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Abstract

For a graph G, we let 7(G) denote the domination number of G. A graph
G is said to be (I, k)-critical if v(G) =1 and 7(G — U) < v(G) for every
U C V(G) with |U| = k. In this paper, we characterize (2, k)-critical
graphs for £ > 1, and show, for each [ > 3 and each k£ > 1, how to
construct infinitely many connected graphs which are (I, h)-critical for
every 1 < h <k.

1 Introduction

In this paper, all graphs are finite, simple, and undirected. Let G be a graph. We
let V(@) and E(G) denote the vertex set and the edge set of G, respectively. The
cardinality of V(G) is referred to as the orderof G. For v € V(G), we denote the open
neighborhood N(v) of v by N(v) = {u € V(GQ) | wv € E(G)}, the closed neighborhood
N[v] of v by N[v] = N(v) U {v}, and the degree d(v) of v by d(v) = |N(v)|. The
maximum of d(v) as v ranges over V(G) is called the mazimum degree of G and
denote by A(G). We say that G is r-regular if d(v) = r for all v € V(G). We let K,
denote the complete graph of order n, i.e., the (n — 1)-regular graph of order n. For
terms and symbols not defined here, we refer the reader to [9].

Again let G be a graph. For two subsets X, Y of V(G), we say that X dominates
Y if Y € U,ex N[v]. A subset of V(G) which dominates V(G) is called a dominating
set of G. The minimum cardinality of a dominating set of G is called the domination
number of G and denoted by v(G). A dominating set of G having cardinality v(G)
is called a 7-set of G.

It can be observed that while (G —v) > «v(G) + 1 is possible for some graphs G
and vertices v € V((G), it is always the case that v(G—v) > v(G)—1, that is, deleting
a vertex can decrease the domination number by at most one. In 1988, Brigham,
Chinn and Dutton [4] began the study of graphs for which 7(G — v) = v(G) — 1
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for every vertex v € V(G). They defined a vertex v in a graph G to be domination
critical, or critical for short, if v(G —v) < 4(G), and the graph G to be domination
critical or, more simply, critical, if every vertex v € V(G) is critical.

In 2005, Brigham, Haynes, Henning and Rall [5] gave a generalization of this
concept. For k > 0, they defined a graph G to be (v, k)-critical if (G — U) < v(G)
for every U C V(@) with |U| = k. Thus (v, 1)-critical graphs are nothing but critical
graphs. Note that no graph can be (v,0)-critical. Also note that for k > 1, if
[V(G)| <k, then G is (v, k)-critical.

The main purpose of this paper is to bring to an end research on two basic
problems concerning (7, k)-critical graphs: the construction of (v, k)-critical graphs
with given domination number [ > 3, and the characterization of (v, k)-critical graphs
with domination number 2.

For simplicity, we henceforth refer to a (v, k)-critical graph with domination num-
ber [ as an (I, k)-critical graph. We first discuss the case where [ > 3. For [ = 3,
Mojdeh, Firoozi and Hasni [13] have shown that there are infinitely many connected
(3, k)-critical graphs for each odd k > 3. For k = 2, Brigham, Haynes, Henning and
Rall [5] and Chen, Fujita, Furuya and Young [8] have shown that there are infinitely
many connected (I, 2)-critical graphs for each | > 4. However, for k > 3 and [ > 4,
no result concerning the construction of an infinite family of connected (I, k)-critical
graphs has been published (even though, as we shall mention again in Section 6, the
existence of such a family seems to be known when % is odd and [ is even). In Sec-
tion 2, we show that there exists such a family of graphs. Before stating the result,
we need another definition. The maximum distance between two vertices in a graph
G is called the diameter of G and denoted by diam(G). Our result is as follows.

Theorem 1.1 Let k > 1 and | > 3 be integers. Then there exist infinitely many
connected graphs G such that G is (I, h)-critical for every h with 1 < h < k and such
that diam(G) = 3(l — 1)/2 or 3(I — 2)/2 according as [ is odd or even.

In [5], Brigham, Haynes, Henning and Rall constructed, for each [ > 3, a con-
nected (I, 2)-critical graph with diam(G) = [ — 1, and asked whether every connected
(1,2)-critical graph G must satisfy diam(G) <! — 1. Note that Theorem 1.1 shows
that the answer is no when [ =3 or [ > 5.

We introduce here the following operation of concatenating vertex-disjoint graphs,
which is used in [5]. Let H; and H» be two vertex-disjoint graphs, and let z; € V/(H)
and zy € V(Hy). Under this notation, we let (H; ® Hs)(x1,x2) denote the graph
obtained from H; and Hy by identifying vertices z; and xo. We call (H; ® Hy) (1, x2)
the coalescence of Hy and Hy via x1 and xo. We write Hy o Hy for (Hy e Hy)(x1,x2)
when there is no need to refer to x; or 3. In proving Theorem 1.1, we make use of
the following theorem proved by Mojdeh, Firoozi and Hasni in [13].

Theorem A ([13]) Let k > 1 be an integer. Let Hy and Hy be vertex-disjoint
graphs and let x; be a non-isolated vertex of H; for each i = 1,2, and let G =
(Hy ® Hy)(x1,x9). Then G is (v, j)-critical for every 1 < j < k if and only if both Hy
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and Hy are (v, j)-critical for every 1 < j < k. Furthermore, if G is (v, j)-critical for
every 1 < j <k, then v(G) = v(H,) + v(Hz2) — 1.

In Section 3, we prove a refinement of Theorem A.

We now consider (I, k)-critical graphs with 1 <1 < 2. By definition, a graph G is
(1, k)-critical if and only if G satisfies |V(G)| < k and A(G) = |V(G)| —1. Note that
if a graph G with v(G) = 2 satisfies |V (G)| < k + 1, then G is clearly (2, k)-critical.
Thus we focus on (2, k)-critical graphs G with |V(G)| > k + 2. An independent set
M of edges of a graph G such that every vertex is incident with an edge in M is
called a perfect matching of G. For k € {1,2,3}, the following characterization of
(2, k)-critical graphs is known.

Proposition B ([4, 5, 12]) Let k € {1,2,3}, and let G be a graph having order
n > k+ 2. Then G is (2, k)-critical if and only if k € {1,3}, n is even, and G =~
K, — M, where M is a perfect matching of K.

In Section 4, we extend Proposition B to (2, k)-critical graphs with & > 1, and
prove the following proposition.

Proposition 1.2 Let k¥ > 1 be an integer, and let G be a graph having order
n > k+2. Then G is (2, k)-critical if and only if k is odd, n is even, and G ~ K,,— M,
where M is a perfect matching of K,.

We add that it was proved in [5] that every r-regular (v, 2)-critical graph with
v(G) > 2 satisfies |V(G)| < (r + 1)(v(G) — 1) + 1 and, for k > 3, it was asked in
[13] whether the statement that every connected r-regular (v, k)-critical graph with
v(G) > 2 satisfies |[V(G)| < (r+1)(7(G) — 1) + k — 1 is true. In Section 5, we show
that the statement is true even if we drop the condition that G is connected.

In passing, we mention that (7, k)-critical graphs have been studied from other
points of view as well (see, for example, [2, 3, 8]). Further, various other types of
criticality for the domination number of a graph have been studied ([1, 6, 14, 16]),
and variants of the notion of domination have also been studied ([11, 15]).

2 A family of (v, k)-critical graphs

In this section, we prove Theorem 1.1
We first construct (3, k)-critical graphs. For i = 1,2, let m; > 1 be an integer,
and let CO = 2} )1(1) Jc(;,)mzy) be a cycle of order 5m;. For each 1 < j < 5, let
= {x§1> | I = j(mod 5)} and X(2> {xl(2) | I =2j — 1(mod 5)}. Note that
X{Q) = {2 |1 = 1(mod 5)}, X = {217 | I = 3(mod 5 X2 = (2?1 =
5(mod 5)}, X = {z® | I = 2(mod 5)} and X¥ = {2 | | = 4(mod 5)}. Let
Y ={y,...,ys} and Z = {z1,2}. Let E; = {z2' | z € X](.l),w’ € X](./Z),j # 7'},
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Figure 1: Graph G, m,

By = Uygyesluge | € (VIC) UV(C®) = (X[ UXPY, By = Uiy | o €
V(C®)}. Let Gonym, be the graph defined by

V(Gymn) = V(ICHYUV(CP)YUYUZ

and
E(Goymy) = E(CD) U E(C®) u( U E]-).

1<5<3

The graph G, m, is depicted in Figure 1. In the figure, two solid lines indicate that
for each i = 1, 2, all edges between z; and C@ are present; dotted lines indicate that
no edge between the two sets (or the vertex and the set) joined by a dotted line is
present, and all other edges between CM and C®, Y and CO, and Y and C® are
present; dashed lines indicate that for each i = 1,2, all edges inside C') are present
except for a perfect matching between the two sets joined by a dashed line.

Proposition 2.1 Let k,my, ms > 1 be integers such that my,ms > k. Then G\ m,
is (3, h)-critical for every 1 < h < k.
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Proof. First we prove that (G, m,) = 3. Since {z{", 2?1} is a dominating set

of Giny my, 1t follows that Y(Gmym,) < 3. Suppose that v(Gpmy m,) < 2, and let S be
a y-set of Gy .m,. Note that for each z € V(CW) U V(C®P), there exist two vertices
in Y U Z which are not dominated by x. Since Y U Z is independent, it follows that
SN Z = . Since S dominates Z, this implies |S NV (CM)| = |SNV(CP)| = 1.
Write S N V(CW) = {xﬁ)} and SNV(C?) = {xi?} If jo = j1 — 1(mod 5) or
jo = j1 + 1 (mod 5), then one of the vertices in Nqqa) (xﬁ)) is not dominated by S if
Jjo = j1 — 2 (mod 5) or jo = j; + 2 (mod 5), then one of the vertices in Ne) ( ;2))
not dominated by S; if j, = j; (mod 5), then y; is not dominated by S, where j is
the unique integer such that 7 = j; (mod 5) and 1 < j < 5. Consequently S is not a
dominating set of G, m,, which is a contradiction. Thus Y(Gmy m,) = 3.

Next we prove that (G, m, —U) < 2 for any U C V(Gpym,) with 1 < |U| < k.
Let U be a subset of V(G m,) with 1 < |U| < k.

Case 1: UNZ # 0.

Let i € {1,2} be an integer such that z; € U. Since |V(C®9)|/2 > |UnN
V(CG=9)|, there exist two vertices z, 2’ € V(C®~9) — U such that 22’ € E(C®).
Since {z, z'} dominates V(G my) — {zz} {z,2'} is a dominating set of Gy, m, — U.
Hence Y(Gmy my, — U) < 2.

Case 2: UNZ = and U N (V(COYu V(CP)) £ 0.

Let i € {1,2} be an integer such that U N V(C®W) # . Since |V(CW)| >
|U N V(CD)|, there exist two vertices z,2/ € V(C®) such that za’ € E(CY),

x € Uand o' ¢ U. Let j(1 < j < 5) be the integer such that z € X]@. Since
|X](~3_i)| >k > |UNV(CB)|, we have X]@_i) —U#0. Let 2 € X](.S_i) —U. Since
{2/, 2"} dominates V(G,.m,) — {2}, {2/,2"} is a dominating set of Gy m, — U.
Hence (G m, — U) < 2.

Case 3: UN (ZUV(CDYUV(C®)) = 0.
Let j(1 < ] < 5) be an 1nteger such that y; € U. Note that UN (X; UX(2>) 0.

Take = € X]- and z’ € X]- . Since {z, 2’} dominates V(G m,) — {y]} {z,2'} is a
dominating set of Gy m, — U. Hence v(Gpymy, — U) < 2.

Therefore Gy, m, is (3, h)-critical for every 1 <h <k. O

Let mq, ms > 2 be integers, and let XJ@, Y, Z and G, m, be as above. We
construct a new graph G, .., which is (4, k)-critical, by adding some vertices and
edges to Gyuym, — Y. For a dominating set P of G,y my, — Y with P C V(CW) U
V(C®) and |P| = 3, we prepare a new vertex vp and join vp to all vertices in
(V(CO)YuV(C®)) — P with edges. Apply this operation to every dominating set P
of Grnym, — Y such that P C V(CW)uV(C?) and |P| = 3, and let Gy, denote

the resulting graph. Let Y* be the set of new vertices (1.e.7 Y* = V(G m) —
V(Gm17m2 - Y))
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Lemma 2.2 Let Q be a subset of V(CM)UV(C®) with |Q| < 2. Then there exist

at least four vertices of Y* which are not dominated by Q in G, ...

Proof. We may assume |Q| = 2. Set A = {a € (V(C)HUV(CP) -Q | QU
{a} dominates V(CM)UV(C®)UZ}. For each a € A, it follows from the definition
of Gy, ., that vou(a) is not dominated by @. Thus it suffices to show that |A| > 4.
Write @ = {z,2'}, and let = € X]@ and 2/ € X](.,i/). If i # 4 and j = j/, then @
dominates V(CW)YUV(CP)UZ, and hence |A| = [(V(CD)YUV(CP)) —{z,2'}| > 4.
If j # 4, then |A| > |X](-3_i)UX](-,3_i/)| = mg_;+ms_y > 4. Thus we may assume i = 7’
and j = j'. Let j1, jo(1 < j1, jo < 5) be the integers which satisfy j; = j + 4 (mod 5)
and jy = j — i (mod 5). Then we get |A| > |X](.]3_i) U X](.s’_i)| >4, as desired. O

Proposition 2.3 Let k,my,my > 1 be integers such that my,my > k + 1. Then
G is (4, h)-critical for every 1 < h < k.

mi,m2
Proof.  First we prove that (G, ,,,) = 4. Since {2V 2V 2P 2PV is a dominat-
ing set of Gy, ys V(Grymy) < 4. We let S be a y-set of Gy, .., and show that

|S| > 4. We may assume that SN (V(CW)UV(C®))| < 3. Since Y*UZ is indepen-
dent, all vertices in Y* which are not dominated by S N (V(CW) U V(C®)) belong
to S. Hence if [S N (V(CW) U V(CP))| < 2, then it follows from Lemma 2.2 that
|S] > |SNY*| > 4. Consequently we may assume |SN(V(CWYUV(CP))| = 3. Also
we may assume that SN (V(CMW)YuV (C®)) dominates V(CWYUV(CP)UZ. Then

1] > (SN (V(CW) UV(C®)) Uvsnwicmvicmyt] = 4. Thus (G, m,) = 4.
Next we prove that (G, ., —U) <3 for any U C V(G ,,,) with 1 < |U| < k.
Let U be a subset of V(G m2) with 1 <|U| < k.

Case 1: UNZ # 0.

Let i € {1,2} be an integer such that z; € U. Since |V(C®9)|/3 > |UnN
V(CG=9)|, there exist three vertices x, 2/, 2" € V(C(3’i)) — U such that za/,2'z" €
E(C®=). Then {z,2’, 2"} dominates V(CMYUV(CP)U(Z—{z}). Since {x, 2/, 2"}

does not dominate z;, it follows from the definition of G* that {z,z’, 2"} also

mi1,msa
dominates Y*. Hence {z,2,2"} is a dominating set of G}, ,, — U. Consequently
NG m, —U) < 3.

Case 2: UNZ =0 and UN (V(CV)u V(CP)) # 0.

Let 4 € {1,2} be an integer such that U N V(C®) # . Since \V(C(l )| >
|UNV(CW)|, there exist two vertices z, 2’ € V(C®) such that za’ € E(CY), 2 € U
and 2’ € U. Let j(1 < j <5) be the integer such that = € X;i). Since |X](37i>| —-2>
k—1>|UNV(C® D), we have | XP™ — U] > 2. Let u,u’ € X — U. Then
{2’ u, '} dominates ((V(CM)UV(CP))—{z})UZ, and {a', u,u'} also dominates Y*

because it does not dominate . Hence {2',u,u'} is a dominating set of Gy, .. —U.
Consequently (G5, .., —U) < 3.

Case 3: UN (ZUV(CYOYUV(CP)) = 0.
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In this case, we have U C Y*. Take v € U, and write v = vp, where P is a subset
of V(CW) U V(C®) with |P| = 3 such that P dominates V(CM) U V(C®)u Z.

Then P dominates Y* — {vp}, and hence P is a dominating set of Gy, . — U.

Consequently (G5, ., —U) < 3.
Therefore G, ., is (4, h)-critical for every 1 < h < k. O

Note that for each m; > 2 and each msy > 2, we have

diam (G, m,) = diam(G7, . ) = 3.

mi,m2
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let k, I be as in Theorem 1.1. If k£ is odd, then let G; be a
graph with diameter 3 which is (3, h)-critical for every 1 < h < k; if k is even, then
let G1 be a graph with diameter 3 which is (4, h)-critical for every 1 < h < k. Also
let d=3(1—-1)/2and m = (l—1)/2 or d=3( —2)/2 and m = (I — 2)/2 according
as [ is odd or even. For each 2 < i < m, let G; be a graph with diameter 3 which
is (3, h)-critical for every 1 < h < k. For each 1 < i < m, let z;, zy be vertices of
G; which are at dstance three apart. Let G be the graph obtained by concatenating
G1, ..., Gy by letting G;_1 and G; coalesce via z;_; and z; for each 2 < i < m. Then
diam(G) = >, diam(G;) = d. Further by Theorem A, G is (v, h)-critical for
every 1 < h <k, and v(G) = v(G1)+ > gcicr,(7(Gi) — 1) = . Since Propositions 2.1
and 2.3 show that there are infinitely many candidates for G; for each 4, this yields
the desired conclusion. [J

3 Coalescence of two graphs

In this section, we prove a theorem about coalescence. We start with the following
corollary of Theorem A.

Proposition 3.1 ([5]) Let H, and Hy be vertex-disjoint graphs, and let x; be a
non-isolated vertex of H; for each i = 1,2. Then (H, ® Hy)(xy,x9) is (v, 1)-critical
and (v, 2)-critical if and only if both Hy and Hj are (v, 1)-critical and (v, 2)-critical.

Note that Proposition 3.1 does not give a necessary and sufficient condition for
H, e H; to be (v, 2)-critical. We prove the following modification of Proposition 3.1.

Proposition 3.2 Let H;, x; be as in Proposition 3.1. Then (H,  Hy)(x1,x9) is
(v, 2)-critical if and only if

(i) both Hy and H, are (v, 2)-critical, and
(i) for some i € {1,2}, H; is critical and v(Hz_; — x3_;) < v(H3_;).

Actually we prove the following more general result.
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Theorem 3.3 Let k > 1 be an integer. Let Hy and Hy be vertex-disjoint graphs
and let z; be a vertex of H; with dy,(xz;) > k — 1 for each i = 1,2, and let G =
(H, @ Hy)(x1,x2). Then G is (v, k)-critical if and only if

(i) for any nonnegative integers ki, ks with ki + ke = k, Hy is (v, k1)-critical or Hs
is (7, kg)-critical, and

(ii) for eachi = 1,2, v(H; — (U U{x;})) < v(H;) for every U C V(H; — x;) with
Ul <Fk-1

Further if G is (v, k)-critical, then v(G) = y(H;) + v(H,) — 1.

We observe that from condition (i) in Theorem 3.3, it follows that H; and H,
are (v, k)-critical (because no graph is (7, 0)-critical). Thus Theorem 3.3 implies
Theorem A (to deduce the “only if” part of Theorem A, note that under the notation
of Theorem A, if G is (v, j)-critical for every 1 < j < k, then by induction on j,
we see from Theorem 3.3 that each H; is (v, j)-critical and satisfies dg, (z;) > j + 1,
because in general, a (v, j)-critical graph cannot have a vertex with degree precisely
equal to 7).

We prove Theorem 3.3 using the following two lemmas (it is likely that the second
lemma is also already known, but we include its proof for the convenience of the
reader).

Lemma 3.4 ([5]) For any vertex-disjoint graphs H, and Hsy, we have vy(H;) +
Y(Ha) =1 < y(Hy @ Hy) <v(Hy) +~(Hz).

Lemma 3.5 Let Hy and Hy be graphs. Let x; € V(H;) for each i = 1,2, and
suppose that x1 is a critical vertex of Hy or xzo is a critical vertex of H,. Then
Y((Hy @ Hy)(x1,22)) = v(Hy) +v(Hz) — 1.

Proof. Let G = (Hy ® Hy)(x1,x3). In view of Lemma 3.4, it suffices to show that
Y(G) < y(Hy) + v(Hz) — 1. Without loss of generality, we may assume that z; is
a critical vertex of Hy. Let S; and Sy be ~-sets of Hy — x and Hs, respectively.
Then |Si| < v(H;) — 1 and |Sa| = v(Hz). If x5 & So, then let S = S; U Sy if
Ty € Ss, then let S =5 U (S2 — {x2}) U{z}. Then S is a dominating set of G, and
|S| < (v(H1) — 1) +7(H2). Hence (G) < v(Hi) +y(Hz) —1. O

Proof of Theorem 3.3. Let k, H;, z;, G be as in Theorem 3.3, and = be denote the
vertex in (G arising from the identification of x; and xs. First we assume that G is
(7, k)-critical, and show that v(G) = vy(H;) + v(Hz) — 1, and (i) and (ii) hold.

Claim 3.1 The vertex x Is critical in G.

Proof. For each ¢ = 1,2, we can choose a subset U; of Ny, (z;) with |U;| = k — 1
because dp,(z;) > k — 1. Since G is (v, k)-critical, we have

V(H; = (Ui U{ai})) +v(Hsi — 23-4) = 9(G = (Ui U{z})) <4(G) -1 (3.1)
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for each i. Let S be a y-set of G — (U; UUy U {z}). Then it follows from (3.1) that

S| = G = (U, U{z}))
= > (H U U{z})

< Z((’Y(G) —1) = y(Hz-i — x3-3))
= 29(G) — (Y(Hy — 1) +1(Ha — ) 2
= 29(G) —v(G —x) — 2.

On the other hand, S U {z} is a dominating set of G, and hence |S| > v(G) — 1.
Consequently 2v(G)—v(G—z)—2 > ~(G)—1, which means that v(G)—y(G—z)—1 >
0. Hence z is a critical vertex of G. [

Claim 3.2 For eachi = 1,2, x; is a critical vertex of H;.

Proof. Recall that removing a vertex can decrease the domination number at most
by one. Let S be a y-set of G — z. By Claim 3.1,

S| =~(G) - 1. (3-2)

Hence |S| < v(H;)+7(Hs2)—1 by Lemma 3.4. Since SNV (H;) is a dominating set of
H; — z; for each i = 1,2, this implies that we have |[SNV(H;)| =~v(H;) —1fori=1
or i = 2. Without loss of generality, we may assume that |S NV (H;)| = v(H;) — 1,
which means that x; is a critical vertex of Hy. Then v(G) = v(H;) + v(Hz) — 1 by
Lemma 3.5, and hence it follows from (3.2) that |S| < v(H;) + v(Hz) — 2. Since
|SNV(H,)| =~(Hy) —1and SNV(H,) is a dominating set of Hy — x5, this forces
|S NV (Hy)| =~v(Hz) — 1. Consequently x5 is a critical vertex of Hy. O

Note that v(G) = v(H1) + v(H2) — 1 by Claim 3.2 and Lemma 3.5. We now
prove that (ii) holds. By symmetry, it suffices to consider only the case where
i = 1. Let U be a subset of V(H;) — {z1} with |U| < k — 1. We show that
v(Hy — (UU{z1})) < v(Hy). Let U’ be a subset of Ng,(z3) with |U'| =k —1—|U]|.
Let S be a y-set of G — (U U U" U {z}). Since G is (v, k)-critical, we get |S| <
Y(G) — 1 =~(Hy) +~v(Hz) — 2. Since (SNV(Hs)) U {x2} is a dominating set of Ho,
|SNV(Hy)| > ~v(Hy) — 1. Consequently |[S NV (Hy)| <~(H;y)—1. Since SNV (H)
is a dominating set of Hy — (U U {xz1}), v(H; — (UU{z1})) < v(H,), as desired.

In order to prove (i), let ki1, ko be nonnegative integers such that ky + ko = k
and, by way of contradiction, suppose that H; is not (v, k1)-critical and Hy is not
(7, k2)-critical. For each i, let U; be a subset of V(H;) with |U;| = k; such that
~(H; — U;y) > v(H;). In view of (ii), we have z; ¢ U; for each i, which means that
G- (U, Ul,) = ((Hy — Uy) @ (Hy — Us))(x1,22). Consequently by Lemma 3.4,
G = (U UUy)) > y(Hy = Uy) +~(Hy — Us) — 1 > y(Hi) +(Hs) — 1 = (G). This
contradicts the assumption that G is (v, k)-critical. Therefore (i) holds.
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Next, conversely, we assume that (i) and (ii) hold, and show that G is (v, k)-
critical. Let U be a subset of V(G) with |U| = k. For each i = 1,2, let U; =

Case 1: z € U.

For each i = 1,2, let S; be a y-set of H; — (U; U {x;}). Let S =51 US;. Then
S is a dominating set of G — U. By (ii), |S;| < ~v(H;) — 1 for each i = 1,2, and
hence |S| < v(H;) + v(Hz) — 2. In view of Lemma 3.4, this implies |S| < v(G) — 1.
Consequently v(G — U) < v(Q).

Case 2: ¢ U.

By (i), without loss of generality, we may assume that H; is (, k;)-critical. Then
ki # 0 and v(H, — Uy) < ~(H;) — 1. Since |Us| = k — ky < k — 1, it follows from
(ii) that y(Hs — (Up U {z2})) < v(Hz) — 1. Let Sy and Sy be 7-sets of H; — U; and
Hy — (Uy U {xa}), respectively. If x; & Sy, then let S = S; U Sy; if xy € S, then let
S = (S —{z1}) U{z} US;. Then S is a dominating set of G — U. We also have
|S] = |S1] + |S2| < v(Hy) + v(H2) — 2, and hence |S| < v(G) — 1 by Lemma 3.4.
Consequently v(G — U) < v(Q).

Therefore G is a (7, k)-critical graph. This completes the proof of Theorem 3.3.

O

4 Characterization of (2, k)-critical graphs

In this section, we focus on (2, k)-critical graphs, and prove Proposition 1.2. We
make use of the following results in our proof.

Lemma 4.1 ([13]) Let k > 1 be an odd integer and n > 2 be an even integer. Then
K, — M is (2, k)-critical, where M is a perfect matching of K,,.

Lemma 4.2 ([7]) If a graph G is not critical, then G has a vertex x such that
NG =) =(G).

Proof of Proposition 1.2. Let k, n, G be as in Proposition 1.2. We proceed by
induction on k. In view of Proposition B, we may assume that & > 4 and the
proposition holds for smaller values of k. The “if” part of the proposition follows
from Lemma 4.1. Thus it suffices to show, under the assumption that G is (2, k)-
critical, that k is odd, n is even, and G ~ K,, — M, where M is a perfect matching
of K,,.

Suppose that G is not critical. Then by Lemma 4.2, there exists x € V(G) such
that v(G — x) = 2. Since G is (2, k)-critical, we have v((G — z) — U) < 2 for every
U CV(G—x)with |U| = k—1. Hence G —x is 2-(v, k — 1)-critical. By the induction
assumption, this implies that k—1is odd, n—11is even, and G—x ~ K,,_; — M, where
M is a perfect matching of K,,_1. Write V(G—x) = {z1, ..., Z(m=1)/2: Y1, - - -, Yn—1)/2}
so that z;y; € E(G) for each i. Since v(G) = 2, there exists y € V(G — z) such that
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ry & E(G). We may assume y = ym—1y/2. Then v(G —{z1,...,Te/2, Y1, Yrs2}) =
2, which contradicts the assumption that G is (2, k)-critical.

Thus G is critical. By the induction assumption, this implies that n is even, and

G ~ K, — M, where M is a perfect matching of K,,. Write V(G) = {z1,..., Zpn/2, 1,

.., Yny2} so that z;y; & E(G) for each i. If k is even, then (G —{z1, ..., 22, 41, -,

Yr/2}) = 2, which contradicts the assumption that G is (2, k)-critical. Consequently
k is odd, which completes the proof of Proposition 1.2. [

5 Regular (v, k)-critical graphs

In this section, we consider regular (v, k)-critical graphs. We first state a lemma.
Lemma 5.1 ((i)[10], (ii)[13])
(i) IfG is a critical graph having order (A(G)+1)(y(G)—1)+1, then G is regular.

(ii) Let k > 1 be an integer, and let G be a (v, k)-critical graph. Then |V (G)| <
(AG)+1)(v(G) — 1) + k.

The following proposition shows that the answer to the question in [13] mentioned
toward at the end of Section 1 is affirmative.

Proposition 5.2 Let k > 2 be an integer, and let G be an r-regular (v, k)-critical
graph with y(G) > 2. Then |[V(G)| < (r+1)(v(G) —= 1)+ k — 1.

Proof. Let n = |V(G)|. Suppose that n > (r + 1)(v(G) — 1) + k. Then, applying
Lemma 5.1(ii) with k replaced by k—1, we see that G is not (y, k— 1)-critical. Hence
there exists U C V(G) with |U| = k—1 such that v(G—U) > v(G). Let H =G —-U.
Take z € V(H). Since G is (v, k)-critical, v(H — z) = v(G — (U U{z})) < v(G) <
~v(H). Since y(H —x) > v(H) — 1, this forces y(H) = (G). Since x is arbitrary, we
also see that H is critical. By Lemma 5.1(ii), this implies that

n—k-1)=[VH)]<AH)+DOH) -+ 1< (r+DHH(GE) -+ 1L

Since v(H) = v(G) > 2, this, together with the assumption that n > (r 4+ 1)(v(G) —
1) + k, implies that |V(H)| = (A(H) + 1)(v(H) — 1)+ 1 and A(H) = r. Since H is
critical, it follows from Lemma 5.1(i) that H is r-regular. Since G is r-regular, this
means that H is the union of some components of G. But then y(H) < v(G), which
contradicts the earlier assertion that y(H) = v(G). Thusn < (r+1)(y(G)—1)+k—1.

]

6 Conclusion

In Theorem 1.1, we have shown that there exist infinitely many (I, k)-critical graphs
for each k > 1 and each ! > 3 and, in Proposition 1.2, we have given a characterization



64 MICHITAKA FURUYA

of (2, k)-critical graphs for all k& > 3. Our proof of Theorem 1.1 is based on an
operation called coalescence and, in Theorem 3.3, we have proved a result concerning
coalescence, which we believe will be useful for further research.

We conclude this paper by presenting two open problems related to Theorem 1.1.
Theorem 1.1 does not yield a graph which is (v, k)-critical but not (v, h)-critical for
some h with 1 < h < k — 1. On the other hand, we see from Lemma 4.1 that when
k > 3 is odd, there exist infinitely many graphs G with v(G) = 2 such that G is
(7, h)-critical for every odd h with 1 < h < k but not (v, k)-critical for any even h
with 2 < h < k —1 and, as we touched on in the paragraph preceding the statement
of Theorem 1.1, a modification of Lemma 4.1 shows that when & > 3 is odd and
[ > 2 is even, there exist infinitely many graphs G with v(G) = [ such that G is
(7, h)-critical for every odd h with 1 < h < k but not (v, h)-critical for any even h
with 2 < h <k — 1. We pose the following question.

Problem 1 Let k, | be integers with k > 2 and | > 3. For which I C {1,...,k},
do there exist infinitely many connected graphs G with v(G) = [ such that G is
(7, h)-critical for every h € I but not (v, h)-critical for any h € {1,...,k} — 17

In view of the question in [5] mentioned in the paragraph following the statement
of Theorem 1.1, the following question also naturally arises.

Problem 2 Forl > 3, what is the best upper bound for the diameter of a connected
(1,2)-critical graph?

Acknowledgments

The author would like to thank the referees for constructive comments.

References

[1] N. Ananchuen and M.D. Plummer, Matching properties in domination critical
graphs, Discrete Math. 277 (2004), 1-13.

[2] N. Ananchuen and M.D. Plummer, Matchings in 3-vertex-critical graphs: the
even case, Networks 45 (2005), 210-213.

[3] N. Ananchuen and M.D. Plummer, Matchings in 3-vertex-critical graphs: the
odd case, Discrete Math. 307 (2007), 1651-1658.

[4] R.C. Brigham, P.Z. Chinn and R.D. Dutton, Vertex domination-critical graphs,
Networks 18 (1988), 173-179.

[5] R.C. Brigham, T.W. Haynes, M.A. Henning and D.F. Rall, Bicritical domina-
tion, Discrete Math. 305 (2005), 18-32.



(6]

[7]

[10]

[11]

[12]

[13]

CONSTRUCTION OF (v, k)-CRITICAL GRAPHS 65
T. Burton and D.P. Sumner, Domination dot-critical graphs, Discrete Math.
306 (2006), 11-18.

J.R. Carrington, F. Harary and T.W. Haynes, Changing and unchanging the
domination number of a graph, J. Combin. Math. Combin. Comput. 9 (1991),
57-63.

X. Chen, S. Fujita, M. Furuya and M.Y. Sohn, Constructing connected bicritical
graphs with edge-connectivity 2, Discrete Appl. Math. to appear.

R. Diestel, “Graph Theory” (4th edition), Graduate Texts in Mathematics 173,
Springer (2010).

J. Fulman, D. Hanson and G. MacGillivray, Vertex domination-critical graphs,
Networks 25 (1995), 41-43.

X. Hou and M. Edwards, Paired domination vertex critical graphs, Graphs Com-
bin. 24 (2008), 453-459.

D.A. Mojdeh and P. Firoozi, Characteristics of (v, 3)-critical graphs, Appl. Anal.
Discrete Math. 4 (2010), 197-206.

D.A. Mojdeh, P. Firoozi and R. Hasni, On connected (v, k)-critical graphs,
Australas. J. Combin. 46 (2010), 25-35.

J.B. Phillips, T.W. Haynes and P.J. Slater, A generalization of domination
critical graphs, Util. Math. 58 (2000), 129-144.

N.J. Rad, Bicritical total domination, Australas. J. Combin. 47 (2010), 217-226.

D.P. Sumner and P. Blitch, Domination critical graphs, J. Combin. Theory Ser.
B 34 (1983), 65-76.

(Received 19 Apr 2011; revised 5 Nov 2011, 25 Jan 2012)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


