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Abstract

Let G be a nontrivial connected graph of order n and k an integer
with 2 < k < n. For a set S of k vertices of G, let k(S) denote
the maximum number ¢ of edge-disjoint trees Ty,75,...,T; in G such
that V(T;) N V(T;) = S for every pair 4,j of distinct integers with
1 < i,5 < €. Chartrand et al. generalized the concept of connectiv-
ity as follows. The k-connectivity, denoted by ki (G), of G is defined by
kk(G) = min{k(S)}, where the minimum is taken over all k-subsets S of
V(G). Thus k3(G) = k(G), where £(G) is the connectivity of G.

This paper mainly determines the minimal number of edges of a graph
of order n with k3 = 2; that is, for a graph G of order n and size e(G) with
k3(G) = 2, it is proved that e(G) > [£n], and the lower bound is sharp
for all n > 4 apart from n = 9,10, whereas for n = 9,10 examples are
given to show that [%n] + 1 is the best possible lower bound. This gives
a clear picture on the minimal size of a graph of order n with generalized
connectivity k3 = 2.

1 Introduction

We follow the terminology and notations of [1] and all graphs considered here are
always finite and simple. As usual, we denote the numbers of vertices and edges in
G by n(G) and e(G) (or simply n and e), and these two basic parameters are called
the order and size of G, respectively. Let X be a set of vertices of G and G[X] the
subgraph of G whose vertex set is X and whose edge set consists of all edges of G
which have both ends in X. A stable set in a graph is a set of vertices no two of which
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are adjacent. A vertex with degree one in a tree is called a leaf. The connectivity
k(@) of a graph G is defined as the minimum cardinality of a set @) of vertices of
G such that G — @ is disconnected or trivial. A well-known theorem of Whitney [4]
provides an equivalent definition of the connectivity. For each 2-subset S = {u, v} of
vertices of G, let £(S) denote the maximum number of internally disjoint uv-paths
in G. Then k(G) = min{x(S)}, where the minimum is taken over all 2-subsets .S of

V(G).

In [2], the authors generalized the concept of connectivity. Let G be a nontrivial
connected graph of order n and k an integer with 2 < k < n. For a set S of k vertices
of G, let k(S) denote the maximum number ¢ of edge-disjoint trees T3, 75, ..., T, in
G such that V(T;)NV (T;) = S for every pair 4, j of distinct integers with 1 <4, j < ¢
(note that the trees are vertex-disjoint in G\S). A collection {11, T5, ..., Ty} of trees
in G with this property is called an internally disjoint set of trees connecting S.
The k-connectivity, denoted by ki (G), of G is then defined by x;(G) = min{x(S)},
where the minimum is taken over all k-subsets S of V(G). Obviously, k2(G) = k(G).

In [3], we focused on the investigation of k3(G) and mainly studied the relation-
ship between the 2-connectivity and the 3-connectivity of a graph. We gave sharp
upper and lower bounds for x3(G) for general graphs G, and showed that if G is
a connected planar graph, then x(G) — 1 < k3(G) < k(G). Moreover, we studied
the algorithmic aspects for k3(G) and gave an algorithm to determine x3(G) for a
general graph G.

In this paper, we determine the minimal number of edges of a graph with k3 = 2,
i.e., for a graph G of order n and size e(G) with r3(G) = 2, we obtain e(G) > [2n],
and the lower bound is sharp for all n > 4 but n = 9, 10, whereas for n = 9,10 we
give examples to show that [gnw + 1 is the best possible lower bound. This gives a
clear picture on the minimal size of a graph of order n with generalized connectivity
k3 = 2. Note that for a graph G of order n and size e(G) with x(G) = 2, we have
e(G) > n, and a cycle of this order attains the lower bound.

2 Lower bound

Before proceeding, we recall a result in [3], which will be used frequently in the
sequel.

Lemma 2.1. If G is a connected graph with minimum degree §, then k3(G) < d. In
particular, if there are two adjacent vertices of degree &, then r3(G) < 0 — 1.

Now we give the lower bound.
Proposition 2.1. Every graph G of order n with k3(G) = 2 has at least [%n] edges.

Proof. Since k3(G) = 2, by Lemma 2.1 we know that 6(G) > 2 and no two vertices
of degree 2 are adjacent. Denote by X the set of vertices of degree 2. We have that
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X is a stable set. Put Y = V(G) — X and obviously there are 2| X| edges joining X
to Y. Assume that m’ is the number of edges joining two vertices belonging to Y.
It is clear that

e =2|X|+m' (1)

Since every vertex of Y has degree at least 3 in G, it follows that 3 _, d(v) =
2|1 X|+2m' > 3|Y| =3(n—|X]), so

5/X| 4 2m’ > 3n. (2)

Combining (1) with (2), we have 3e = 3(2|X|+m/) = 5|X|+2m’' > 5| X|+2m’ > 3n,

that is, e > gn. Since the number of edges is an integer, it follows that e > [gnw
The proof is complete. |

Remark 2.1: Furthermore, when n is a multiple of 5, in Proposition 2.1 equality
holds if and only if 5| X[ + 3m’ = 5| X| + 2m/ = 3n, that is, if and only if

(A) m’ =0, that is, Y is a stable set, and
(B) the maximum degree A is 3.
Moreover, in this case, inequality (2) becomes 5| X| = 3n, that is, | X| = 2n.

Remark 2.2: Obviously, for any graph G with e(G) = [$n(G)], k3(G) < 2. The
next two lemmas show that the number e(G) = [2n(G)] cannot guarantee that

Iig(G) = 2.

Lemma 2.2. For any connected graph G of order 10 and size 12, k3(G) = 1.

Proof. Note that e(G) = [$n(G)] and so k3(G) < 2. Assume, to the contrary, that
there is a connected graph G of order 10 and size 12 with k3(G) = 2. Therefore by
Remark 2.1, both X and Y are stable sets, | X| = £n = 6 and |Y'| = 4, where X and
Y are the sets of vertices of degrees 2 and 3, respectively. Let X = {z1,..., 26} and

Y:{yl,...,y4}.

Case 1: For every 2-subset {y;,y;} of Y, there is a vertex in X that is adjacent to
both y; and y;, where 1 < # j < 4.

Note that every vertex in X has degree 2, and there are exactly six vertices in X

and six 2-subsets of Y, namely

Ly v b v s b Ay, vk, {ve, ys b {y2, vaks {ys, v}

Thus we may assume that G is isomorphic to the graph as shown in Figure 1.
Then observe that it is impossible to find two internally-disjoint trees connecting the
vertices x1, x9 and x4, contrary to our assumption.



212 SHASHA LI, XUELIANG LI AND YONGTANG SHI

I T2 T3 Ty Ts Tg

Y Y2 Yz Y
Figure 1: The graph for Case 1 of Lemma 2.2

Case 2: There exists a 2-subset of Y such that no vertex in X is adjacent to both
of the vertices in that subset.

For this case, there must exist some 2-subset {y;, y;} such that at least two vertices
in X are adjacent to both y; and y;, where 1 <14 # j < 4. Without loss of generality,
we may assume that {y;,y;} = {y1,72}. Since G is connected, we find that only
two vertices in X are adjacent to both y; and . Then we may assume that G is
isomorphic to the graph as shown in Figure 2. Now consider the three vertices zy,
xg and x5; we can obtain k3(G) = 1, contrary to our assumption.

T T2 T3 Ty Iy Te

Yoo Y2 Yz Ua
Figure 2: The graph for Case 2 of Lemma 2.2

The proof is complete. |

Remark 2.3: Note that there exists a graph G such that n = 10, ¢(G) = 13 and
k3(G) = 2; see Figure 3.

Figure 3: The graph G of order 10 and size 13 with x3(G) = 2.

Now we turn to the graphs of order 9 and size 11.

Lemma 2.3. For any connected graph G of order 9 and size 11, k3(G) = 1.

Proof. Assume, to the contrary, that there is a connected graph G of order n = 9
and size e = 11 with k3(G) > 2. By Lemma 2.1, we have the minimum degree
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0(G) > 2. Denote by X the set of vertices of degree 2 in G. It follows that 2e =
Yoev(e)d(v) > 2|X]+3(n—|X]), so | X| > 3n—2e = 5. On the other hand, by Lemma
2.1 again, we get that X is a stable set. Let m’ be the number of edges joining two
vertices belonging to Y, where Y = V(G) — X. It is clear that e = 2|X| 4+ m’. So
|X| < £ =5.5. Now we can conclude that | X| =5, [Y| =4, m' = 1 and every vertex
in Y has degree exactly 3. Set X = {x1, 29,23, 24,25} and Y = {y1, y2, y3,ys}. Since
m’ =1, without loss of generality, suppose that y;y» is the only edge in G[Y].

Case 1: There is a vertex in X that is adjacent to both y; and ys.

Note that G is a simple connected graph and every vertex in X has degree 2. It is
not hard to see that G is isomorphic to the graph as shown in Figure 4. Then observe
that it is impossible to find two internally-disjoint trees connecting the vertices xi,
29 and x4, contrary to our assumption.

T T2 T3 Ty 5

Yoo Y2 Yz Ya
Figure 4: The graph for Case 1 of Lemma 2.3

Case 2: There is no vertex in X that is adjacent to both y; and ys.

Subcase 2.1: For every 2-subset {y;,y;} of Y other than {y,y.}, there is a vertex
in X that is adjacent to both y; and y;, where 1 < i # j < 4.

Note that there are exactly five vertices in X and five 2-subsets of Y other than
{91, y2}. Thus we may assume that G is isomorphic to the graph as shown in Figure 5.
Consider the three vertices x;, xs and x5; we can get k3(G) = 1, contrary to our
assumption.

T T2 T3 Ty 5

Yo Y2 Yz Ua
Figure 5: The graph for Subcase 2.1 of Lemma 2.3

Subcase 2.2: Apart from {1, y2}, there exists another 2-subset such that no vertex
in X is adjacent to both of the vertices in that subset.

In such a situation, there must exist some 2-subset {y;,y;} such that at least two
vertices in X are adjacent to both y; and y;, where 1 < i # j < 4. If {y;,y;} =
{y3,y4}, it is not hard to see that there must exist a vertex in X that is adjacent to
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both y; and y., contrary to the case. So without loss of generality, we may assume
that {y;,y;} = {v1,ys}. Then we can get G isomorphic to the graph as shown in
Figure 6. Observe that it is impossible to find two internally-disjoint trees connecting
the vertices x1, x4 and x5, contrary to our assumption.

T T2 T3 Ty Ts5

Yo Y2 Yz Ua
Figure 6: The graph for Subcase 2.2 of Lemma 2.3

The proof is complete. [ |

Remark 2.4: Notice that there exists a graph G such that n = 9, e(G) = 12 and
k3(G) = 2; see Figure 7.

Figure 7: The graph G of order 9 and size 12 with k3(G) = 2.

In view of Lemmas 2.2 and 2.3 and Remarks 2.3 and 2.4, we can see that for
n = 9,10, the best possible lower bound is [gn] + 1. Naturally, for any positive
integer n other than n = 9,10, we want to know whether there is a graph of order
n attaining the lower bound [gnw in Proposition 2.1. For this purpose, we first
construct a class of graphs.

Before giving the construction, we first give some notions. For any two integers
a and k > 1, denote by [a]; an integer such that 1 < [a]p < k and a = [a]
(mod k). For a cycle C = mixoms... 2 12101, we denote three special segments
of C'by 2,C%p = TaTjay1), Tlat2y - - - Tp—1] 6, TaCTh = Tlag1), Tlat2)y - - - Tfo—1], Tp and
2,CTy = T[a41)sTlat2)y - - - Tp—1],, Where 1 < a,b < k. Denote by |C| and |P| the
lengths of a cycle C' and a path P, respectively.

Lemma 2.4. For a positive integer k # 2, let C' = x1y1T2Ys . . . Topyorx1 be a cycle
of length 4k. Add k new wvertices z1, za, ..., 2, to C, and join z; to x; and x;y, for
1 < i< k. The resulting graph is denoted by H. Then the 3-connectivity of H is 2,
that is, k3(H) = 2.

Proof. Since 6(H) = 2, by Lemma 2.1 we can get k3(H) < 2. So the task is to show
k3(H) > 2. By the definition of generalized connectivity, it suffices to prove that
k(S) > 2 for every 3-subset S of V(H).
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First, partition V(H) into three types: Vi = {x1,xa,..., 20}, Vo = {21, 22, ...,
2z} and Vi = {y1,v9, ..., y2r}. We proceed by considering all cases of S.

Case 1: S = {z,, xp, 2.}, where 1 <a <b < e < 2k.

The three vertices divide the cycle C' into three segments, at least one of which
has length at most |C|/3. Without loss of generality, we may assume that |x,Cax;| <
|C/3, that is, |z,Cx,.| > 2|C|/3. Let b’ = [b+ k]ax. Note that |z,Czy| = |C|/2, and
SO Ty € V(ib0£a)

Subcase 1.1: zy € V(z.C#,). In this case, T} = 2,Cx,Cx, and Ty = x.CaypyCr, U
Ty 2], Ty are two internally disjoint trees connecting S.

Subcase 1.2: zy € V(2,C%.). Let o' = [a + k]ax. We can get zy € V(5,Cy),
since 1 < |z,Cxy| < |C/3, |2,Cxy| = |C|/2 and |2,Cxy| = |C|/2. Therefore
To € V(2CZ), and then Ty = x.CxCxp and Ty = 2,Cx0rCxe U Ty 2q), Ta are two
internally disjoint trees connecting S.

Case 2: S ={z,, 2, 2.}, where 1 <a<b<c<k.

Sincel <a<b<c<k<at+k<b+k<ct+k <2k 2,02,Cx. and
TarkCxpCreyy are two disjoint segments of C. It is easy to find two internally dis-
joint trees connecting S: 171 = 2,2,CxpCroz. Uxpzy and To = 2,044 1C Ty k CTep g2 U
Lotk Zb-

Case 3: S = {4, xp, 2.}, where 1 <a<b<2kand 1 <c<k.

Observe that the two neighbors z. and x..; of 2z divide the cycle into two seg-
ments .Cz. ;. and x4, Cr,.

Subcase 3.1: x, and z; lie in distinct segments. Without loss of generality, we may
assume that z, € V(2.Cxeyy) and zp € V(211 Cxe). Now T1 = 2,02y 1 Cxp U er g 2e
and Ty = 2,Cx.Cxy U 2.2, are two trees we want. Note that the subcase contains
the situation that either x. or x. .y is exactly z, or .

Subcase 3.2: z, and z; lie in the same segment. Without loss of generality, suppose
that z,, 2, € V(2.CZeyr). Let b = [b+ Ek]a. Since |2.Cxerr| = |C|/2, |2sCry| =
|C|/2 and zy, € V(&.Cieyr), we have zy € V (T, CZe) and Ty = 2,CxyCeypz. and
Ty = zp2p), Ty C2. O U T2 are two internally disjoint trees connecting S.

Case 4: S = {4, 2, 2.}, where 1 <a <2k and 1 <b<c<k.

Since 1 < b<c<k<b+k<c+k <2k, the two neighbors x, xp,s of
2p, together with two neighbors x., z..k of z., divide the cycle into four segments
1yCxey T Cxprg, Ty xCxepy and ., Cxy. Actually, it is easy to see that no matter
which segment x, lies in, the situations are equivalent. Therefore, without loss of
generality, we may assume that z, € V(2,Cx.). We have T = z,Cz .Cayypzp U o2,
and Ty = 2.2, CxyCx,Uxyzy, being two internally disjoint trees connecting S. Note
that this case includes the situation that z, is exactly z, or ..
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Next we consider the cases in which S contains the vertices in V.
Case 5: S = {Y4, Yb, Yc}, where 1 < a < b < c < 2k.

Clearly, in this case, k is a positive integer at least 3. Among the three segments
YaCYp, YsCye and y.Cy, of C, at least one of them has length not more than |C|/3. We
may assume that |y,Cyy| < |C|/3 = 4k/3. Moreover, observe that x,,; lies between
Yo and yp. We have 4, € V(Za11C T ot 144,y )> SiNCE [Zar1Cyp| < |yoCyp| < 4k/3 and
Tar1CT(ar 14k, | = [C]/2 = 2k.

Subcase 5.1: y. € V(§,CZ[a4144),, ). There is at least one vertex 41 between y; and

. Since zpy1 € V(xa+1C$[a+1+k]2k) it is clear that 14400 € V (Tat 1440 Cat1),
namely, Tpr1+klae € V(Tlat1440.Cla). We can ﬁnd two 1nternally disjoint trees
connecting St 11 = YaZar1CUs U YeCUlaqr14h]s, U Tat1Z[at1], Tlat1+kls, and To =
YsTo41CYe U Topg1 20411, T [p+14K o, CYa-

Subcase 5.2: y. € V(ﬁ[a+1+k12k0ya) There is at least one vertex x, between y,
and y,. Obviously, 14, € V(I(H,IOI[(H,H,;C]%) Moreover, z,Cyy, = |y.Cys| +
1 <|C)/3+1 = 4k/3+ 1 and 2,Cxjeqhy,, = |C|/2 = 2k, where k > 3. So
Y € V(2Coiagin,) Now 11 = YaZay1CYp U Tag12[at1] Tlat14k)2: CYe and Ty =
YpCTlaskr Za)Ta U YeCTalq are two internally disjoint trees connecting S.

Case 6: S = {ya, Yp, xc}, where 1 <a < b<2kand 1 <c <2k,

Notice that y, and y, divide C' into two segments y,Cvy, and y,Cy,. Let ¢ =
[¢ 4+ k]ak, and then two subcases arise.

Subcase 6.1: z. and . lie in distinct segments. We may assume that z. € V (y,Cyp)
and zo € V(y,Cy,). Thus, Th = y,C2.Cy, and Ty = y,Cxy Cyo U 2, T are exactly
two trees we want.

Subcase 6.2: x. and x. lie in the same segment. Without loss of generality, we
may assume that z.,z» € V(y,Cy,) and they occur in cyclic order y,, yp, Te, T ON
C'. The segment y,Cy, must contain a vertex z,.1 in V3. Since 2,41 € V(2o Ci.),
Tlat14k] € V(2.C%w). So we can find two internally disjoint trees connecting S:
Tt = YaTar1CYp U Tag1 2[a41), Tlat 14K, D TeCTlat 144y, a0d To = ypCT02(, T CYa-

Case 7: S = {Ya, U, 2}, where 1 <a<b<2kand 1 <c<k.

If k=1, then C = z1y120y221 and H = C'U x12129. SO Y4, y» and z. are exactly
Y1, Y2 and 21, respectively. Now T1 = yox1y1 U 2121 and Ty = Y1292 U 2927 are two
internally disjoint trees connecting S.

Otherwise, k > 3, since k # 2. We know that y,,y, divide C' into two segments
YaCYp, YsCYa, and z. has two neighbors z, and x. k.

Subcase 7.1: z, and z., lie in distinct segments. Suppose that z. € V (y,Cys) and
Ter € V(pCya). Clearly Tt = y,Cx.Cyp U xp2. and Ty = ypCoyxCYa U Teip 2. are
two internally disjoint trees connecting S.
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Subcase 7.2: z. and x4 lie in the same segment. Without loss of generality, we
may assume that x., .. € V(y»Cy,) and they occur in cyclic order ya, Yo, Te, etk

on C.

Subsubcase 7.2.1: Between 3, and ¥, there are at least two vertices in V;. Clearly
Tat1 7 Lo, A0 Yo, Tat1, T, Yo, Tes Tlat1 4kl Lokl A0 Tepp are the cyclic order in
which they occur on C. So we can find two internally disjoint trees connecting S:

Ti = YaPar1Zat+1]eTlat14Kan Y BWOTCT(aq1 445, U Teze  and

T, = ybl’bz[b]kl’[b+k]2kCxc+kcyaU$c+kzc-

Subsubcase 7.2.2: Between y, and y, there is only one vertex in Vi, i.e, 411 = .
Let b’ = [b+ ko and clearly xy € V(2.C&eyy). Since k > 3, V(£.C% 1) contains at
least two vertices Zey1, Tepr—1 i V1. If Tey1 # 2y, then Tjep1iy, = Tietka1)o, 7 T €
V(Zerr)Cha- So Ty = yaLpiys ULp2pe), Ty COerize and Ty = ypCLeYol o1 Zet1]), Flet-htLan
Cy, U x.2. are two internally disjoint trees connecting S. Otherwise, T.yr_1 # Ty,
ie., Te—1)y 7# Ty We have ey}, € V(§pCZe). So Th = YaZoyp U T2, e U 22 Cap
and 1o = YyCx(c—1)py Zje—1) Teth—1Yetrh-1Te4kCYa U Teqrze are two internally disjoint
trees connecting S.

Case 8: S = {y,, Ty, .}, where 1 <a <2k and 1 <b < ¢ < 2k.

Let ' = [b+ k]or and ¢’ = [c+ klok. IV = ¢, L.e., ¢ = [0+ k]ak, then without loss
of generality, we may assume that y, € V(23,Cx.). We have T} = y,Cxc2(q, 25 and
Ty = z.Cx,Cy, are two internally disjoint trees connecting S. Otherwise, i # c.
Without loss of generality, suppose xy, .,y and z. are the cyclic order in which
they occur on C; then they divide C' into four segments x,Cx,, x.Cxy, xyCry and
{L‘C/C{Eb.

Subcase 8.1: y, € V(x,Cx.). We can find two internally disjoint trees connecting
St Ty = 2,Cyq U z.Cay 2y, v and Ty = y,C2c2(g, T Cxs.

Subcase 8.2: y, € V(z.Cxy) or y, € V(zyCuxyp). It is easy to see that the two
situations are actually equivalent. So we only consider the former. We can find two
internally disjoint trees connecting S: T = 2,Cx.Cy, and Ty = y,Cay Cre 2y, Tc U
wb/z[b]kwb-

Subcase 8.3: y, € V(zyCxy). We can find two internally disjoint trees connecting
St Ty = 2,Cwe U 20, Ty CYe and Ty = y,Cxo Cay U T 2], T

Case 9: S = {ya, 2, 2c}, where 1 <a<2kand 1 <b<c<k.

Observe that zy, z., xp . and x..p divide the cycle into four segments x,Cz,,
Cxpig, ToarCTepr and x.xCxp. Actually, no matter which segment y, lies in,
the situations are equivalent. So without loss of generality, we may assume that
Yo € V(2,Cx.). Now 11 = y,Cx.Capirzp Uxeze and Ty = 2.2011C2Cya U 225 are
two internally disjoint trees connecting S.

Case 10: S = {ya, Tp, 2c}, where 1 <a <2k, 1 <b<2kand 1 <c<k.
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Subcase 10.1: b =c or b = ¢+ k. Without loss of generality, we may assume that
b=cand y, € V(2errCxp). Therefore T1 = y,Capz. and To = 2p,C2ei e Cya U Terp2e
are two internally disjoint trees connecting S.

Subcase 10.2: b # cand b # c+ k. Let ¥/ = [b+ k]or. We may assume that
Ty, Te, Ty and .4y are the cyclic order in which they occur on C. Moreover, they
divide C into four segments x,Cx,, v.Cxy, Ty Creys and .y, Caxy.

If yo € V(2pCa,), then T) = y,Cx.Cay 2y, w0 U xeze and To = 2.0c4,CayCy, are
two internally disjoint trees connecting S.

Ify, € V(2 .CryCxeyy), then T) = 2,Cx Cy,Ux.z. and Ty = yoCx oy, CryUz ey g 20
are two internally disjoint trees connecting S.

If yo € V(@eqxCayp), then Tt = y,CapCeze and Ty = xp2), 0y C ek CYa U TopiZe
are two internally disjoint trees connecting S.

The proof is complete. ]

Remark 2.5: Clearly, the order n(H) of the graph H is 5k and the size e(H) is
4k + 2k = 6k. If kK = 2, then H is a connected graph of order 10 and size 12. By
Lemma 2.2, we can get k3(H) = 1. This is the reason we add the condition k # 2 to
Lemma 2.4. Moreover, no graphs of order 10 can attain the lower bound.

Next we describe an operation on a vertex of degree 2 in a graph. For a vertex u
of degree 2, to smooth u is to delete u and then add an edge between its neighbors.
Obviously, performing such an operation results in the numbers of vertices and edges
decreasing by one. Moreover, the degrees of the remaining vertices are unchanged.

Lemma 2.5. Let G be a graph such that the set X of vertices of degree 2 is non-
empty. Denote by G' the new graph obtained by smoothing a vertex in X; then we
have k3(G") > k3(G).

Proof. Let u be a vertex in X and {wy, ws} the neighbor set of u. Suppose that G’ is
obtained by smoothing u. Clearly, V(G’') = V(G) — u. For any three vertices vy, vy
and vz of G, let S = {v1,v2,v3}. Obviously, S C V(G). Let T be a tree connecting S
in G. Note that if v is a leaf of T, we can assume that v € S. Otherwise, T =T —v
is still a tree connecting S and it uses fewer vertices. Now if u € V(T), then we can
see that 7" =T — u + wyws is a tree connecting S in G'. If u ¢ V(T'), the operation
of smoothing u has nothing to do with 7" and so T is still a tree connecting S in G'.
Therefore it is not hard to see that kg (S) > kg(S). From the definition of k3, the
conclusion that k3(G') > k3(G) follows. ]

Remark 2.6: For a given G, if we successively do the operation of smoothing a
vertex of degree 2 more than once, and the resulting graph is denoted by G’, then
we can also obtain k3(G") > k3(G).

Now, we can get our main result.
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Theorem 2.2. If G is a graph of order n with k3(G) = 2, then e(G) > [En].
Moreover, the lower bound is sharp for all n > 4 apart from n = 9,10, whereas the
best lower bound for n = 9,10 is [n] 4 1.

Proof. The lower bound [gnw is clear from Proposition 2.1. The best lower bound
[gn] +1forn = 9,10 is given in Remarks 2.3 and 2.4. Note that all graphs considered
here are always simple. Therefore any graph attaining the lower bound must have
at least four vertices. Next, we will show that the lower bound [gn] is best possible
for all n >4, n # 9, 10.

For n = 8, there is a graph G’ of order n such that x3(G') = 2 as shown in
Figure 8. Moreover, e(G’) = 10 = [ x 8], which means that G’ attains the lower
bound for n = 8.

Figure 8: The graph G’ attaining the lower bound for n = 8

Now, smooth a vertex of degree 2 in G'. Clearly, the resulting graph G” is simple
and 0(G") = 2. By Lemma 2.5, we can get k3(G”) > (k(G’) = 2) and so clearly
r3(G") = 2. Moreover, n =8 —1=7and e =10 —1 =9 = [ x 7]. The graph
G" is what we want to find for n = 7. Similarly, the graph obtained from G” by
smoothing any one vertex of degree 2 attains the lower bound for n = 6.

Next, consider the graph H in Lemma 2.4. We know that k3(H) = 2, n(H) = 5k
and e(H) = 6k = gn(H)7 for a positive integer k # 2. So H is exactly the graph of
order n = bk which attains the lower bound.

For k > 3, let k' = k — 1 and then n(H) = 5k’ + 5 and e(H) = 6k’ + 6. Let X
be the set of vertices of degree 2. Clearly |X| = 3k’ + 3 > 4, where k&’ > 2. Now for
the graph H, smooth successively any t vertices in X, for 1 <t < 4. For any t, it is
easy to check that no parallel edge can arise. Moreover, since | X| > 4, the minimum
degree of the resulting graph H’ is still 2. Combining Lemma 2.1 and Remark 2.6,
we can get the 3-connectivity of the resulting graph H' is 2. Now let us consider the
numbers of vertices and edges of H'.

When t =1, n(H') = 5k’ + 4 and e(H') = 6k’ + 5 = [£(5k' 4 4)];
when ¢ = 2, n(H') = 5k’ + 3 and e(H') = 6k’ + 4 = [2(5k' + 3)];
when t = 3, n(H') = 5k’ + 2 and e(H') = 6k’ + 3 = [2(5k" + 2)];
(5" +1)].

when t =4, n(H') =5k + 1 and e(H') = 6k’ + 2 = [£
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Note that &’ > 2. Therefore, for all n > 4 other than n = 9,10, we can always
find a graph of order n attaining the lower bound. |
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