively studied topics in coding
theory. In this section we give examples of optimal (in the sense of having largest
possible minimum distance among all self-dual codes of given type) #-cyclic codes
that are Euclidean self dual, Euclidean Type IV self dual, or Hermitian Type IV
self-dual. They are given in the three tables below. A self-dual code is Type IV if all
the Hamming weights are even. We only consider Hamming weights in this paper.
Two other weights considered for codes over R are the Lee weight and the Bachoc
weight. It is known that the minimum Lee weight of a code over R is the same as its
minimum Hamming weight [2]. It is also known that a Euclidean self-dual code of
length n over R exists if and only if n is even [8]. Moreover, there are tables of optimal
Hermitian self-dual, and Hermitian Type IV self-dual codes of lengths up to 32 in [2].
The minimum distances of optimal Euclidean self-dual codes can be determined from
existing tables of binary self-dual codes (e.g. [7]). All of these examples are obtained
by a computer search using the computer algebra system Magma [3].
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Table 1: Optimal 6-Cyclic codes that are Euclidean Self-Dual

| n ‘ d | Generator polynomial

4 (2] 2%+1

6 2|2"+1

8 |4 |2+ w+ D +a? vz +1

10]2]2°+1

21425+ @w+D)P+2'+ 23+ 22 +vsrx+1

44 a"+a%+2° 42" +a+1

164|285+ (w+Da® +at +va® +1

84| +2"+va® +(w+Da® + (v+ Dzt + vz’ + 22+ 1

201420+ @w+Da"+a2%+25+ 2 vt +1

2216 | 2 + 210+ 02® + va® + 02"+ (v + 1)a® + (v + 1)2°
+ozt + vt v + x4+ 1

24 [ 8 | 22 + 2™ + vz + 2% + (v + )27 + va® + 23
+o+ D2 +x+1

Table 2: Optimal 6-Cyclic codes that are Euclidean Type IV Self-Dual

‘n |d | Generator polynomial |
4 |2]2*+1
6 |2]23+1
10]2]2°+1
44| 2" +25+2°+2r+2+1

Table 3: Optimal 6-Cyclic codes that are Hermitian Type IV Self-Dual

‘ n ‘ d ‘ Generator polynomial

4 [2]22+1

6 12[2°+1

442" +a+ad+2" +a+1

1642 +2"4vaf+2°+ 2 vl + o +1

186 2% +27+ (v+1)a8 + (v + 1)2° + vat +va® + 22 + 1

2216 s+ (w+ 1)z +2"+vab + v+ 12 + 2" + vz + 1

26 | 6| 23 + 2l + oz + (v + 1)1 +vad +va” + (v + 1)a®
++ Db ozt + (v + D)2+ 2%+ 1
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