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Abstract

A domination graph of a digraph D, dom(D), is created using the vertex
set of D, V (D). There is an edge uv in dom(D) whenever (u, z) or (v, z)
is in the arc set of D, A(D), for every other vertex z ∈ V (D). For
only some digraphs D has the structure of dom(D) been characterized.
Examples of this are tournaments and regular digraphs. The authors
have characterizations for the structure of digraphs D for which UG(D) =
dom(D) or UG(D) ∼= dom(D). For example, when UG(D) ∼= dom(D),
the only components of the complement of UG(D) are complete graphs,
paths and cycles. Here, we determine values of i and j for which UG(D) ∼=
dom(D) and UGc(D) = C4 ∪ Pi ∪ Pj.

1 Introduction

Domination graphs were first introduced by Merz, Lundgren, Reid and Fisher [11]
to describe the structure of the domination graphs and competition graphs of tour-
naments. Let D be a directed graph, or digraph, with nonempty vertex set V (D)
and arc set A(D). The domination graph of D, dom(D), is the graph created using
the vertex set of D, V (D). An edge uv is in dom(D) if for every other vertex z in
D, either (u, z) or (v, z) is in A(D). The competition graph of D, C(D), is created
on the vertex set of D with an edge xy if there exists a third vertex z ∈ V (D) such
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that (x, z) and (y, z) ∈ A(D). Given a tournament T , where there is exactly one arc
between each pair of vertices, dom(T ) is the complement of the competition graph of
the tournament formed by reversing the arcs of T . Since dom(D) is a much sparser
graph than the competition graph of a digraph, Merz et al. studied the domination
graphs of tournaments to determine characteristics of the corresponding competition
graphs. Such characteristics included the minimum and maximum number of edges
in the competition graph of a tournament.

Since that time, further refinements have been made in the work on tournaments,
including that done by Cho, Doherty, Kim and Lundgren ([1], [2]) and Merz et al. ([7],
[8], [9], [10], [12]). For example, in [1], Cho et al. characterized the structure of the
domination graphs of regular tournaments. Given the complexity of digraph struc-
ture, a complete characterization of domination graphs is probably an unreasonable
expectation. Thus, classes of digraphs are studied. In our research, the underlying
graph of a digraph is of particular interest. The underlying graph of D, UG(D),
is the graph obtained from D by removing the directions of the arcs. Previously,
we have used underlying graphs to add to the knowledge base by characterizing di-
graphs D where UG(D) = dom(D) [4], and some digraphs where UG(D) ∼= dom(D)
([3], [5], [6]). In this paper, we find values of i and j where UG(D) ∼= dom(D) and
UGc(D) = C4 ∪ Pi ∪ Pj.

In a digraph D, if (u, v) ∈ A(D), then u is said to dominate v. When for every
other vertex z in V (D), either (u, z) or (v, z) is an arc in D, then u and v form
a dominating pair. Thus, all edges in dom(D) are formed by dominating pairs of
vertices. A digraph D is considered a biorientation of a graph G if for every edge
uv ∈ E(G), either (u, v) or (v, u) or both are arcs in D, and D contains no other
arcs. If for edge uv in G, only one of arcs (u, v) or (v, u) is in D, then the arc is called
an orientation of edge uv, or a single arc. We say edge uv in G is bidirected if it is
replaced with arcs (u, v) and (v, u) in D. When all edges of G are bidirected edges
in D, then D is a complete biorientation of G, also known as a symmetric digraph.
Although bidirected edges are allowed in D, there are no directed loops.

When UG(D) ∼= dom(D), there are often many edges. Let UGc(D) be the
complement of UG(D), where uv is an edge in UGc(D) if and only if it is not an
edge in UG(D). Similarly define the complement of dom(D), domc(D). If UG(D) ∼=
dom(D), then UGc(D) ∼= domc(D). The difference in the number of edges can be
seen in Figure 1 at the beginning of Section 2 where UGc(D) is shown in part (a),
and UG(D) in part (b). It is quite apparent that UGc(D) has significantly fewer
edges. Thus, it is easier to work with UGc(D) and domc(D).

To relate the results obtained from the complements to UG(D) and dom(D), we
use the concepts of the union and the join of graphs and digraphs. The union of
two graphs, denoted G ∪ H, is the graph on vertex set V (G) ∪ V (H) with edge set
E(G) ∪ E(H). Similarly define the union of two digraphs. Figure 1(a) shows the
union of C4 and P5. The join of graphs G and H, G+H, is the graph G∪H plus all
edges between each vertex in G and each vertex in H. Similarly, the join of digraphs
D1 and D2 is D1 ∪D2 plus all arcs (x, y) and (y, x) for each x ∈ V (D1), y ∈ V (D2).
Figure 1(b) illustrates Cc

4 + P c
5 .
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The structure of UG(D) is limited when UG(D) ∼= dom(D). This is summed up
in the following three results.

Theorem 1.1 [5] If D1, . . . , Dk are digraphs with UG(Di) ∼= dom(Di) for i =
1, . . . , k and D = D1 + D2 + · · · + Dk, then UG(D) ∼= dom(D). Also

1. UG(D) =
∑k

i=1 UG(Di);

2. dom(D) =
∑k

i=1 dom(Di);

3. UGc(D) =
⋃k

i=1 UGc(Di);

4. domc(D) =
⋃k

i=1 domc(Di).

Theorem 1.2 [5] If UG(D) ∼= dom(D), then each component of UGc(D) is either
a complete graph, a path, or a cycle.

Corollary 1.3 [5] If UG(D) ∼= dom(D), then D is the join of D1, D2, . . . , Dk, where
UG(Di) is isomorphic to an independent set, the complement of a path, or the com-
plement of a cycle.

Theorem 1.2 gives the three basic components that comprise UGc(D) for the
digraphs in which we are interested. The structure of D and UG(D) where UGc(D)
is connected has been completely characterized [5], as have the cases where P1, P2

and C4 are the components of UGc(D) [6], and UGc(D) = Pi ∪Pj [3]. In this paper,
we find the values of i and j where UG(D) ∼= dom(D), and UGc(D) ∼= C4∪Pi∪Pj . In
the next section, we set up the preliminaries by discussing the general constructions,
as well as previous results for i, j = 1, 2. In the final two sections, the case where
i = 1 and j ≥ 3 is examined as a special case and then the general case of i ≥ 2,
j ≥ 3. The final theorem merges these cases to give combined results for i, j ≥ 1.

2 The Preliminaries

To illustrate the basic ideas of tying together UGc(D) with UG(D) ∼= dom(D),
consider Figure 1. In part (a), UGc(D) = C4∪P5. Then in part (b), UG(D) is shown
with the edges between all vertices in Cc

4 and all vertices in P c
5 represented by a thick

line. Consider what happens if directions are given to the edges of UG(D). Even
if all edges of UG(D) are bioriented, some pairs of vertices will never dominate in
D. Such pairs will never be adjacent in dom(D), so are always adjacent in domc(D).
For example, consider pair x1, x3 in Figure 1(b). Neither x1 nor x3 is adjacent
to vertex x2, so cannot dominate x2. Thus, x1x3 is always an edge in domc(D).
Similarly, an edge yi, yi+2 will always be in domc(D), since neither vertex is adjacent
to yi+1 in UG(D). Figure 1(c) shows all edges that are always in domc(D) given
UGc(D) = C4 ∪ P5. We call such an edge a generated edge or, collectively, the
generated subpaths of domc(D).



28 KIM A.S. FACTOR AND LARRY J. LANGLEY

The generated subpaths for the component Pn in UGc(D) are formally identified
in the following lemma.

Figure 1: (a) UGc(D) = C4 ∪ P5. (b) UG(D) with edges between all vertices of Cc
4

and all vertices of P c
5 represented by the thick line. (c) All generated subpaths in

domc(D).

Lemma 2.1 [5] If UGc(D) = Pn = x1, x2, . . . , xn for n ≥ 3, then

1. if n is odd, x1, x3, . . . , xn and x2, x4, . . . , xn−1 are paths in domc(D), and

2. if n is even, x1, x3, . . . , xn−1 and x2, x4, . . . , xn are paths in domc(D).

Remark 2.2 If uv is a generated edge in domc(D), then there exists a vertex z in
UG(D) such that uz and vz are not edges in UG(D).

This is true because if there were an edge, it could always be oriented toward z
from u or v, creating D where u and v are a dominating pair. Since a generated edge
is always in domc(D) for every biorientation of UG(D), this cannot happen.

There can also be edges in domc(D) that are created. This requires a vertex x
that either beats both u and v or is not adjacent to u and beats v. For example,
orient edge x3y1 in Figure 1(b) from y1 to x3, making single arc (y1, x3) in D. Then
neither x3 nor y2 dominates y1, and edge x3y2 is “created” in domc(D). We call edge
x3y2 and others like it a created edge.

Any vertex that two vertices do not dominate is referred to as a source of the
edge between them in domc(D). For a generated edge, it is any vertex that is not
adjacent to the pair. In Figure 1, x2 and x4 are sources for the pair x1, x3 in C4. For
a created edge, it is any vertex x as described in the preceding paragraph. From [6]
we know the following.

Lemma 2.3 [6] If UG(D) ∼= dom(D) and every component of UGc(D) is isomor-
phic to K1, K2, or C4, then no vertex of D is a source of more than one edge in
domc(D).
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Lemma 2.4 [6] If UG(D) ∼= dom(D) and y is the source of two or more edges
in domc(D), then the set of vertices which do not dominate y is contained in a
component isomorphic to Kr, r ≥ 3 in UGc(D).

Since we do not have any components in domc(D) that contain Kr for r ≥ 3,
there can be no vertex that is the source of more than one edge in our constructions.

Corollary 2.5 If UG(D) ∼= dom(D) and UGc(D) = C4 ∪ Pi ∪ Pj, then any vertex
is the source of at most one edge in domc(D).

Now we look specifically at the vertices of C4 and their role as sources.

Lemma 2.6 Let UG(D) ∼= dom(D) where every component of UGc(D) is isomor-
phic to K1, K2, or C4. If x1, x2, x3, x4, x1 forms C4 in UGc(D), then xi is the source
of exactly one edge in domc(D): x1 and x3 are sources of x2x4; x2 and x4 are sources
of x1x3.

If UGc(D) ∼= domc(D), the generated edges must be supplemented with created
edges. The following corollary to Lemma 2.6 shows that the vertices of C4 cannot
be sources for these created edges.

Corollary 2.7 Let UG(D) ∼= dom(D) and C4 = x1, x2, x3, x4, x1 be a component
of UGc(D). Then x1, x2, x3, and x4 will not be sources for any created edges in
domc(D). Furthermore, edges x1x3 and x2x4 are generated edges in domc(D).

Since the vertices of C4 cannot be sources, by Lemma 2.6 we conclude that the
sources must come from the two paths that are the components of UGc(D). Let
Pi = y1, . . . , yi and Pj = z1, . . . , zj be the two paths.

Lemma 2.8 Let K1 = {y} be a component in UGc(D). Then vertex y in D can be
the source of any created edge uv in domc(D) where y �= u, v.

Proof. If y is an isolated vertex in UGc(D), then y is adjacent to every other vertex
in UG(D). Therefore, if (y, u) and (y, v) are single arcs in D, y is a source of edge
uv in domc(D) since u and v do not dominate y in D. Because there are no loops,
y cannot be incident with any edge for which it is a source, so y �= u, v.

Next, we find what vertices of paths can be sources, and what vertices are incident
with the sourced edges in domc(D). In the following lemma, N(y) is the neighborhood
of y, which is the set of vertices adjacent to y.

Lemma 2.9 [6] If UG(D) ∼= dom(D) and N(y) = {x} in UGc(D), then y is a
source of at most one edge in domc(D), and this edge will be incident to x.
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Lemma 2.10 [3] Let UG(D) ∼= dom(D), UGc(D) =
⋃k

i=1 Pni
, ni ≥ 1, and Pni

=
x1i, x2i, . . . , xnii. If (u, v) in D is an orientation of edge uv in UG(D), then u = x1j

or u = xnjj for some 1 ≤ j ≤ k.

Corollary 2.11 If UG(D) ∼= dom(D), each component of UGc(D) is either C4 or
a path, and y is the source of a created edge in domc(D), then y is an end vertex of
a path.

Lemma 2.12 Let UG(D) ∼= dom(D) where P = x1, . . . , xi is a component of
UGc(D) for i ≥ 3. If x1 or xi is the source of a created edge in domc(D), then
that created edge is incident with x2 or xi−1 respectively.

Proof. Let (x1, u) be a single arc in D. Then neither u nor x2 dominates x1, and
ux2 is an edge in domc(D). A similar argument holds for xi and xi−1 when i ≥ 3.

The sources that can be used to create edges in domc(D) have now been identified,
as well as the vertices with which those edges must be incident. Following is a lemma
that shows the only possible vertex that can be the origin of more than one single
arc in D is a vertex isomorphic to the component K1 in UGc(D).

Lemma 2.13 [6] Let UG(D) ∼= dom(D) where every component of UGc(D) is iso-
morphic to K1, K2, or C4. Let x be a vertex of D. If x is in a component isomorphic
to C4 in UGc(D), then x is the origin of no single arcs of D. If x is in a component
isomorphic to K2 in UGc(D), then x is the origin of at most one single arc of D.
If x is in a component isomorphic to K1 in UGc(D), then x is the origin of at most
two single arcs of D.

To complete the construction preliminaries, it is important to have an idea of
where the created edges can be placed. Consider a path P = y1, y2, . . . , yi−1, yi in
UGc(D). We call y1 and yi the outer vertices of P . Vertices y2 and yi−1 are called the
inner end vertices (since these are the end vertices of generated subpaths). All other
vertices of the paths are inner vertices. First, we determine under what conditions
an edge may be incident with a vertex in domc(D).

Proposition 2.14 Let UG(D) ∼= dom(D) and UGc(D) = C4∪Pi∪Pj. If v ∈ V (D)
is incident with exactly one generated edge in domc(D), then v is incident with at
most one created edge.

Proof. Vertices in UGc(D) = C4∪Pi∪Pj have degree of at most 2. Since UG(D) ∼=
dom(D), no vertex can be incident with more than two edges.

Corollary 2.15 Only a generated subpath P1 in domc(D) can be incident with two
created edges.

Corollary 2.16 Only specific vertices of components K1, K2, and P3 in UGc(D)
can be incident with two created edges in domc(D).
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One important aspect of joining subpaths to create a larger path is that we must
be careful about what vertices are used to create an edge.

Lemma 2.17 Let UG(D) ∼= dom(D) where every component of UGc(D) is isomor-
phic to a path or C4. A created edge in domc(D) between any two end vertices must
have as a source a vertex K1 = {y} in UGc(D).

Proof. The end vertices of any path can be sources for created edges in domc(D).
Any edge for which they are a source is incident with the corresponding inner end
vertex in Pk, k ≥ 2. Thus, end vertices cannot be used to create edges between end
vertices. According to Lemma 2.8, K1 = {y} can create any edge, so is the only way
that an edge can be created between two end vertices.

Corollary 2.18 Let UG(D) ∼= dom(D) where every component of UGc(D) is iso-
morphic to a nontrivial path or C4. Then there is no biorientation of D such that
the end vertices of any path form a created edge in domc(D).

Another special case occurs when we try to create an edge between two inner
end vertices to make a cycle. In order for this to happen, the path must have an
odd number of vertices. Otherwise, the inner end vertices will not be on the same
generated subpath and no cycle will be made. Figure 2 illustrates this concept. The
figure is a mix of D and domc(D). Single arc (v1, v6) causes neither v2 nor v6 to
dominate v1 in D. This creates edge v2v6 in domc(D) between inner end vertices v2

and v6. The same edge can also be created with single arc (v7, v2). The generated
subpaths in domc(D), v1, v3, v5, v7 and v2, v4, v6, are shown, as well as the created
edge v2v6. After constructing this C4, no other created edge can be adjacent to v2

or v6, as C4 in domc(D) cannot be adjacent to another edge. The following lemma
formalizes this.

Figure 2: Generated subpaths v1, v3, v5, v7 and v2, v4, v6 in domc (D), created edge
v2v6 in domc (D), and the single arcs in D that create v2v6 in domc (D).

Lemma 2.19 Let UG(D) ∼= dom(D) where every component of UGc(D) is isomor-
phic to a path or C4, and two inner end vertices of one subpath are joined by a
created edge in domc(D). Then the end vertices of the path from which the subpath
was generated can be the source of no other edge.

Proof. Let u1, u2, . . . , ui−1, ui be a path in UGc(D), where u2 and ui−1 are inner end
vertices of one subpath, and u2ui−1 is an edge in domc(D). From Lemma 2.12, we see
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that u2 and ui−1 are incident with created edges from sources u1 and ui respectively.
If u1 or ui was the source of a different edge, then it would be a pendant edge to the
cycle u1, u2, . . . , ui−1, ui, u1 in domc(D), which indicates domc(D) � UGc(D).

To finalize the preliminaries, we take care of the cases UGc(D) = C4 ∪ Pi ∪ Pj

where i, j = 1, 2. These were special cases examined in [6]. The theorem from that
paper is generalized, and we find that there is a biorientation for each of the four
cases.

Theorem 2.20 [6] Let G be a graph such that G is the union of r copies of K1, s
copies of K2, and t copies of C4 with r + s + t ≥ 1. Then there exists a digraph D
with dom(D)congUG(D) ∼= Gc if and only if 2t ≤ r + s, and if s = 1, then r ≥ 1.

Corollary 2.21 Let UGc(D) = C4 ∪ Pi ∪ Pj for i, j = 1, 2. Then there exists a
biorientation of the edges of UG(D) such that UG(D) ∼= dom(D).

3 Existence where UGc(D) = C4 ∪ P1 ∪ Pj, j ≥ 3

In every graph of C4 ∪ P1 ∪ Pj when j is at least 3, there are 4 + (j − 1) edges.
The generated edges in domc(D) total 2 from C4 and j − 2 from the vertices of
Pj . We must, therefore, be able to create 3 edges in domc(D) if we are to have
UG(D) ∼= dom(D).

Proposition 3.1 Let UG(D) ∼= dom(D), and UGc(D) = C4 ∪ P1 ∪ Pj, where P1 =
{y} and Pj = z1, . . . , zj for j ≥ 3. Then y, z1, and zj must all be used as sources for
distinct created edges in domc(D).

Proof. There are j generated edges in domc(D). There are j + 3 edges in UGc(D).
Since UGc(D) ∼= domc(D), three edges must be created in domc(D). Only y, z1, and
zj can be sources of these edges, so each must be the source of exactly one created
edge.

To determine what must be done with these three edges, consider how the copy
of C4 must be designed in domc(D). The first question may be whether or not the
vertices of C4 in UGc(D) will be the vertices of C4 in domc(D). The next proposition
shows that this is not possible.

Proposition 3.2 Let UG(D) ∼= dom(D), and UGc(D) = C4 ∪Pi ∪Pj, i ≥ 1, j ≥ 2,
where C4 = x1, x2, x3, x4, x1. Then at most one of the generated edges x1x3 or x2x4

is an edge of C4 in domc(D).

Proof. If both x1x3 and x2x4 are edges of C4 in domc(D), then there must be two
created edges joining them. From Lemma 2.12, we know that inner end vertices will
be incident with the created edges for any source other than P1. Thus, we must have
two copies of P1 to create the edges, which we do not.

Given Pj ≥ 5, it is natural to ask whether z2zj−1 can be a created edge. Note
that it is a generated edge when j = 5.
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Lemma 3.3 Let UG(D) ∼= dom(D), and UGc(D) = C4 ∪ P1 ∪Pj, where j ≥ 5 odd.
Then z2zj−1 is not a created edge in domc(D).

Proof. Edge z2zj−1 creates a cycle in domc(D). Since UGc(D) ∼= domc(D), the
cycle is C4, which indicates j = 9. By Lemma 2.19, z1 and z9 must both be the
source of z2zj−1. However, they must also source two distinct created edges. Thus,
z2zj−1 cannot be a created edge in domc(D).

Now we begin to determine the values for j that will yield domc(D) ∼= C4∪P1∪Pj .
The method that is used throughout the remainder of the paper is to consider the
values for j that will allow C4 to be constructed out of 1, 2, or 3 of the generated
subpaths in domc(D). We begin by determining the values of j where C4 is created
using one of the generated subpaths in domc(D).

Figure 3: Example of a digraph and its associated domc(D) graph where UGc(D) =
C4 ∪ P1 ∪ P7. Edges shown are in domc(D), while single arcs are in D. Bidirected
edges of D are omitted.

Lemma 3.4 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ P1 ∪ Pj, j ≥ 3, and C4 in
domc(D) is formed using only vertices from one generated subpath, then j = 7, 8.
Furthermore, such D exists.

Proof. In UGc(D), let C4 = x1, x2, x3, x4, x1, P1 = {y}, and Pj = z1, . . . , zj for
j ≥ 3. Since one generated subpath is being used to form C4, it must have four
vertices. With i = 1, the subpath must be generated from the vertices of Pj, so
j = 7, 8, 9. If j = 9, then the two inner end vertices would have to be joined to
form C4 = z2, z4, z6, z8, z2, which violates Lemma 3.3. For j = 7, biorient all edges
of UG(D), except construct single arcs (y, z1), (y, z7), (z1, x1), and (z7, x2), creating
edges z1z7, x1z2, and x2z6 in domc(D). Thus, the components of domc(D) are C4 =
z1, z3, z5, z7, z1, P1 = {y}, and P7 = x3, x1, z2, z4, z6, x2, x4 (see Figure 3). For j = 8,
biorient all edges of UG(D), except construct single arcs (z8, z1), (z1, x1), (y, x2), and
(y, x3), creating edges z1z7, x1z2, and x2x3 in domc(D). Thus, the components of
domc(D) are C4 = z1, z3, z5, z7, z1, P1 = {y}, and P8 = x4, x2, x3, x1, z2, z4, z6, z8.

The next lemma considers the possibility that C4 is created using P1 and P3 or
P2 and P2. The latter possibility is broken into two cases: x1x3 is one P2 or it is not.
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Lemma 3.5 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ P1 ∪ Pj, j ≥ 3, and C4 in
domc(D) is formed using only vertices from exactly two generated subpaths, then
j = 4, 5. Furthermore, such D exists.

Proof. In UGc(D), let C4 = x1, x2, x3, x4, x1, P1 = {y}, and Pj = z1, . . . , zj for j ≥ 3.
We break this proof into two possibilities for the two subpaths. Either P3 and P1 are
the two subpaths, or there are two P2 that will be used. P3 is a generated subpath
when j = 5, 6, 7. P1 must be y since there are no other K1 generated. Vertices z1

and zj must be the sources of the two edges incident to y in C4. By Lemma 2.12,
these edges are also incident to z2 and zj−1 respectively. So, z2zj−1 cannot be a
generated edge without forming a cycle with y. To form C4, z2 and zj−1 must be
adjacent to a fourth vertex in a generated subpath of domc(D) (Proposition 2.14).
This implies that P3 = z2, z4, z6 is a generated subpath on V (Pj), and j = 7 is the
only possibility. However, generated edges x1x3 and x2x4 and subpath z1, z3, z5, z7

cannot be appended to form P7. Therefore, j �= 7.

Now consider that C4 is created using two generated subpaths, P2. Proposition
3.2 states that at most one of the edges x1x3 or x2x4 is an edge that can be used to
create C4. This indicates that at least one other generated subpath on two vertices
must exist, so j = 3, 4, 5. Vertices z1 and zj must be used as sources, creating edges
incident with z2 and zj−1 respectively. While y may be used as a source for an edge
in C4, at least one of z1 and zj must be the source of an edge in C4. If j = 3, then z1

and z3 create two edges incident with z2, and C4 cannot be created. If j = 4, biorient
all edges of UG(D), except construct single arcs (y, x4), (y, z4), (z1, x2), and (z4, x3),
creating edges x4z4, x2z2, and x3z3 in domc(D). So, domc(D) ∼= C4∪P1∪P4. If j = 5,
biorient all edges of UG(D), except construct single arcs (z1, x1), (z5, x3), (y, x2), and
(y, z1), creating edges x1z2, x3z4, and x2z1 in domc(D). So, domc(D) ∼= C4 ∪P1 ∪P4.
Figure 4 shows this construction.

Figure 4: Example of a digraph and its associated domc(D) graph where UGc(D) =
C4 ∪ P1 ∪ P5. Edges shown are in domc(D), while single arcs are in D. Bidirected
edges of D are omitted.

While it is possible to continue looking at joining more and more subpaths, it is
not necessary since there are only so many that can be used to create C4. In the case
where we have UGc(D) = C4 ∪P1 ∪Pj , we can join at most two generated subpaths.

Lemma 3.6 If UG(D) ∼= dom(D) and UGc(D) = C4 ∪P1 ∪Pj for j ≥ 3, then there
is no biorientation of the edges of UG(D) such that the copy of C4 in domc(D) can
be created using three or more generated subpaths.
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Proof. The only way to append three subpaths to form C4 is to use one copy of
P2 and two copies of P1. This can only occur when j = 3, creating P1 = y and
P3 = z1, z2, z3. Both y and z2 will be incident with two created edges. Sources z1

and z3 create two edges incident with z2, only one of which can be incident with
y. There is no source for another edge incident with y, so this construction is not
possible.

Combining Lemmas 3.4, 3.5, and 3.6, we have the following.

Theorem 3.7 If UG(D) ∼= dom(D) and UGc(D) = C4 ∪ P1 ∪ Pj for j ≥ 3, then
j = 4, 5, 7, 8. Furthermore, such D exists.

4 Existence where UGc(D) = C4 ∪ Pi ∪ Pj, i ≥ 2, j ≥ 3

The existence of a biorientation for UG(D) when i = j = 2 has been established in
Corollary 2.21, so we begin the remaining cases with i ≥ 2 and j ≥ 3.

Lemma 4.1 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ Pi ∪ Pj, i, j ≥ 2, where Pi =
y1, . . . , yi and Pj = z1, . . . , zj, then y1, yi, z1, and zj must all be used as source
vertices of distinct created edges in domc(D).

Proof. There are i + j − 2 generated edges in domc(D). Since UGc(D) has i + j + 2
edges and UGc(D) ∼= domc(D), four edges must be created in domc(D). Corol-
lary 2.11 states that y1, yi, z1, and zj are the only possible source vertices. So they
must each source a distinct created edge in domc(D).

The copies of Pi and Pj that are found in domc(D) are constructed by appending

generated subpaths using created edges. Here we define Ps

A∪Pt as the graph obtained
by creating an edge between an end vertex of Ps and an end vertex of Pt. When
such an edge is created, we say that Ps has been appended to Pt. This operation is

associative, but not necessarily commutative. For example, with Pr

A∪ Ps

A∪ Pt, we
create a distinct edge between subpaths Pr and Ps, and another between Ps and Pt.

This does not guarantee that Pr

A∪ Pt

A∪ Ps is a possible construction.

As was done when i = 1, we look at constructing C4 in domc(D) by appending 1,
2, and 3 generated subpaths. Since there is no P1 as a component in UGc(D), there
will be no constructions where any vertex is the origin of more than once single arc
(see Lemma 2.13).

Lemma 4.2 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ Pi ∪ Pj, i ≥ 2, j ≥ 3, where
Pi = y1, . . . , yi, Pj = z1, . . . , zj, and C4 is formed using vertices from exactly one
generated subpath in domc(D), then j = 8.

Proof. The generated subpath must have four vertices, and the possible values of j
where this occurs are j = 7, 8, 9. There is no K1 as a component in UGc(D). Thus,
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using Corollary 2.18 we see that this subpath cannot have two outer vertices, and
j �= 7. If the subpath uses two inner end vertices, then Lemma 2.19 shows that z1

and zj must be the sources for that edge. However, Lemma 4.1 indicates that z1 and
zj must be the sources for distinct edges, so j �= 9. Thus, j = 8.

Lemma 4.3 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ Pi ∪ Pj, i ≥ 2, j ≥ 3, where
C4 = x1, x2, x3, x4, x1, Pi = y1, . . . , yi, Pj = z1, . . . , zj, and C4 in domc(D) is formed
using vertices from exactly one generated subpath in Pj, then i = 2, 4, 6, 7, 9, 12, 15
and j = 8. Furthermore, such D exists.

Proof. By Lemma 4.2 we know j = 8. Without loss of generality, we may take
(z1, z8) to be a single arc in D for the remainder of the proof, thus creating edge z2z8

in domc(D) and C4 = z2, z4, z6, z8, z2. That leaves three sources, y1, yi, and zj , and
five generated subpaths with which to create Pi and P8. These subpaths are x1, x3

and x2, x4, plus the two subpaths of Pi, and z1, z3, z5, z7. Note that z7 is an inner
end vertex and so will be incident with a created edge that has z8 as the source.

We will consider the cases where i is even and i is odd.

1. i = 2m is even. Two copies of Pm are generated on V (Pi). We use these
subpaths with x1, x3, x2, x4, and z1, z3, z5, z7 to create P8 and P2m in domc(D).
Refer to P8 and P2m as paths S and T in no particular order. Each of the
subpaths P4, Pm and Pm have an inner end vertex, so each will be incident
with a created edge. There are only three nonisomorphic ways to append the

subpaths: S = P2

A∪P4

A∪Pm

A∪Pm and T = P2; S = P2

A∪Pm

A∪Pm and T = P2

A∪P4;

and S = P2

A∪ P4

A∪ Pm and T = P2

A∪ Pm.

(a) S = P2

A∪P4

A∪Pm

A∪Pm and T = P2. Since T is a path on 2 vertices, S must
be the path on 8 vertices. So 2+4+2m = 8, and i = 2m = 2. In addition
to single arc (z1, z8), construct single arcs (z8, y2), (y2, x2), and (y1, x4) in
D, and biorient all other edges of UG(D). This creates edges y2z7, y1x2

and x4y2 in domc(D) so domc(D) ∼= UGc(D). This construction is shown
in Figure 5(a).

(b) S = P2

A∪Pm

A∪Pm and T = P2

A∪P4. T is a path on 6 vertices, and S must
be the path on 8 vertices, so i = 6. Similarly to 1(a), the construction of
singe arcs (z1, z8), (z8, x4), (y1, x1), and (y6, x3) in D create the necessary
edges in domc(D) so that domc(D) ∼= UGc(D). This construction is shown
in Figure 5(b).

(c) S = P2

A∪P4

A∪Pm and T = P2

A∪Pm. In this case, either S or T can be the
path with 8 vertices. If S has 8 vertices, then i = 4. Similarly to 1(a),
the construction of single arcs (z1, z8), (z8, x3), (y1, x1), and (y4, x2) in D
create the necessary edges in domc(D) so that domc(D) ∼= UGc(D).

On the other hand, if T has 8 vertices, then i = 12. Similarly to 1(a),
the construction of single arcs (z1, z8), (z8, y1), (y1, x1), and (y12, x4) in D
create the necessary edges in domc(D) so that domc(D) ∼= UGc(D).
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Figure 5: Examples of digraphs and their associated domc(D) graphs where C4 is
created using vertices of one subpath. Edges are shown for domc(D), and single arcs
are shown for D. Bidirected arcs of D are not shown. (a) UGc(D) = C4 ∪ P2 ∪ P8.
(b) UGc(D) = C4 ∪ P6 ∪ P8.

2. i = 2m+ 1 is odd. The two subpaths generated are an outer subpath on m+ 1
vertices and an inner subpath on m vertices. The inner subpath has two inner
end vertices, which will be appended to two other subpaths, placing it in the
middle of S or T . The subpath P4 = z1, z3, z5, z7 has the only other inner
end vertex, z7. Thus, there are only four nonisomorphic ways to append the

subpaths: S = P2

A∪ Pm

A∪ P4

A∪ P2 and T = Pm+1; S = P2

A∪ Pm

A∪ P4

A∪ Pm+1

and T = P2; S = P2

A∪ Pm

A∪ Pm+1 and T = P2

A∪ P4; and S = P2

A∪ Pm

A∪ P2 and

T = P4

A∪Pm+1. In the second and third case, S is odd, T is constant, and there
is no way to construct P8. The remaining two subcases are addressed below.

(a) S = P2

A∪Pm

A∪P4

A∪P2 and T = Pm+1. Since m must be at least 1, S cannot
be a path on 8 vertices, so T = Pm+1 = P8, and i = 15. Similarly to 1(a),
the construction of single arcs (z1, z8), (z8, x3), (y1, x1), and (y15, x4) in D
create the necessary edges in domc(D) so that domc(D) ∼= UGc(D).

(b) S = P2

A∪ Pm

A∪ P2 and T = P4

A∪ Pm+1. If S is a path on 8 vertices,
then m = 4, and i = 9. Similarly to 1(a), the construction of single arcs
(z1, z8), (z8, y1), (y1, x1), and (y9, x4) in D create the necessary edges in
domc(D) so that domc(D) ∼= UGc(D).

On the other hand, if T is a path on 8 vertices, then m = 3, and i = 7.
Similarly to 1(a), the construction of single arcs (z1, z8), (z8, y1), (y1, x1),
and (y7, x2) in D create the necessary edges in domc(D) so that domc(D) ∼=
UGc(D).

Thus, if j = 8, then i = 2, 4, 6, 7, 9, 12, 15, and such D exists.

Next, we look at the case where C4 is created using two generated subpaths.
The first lemma considers creating C4 using generated subpaths P1 and P3, and the
second lemma using P2 and P2.
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Lemma 4.4 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ Pi ∪ Pj, i ≥ 2, j ≥ 3, where
C4 = x1, x2, x3, x4, x1, Pi = y1, . . . , yi, Pj = z1, . . . , zj, and C4 is formed using vertices
from exactly two generated subpaths P1 and P3 in domc(D), then i = 2 and j = 6.
Furthermore, such D exists.

Proof. Since P1 is a vertex in C4, there are two created edges incident with it.
Because K1 is not a component of UGc(D), P1 must be a generated subpath of Pi

or Pj. Without loss of generality, say Pi. Then i = 2, 3.

If i = 2, say that P1 = y2. Subpath P3 must come from Pj and have exactly
one inner end vertex to append to y2. Thus, j = 6. Biorient all edges of UG(D)
except construct single arcs (z1, y1), (y2, z6), (z6, x2), and (y1, x4). The created edges
form components C4 = y1, z2, z4, z6, y1, P2 = x1, x3, and P6 = y2, x4, x2, z5, z3, z1 in
domc(D).

If i = 3 and P1 = y2, then y1 and y3 are sources of both edges incident with
y2. Thus, P3 cannot contain another interior vertex since the created edges are each
incident with only one. P3 must be an outer subpath, so j = 5. However, if C4 is
constructed using z1, z3, z5, then P3 and P5 cannot be created using the remaining
subpaths, which are all even.

Lemma 4.5 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ Pi ∪ Pj, i ≥ 2, j ≥ 3, where
C4 = x1, x2, x3, x4, x1, Pi = y1, . . . , yi, Pj = z1, . . . , zj, and C4 is formed using vertices
from exactly two generated subpaths P2 and P2 in domc(D), then i = j = 4 or i = 5
and j = 2, 3, 4, 6, 9. Furthermore, such D exists.

Proof. Proposition 3.2 states that at most one of x1x3 or x2x4 will be an edge in C4.

1. Suppose that x1x3 is an edge of C4. The two created edges incident with x1

and x3 will be incident with two adjacent inner end vertices of Pi or Pj . Say
it is Pi, making y2, y4 the generated subpath appended to x1x3 and i = 5.
Without loss of generality, construct single arcs (y1, x1) and (y5, x3) in D so
that C4 = x1, y2, y4, x3, x1 in domc(D). Now we find the values of j where such
a D exists.

Consider how P5 can be made by appending the two generated subpaths on
V (Pj), x2, x4 and y1, y3, y5. Only two created edges can be constructed using the
remaining sources z1 and zj , and will be incident with z2 and zj−1 respectively
(Lemma 2.12). We look at the number of subpaths that are appended to
construct P5.

Case 1: P5 is a generated subpath. Then P5 can have no inner end vertices, or it
will be incident with a created edge. Thus, j = 9. Construct single arcs (z1, y1),
(z9, x4), (y1, x1), and (y5, x3) in D and biorient all other edges of UG(D). This
creates the necessary edges in domc(D) so that domc(D) ∼= UGc(D).

Case 2: P5 is constructed using z2 or zj−1, but not both. So, z2 and zj−1 are on
different generated subpaths, and j is even. Say that z2 on generated subpath
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Pz2 is appended to another subpath P to create P5. Now P does not contain
zj−1, so must either be x2, x4 or y1, y3, y5. Thus, |V (Pz2)| = 3 or 2, resulting
in j = 6 or j = 4. If j = 4, construct single arcs (z1, y1), (z4, x2), (y1, x1), and
(y5, x3) in D and biorient all other edges of UG(D). If j = 6, construct single
arcs (z1, x2), (z6, y5), (y1, x1), and (y5, x3) in D and biorient all other edges of
UG(D). Both of these constructions create the necessary edges in domc(D) so
that domc(D) ∼= UGc(D).

Case 3: P5 is constructed using both z2 and zj−1. Either x2, x4 or y1, y3, y5 but
not both will be appended to the two inner end vertices (else there would be
more than 5 vertices). The subpath that is not appended will be a path in
domc(D), so j = 2, 3. If j = 3, sources z1 and z3 create two edges incident
with z2. This forms a cycle in domc(D), so j �= 3. If j = 2, construct single
arcs (z1, y1), (z2, y5), (y1, x1), and (y5, x3) in D and biorient all other edges
of UG(D). This creates the necessary edges in domc(D) so that domc(D) ∼=
UGc(D).

2. Suppose that x1x3 is not an edge of C4. The copy of C4 cannot be created from
one generated subpath in domc(D) (Lemma 2.19). If C4 were to be made from
the two generated subpaths of one path, then that path is P4. However, the
only non-generated edge that can be created by either source z1 or z4 is z2z3,
so C4 cannot be constructed. Thus, C4 must be constructed from a generated
copy of P2 in Pi and another in Pj. Since these paths must be appended using
exactly two created edges, the two copies of P2 together must have exactly two
inner end vertices. This dictates that i > 3 or j > 3. Say that i > 3, so i = 4, 5
and j = 3, 4, 5 are the only values where P2 is a generated subpath.

We have already shown that D exists for i = 5 and j = 2, 4, 6, 9, so we need
only consider i = 4 with j = 3, 4, and i = 5 with j = 3, 5. When i = 4, only
one vertex of each generated subpath is an inner end vertex, so the subpath
must be appended to another copy of P2 with exactly one inner end vertex.
Thus, j �= 3 and j = 4. Construct single arcs (z1, y1), (z4, x3), (y1, x2), and
(y4, z4) in D and biorient all other edges of UG(D). This creates the necessary
edges in domc(D) so that domc(D) ∼= UGc(D).

When i = 5, the copy of P2 is an inner subpath, so both vertices are inner end
vertices. Thus, it can only be appended to a copy of P2 where both vertices are
outer vertices. This implies that j = 3. Construct single arcs (y1, z1), (y5, z3),
(z1, x1), and (z3, x4) in D and biorient all other edges of UG(D). This creates
the necessary edges in domc(D) so that domc(D) ∼= UGc(D).

Given the restrictions of appending paths, these are the only possible construc-
tions. So i = j = 4 or i = 5 and j = 2, 3, 4, 6, 9, and such D exists.

Finally, the case where C4 is constructed using vertices from exactly three gen-
erated subpaths is examined.
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Lemma 4.6 If UG(D) ∼= dom(D), UGc(D) = C4 ∪ Pi ∪ Pj, i ≥ 2, j ≥ 3, where
C4 = x1, x2, x3, x4, x1, Pi = y1, . . . , yi, Pj = z1, . . . , zj, and C4 is formed using
vertices from exactly three generated subpaths in domc(D), then i = 2 and j = 3.
Furthermore, such D exists.

Proof. As seen in the proof of Lemma 3.6, this requires one copy of P2 and two
copies of P1 as generated subpaths. If i = 2, there are 2 copies of P1 generated.
However, y1y2 will never be an edge in domc(D) (Corollary 2.18). Thus, only one of
y1 or y2 may be a vertex in C4. This implies the other copy of P1 must come from
V (Pj). Since j ≥ 3, only j = 3 produces a subpath with one vertex. Biorient all
edges of UG(D), except construct single arcs (z1, y1), (z3, x3), (y1, z3), and (y2, x1).
This creates the necessary edges in domc(D) so that domc(D) ∼= UGc(D). If i = 3,
then it has one subpath P1, and the others must come from V (Pj). Again, j = 3.
However, all created edges are incident with y2 and z2, so there is no way to construct
C4. If i ≥ 4, with j ≥ 3, there are not two subpaths P1. Thus, i = 2 and j = 3 is
the only possibility.

As a grand finale, we bring together the results that appear at the end of Section 2,
the end of Section 3, and the lemmas stated previously in this section.

Theorem 4.7 If UG(D) ∼= dom(D), and UGc(D) = C4 ∪ Pi ∪ Pj, then

1. i = 1 and j = 1, 2, 4, 5, 7, 8, or

2. i = 2 and j = 2, 3, 5, 6, 8, or

3. i = 4 and j = 4, 5, or

4. i = 5 and j = 3, 6, 9, or

5. i = 8 and j = 4, 6, 7, 9, 12, 15.

Furthermore, in each case such a digraph exists.

Proof. Corollary 2.21 addresses existence for i, j = 1, 2. Further results for i = 1
were listed in Theorem 3.7. Except for i = j = 2, the results in parts (2)–(5) come
directly from Lemmas 4.3, 4.4, 4.5, and 4.6. Although the creation of C4 using
four components was not specifically mentioned, it requires that i = j = 2, so that
there are four copies of P1 with which to construct C4. This possibility is covered in
Corollary 2.21.

References

[1] H.H. Cho, S.R. Kim and J.R. Lundgren, Domination graphs of regular tourna-
ments, Discrete Math. 252 (2002), 57–71.



ISOMORPHIC UNDERLYING AND DOMINATION GRAPHS 41

[2] H.H. Cho, F. Doherty, S.R. Kim and J.R. Lundgren, Domination graphs of
regular tournaments II, Congr. Numer. 130 (1998), 95–111.

[3] K.A.S. Factor and L.J. Langley, Digraphs with isomorphic underlying and dom-
ination graphs: Pairs of paths, J. Combin. Math. Combin. Comput. 72 (2010),
3–30.

[4] K.A.S. Factor and L.J. Langley, Characterization of digraphs with equal
domination graphs and underlying graphs, Discrete Math. DOI:
10.1016/j.disc.2007.03.042.

[5] K.A.S. Factor and L.J. Langley, Digraphs with isomorphic underlying and domi-
nation graphs: Connected UGc (D), Discussiones Mathematicae: Graph Theory
27(1) (2007), 51–67.

[6] K.A.S. Factor and L.J. Langley, Digraphs with isomorphic underlying and dom-
ination graphs: Components of K1, K2, or C4 in UGc (D), Congr. Numer. 174
(2005), 73–82.

[7] S.K. Merz, D. Guichard, J.R. Lundgren and D.C. Fisher, Domination graphs
with nontrivial components, Graphs Combin. 17(2) (2001), 227–236.

[8] S.K. Merz, D. Guichard, J.R. Lundgren, K.B. Reid and D.C. Fisher, Domination
graphs with 2 or 3 nontrivial components, Bull. Inst. Combin. Appl. 40 (2004),
67–76.

[9] S.K. Merz, D. Guichard, J.R. Lundgren, K.B. Reid and D.C. Fisher, Domination
graphs of tournaments with isolated vertices, Ars Combin. 66 (2003), 299–311.

[10] S.K. Merz, J.R. Lundgren, K.B. Reid and D.C. Fisher, Connected domination
graphs of tournaments, J. Combin. Math. Combin. Comput. 31 (1999), 169–176.

[11] S.K. Merz, J.R. Lundgren, K.B. Reid and D.C. Fisher, The domination and
competition graphs of a tournament, J. Graph Theory 29 (1998), 103–110.

[12] S.K. Merz, J.R. Lundgren, K.B. Reid and D.C. Fisher, Domination graphs of
tournaments and digraphs, Congr. Numer. 108 (1995), 97–107.

(Received 2 Aug 2008; revised 2 July 2010)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


