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Abstract

We introduce the notion of ultimately bipartite impartial games. These
are games that are ultimately periodic in the simplest possible manner.
We examine ultimately bipartite subtraction games and demonstrate a
curious feature: for ‘large’ games it is clear who has the winning position
and how the game should be strategically played, but during play, as the
game eventually becomes small, it is no longer so easy to know what the
strategic moves are. We give examples which indicate that ultimately
bipartite subtraction games are quite common.

1 Bipartite games

Throughout this paper, G denotes a finite two-player impartial combinatorial game;
as usual, the players play alternately and the loser is the first player who has no
possible move [3]. Before we can define ultimately bipartite games, we first treat
the less interesting, bipartite games. A well known example of this kind of game is
Brussels sprouts. Here, one starts with an agreed number of crosses on the page. A
move is played by connecting two arms of (possibly equal) crosses by a simple curve
(avoiding all other crosses and previously drawn curves) and introducing a new cross
by marking a bar across the middle of the curve. Figure 1 shows the game with one
initial cross; it is a first player win. Invented by John H. Conway, Brussels Sprouts is
something of a mathematical joke. A simple Euler characteristic calculation shows
that for Brussels Sprouts played with n initial crosses, the first player wins if and
only if n is odd, regardless of how the game is played [8, 1, 6].

The fundamental property of Brussels sprouts is that the underlying game graph
is bipartite. Recall that for a given impartial game, with a given starting configura-
tion, the game graph is the directed graph whose vertices are the possible positions
that can be potentially reached in the game, and there is a directed edge between
two vertices if there is a legal move between the corresponding positions; see [2, 7].
We make a further proviso: if there is more than one terminal position, we coalesce
these into a single position. In this way, the game graph has a unique source (the
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Figure 1: A game of Brussel sprouts with one initial cross



ULTIMATELY BIPARTITE SUBTRACTION GAMES 215

•
��

��
��

�

��
��

��
�

• •
��

��
��

�

•
��

��
��

� •
��

��
��

� •
�������������

•

Figure 2: The game graph for Brussels sprouts with one initial cross

starting position) and unique sink (the terminal position). The game graph for Brus-
sels sprouts with one initial cross is shown in Figure 2; here the edges are directed
downwards. Recall that a graph is bipartite if the vertex set can be written as a
disjoint union of two subsets (the “parts”) such that every edge connects vertices
in different parts. We say that an impartial game is bipartite if its game graph is
bipartite.

Bipartite games, such as Brussels sprouts, are trivial from the perspective of
the players. To see this, recall that a position is a winning position if from that
position there is a winning strategy for the player whose turn it is to play. Positions
that are not winning are losing. (Losing positions are also known as P positions,
and winning positions are called N positions). The game is winning if its starting
position is winning. Recall that a position is winning if and only if its nim value
(also known as the Sprague-Grundy value) is positive [3]. Recall that the nim value
is defined recursively as follows: the terminal positions have nim value 0, and the
nim value of a position p is the smallest nonnegative integer m such that there is no
move from p to a position with nim value m, but for all 0 ≤ i < m there is a move
from p to a position with nim value i.

Proposition 1. A game G is bipartite if and only if all its winning positions have
nim value 1.

We will require the following elementary, general fact.

Lemma 1. Suppose that the vertex set of the game graph of a game G is the disjoint
union of two sets A, B such that

(a) for every vertex p in A, all the moves from p terminate in B,

(b) for every vertex p in B, there is a move from p that terminates in A.

Then A is the set of losing positions, and B is the set of winning positions.

Note that if G is bipartite with respective parts A, B with the sink in A, then
the sets A, B satisfy the hypotheses of Lemma 1 and so we have immediately:

Lemma 2. If a game G is bipartite, then the two parts of G are the losing positions
and the winning positions respectively.
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Proof of Proposition 1. If G is bipartite, Lemma 2 implies that the winning positions
form one of the parts, so there are no moves in G from a winning position to a
winning position. The winning positions therefore all have nim value 1. Conversely,
if the winning positions all have nim value 1, then the losing and winning positions
respectively form sets A, B with the required property.

We can be more precise about the winning positions of bipartite games. We will
use the following definition.

Definition 1. In a game G, the height h(p) of a position p is the length of the longest
directed path in the game graph from p to the sink.

Proposition 2. In a bipartite game G, a position p is winning if and only if p has
odd height.

Proof. Consider a directed path γ of maximal length, h say, from p to the sink of G.
By Lemma 2, as G is bipartite, γ alternately visits winning and losing positions. So,
as the sink is losing, the position p is winning if and only if h is odd.

Examples of bipartite games are provided by certain subtraction games. Let
S be a finite set; S = {s1, s2, s3, . . . , sm}. Recall that the subtraction game with
subtraction set S is the game S(n, S), commencing with n counters in which, on
each move, one may remove k counters, where k is any element of S. Without
loss of generality, we assume that the members of S are relatively prime. Indeed,
if gcd(S) = g, then playing the game S(n, S) is no different to playing the game
S(�n/g�, S/g), where �.� denotes the integer part; see [3, p. 98].

Theorem 1. For a finite subtraction set S with gcd(S) = 1, the subtraction game
S(n, S) is bipartite for all n if and only if 1 ∈ S and the elements of S are all odd.
Moreover, in this case, S(n, S) is winning if and only if n is odd.

Proof. Let s = min(S). First suppose that 1 ∈ S and the elements of S are all odd.
Since 1 ∈ S, there is only one terminal position, namely the pile with 0 counters.
Let A (resp. B) denote the set of positions having an even (resp. odd) number of
counters. Each move starting in A ends in B, and visa-versa. So S(n, S) is bipartite.

Conversely, suppose that S(n, S) is bipartite for all n and let s = min(S). The
piles with 0, 1, 2, . . . , s − 1 counters are all terminal positions, and so in the game
graph, they are coalesced into a single sink. Thus, as S(n, S) is bipartite, we have by
induction that the pile with m counters is a losing position if and only if

⌊
m
s

⌋
is even.

Now let t ∈ S and consider the piles with t + i counters for 0 ≤ i < s; these piles are
obviously winning positions, and so

⌊
t+i
s

⌋
is odd for all 0 ≤ i < s. It follows that t

is an odd multiple of s. Hence, as gcd(S) = 1, we have s = 1, and the elements of S
are all odd.

Finally, if S(n, S) is bipartite, we have 1 ∈ S and so the starting position in
S(n, S) has height n. Thus, by Proposition 2, S(n, S) is winning if and only if n is
odd.
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2 Ultimately Bipartite games

Ultimate periodicity is a ubiquitous concept in combinatorial game theory, so much
so that authors commonly refer to it as periodicity, and refer to periodicity as “pure
periodicity”. The concept doesn’t apply to a single game, but rather to a family
of games Gn depending on some integer n. Such a family is ultimately periodic
if for some integer N , the nim values Nim(Gn) are periodic for n ≥ N ; that is,
there exists p, the period, such that Nim(Gn+p) = Nim(Gn) for all n ≥ N ; see [4,
p. 529]. Usually one is interested in a family that is effectively a single game, but
with different starting positions specified by n.

Definition 2. We say that a family of games Gn is ultimately bipartite if Gn is
ultimately periodic with period 2 with, for sufficiently large n, alternating nim values
0, 1, 0, 1, 0, 1, . . . .

Turning to subtraction games, one might be forgiven for thinking that most
subtraction games are purely periodic. As remarked in [3, p. 86], the only one
subtraction game in the tables [3, p. 84–85] that isn’t purely periodic is S = {2, 5, 7}.
It is known that all subtraction games are ultimately periodic but in general, little is
known about their period [3]. In the following result we give examples that indicate
that ultimately bipartite, non purely periodic, subtraction games are not uncommon.
There are no ultimately bipartite subtraction games having a subtraction set with
just 2 elements, apart from the purely periodic examples we considered in Theorem
1 (see [4], especially the bottom of p. 529 and the top of page p. 530). So the
first interesting case has subtraction sets with 3 elements. We give three infinite
families of ultimately bipartite subtraction games, each family commencing with the
subtraction set {3, 5, 9}.
Theorem 2. The subtraction game S(n, Sk) is ultimately bipartite for each member
of the following three infinite families of subtractions sets:

(a) Sk = {3, 5, 9, . . . , 2k + 1}, for k ≥ 3,

(b) Sk = {3, 5, 2k + 1}, for k ≥ 3,

(c) Sk = {k, k + 2, 2k + 3}, for odd k ≥ 3.

Proof. For k fixed, and for each of the three given families of subtractions sets Sk =
{s1, s2, . . . , sk}, we will give a set A for which we claim that S(n, Sk) is losing if and
only if n belongs to A. This claim follows from Lemma 1, provided we show that:

(i) if n ∈ A, then n − s /∈ A, for all s ∈ Sk,

(ii) if n /∈ A, then n − si ∈ A, for some s ∈ Sk.

For the family (a), let Sk + 1 denote the set obtained by adding 1 to each of the
members of Sk, and let E denote the set of non-negative even integers. We set:

A = {1} ∪ E\(Sk + 1).
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That is, A = {0, 1, 2, 8, 12, 14, 16, 20, . . . }. For condition (i), note that if n is odd
and n ∈ A, then n = 1, and so for all i, we have n − si < 0 and so n − si /∈ A. For
all i, if n is even, then n − si is odd and so n − si ∈ A only if n − si = 1, in which
case n = si + 1 /∈ A. Thus n ∈ A gives n − si /∈ A for all i.

For condition (ii), note that if n /∈ A and n is even then n = si + 1 for some
i, so n − si = 1 ∈ A. On the other hand, if n /∈ A and n is odd, then n ≥ 3. If
n − 3 /∈ A, then n = si + 4 for some i. But then n − 5 = si − 1. Thus n − 5 ∈ A
unless si − 1 = sj + 1 for some j. Obviously this can only happen for si = 5, sj = 3,
and in this case n = 9. But then n − 9 = 0 ∈ A.

We have thus shown that A is the set of n for which S(n, Sk) is losing. It remains
to notice that for n > 2k + 2, we have n ∈ A if and only if n is even, so the game
S(n, Sk) is ultimately bipartite. This completes the proof for family (a).

For families (b) and (c) the proof is similar, but the details are more subtle. We
content ourselves in exhibiting the sets A in each case, and we leave the verification
of conditions (i) and (ii) to the reader. For the family (b), we work with congruences
modulo 8. Notice that 2k ≡ 0 for all k ≥ 3. Set

D1 = {i : i ≡ 4, 0 < i < 2k}
D2 = {i : i ≡ 6, 0 < i < 2k}
C = {i : i ≡ 2, 2k < i < 2k+1}
B = {i : i ≡ 1, 0 < i < 2k}
A = B ∪ E\(C ∪ D1 ∪ D2).

Notice that for n > 2k + 2, we have n ∈ A if and only if n is even.

For the family (c), let k = 2l + 1 and set

Di = {j ∈ N : j even, k + 1 + i(3k + 5) ≤ j ≤ 2k + i(3k + 3)}
Ci = {j ∈ N : j odd, 1 + i(3k + 5) ≤ j ≤ k − 2 + i(3k + 3)}

D =
l−1⋃

i=0

(Di ∪ (Di+1 − (2k + 2)))

C =

l−1⋃

i=1

Ci

B = {j ∈ N : 0 ≤ j ≤ k − 1}
A = B ∪ C ∪ E\D.

In this case, for n ≥ 3 · k2−1
2

, we have n ∈ A if and only if n is even.

Remark 1. The games described in the above theorem are not bipartite in general.
For example, the game S(n, {3, 5, 9}) has the nim value 2 for n = 6, 7, 13, and nim
value 3 for n = 9, 10.
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3 A curious feature of ultimately bipartite subtraction games

We conclude this paper by establishing an amusing feature of ultimately bipartite
subtraction games that is not enjoyed by ultimately bipartite games in general. No-
tice that for the games in each of the families in the above theorem, for sufficiently
large n, the game is winning if and only if n is odd. In fact, as we will show, there is
no ultimately bipartite subtraction game such that, for sufficiently large n, the game
is winning if and only if n is even. This is a rather curious situation: for n large, that
is, for a large pile of counters, it is clear who has the winning position and further-
more, it doesn’t matter how that player plays. However, as one plays the game and
n eventually becomes small, it is no longer so easy to know what the strategic moves
are. This is reminiscent of nimania and related games, where the first player can
play arbitrarily for large n and still win, and it’s only when the game becomes small
that the first player has to pay attention to maintain a win [11, 9, 10]. This situation
can be contrasted to the game chomp, where we know that a winning strategy for
the first player exists, but at present, the winning first move is not known [12]. In
chomp we know what happens for small cases, such as one or two rows, and there
are partial results for three rows [5, 13, 14], but we do not know what a winning
strategy is for more rows. In ultimately bipartite subtraction games we do not know
what happens for small n but we do for large n.

Theorem 3. If the subtraction game S(n, S) is ultimately bipartite, then for suffi-
ciently large n, the game is winning if and only if n is odd.

Proof. First notice that if S(n, S) is ultimately bipartite, then the elements of S are
necessarily all odd. If 1 ∈ S, the required result is given by Theorem 1. For 1 /∈ S,
the result follows immediately from the following general fact:

Lemma 3. Consider an arbitrary subtraction game S(n, S) for which the elements
of the subtraction set S are all odd with 1 /∈ S. If n is odd and is a losing position,
then n − 1 is also a losing position.

Proof. This result is best understood by imagining that one is playing the game.
Suppose that one finds oneself in a losing position n where n is odd. Then, regard-
less of how one plays, the other player can always force a win, provided they play
intelligently. In this case, the game terminates after an even number of moves; so,
as the elements of S are all odd, the game terminates at some odd position n0. Note
that 0 < n0 < min(S). Now consider the situation where one finds oneself initially
in position n − 1. The other player can use the same strategy they used when the
game started at n. The result is that, regardless of how one plays, after an even
number of moves, one finds oneself in a position n0 − 1, where 0 ≤ n0 − 1 < min(S).
So again one loses.

This concludes the proof of Theorem 3.
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(1985), no. 2, 369–381.

[12] David Gale, A curious Nim-type game, Amer. Math. Monthly 81 (1974), 876–
879.

[13] Doron Zeilberger, Three-rowed Chomp, Adv. in Appl. Math. 26 (2001), no. 2,
168–179.

[14] Doron Zeilberger, Chomp, recurrences and chaos(?), J. Difference Equ. Appl.
10 (2004), no. 13-15, 1281–1293.

(Received 15 Feb 2010)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


