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Abstract

Using an analytic method, we derive an alternative formula for the prob-
ability that a geometrically distributed word of length n possesses the
restricted growth property. Equating our result with a previously known
formula yields an algebraic identity involving alternating sums of bino-
mial coefficients via a probabilistic argument. In addition, we consider
refinements of our formula obtained by fixing the number of blocks, levels,
rises, or descents.

1 Introduction

If 0 ≤ p ≤ 1, then a discrete random variable X is said to be geometric if P (X = i) =
pqi−1 for all integers i ≥ 1, where q = 1−p. We will say that a word w = w1w2 · · · over
the alphabet of positive integers is geometrically distributed if the positions of w are
independent and identically distributed geometric random variables. The research
in geometrically distributed words has been a recent topic of study in enumerative
combinatorics; see, for example, [2, 3, 4] and the references therein.

A nonempty word w = w1w2 · · · of finite length over the alphabet of positive in-
tegers is said to possess the restricted growth property if w1 = 1 and wi+1 ≤
max{w1, w2, . . . , wi} + 1 for all i. Such words are called restricted growth functions
and correspond to finite set partitions having a prescribed number of blocks when
the range is fixed and to all finite set partitions when it is allowed to vary (see, for
example, [7] or [8] for details). If n ≥ 1, then let Pn denote the probability that a
geometrically distributed word of length n possesses the restricted growth property,
with P0 = 1. In [6], the following exact formula for Pn was derived using the Cauchy
integral formula. Here, (x; q)i is defined as the product (1−x)(1−xq) · · · (1−xqi−1)
if i ≥ 1, with (x; q)0 = 1.
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Theorem 1.1 If n ≥ 1, then

Pn = p

n−1∑
i=0

(−1)i

(
n − 1

i

)
qi(p; q)i. (1.1)

Here, we provide an alternative formula for Pn by considering solutions to the func-
tional differential equation

d

dx
h(x) = pepxh(qx),

where h(0) = 1 and p + q = 1. We also consider refinements of this result obtained
by restricting the number of blocks or requiring a partition to possess a fixed number
of levels, rises, or descents.

2 Another approach to finding Pn

Let Pn denote the probability that a geometrically distributed word of length n with
parameter p is a restricted growth function (rgf). Then

Pn+1 =

n∑
j=0

pn+1−jqj

(
n

j

)
Pj, n ≥ 0, (2.1)

with P0 = 1, upon conditioning on the number, n− j, of 1’s occurring past the first
position. To see this, first note that one may select the positions for these 1’s in(

n
n−j

)
=
(

n
j

)
ways, and the probability that all of these positions are indeed 1’s is

pn−j . Thus, the probability that there are n+1− j 1’s, with a 1 in the first position,
is pn+1−j

(
n
j

)
. The probability that the remaining j letters form an rgf (on the set

{2, 3, . . .}) is then qjPj, by independence.

Define the exponential generating function G(x) =
∑

n≥0 Pn
xn

n!
. Multiplying recur-

rence (2.1) by xn

n!
, and summing over n ≥ 0, implies that G(x) is a solution of the

differential equation

d

dx
h(x) = pepxh(qx), h(0) = 1. (2.2)

We now find a second solution to (2.2) as follows. Let F (x) be given as

F (x) = p
∑
j≥0

(p; q)j

j!
(−x)j .

It may be verified that F (x) satisfies

F ′(x) + F (x) = pF (qx),
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which implies, upon multiplying by 1
p
ex = 1

p
epxeqx, that

d

dx

(
1

p
exF (x)

)
= pepx

(
1

p
eqxF (qx)

)
.

The final equality shows that 1
p
exF (x) is also a solution to (2.2), and thus

G(x) =
1

p
exF (x), (2.3)

by uniqueness of solutions. From (2.3), we obtain the following explicit formula
for Pn.

Theorem 2.1 If n ≥ 0, then

Pn =
n∑

i=0

(−1)i

(
n

i

)
(p; q)i. (2.4)

Remark: To show that the expressions for Pn in (1.1) and (2.4) are indeed equal,
let

G̃(x) = p
∑
n≥1

(
n−1∑
i=0

(−1)i

(
n − 1

i

)
qi(p; q)i

)
xn

n!
.

Then

d

dx
G̃(x) = exF (qx) = ex

(
pe−qxG(qx)

)
= pepxG(qx) =

d

dx
G(x),

which implies that the two expressions are the same for all n ≥ 1. It would be
interesting to have a probabilistic or a combinatorial proof in the sense of [1] of
either (1.1) or (2.4) or of the identity obtained by equating the expressions in (1.1)
and (2.4).

3 Other results

We start with some notation. Suppose q is an indeterminate or a complex number
(here, we will assume q = 1 − p lies in the interval [0, 1]). Let 0q := 0, nq := 1 + q +

· · · + qn−1 = 1−qn

1−q
if n ≥ 1, 0q!:=1, nq! := 1q2q · · ·nq if n ≥ 1, and

(
n
k

)
q

:= nq !
kq !(n−k)q !

if n ≥ 0 and 0 ≤ k ≤ n. The q-binomial coefficient
(

n
k

)
q

is zero if k is negative or

if 0 ≤ n < k. If n ≥ 1, then [n] will denote the set {1, 2, . . . , n}, with [0] = ∅. Let
B(n, k) denote the set consisting of all restricted growth functions of length n over
the alphabet [k] (which correspond to the partitions of [n] having exactly k blocks).

If k ≥ 1 is fixed, then let Pn,k be the probability that a geometrically distributed
word of length n is a member of B(n, k). The following theorem gives an exact
formula for Pn,k.
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Theorem 3.1 If n ≥ k ≥ 1, then

Pn,k =
pn

kq!

k∑
j=0

(−1)jq(
j
2)((k − j)q)

n

(
k

j

)
q

. (3.1)

Proof. First note that Pn,k satisfies the recurrence

Pn,k = pqk−1Pn−1,k−1 + (1 − qk)Pn−1,k, n, k ≥ 1, (3.2)

with P0,k = δ0,k for k ≥ 0, since if no k occurs amongst the first n − 1 letters, then
the last letter must be a k with probability pqk−1, and if a k does occur amongst the
first n − 1 letters, then the last letter must belong to [k], which has probability

p + pq + · · · + pqk−1 =
p(1 − qk)

1 − q
= 1 − qk.

If k ≥ 1, then let Pk(z) =
∑

n≥k Pn,kz
n. Multiplying both sides of (3.2) by zn,

summing over n ≥ k, and solving for Pk(z) implies

Pk(z) =
pqk−1z

1 − (1 − qk)z
Pk−1(z), k ≥ 1,

with P0(z) = 1, which we iterate to obtain

Pk(z) = pkq(
k
2)zk

k∏
j=1

1

1 − (1 − qj)z
. (3.3)

Write

k∏
j=1

1

1 − (1 − qj)z
=

k∑
j=1

ak,j

1 − (1 − qj)z
.

By partial fractions, we have

ak,j =
(−1)k−j(jq)

k−1

q(
j
2)+j(k−j)(k − 1)q!

(
k − 1

j − 1

)
q

, 1 ≤ j ≤ k.
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Then

[zn](Pk(z)) = pkq(
k
2)

k∑
j=1

ak,j(1 − qj)n−k

=
pkq(

k
2)

(k − 1)q!

k∑
j=1

(−1)k−j(jq)
k−1(1 − qj)n−k

q(
j
2)+j(k−j)

(
k − 1

j − 1

)
q

=
pk

(k − 1)q!

k∑
j=1

(−1)k−jq(
k−j
2 )(jq)

k−1(1 − qj)n−k

(
k − 1

j − 1

)
q

=
pn

(k − 1)q!

k∑
j=1

(−1)k−jq(
k−j
2 )(jq)

n−1

(
k − 1

j − 1

)
q

=
pn

kq!

k∑
j=0

(−1)jq(
j
2)((k − j)q)

n

(
k

j

)
q

,

as required, upon changing the indices of summation and noting
(

k
2

)
=
(

j
2

)
+
(

k−j
2

)
+

j(k − j), p + q = 1, and
(

k
j

)
q

= kq

jq

(
k−1
j−1

)
q
. �

Below, we give a table of values for Pn,k for all 1 ≤ k ≤ n ≤ 5.

n\k 1 2 3 4 5
1 p
2 p2 p2q

3 p3 p3q(q + 2) p3q3

4 p4 p4q(q2 + 3q + 3) p4q3(q2 + 2q + 3) p4q6

5 p5 p5q(q+2)(q2+2q+2) p5q3(q2+2q+2)(q2+q+3) p5q6(q3+2q2+3q+4) p5q10

The following result provides an asymptotic estimate of Pn,k for large n and k fixed.

Corollary 3.2 If k ≥ 1 is fixed and 0 < p < 1, then we have

Pn,k ≈ pk

(q; q)k

(1 − qk)n

for n large.

Proof. From (3.3) above, we see that Pk(z) =
∑

n≥k Pn,kz
n is a rational function

whose smallest positive simple pole is z0 = 1
1−qk . By Theorem IV.9 on p. 256 of [5],

we then have Pn,k ≈ Ak(1 − qk)n, where

Ak = lim
z→z0

(
z − z0

z0

Pk(z)

)
,

which yields the estimate above. �
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One may refine Theorem 3.1 as follows. A word v = v1v2 · · · is said to have a
level (at index i) if vi = vi+1. Let Pn,k,r denote the probability that a geometrically
distributed word of length n belongs to B(n, k) and has r levels. If k ≥ 1 is fixed,
then let Pk(z, w) be given by

Pk(z, w) =
∑
n,r≥0

Pn,k,rz
nwr.

The generating function Pk(z, w) has the following explicit form.

Theorem 3.3 If k ≥ 1, then

Pk(z, w) =
k∏

j=1

pqj−1z
1−pqj−1z(w−1)

1 −∑j
i=1

pqi−1z
1−pqi−1z(w−1)

. (3.4)

Proof. To find Pk(z, w), we first consider a refinement of it as follows. Given 1 ≤ i ≤
k, let Pk(z, w|i) be given by

Pk(z, w|i) =
∑
n,r≥0

Pn,k,r(i)z
nwr,

where Pn,k,r(i) denotes the probability that a geometrically distributed word of length
n belongs to B(n, k), ends in the letter i, and has exactly r levels. Considering
whether or not the penultimate letter of a member of B(n, k) ending in i is also an
i yields the relations

Pk(z, w|i) = pqi−1wzPk(z, w|i) + pqi−1z(Pk(z, w) − Pk(z, w|i)), 1 ≤ i ≤ k − 1,
(3.5)

with

Pk(z, w|k) = pqk−1wzPk(z, w|k) + pqk−1z(Pk(z, w) −Pk(z, w|k)) + pqk−1zPk−1(z, w).
(3.6)

Solving (3.5) for Pk(x, w|i) and (3.6) for Pk(z, w|k), adding the k equations that
result, and noting

∑k
i=1 Pk(z, w|i) = Pk(z, w) implies

Pk(z, w) =
k∑

i=1

pqi−1z

1 − pqi−1z(w − 1)
Pk(z, w) +

pqk−1z

1 − pqk−1z(w − 1)
Pk−1(z, w),

or

Pk(z, w) =

pqk−1z
1−pqk−1z(w−1)

1 −∑k
i=1

pqi−1z
1−pqi−1z(w−1)

Pk−1(z, w), k ≥ 1,

with P0(z, w) = 1, which yields (3.4). �
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Letting w = 1 in (3.4) gives (3.3). Letting w = 0 in (3.4) gives the generating
function for the probability that a geometrically distributed word of length n is a
member of B(n, k) having no levels, i.e., is a Carlitz set partition with k blocks.

A word v = v1v2 · · · is said to have a rise (at index i) if vi < vi+1. Let Qn,k,r denote
the probability that a geometrically distributed word of length n belongs to B(n, k)
and has r rises, and let Qk(z, w) =

∑
n,r≥0 Qn,k,rz

nwr, where k is fixed. We have the
following explicit formula for Qk(z, w).

Theorem 3.4 If k ≥ 1, then

Qk(z, w) =
pkq(

k
2)wk−1zk∏k

�=0(1 − (1 − w)pq�z)k−� ×∏k−1
�=0

(
1 −∑�

j=0
pqjwz

Qj
i=0(1−(1−w)pqiz)

) . (3.7)

Proof. Let Wn,k,r denote the probability that a geometrically distributed word
of length n has letters only in [k] and has exactly r rises, and let Wk(z, w) =∑

n,r≥0 Wn,k,rz
nwr. Since π ∈ B(n, k) may be decomposed uniquely as π = π′kβ

for some π′ ∈ B(j, k − 1), where k − 1 ≤ j ≤ n − 1, and k-ary word β, we get, by
independence,

Qk(z, w) = pqk−1wzQk−1(z, w)Wk(z, w), k ≥ 2,

with P1(z, w) = pzW1(z, w), which implies

Qk(z, w) = pkq(
k
2)wk−1zk

k∏
j=1

Wj(z, w). (3.8)

To find Wk(z, w), note that it satisfies the recurrence

Wk(z,w)=Wk−1(z,w)+pqk−1zWk(z,w)+pqk−1wz(Wk−1(z,w)−1)Wk(z,w), k ≥ 1, (3.9)

with W0(z, w) = 1, upon considering whether or not the letter k occurs in a word
and, if it does, considering whether or not the first letter of the word is k. To solve
recurrence (3.9), we rewrite it as

1

Wk(z, w)
=

1 − (1 − w)pqk−1z

Wk−1(z, w)
− pqk−1wz, k ≥ 1,

and solve the resulting linear first-order recurrence in 1
Wk(z,w)

to get

1

Wk(z, w)
=

[
1 −

k−1∑
j=0

pqjwz∏j
i=0(1 − (1 − w)pqiz)

]
k−1∏
j=0

(1 − (1 − w)pqjz),

from which (3.7) follows from (3.8). �
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Dividing the right side of (3.7) by wk−1, and letting w = 0, gives the generating
function for the probability that a geometrically distributed word of length n is a
member of B(n, k) having no rises other than those occurring each time that there
is an appearance of a new letter.

Finally, a word v = v1v2 · · · is said to have a descent (at index i) if vi > vi+1.
Let Rn,k,r denote the probability that a geometrically distributed word of length n
belongs to B(n, k) and has r descents, and let Rk(z, w) =

∑
n,r≥0 Rn,k,rz

nwr, where
k is fixed. Our final result is an explicit formula for Rk(z, w).

Theorem 3.5 If k ≥ 2, then

Rk(z, w) =
pkq(

k
2)zk

1 − pz

k∏
j=2

wWj(z, w) + 1 − w

1 + (w − 1)pqj−1z
, (3.10)

with R1(z, w) = pz
1−pz

, where Wj(z, w) is given by

1

Wj(z, w)
=

[
1 −

j−1∑
i=0

pqiwz∏i
�=0(1 − (1 − w)pq�z)

]
j−1∏
i=0

(1 − (1 − w)pqiz).

Proof. Given α, a geometrically distributed word of length n, let Wn,k,r (respec-
tively, W ′

n,k,r) denote the probability that α (respectively, kα) has letters only in
[k] and has exactly r descents. Let Wk(z, w) =

∑
n,r≥0 Wn,k,rz

nwr and W ′
k(z, w) =∑

n,r≥0 W ′
n,k,rz

nwr. Note that Wk(z, w) is as in the proof of Theorem 3.4 above,
by symmetry, upon writing words in reverse order. If k ≥ 2 and π ∈ B(n, k),
then π = π′kβ for some π′ ∈ B(j, k − 1), where k − 1 ≤ j ≤ n − 1, and k-ary
word β, which implies Rk(z, w) = pqk−1zRk−1(z, w)W ′

k(z, w), by independence, with
R1(z, w) = pz

1−pz
. Thus, we have

Rk(z, w) =
pkq(

k
2)zk

1 − pz

k∏
j=2

W ′
j(z, w), k ≥ 2. (3.11)

We now find an expression for W ′
k(z, w). Let Wk(z, w|k) be the generating function

for the probability that a geometrically distributed word of length n is a k-ary word
that starts with k and has exactly r descents. From the definitions, we may write

W ′
k(z, w) = w(Wk(z, w) − 1 − Wk(z, w|k)) + Wk(z, w|k) + 1 (3.12)

and

Wk(z, w|k) = pqk−1z[w(Wk(z, w) − 1 − Wk(z, w|k)) + Wk(z, w|k) + 1]. (3.13)

Relations (3.12) and (3.13) together imply

W ′
k(z, w) =

wWk(z, w) + 1 − w

1 + (w − 1)pqk−1z
,

from which (3.10) follows from (3.11). �
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