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Abstract

Let G be the projective special linear group PSL(2,2"), let X be the
projective line and B be any subgroup of GF*(2"). We give a new in-
finite family of simple 3-designs by determining the parameter set of
(X, G(By)), where By = B U {0}.

1 Introduction

A 3-(v,k, \) design is a pair (X, B) in which X is a v—set of points and B is a
collection of k—subsets of X called blocks, such that every 3-subset of X is contained
in precisely A blocks. A 3-(v, k, \) design is simple if it contains no repeated blocks.
All of the 3-designs in this paper will be simple. Let G denote a subgroup of Sym(X),
the full symmetric group on X. Now G acts on the subsets of X in a natural way:
If g € Gand S C X, then ¢(S) = {g(z) : + € S}. The group G is called an
automorphism group of the 3-design (X, B) if g(S) € Bforall g € G and S € B. For
S C X, let

G(S) ={9(5) g € G}
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Gs={g9€G:g9(S) =5}
Here G(S) is called the orbit of S, and Gy is called the stabilizer of S. It is well-
known that |G| = |Gs||G(S)] (see [2]). It follows that G is an automorphism group
of the 3-design (X, B) if and only if B is a union of orbits of k-subsets of X under G
(see [1]).
Let ¢ be a prime power and let X = GF(q) |J{oco}. We define

a/0 =00, a/oo=0, co+a=a+00=00, a0 =00a= 00

and
aoo—&—bia

cco+d ¢

)

where a, b, ¢, d € GF(q) and (Cl 2 ’ # 0. Here X is called the projective line. For
any a,b,c,d € GF(q), if ad — bc # 0, we define a function f: X — X where

ar +b
The function f is called a linear fraction. The determinant of f is
a b
det f = . d’:adbc.

The set of all linear fractions whose determinants are non-zero squares forms a group,
called the linear fractional group LF (2, q), which is isomorphic to the projective spe-
cial linear group PSL(2,q) (see [2]).

The group PSL(2,¢) plays a very important role in the construction of simple
3-designs. When ¢ = 3 (mod 4) or ¢ = 2™, PSL(2, q) acts 3-homogeneously, i.e., it
acts transitively on 3-subsets of the projective line. So unions of orbits for the action
of PSL(2, ¢) on the set of k-subsets of the projective line yield simple 3-designs. For
the case of ¢ = 3 (mod 4), simple 3-designs with PSL(2, ¢) as an automorphism group
have been investigated in [3, 4, 10]. In [3], all simple 3-designs admitting PSL(2, q)
with block size not congruent to 0 or 1 modulo p, where ¢ = p”, are determined. For
the case ¢ = 2", no similar result has been found.

In this paper, we will only consider the case ¢ = 2". Since every element of
GF(2™) is a square, LF(2,2") is isomorphic to the projective general linear group
PGL(2,2"). Let G denote LF(2,2"). Since G is sharply 3-transitive on X (see [2]),
for any orbit I" of k-subsets of X, (X,T") is a simple 3-(2" 4+ 1, k, \) design for some
A, where k > 3. It is well-known (see [2]) that

|G| = (2" +1)2" (2" —1).

The subgroup structure of G is known in [5, 6]. The existence of simple 3-designs
admitting PSL(2,2") with block size 4, 5, 6 and 7 is investigated in [7, 8, 9] and
a complete solution is given. In this paper, we give a new infinite family of simple
3-designs by determining the parameter set of G(B U {0}), where B is a subgroup of
GF*(2").
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2 Preliminaries concerning PSL(2, 2")

In this section, we will make some preparations for the proof of the main theo-
rem. Lemmas 2.1 and 2.2 show some of the fundamental properties of the elements
contained in G. Let x(g) denote the number of elements of X fixed by g € G in both
lemmas.

Lemma 2.1 [5] Suppose g € G and |g| =m > 1. Then x(g9) =1ifm =2, x(g9) =2
il — 1), x(g) = 0 if ml(2" +1).

Lemma 2.2 [7] If g € G is of order m > 1, then g has a = x(g9) < 2 fized points
and b= (2" + 1 — a)/m m-cycles.

Corollary 2.3 A k-subset S can be fized by an element g € G with order m if and
only if S consists of ¢ m-cycles and r fized points of g, where k = mqg+r, 0 <r < m.

Lemma 2.4 [5, 6] The subgroups of G are as follows:

(i) Elementary abelian groups of order 2™ where m < n;
(ii) Cyclic subgroups of order d where d|(2™ F 1);
(iii) Dihedral subgroups Doy for d|(2" £+ 1);

(iv) Subgroups of order 2™d each of which is the semidirect product of an elementary
abelian group € of order 2™ and a cyclic group of order d, where d|(2" — 1).
The non-identity elements of € are involutions and have the same fized point
mn X.

(v) Subgroups isomorphic with PSL(2,2%), where k is a divisor of n.
(vi) Tetrahedrals Ay.

Lemmas 2.5 and 2.6 are fundamental theorems on the structure of PSL(2,2").

Lemma 2.5 [5] The linear fractions
Su(x)=x+p, peGF2"),

form an elementary abelian subgroup G of order s = 2". Here GP) consists of
all the involutions of G leaving the single element oo fized.

Throughout the remainder of this article, we will assume that d is a positive
integer dividing 2™ — 1 and that « is a primitive element of GF*(2"). Let f(z) =
1)z, h(z) = a"@ z , and set H = (h(z)) and G = (H, f(z)).
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Lemma 2.6 [5] All the dihedral subgroups Doy are conjugate.
Lemma 2.7 G is a dihedral subgroup Daygy.

Proof. It is easy to prove that h and f satisfy the generational relations
hi=1, f2=1 and hf = fh~ L.
So G is a dihedral group Day. ]

Using these preparations, we will prove the main results in the next section.

3 Simple 3-designs with block size d + 1

Since an orbit I' = G(S) of a k-subset S is a simple 3-(2" 4+ 1, k, A) design with

total number of blocks b = |G(S)| = %, the following lemma is obvious.

Lemma 3.1 If S is a k-subset of X, then the orbit ' = G(S) is a 3-(2" + 1,k, A)
design with
k(k—1)(k—2)

|Gs|

Lemma 3.2 Suppose S is a d+1-subset. There is no dihedral subgroup Doy contained
m gs.

A=

Proof. Suppose there is a dihedral subgroup Day
there exists g € G such that

gD2g™t = G CgGsg™' = Gs,

where S" = ¢(5). Since h(z) € G C Gy, it follows that S’ is composed of one d-cycle
and exactly one fixed point of h(x) by Corollary 2.3. Thus S’ is either

N

Gs. By Lemmas 2.6 and 2.7,

2" 1 202" -1) d—1E2"-1)
{0, a, ac™ @ , aa™ @ , ..., aa” d
or 2" -1 2(2"—1) (d—1)(2" -1)
{00, b, ba" @ , ba™ @ , ..., ba” 4}

where a, b € GF*(2"). However, f(x) = 1/z interchanges 0 and oo and thus cannot
fix S’. This is a contradiction because f(z) € G C Ggr. Now the proof is complete.
O

Let B = (a®"~Y/4) the unique subgroup of GF*(2") with order d, and set
By = BU{0} and B,, = BU {oo}. Observe that if d = 2™ — 1 and m|n, then By is
a subfield of GF(2") and thus

A={zr —azx+b:a,be€ By,a#0}

is a subgroup of G of order (d + 1)d = 2™(2™ — 1), which we call the 1-dimensional
affine group over B.



SIMPLE 3-DESIGNS 239

Lemma 3.3 Ifd =2 — 1> 3 with m|n, then Gg, = A.

Proof. Since By forms a subfield of GF(2"), A is a subgroup of Gg, and |A| =
2m(2™ —1)||Gp,|. Now Gp, cannot be in (i), (ii) or (iii) of Lemma 2.4. If Gp, is in
(v), there exists an element of order no less than 2™ + 1 contained in Gp,. However,
this is a contradiction by Corollary 2.3 and the fact that |By| = 2™ < 2™ + 1. Thus
it must be in (iv) or (vi). If m > 2, then |Gp,| > |A| > 3 x 4 = 12 = |A4] and
thus (vi) is not possible. If m = 2, then A, is isomorphic to A which is a subgroup
in (iv). So in both cases Gp, is in (iv). Then Gg, is the semidirect product of an
elementary abelian group A’ and a cyclic subgroup H', where |A'| = 2™, |H'| = d'
and |Gp,| = 2™ d". So d' = d, for both of them are the largest order of the elements
contained in Gg,. By Lemma 2.4, all Ehe involutions of QB3 have the same fixed
point. Since involutions S, = x + aF= e Gp, (i = a“;"%ll), 1<i<2m—2)
and oo is the fixed point of S, it follows that oo is the common fixed point of all
the involutions contained in Gg,. So A’ C G§°°> by Lemma 2.5. Thus if g(z) € A,
then g(z) = x +a and a € By, for A’ C Gp, and 0 € By. So |A'| < |By| = 2™ and
m’ < m. On the other hand |Gp,| = 2™'d > |A| = 2™d, so then m/ > m. Som/ =m
and |gB[)‘ = 2m(2m - 1) = ‘A| So gB[) = A. U

Lemma 3.4 If d = 2" — 1 > 3 with m|n, then T = G(By) is a simple 3-(2" +
1,2™m 2™ — 2) design.

Proof. The conclusion follows from Lemmas 3.1 and 3.3. O

Lemma 3.5 If Gp, is in (iv) with order 2™d, where d > 3, then By forms a subfield
of GF(2"). Som|n, d =2 —1 and

|Gp,| = |A] = 27(2™ = 1).

Proof. Since B is a subgroup of GF*(2"), we need only show that By forms an
additive group with the addition operation.

Obviously, H C Gp,, so Gp, is a semidirect product of an elementary abelian
group N and H. Then the fixed point of involutions contained in Gg, must be one
of {0, oo} which is the set of fixed points by h(z). Since |By| = d + 1 is even, By
contains no fixed point of an involution in Gp, by Corollary 2.3, and so oo is the
fixed point of the involutions contained in Gp,. Then N C G§°°>7 and hence there
exists an element a € GF*(2") such that g(z) = £ +a € N. Since 0 € By and
g(x) € Gp,, it follows that a € By, and then a = o7 for some integer k£ such
that 0 <k <d-—1. So

k(2™ -1) (2" —1)

a7 4+a @4 €DBy (0<i<d-1)

Then we have

2" 1) i@ -1 G-k kE"-1) L-(-R]E" -1
d d o d o d + «

d YEBy (0<4, j<d—1),
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(=R) 2" -1) k(2" —1) L=G=R)]E" 1) . R
because o™ d €EB, a7 +a d € By and B is a multiplicative sub-

group of GEF*(2"). So By forms a subfield of GF(2"). Thus Gg, = A by Lemma 3.3.
Hence m|n, d =2™ — 1 and

G5, | = [A] =27 (2" = 1).
O

Lemma 3.6 T = G(By) is a simple 3-(2" + 1,d + 1,d? — 1) design if d > 3 and
d#2™—1 for any m|n.

Proof. Obviously, H C Gg,. If there are no involutions contained in Gp,, then
|GB,| = d by Lemma 2.4. So A =d? — 1 and T is a simple 3-(2" + 1, d+ 1, d* — 1)
design by Lemma 3.1. Therefore we need only show that there are no involutions
contained in Gpg,.

Suppose there exists an involution contained in Gg,. When d = 3, since Ay is
isomorphic to a subgroup in Lemma 2.4(iv) with order 4d, it follows that Gg, cannot
be Ay by Lemma 3.5. If d > 5, then Gp, cannot be A4 either, for A4 contains no
element of order d.

So Gg, is in (iv) or (v) by Lemmas 2.4 and 3.2. If Gp, is in (iv), then |Gg,| = 2™d
for some m, so m|n and d = 2™—1 by Lemma 3.5. This is impossible, since d # 2™ —1
for any m|n. So Gp, must be in (v). Since d is the largest order of the elements
contained in Gpg,,

|5, | = (d = 2)(d - 1)d,

and this implies that there exists a dihedral subgroup Dy, contained in Gp,, which is
impossible by Lemma 3.2. Hence there exist no involutions contained in Gg,. Now
the proof is complete. a

By Lemmas 3.4 and 3.6, we have the main theorem.

Theorem 3.1 Suppose d|(2" — 1) and d > 3. For any subgroup B of GF*(2") with
order d, letting By = B U {0}, we have G(By) is one of the following:

1. a simple 3-(2" + 1,2™,2™ — 2) design if d = 2™ — 1 for some m|n;

2. a simple 3-(2" +1,d + 1,d? — 1) design if d # 2™ — 1 for any m|n.
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