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Abstract

Let G(V, E) be a graph with p vertices and ¢ edges. For every assign-
ment f : V(G) — {0,1,2,...,q}, consider an induced edge labeling
1 E(G) — {1,2,...,q} defined by

F(uv) = w if f(u) and f(v) are of the same parity,
W otherwise
for every edge uv € E(G). If f*(E) = {1,2,...,q}, then we say that f
is a mean labeling of G. If a graph G admits a mean labeling, then G is
called a mean graph. In this paper, we study the meanness of arbitrary
path super subdivision of the graph P,.

1 Introduction

Let G(V, E) be a graph with p vertices and ¢ edges. For notation and terminology
we follow [1].

The concept of mean labeling was first introduced by Somasundaram and Ponraj
[7]. They studied in [3, 4, 7, 8] the meanness of many standard graphs such as P,,
Ch, K,(n < 3), the ladder, the triangular snake, K9, Ki 3, Ko, Ko + mK;, K¢ +
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2K5, Sy + K1,C, U By, (m > 3,n > 2), quadrilateral snake, comb, bistars B(n),
B t1n, Bnton, the corona of ladder, subdivision of central edge of B, ,, subdivision
of the star K ,(n < 4), the friendship graph C§2>7 crown C,, ® K, CT(LQ), the dragon,
arbitrary super subdivision of a path etc. In addition, they proved that the graphs
Kp(n > 3),Kin(n > 3), Bpn(m > n+2), S(K;,)(n > 4), CS?(t > 2), and the
wheel W, are not mean graphs. Also some standard results are proved in [2, 5].

A vertex labeling of G is an assignment f : V — {0,1,2,...,q}. For a vertex
labeling f, the induced edge labeling f* is defined by
fH(uv) = [wi‘ for any edge wv in G, that is,
. B w if f(u) and f(v) are of the same parity
fr(uw) = [+ @+ otherwise
5 .

Then the vertex labeling f is called a mean labeling of G if its induced edge
labeling f* : E — {1,2,...,q} is a bijection, that is, f*(E) = {1,2,...,q}. If a
graph G has a mean labeling, then we say that GG is a mean graph.

Example 1.1. A mean labeling of the Petersen graph is given in Figure 1.
2

4 VA'

12 15
3 5
Figure 1. A mean labeling of the Petersen graph

In [6], Sethuraman and Selvaraju introduced the concept of arbitrary super sub-
division of graphs. An arbitrary super subdivision of a graph G is obtained from G
by replacing every edge uv of G by Ks ., (m may vary for each edge) by identifying
w and v with the vertices z and y respectively, where {z,y} is a partition of K ,.

Example 1.2.
Uy & ® Ug
Um
U2
.
Uy = V1 Uz =Y

Figure 2. The graph P, and its arbitrary super subdivision
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In [4], Ponraj and Somasundaram proved that any arbitrary super subdivision
graph of the path is a mean graph. Motivated by the work in this paper, we study
the meanness of another form of arbitrary path super subdivision graph of P,. Here
any arbitrary path super subdivision of a graph G is obtained from G by replacing
every edge uv of G by P, (r > 2 and m > 2 may vary for each edge) where P, ,, is
obtained from m copies of the path of size r by identifying their corresponding end
vertices.

Notation. We denote the arbitrary path super subdivision of the path P, =
Uiy . . . uy, by APS(P,).

2 Meanness of arbitrary path super subdivision graph of P,

Let uq, ug, . .., u, be the vertices of the path P,. We replace each edge ususy1 (1 <
s <n-—1)of P, by P, ,,, for any r; > 2 and m, > 2, where P,_,,, is obtained from
m copies of the path of size r, by identifying their corresponding end vertices. The
resulting graph is an arbitrary path super subdivision graph of P,.

Let uy,us, ..., u, be the vertices of the path P,; each edge of the path ususq is

replaced by P, m,, s =1,2,...,n — 1. Let us = v vl vt s Vg, = Ustl be the

507 Usyr Uggy v -

vertices of the i™® copy of the path of size ry wherei = 1,2,...,m,, s=1,2,...,n—1.
n—1 n—1

We observe that the graph APS(P,) has Y (rs — 1)mg + n vertices and > rs ms
s=1 s=1

edges.

Example 2.1. An APS(P,) when the edge ujuy is replaced by Ps 4, ugug is replaced
by Po5 and usuy is replaced by Py g is shown in Figure 3.

5
Vo,

A S SR S SN S S S
Figure 3. An APS(P;)

Theorem 2.2. APS(P,) is a mean graph where each edge usus1 of P, is replaced
by P, ., ms = 2ks+ 1 for some ks, s =1,2,...,n—1 and rs > 2.

Proof. Let uy,us,...,u, be the vertices of the path P, and let each edge of the
path UsUs+1 (1 S S S n — 1) be replaCEd by Pr1‘2k1+17 Pr2,2k2+17 R} PTn—1,2kn—1+1
i i i v th

respectively. Let u, = v, , v, ,v;,,...,v, = g be the vertices of the i copy of

the path of size ry, where i = 1,2, .. .,Qk;—i— 1,s=1,2,...,n— 1. We observe that
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n—1

the number of vertices of the graph APS(P,) is > (rs — 1)ms + n and the number
s=1
n—1
of edges of the graph is Y ryms.
s=1
We define f as follows:
fur) =0

flug) = fus1) + (me1)(rs1),2< s <n

fl )= flug) +2mj +2i—1,1<s<n—1
i=1,2,...,2k+1
j:{o,l,...,%—l if 4 is odd

0,1,....,5 — if ry is even

f(vi ) = +2my(j — 1) —4(i — 1), 1<i<ks+1
207 ) f(us) + 6k
+2mg(j —1) =43 — (ks +2)), ks +2<i <2k +1

12,651 if ry is odd
J= L2,...,2—1 ifrgiseven, 1 <s<n-1

The edge labels of APS(P,) are given as follows:

When ry is odd or even, the labels of the edges vy vl , vZv? ... 00wl are
flus) + 1, f(us) +2,..., f(us) + ms respectively and for each ¢, 1 < t < ry — 2, the
labels of the edges

s HLyksL ks ks Ll 2ketly 2ketl 2k, 2k ks +2 k2

v
St St41 7 TSt U St417? ) VSt USt417 TSt St4+1 ) TSt St417 ) Vst St+41

are f(us) +tms + 1, f(us) +tms+2,..., f(us) + (¢t + 1)ms respectively.
The labels of the edges

vks+1 ,Uk5+1 v2ks+1v2ks+1 vks ks vas vas ’U2 1)2 vks+20ks+2 ’Ul 1)1

Srg—1 Srg 7 " Srg—1 Srg ? V8pg—1 Srg? "Srg—1 Srg? "7 USpg—1 "Srg? "Srg—1 Srg ) USrg—1 Srg

are f(us)+ (rs — D)ms+ 1, f(us) + (rs — 1)ms +2,. .., f(us) + rsm, respectively if 7,
is odd and the labels of the edges

Uy Vs Vo Vs Ve 0Z
are f(us) + (rs — V)ms + 1, f(us) + (rs — )ms + 2, ..., f(us) + rsms respectively if
re 1S even.

Hence, in each P, _,,,, 1 <s <n —1, the set of parallel edges {vi v} :1<i<

ms} has distinct edge labels f(us) +tms+ 1, f(us) +tms+2,..., f(us) t—&tl(t + 1)ms,
foreach 0 <t <r,—1.

n—1
Thus, the edge labels of APS(P,) are 1,2,3,..., rsms and the edge labels are
s=1

distinct. Hence APS(P,) is a mean graph. O
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Example 2.3. Consider APS(Ps) where the edge uyus is replaced by Py 7, ugus is
replaced by Py 3, usuy is replaced by Ps 5 and uqus is replaced by Py 7. A mean labeling
of APS(Ps) is shown in Figure 4.

5 3 2 2 o7 40 37 50
Figure 4. A mean labeling of an APS(Ps)

The above theorem has been proved only for odd integers m,. We found it to be
a hard problem to show a similar result for APS(P,) when m is even and r, > 7. In
the next theorem we consider v, € {2,3,...,6} whenever m; is even.

Theorem 2.4. APS(Pn) is a mean graph where each edge ususyy of P, is replaced
by Py, m,, when mg is odd; vy > 2 and when my is even; 2 < ry < 6, for some
s=1,2,....,n—1.

Proof. Let uy,us, ..., u, be the vertices of the path P, and suppose the edge u;u;q
is replaced by P, ,,, where m; = 2k; for some k; and we consider 2 < r; < 6. Now
we give the mean labeling of the arbitrary path super subdivision of the edge ;11
as follows.

Let u, = v}, v} ,v},, ... ,Ua_t = w41 be the vertices of the i copy of the path of
length r; where ¢ = 1,2, ..., 2k;,.

Case i. When r;, = 2 or r, = 3 we define f as follows:

0, t=1
_ )

f) =9 S rm,  2<t<n
s=1

fv,) = flu) +2i = 1i=1,2,...,2k and j =0 if r, = 2,3
flug) + 4k +142(i — 1), 1<i<k

f(vf;zj) = f(ut) + th + 2+ 2(Z — (kt + 1)), kt +1 S ) S Zkt,

j=1ifr =3

It can be verified that the labels of the edges are f(u;)+ 1, f(us) +2, ..., f(u1)
and all the edge labels are distinct.

Case ii. When r, =4 or 5 we define f as follows:

0, t=1
_ ) i1
Flue) = ST remy, 2<t<n
s=1

fvi,,) = flu) + 4k +2i = 1,i=1,2,..., 2k, and j = 0,1 if r, = 4,5
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flu) + 4k,
24+ k-1 —-1)+260—-1), 1<i<k
Floi )= fue) + 2k + (4k +2)(j — 1)
f2j +2(i — (ke + 1)), k+1<i <2k
j =1 when r, =4 and
7 =1,2 when r, = 5.
It is easy to check that the labels of the edges are f(u;)+1, f(u)+2,..., f(ue1)
and all the edge labels are distinct.

Case iii. When r, = 6 we define f as follows:

0, t=1
— t—1
Flu) = Trm, 2<i<n
(ut)+4kt]+22—1 1<i<k,j=0,1
. flug) + (dky +1)j + 20 — 1, Fe+1<i<2k,j=0,1
fog, ) =9 flu)+ @k +1)j+2(-1), 1<i<k,j=2
flue) + (5ky +1)7 — 1
+2(i = (ke + 1)), ki1 <i <2k j=2

flug) + 4k +2)

iy (4kt71)(j71)+2(2 1) 1<i<k,j=12
floi,;) = Fug) + 2k, + (Akp +1)(5 — 1)

2% — (b + 1)), ket 1<i<2kj=1,2

It can be easily verified that the labels of the edges are f(u;) + 1, f(w) +2,...,
f(uss1) and all the edge labels are distinct.

For odd values of m;, we give the labels for the vertices of arbitrary path super
subdivision of usu;1; as in Theorem 2.2.

n—1
It is easy to check that the edge labels of APS(P,) are 1,2,3,..., > r;m, and
s=1

the edge labels are distinct. Hence APS(P,) is a mean graph. |

Example 2.5. A mean labeling of APS(P5) where the edge uyus is replaced by Ps 5,
ugug s replaced by Ps 4, usuy s replaced by Py 7, usus 1s replaced by Psg, is shown in
Figure 5.

0 1 1 15 16 % %4 32 35 36 9 50 62 67
Figure 5. A mean labeling of an APS(P;)
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Corollary 2.6. APS(P,) is a mean graph where each edge ususy1 of P, is replaced
by P, m, when mg = 2k, for some ks,2 <ry; <6,s=1,2,...,n—1.

Proof. Tt follows from the labeling given in the part of the proof of Theorem 2.4
when m; is even. O

Example 2.7. Consider APS(Ps) where the edge uyuy is replaced by Pag, ugus is
replaced by Py 4, uguy is replaced by Psg and uqus is replaced by Pg 4. A mean labeling
of APS(Ps) is shown in Figure 6.

15

56 66 65 73
L -
L]
4 64 63 71
62 61 69 70
0 1 16 17 26 25 32 33 45 50 51 60 59 67 68 T4

Figure 6. A mean labeling of an APS(Ps)

We propose the following open problem for further research.
Problem 2.8. For what values of rs > 6, is APS(P,) a mean graph where each edge

ustsy1 of Py, is replaced by P, ., when my is even?
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