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Abstract

Let G be a group. We will call G a group with Cayley data if we are
given all three of the following: the underlying set G; the collection of all
Cayley sets of G; and for each Cayley subset S of G, the corresponding
Cayley graph Cay(G,S). Is it then possible, from the Cayley data, to
reconstruct the binary operation of the group? Is it possible to determine
the isomorphism class of the group? We show that there are groups for
which the reconstruction of the group operation is not possible, and we
call such a group an ambiguous group. We completely characterize am-
biguous groups, discuss some properties of the associated Cayley graphs,
and we show that the Cayley data for any group does determine the
isomorphism class of the group.

1 Introduction

Cayley digraphs were introduced by Cayley in 1878 [2] as a graphical representation
of an abstract group, and used by Coxeter and Moser [3] to study groups given by
generators and relators. The inverse problem we wish to consider has to do with
a group G, for which we are given “Cayley data”. That is, we are given either the
Cayley digraphs for G, or the Cayley graphs for G. If ' is a connected Cayley digraph
for GG, whose edges are labeled, then it is well known that the group operation for G
may be recovered from the information provided by I'. A single connected digraph
will suffice. What if, instead of a connected Cayley digraph for G, the “Cayley data”
consists one or more of the Cayley graphs for G?7 We now assume that each graph
is given simply as a graph, with no edge labeling. It may be shown that knowledge
of a single graph is not enough. For example, the Cayley graph Cay(Zg,{1,5})
is isomorphic, as a graph, to the Cayley graph Cay(Ss, {(13),(12)}), even though
the underlying groups are not isomorphic. So instead, let us assume we are given
all possible Cayley graphs. We wish to determine how much information may be
recovered. This question appears to be new.
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In this note, we will show that there are groups whose group operation cannot be
recovered from this collective information. We call such groups ambiguous groups,
and we give a complete classification of these groups. We will also show that, for any
group G, the complete collection of Cayley graphs contains enough information to
determine the isomorphism class of G. The classification will show that every Cayley
graph of an ambiguous group is a normal, or quasi-abelian Cayley graph. While
our question is new, our classification shows that the ambiguous groups give rise to
Cayley graphs which have interesting properties; see, for example, [6], [7].

2 Preliminaries

Let G be a group. A nonempty subset S C G will be called a Cayley set of G provided
that 1 ¢ S and S is inverse closed. The Cayley graph Cay(G,S) is the graph whose
vertex set Vg = G, with adjacency a ~ b < a~'b € S. The neighborhood of an
element a € Vg is the set N(a) = {as | s € S}.

Definition 2.1. Let G be a group. We will call G a group with Cayley data, if we
are given all three of the following: the set Gi; the collection of all Cayley sets of G
and for each Cayley subset S of G, the corresponding Cayley graph Cay(G, S).

We also point out what we are not given. If S is a Cayley subset of G, we are given
Cay(G, S) as a graph, but the edges are not being associated with corresponding
elements of S. Suppose a and b are elements of V(X) = G which are neighbors.
Then there is some element ¢ of S such that b = ac. The Cayley data does not
directly provide the identity of ¢, although we might, or might not, be able to identify
¢ from the information provided.

Proposition 2.2. Let G be a group with Cayley data. Then the following are deter-
mined by the Cayley data:

(i) the identity element of G,

(ii) for each a € G the element a™*,

(tii) the involutions of G,

(iv) for any element a € G, and any integer n, the element a”,
(v) the subgroups of G.

Proof. The identity element, 1, is the unique element of G which is not in any Cayley
set. Any other element belongs to at least one Cayley set, for example to G — {1}.
Let a € G. If a is an involution, then {a} is itself a Cayley subset of G, in which case
a = a~!and a~!is determined. If ¢ is not an involution, then S, = {a,a™*} is the only
doubleton Cayley set containing a, is uniquely determined by a, and determines a~*.
The assertion (iv) is an easy induction argument using Cay (G, {a,a™*}). Finally, let

H C G. We wish to determine whether H is a subgroup of G. By (ii), above, the
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Cayley data determines whether H is inverse closed. If so, then consider the Cayley
set S = H — {1}. Then H is closed with respect to products if and only if for all
a € S, the neighborhood of a in Cay(G,S), N(a) = {as | s € S} C H, and this is
determined by the Cayley data. O

Let G be a group with Cayley data. Then G is given as a set of vertices Vi =
{1¢,92,93,..-}. Let a,b € G. The problem of determining the product ab from
the Cayley data is the problem of using the Cayley data to identify which g € Vg
has the property that g = ab. Since we are given b € Vi and all Cayley sets and
their associated Cayley graphs, this reduces to the problem of identifying, in the
neighborhood N(a) = {u,v} in Cay(G, {b,b7'}), precisely which element u or v is
the element ab. We illustrate this in Fig. 1, by showing a graph fragment.

ao/.u
\

®v
Figure 1: A sample graph fragment

The Cayley data for a group does not provide labels for the edges. So, this
graph fragment is meant to illustrate the fact that, while we know N(a) = {u,v} =
{ab, ab='}, we do not know which of u or v is ab, because we do not know which edge
corresponds to multiplication by b, and which to b='. When the product ab cannot
be determined from a, b and the Cayley data for G, we say that ab is an ambiguous
product.

Definition 2.3. Let G be a group with Cayley data. A group G will be called an
ambiguous group if, given the Cayley data for GG, G’ has an ambiguous product.

Let G be any group. Let G denote the opposite group associated with G, that
is, the set G with the operation a b = ba. Observe that any Cayley subset S of G is
necessarily a Cayley subset of GO, Let Cay“?(G, S) = Cay(G°”, S) be the opposite
graph.

Theorem 2.4. Let G be any group with Cayley data, and let S be any Cayley set of
G. The opposite graph, Cay“?(G,S), is determined by the Cayley data for G.

Proof. The vertices of Cay“?(G, S), are the elements of the set G = G, so are
given by the Cayley data. Let a and b € G. It is easy to see that a ~ b in
Cay(G,S) < a~' ~ b ' in Cay??(G, S). Since inverses are given by the Cayley data,
we see that the edge set of the opposite graph is given by the Cayley data, so then
it follows that Cay“?(G, S), is determined by the Cayley data for G. O

Let G be any group such that the following two conditions hold:
(i) G # GO, and
(ii) for any Cayley subset S C G, Cay (G, S) = Cay(G?, S).
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It should be clear that G is ambiguous. The reader will readily verify that the
quaternion group (g is such a group, so that ambiguous groups exist. In section
4 we will classify ambiguous groups, and as a consequence of that classification it
will become clear that only groups satisfying (i) and (ii) are ambiguous. In the
next proposition we will show that groups which satisfy condition (ii) above may be
characterized by the following condition:

Definition 2.5. A group G is called a balanced group if for any elements a and b of
G, either ¢ and b commute, or a? = b

For examples, observe that an abelian group is balanced, and that the quaternion
group (g is balanced.

Proposition 2.6. Let G be a balanced group. Then for any Cayley subset S of G, we
have Cay(G, S) = Cay(G°?,S). In consequence, a balanced group G and its opposite
group GO have identical Cayley data.

Before beginning the proof we would like to mention that the converse of Propo-
sition 2.6 is true as well, and may be proved by similar methods. The proof is not
difficult, but since we don’t use the converse directly in anything that follows, and
since it will follow from the Classification Theorem 5.5, we omit the proof.

Proof. Let S be a Cayley subset of a balanced group G. Let a ~ b in Cay(G, S),
so that a='b = ¢ € S. If a and b commute, then b also commutes with a='. Now,
a'eb=>ba"! =a"'bc S, which implies that a ~ b in Cay(G°?,S).

Suppose instead that a> = b?. Then ab™' = a0, but a='b=c€ S. Nowa ~ b
in Cay(G°,S) if and only if a ' eb € S and a ' eb=ba~' = (ab~!)~* = ¢!, which
is in S, since S is inverse-closed. Thus every edge of Cay(G, S) is also an edge of
Cay (GO, S). This shows just as well that every edge of Cay(GP, S) is also an edge
of Cay(GOf"Op7 S) = Cay(G, S), proving that Cay(G,S) = Cay(G°,S).

d

Corollary 2.7. Let G be a non-abelian balanced group. Then G is an ambiguous
group.

Proof. Since G is balanced, G and G have identical Cayley data. Since G is non-
abelian, G and G have different binary operations. That is, there are elements a
and b of G with ab # ba = a e b.

But since, for any Cayley set S, the graphs Cay (G, S) and Cay(G°?, S) are iden-
tical, it follows that the Cayley data is insufficient to distinguish ab and a ¢ b = ba.
Thus we cannot determine ab from the Cayley data. O

3 The Subgroup Theorem

In this section we obtain some consequences of ambiguity on the structure of G.
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Proposition 3.1. Let G be a group with Cayley data. If a is an involution of G, and
b € G, then the products ab and ba are unambiguous. Moreover, if the neighborhood
N(a) in Cay(G,{b,b7'}) contains an involution, then neither ab nor ab™' may be
ambiguous.

Proof. We leave part 1 to the reader. For the second part, assume we are given
a and b, and we wish to compute ab. Let us represent the neighborhood N(a)
in Cay(G,{b,b"'}) by N(a) = {u,v}, and assume without loss of generality, that
u = ab. If v is an involution, then a~'u = b, and this is unambiguously determined,
by part 1. But this then affords a method of identifying the element u as the desired
product ab, hence ab is unambiguous, and we can also conclude that ab~! = v. The
same argument may be modified in case v is the involution. Details are left to the
reader. O

Lemma 3.2. Let G be a group with Cayley data. Let a and b be elements of G, and
let H=(a,b). Then

(1) H = Qs if and only if the following four conditions hold:

1 ol = bl = 4;
2. a® = b,

3. the meighborhood N(a) in the graph Cay(G,{b,b='}) is a Cayley set of G,
4

no proper subset of N(a) in the graph Cay(G,{b,b='}) is a Cayley set of
G; and

(11) the Cayley data suffices to determine whether H = Qs.

Proof. Observe first that, by Proposition 2.2, the subgroup H determined by the
elements a and b is determined by the Cayley data. Then, since conditions 1-4 are
determined by the Cayley data for G, in order to prove (II), it will suffice to establish
statement (I).

(<) Assume conditions 1-4 hold. Consider N(a) = {ab,ab™'}. If ab = ab™!, then
b = b7%, hence b* = 1 contradicting statement 1. We conclude N(a) contains two
distinct elements.

Since N(a) is a Cayley set, it is inverse closed. Since no proper subset is a Cayley
set, (ab)™' # ab. Therefore (ab)™ = ab™ = b~ la™! = ab™! = @' = bab™'. Thus
H satisfies the defining relations for the quaternion group @Q)g, and is therefore a
homomorphic image of Qg, hence |H| divides 8. Now b € H, and condition 1 implies
that 4 divides |H]|, but since b does not commute with a we conclude that b ¢ (a).
From this we conclude |H| = 8, and therefore that H = Qs. We leave the details of
the other direction to the reader. O

Theorem 3.3. The Subgroup Theorem
Let G be an ambiguous group, with ambiguous product ab. Let H = {a,b). Then
H > Qs.
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Proof. By Lemma 3.2, we need only show that conditions 1-4 of that Lemma hold.
We may assume a # lg, b # 1g, and by Proposition 3.1 that neither a nor b are
involutions, otherwise the product would be unambiguous. By Proposition 3.1, we
know that no proper subset of N(a) in Cay(G, {b,b'}) is a Cayley set.

We show first that if ab is ambiguous, then a? = b%. Look at the two Cayley graph
fragments in Fig. 2. In this figure, the left fragment occurs in Cay(G7 {b, b1 }), while
the right fragment uses Cayley set {a,a™'}. The dotted circle frames a Cayley set.
While we have labeled the vertices with the elements ab, ab™', b='a~" and b~ 'a, we
do not in fact know which element is which.

Figure 2: Comparing neighborhoods in Cay (G, {b, bil}) and Cay (G7 {a, a’l}). The
dotted circle frames a Cayley set.

What we really see are the neighborhoods of a and of b~!. These are depicted in
Fig. 3. We will recognize at least one Cayley set, because the union of neighborhoods
N(a) and N(b) must, at the least, contain the pair ab, b=*a=?.

J‘\q)—l

Figure 3: A more representative picture of the Neighborhood Comparison.

If this is the only Cayley pair, we can conclude that ab = u, the unique element
that is both in N(a) and in the Cayley subset of N(a) U N(b). Because ab is am-
biguous, we conclude that there must be a second Cayley set {v,w} = {ab™, b7 a}.
Then ab™! = (b7'a)™! = a7 = a? = V*.

Next we show that if ab is ambiguous, then a* = v* = 1. We examine the two
graph neighborhoods illustrated in Fig. 4. Again, the dotted circle frames a Cayley
set.

o T T T T = D)
ab’i Qa i
a ./‘L 7777777 ),\. b
\o o/
ab ba

Figure 4: Comparing the neighborhoods Cay (G, {b, b‘l}) and Cay(G7 {a,a™! }) The
dotted circle frames a Cayley set.
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In Fig. 4, the left fragment uses the Cayley set {b,b~1}, while the right fragment
uses {a,a™'}. As before, the inverse pair {ab™! ba='} will determine ab, unless
{ab,ba} is also a Cayley set. But then, ab = (ba)™ =a ' = a®> =072 = > =
b =1=a

Finally, we we establish that if ab is ambiguous, then N(a) in Cay(G, {b,b'}) is a
Cayley set. Again, let the neighborhood N(a) = {u,v} in Cay(G, {b,b"'}). Now we
compare the neighborhood N(a) in Cay (G, {u,u™'}), with N(a) in Cay(G, {v,v™'}).
Assume, without loss of generality, that ab = u, and ab™! = v.

au = b’.1 ay = b
\o a
) o/

au™? av™!

Figure 5: Comparing the neighborhoods Cay (G, {u,u'}) and Cay(G, {v,v7'}).

We refer to the graph fragments in Fig. 5, where the left fragment is from
Cay(G, {u, u’l}) and the right fragment is from Cay(G, {U,U’l}). Since b~! = v?
and b = a?, we can deduce that au = a(ab) = b~! and av = a(ab™!) = V2o~ ! =
b. This will determine the product ab — it is the element w, such that N(a) in
Cay (G, {u, u‘l}) contains b=, as opposed to b itself. But ab is ambiguous, so deter-
mination by this method must be flawed. In particular, it must be true that both
neighborhoods {au,au™'} and {av,av™'} are exactly the Cayley set {b,b7'}. We
conclude that au = av™!, which implies that u = v, hence N(a) = {u,v} is a
Cayley set. By Lemma 3.2, this completes the proof. O

Corollary 3.4. If, in a group with Cayley data, the elements a and b commute, then
their product is unambiguous.

Before going further, perhaps we should set out some facts about any group
H that is isomorphic to the quaternion group Qs. We let ¢, and j denote the usual
generators of the quaternion group, (Qs, whose squares are the element —1. Following
this convention, we let k denote ij. The assertions below follow from well known
facts about the quaternion group. We leave the details to the reader.

Proposition 3.5. Let H be a group that is isomorphic to Qg. Let a and b be elements
which generate H. Then H possesses a unique involution which we will denote by —1,
and Z(H), the center of H, is the subgroup (—1). Both a and b are of order 4, and
a? =b? = —1. The elements, a and b, satisfy the equations ba = —ab = a~'b = ab™?,
whence bab = a, and b~'ab = a~'. Moreover, if ¢ is any element of H of order 4,
then ¢t = (—1)c. And, finally, there is a unique isomorphism ¢ : Qs — H such that
6(i) = a and ¢(j) = b.

Lemma 3.6. Let G be a group with Cayley data and let a and b be elements of G,
and let H = {a,b), and assume that H = Qg. Let ¢ : Qs — H be an isomorphism
such that ¢(i) = a and ¢(j) = b. Then the Cayley data for G determines ¢(q) for
all ¢ € Qg except possibly for the elements k and k™. The set {¢(k), d(k~1} is
determined by the Cayley data for G.



270 JOHN MCCABE AND KATHRYN WELD

Proof. By Proposition 3.5, there is a unique isomorphism ¢ : Qg — H such that
¢(i) = a, ¢(j) = b. Now consider the element i~ of Qs. The isomorphism ¢ maps
i~! to a~!, and, by Proposition 2.2, a~! is determined by the Cayley data for G.
Thus ¢(i71) is determined, and similarly, the Cayley data for G determines ¢ on all
elements of Qg except perhaps k and k~!. Since ¢ is an isomorphism, ¢ must map k
to ab, but the Cayley data for G won’t determine ab if ab is an ambiguous product.
We do know that ab is one of the elements of the neighborhood N(a) = {ab,ab™'} in
Cay(G, {b,b'}. Since H = Qg, by Proposition 3.5, (ab)~! = ab~!. Thus ¢(k) = ab
is one of the elements of N(a) = {ab,ab '}, and ¢(k~!) is the other element of
N(a). O

Corollary 3.7. Let G be a group with Cayley data. Let a and b be elements of G, let
H = {(a,b) and assume that H = Qs. Then if the product of a and b is unambiguous
in G, then all products of elements of H are unambiguous in G.

Proof. Let ¢ : Q3 — H be an isomorphism with ¢(i) = a and ¢(j) = b. Since
o(k) = &(ij) = ¢(i)p(j) = ab is determined by the Cayley data for G, ¢ itself is
determined by the Cayley data for G. It follows that the groups operation in H is
determined from the group operation in Qg via ¢. O

Corollary 3.8. Let G be a group isomorphic to Qs. Then there are exactly two
group operations on G which are consistent with the Cayley data for G, namely that
of G itself and that of GOP.

Proof. It follows from Lemma 3.6 that, on G, there are at most two operations
consistent with the Cayley data for G. Since G = g, G is a balanced group. By
Corollary 2.7, there are at least two operations consistent with the Cayley data for
G, namely the operation of G itself, and that of GOP. a

4 The Structure of Ambiguous Groups

Lemma 4.1. Let G be a group with Cayley data, let a and b be elements of G whose
product is ambiguous. Let ab = c. Then the product bc is ambiguous.

Proof. Let H = {a,b). By Theorem 3.3, H = Q. Since a = cb™! we also have
H = (b,c). Now, suppose that bc is unambiguous. Then by Corollary 3.7, we
know that all products in H are unambiguous. In particular, the product ab is
unambiguous, contradiction. O

Theorem 4.2. Let G be a group with ambiguous product ab, and let H = {(a,b). Let
A be an element of G such that the products aX and bA are unambiguous. Then:

1. The product (aX)(bX) is ambiguous; and
2. A€ Cg(H)

3. The order of every element of G is finite and a divisor of 4.
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4. If X is an involution of G, then A € Ce(H).
5. Co(H)={\e G| =1}

Proof. Suppose the product (a))(bA) is unambiguous. Then in Cay(G, {bA, (bA)™1})
consider the graph fragment in Fig. 6.

a\bA
L ]

a)\O/
\o

aX(b\) ™t = ab7?
Figure 6: N(aX) in Cay(G, {bA, (bA)~'})

Since (a))(bA) is unambiguously determined, so also is ab™!, and using Proposi-
tion 3.5, we have ab™* = (ab)~!. Since by Lemma 3.6, the Cayley data determines
the set {ab, (ab)~'}, and since (ab)~* has been determined, it follows that ab is un-
ambiguously determined, a contradiction. We conclude that the product (aX)(bA) is
ambiguous. This establishes (1).

Let K = {aX,b)\). By Theorem 3.3, K = Qs. It follows that (a\)? = (bA)>.
This implies that b~'alab™' = X. Put ¢ = ab. Within H & Qg one finds, using
Proposition 3.5, that b'a = ¢ and ab™' = ¢'. Thus cA\¢™! = A, which implies that
A and ¢ commute.

By Corollary 3.4, the product cA is unambiguous. By Lemma 4.1 the product be
is ambiguous. Since bA and ¢\ are unambiguous while bc is ambiguous, we may apply
what was just proven to conclude that A commutes with bc = a. It is readily seen
that H = (c,a) and that therefore A € Cs(H). This establishes (2). In particular,
applying Proposition 3.1, this implies that every involution of G is a member of
Cq(H), establishing (4).

To prove (3) we need to show that every element of G has an order that is finite
and a divisor of 4. Let A € G. If a) is ambiguous, then by Theorem 3.3, |A| = 4.
Similarly if bA is ambiguous, then |A| = 4.

In either case the assertion is true. So we may assume that the products aX and
b\ are unambiguous. By Theorem 4.2, parts (1) and (2), the product (aX)(bA) is
ambiguous and A € Cg(H). If we set K = (aX,bA) then, again by the Subgroup
Theorem, K =2 Qg. This implies, in particular, that (a\)* = 1. However since
A € Cg(H), we have (a))* = a*X* = (1)A\* = M. Thus M\ = 1.

To complete the proof that Cq(H) = {\ € G | \* = 1}, it suffices to show that
if A € Cg(H), then A2 = 1. Let A € Cg(H). It follows that A commutes with both
a and b. By Corollary 3.4 the products aA and bA are unambiguous. By Theorems
3.3 and 4.2, (a\,bA) = Qs. Note that H = (a,b) = Qs , whence aba = b, similarly
adbla) = b). Since at the same time a\bAal = abal® = b3, it follows that \? = 1.

d

Corollary 4.3. Let G be a group with ambiguous product ab, and let H{a,b). The
subgroup Ce(H) is abelian, and Co(H) < G.
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Proof. Since A2 = 1 for all elements A € Cq(H), Cg(H) is abelian. Since Cg(H) =
{A € G| A =1}, it is clear that Cq(H) is closed under conjugation by elements
of G. O

Proposition 4.4. Let G be a group with ambiguous product ab, let H = (a,b) and
let —1 be the unique involution of H =2 Qg. If X is any element of G of order 4, then
A2 =—1.

Proof. Let X be an element of G of order 4. If A € H, then A2 = —1. Therefore we
may assume that A ¢ H.

If both aX and b\ are unambiguous, then by Theorem 4.2, A € Cg(H), and
A2 = 1, contradicting the assumption that |A| = 4. We conclude that at least one of
aX and DA must be ambiguous.

Without loss of generality, we may assume that it is aA that is ambiguous. By
Theorem 4.2, the subgroup K = {a, \) = Qg. It follows that a®> = A2, but a* = —1,
s0 A2 = —1. O

Theorem 4.5. Let G be a group with ambiguous product ab. Let H = {(a,b), and let
¢ = ab. Then each of the subgroups {a), (b) and {(c) is normal in G, and H < G.

Proof. Let g be any element of G. Consider the elements ag, bg, cg. If any two
of these are unambiguous, then by Theorem 4.2, g is in the centralizer of H in G,
which is contained in each of the normalizers of H, (a), (b), and (c¢) in G. Now
suppose that no two of the above products are unambiguous. It follows that two (or
maybe three) of these products are ambiguous. Without loss of generality, we may
assume that the products ag, and bg are ambiguous. By Theorem 3.3, (a, g) = Qs
which implies that g~lag = a=! so that g~'{(a)g is contained in {a) and so in H.
Similarly g='bg = b~' and g~'(b)g C H. Now consider the element ¢ = ab. We
have g~'abg = (g7 'ag)(g~'bg) = a™'b™' = ab = c¢. Thus g commutes with ¢, and
therefore of course g is in the normalizer of (¢) in G. Since H is the union of (a), (b)
and (c), it follows that ¢ is in the normalizer of H in G. As g was arbitrary in G ,
this shows that H is normal in G. The proof establishes at the same time that (a),
(b), and (c) are normal in G. O

5 The Classification Theorem

Definition 5.1. Let G be a group, and let ¢ be an automorphism of G. Let A be a
subgroup of G. We say that A is stable under ¢ if ¢ |4 is an automorphism of A.

Let H = (a,b) be a group which is isomorphic to Qg. Now (a) is a normal
subgroup of H, which implies that (a) is stable under an inner automorphism of
H. Similarly, (b) is stable under an inner automorphism of H. We next show that
the only automorphisms ¢ of H which stabilize the subgroups (a) and (b) are inner
automorphisms.

Lemma 5.2. Let H = (a,b) be a group which is isomorphic to Qs. Let ¢ be a
automorphism of H, and suppose that {(a) and (b) are stable under ¢. Then ¢ is an
inner automorphism of H.
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Proof. First observe that ¢ must map a to a generator of {(a), and b to a genera-
tor of (b), so that ¢(a) = +a and ¢(b) = £b. Hence there may be at most four
automorphisms of H which stabilize the subgroups (a) and (b).

Since for any group G, Inn(G) = G/Z(G), we have Inn(H) = H/(—1), which has
order 4. Since every inner automorphism stabilizes (a) and (b), it follows that the
automorphisms of H that stabilize (a) and (b) are exactly the inner automorphisms.

|

Theorem 5.3. Let G be a group with ambiguous product ab, and let H = (a,b).
Then G = H - Cq(H).

Proof. By Theorem 4.5, H<1G. If A € G, then A determines an automorphism ¢, of
H by conjugation: ¢y : x +— A"*zA. Also by Theorem 4.5, (a), (b) are both normal
in G. Therefore the mapping ¢, carries each of (a), (b) into itself. By Lemma 5.2,
¢, is an inner automorphism of H. Therefore, there is an element h € H such that
Alzh = h7lzh, Vo € H. Tt follows that AAT'zAR ™ =z = A le(A ) =2 =
AL e Cg(H), say Mt = ¢, where ¢ € Cg(H). Then A = ch = hc € H - Cg(H).
This proves that G = H - Cq(H). O

Corollary 5.4. Let G be a group with ambiguous product ab, and let H = (a,b).
Then Z(G) = Cq(H). Consequently, Z(G) = {\ € G | \> = 1}, and Z(G) is an
elementary abelian 2-group. The Cayley data for a group G determines the center

Z(G) of G.

Proof. Of course, Z(G) C Cg(H). On the other hand, suppose A € Cg(H). By
Corollary 4.3, Cs(H) is abelian, so A commutes with all of the elements of C¢(H).
And, A\ commutes with the members of H, so A commutes with the members of
H - Cg(H) = G, proving that A € Z(G). The remaining assertions follow from
Theorem 4.2 and Proposition 2.2. a

Theorem 5.5. The Classification Theorem
Let G be an ambiguous group. Then G is isomorphic to a direct product of the
quaternion group Qg and an elementary abelian two-group.

Proof. Let a and b be elements of G whose product ab is ambiguous. Let H = (a,b).
We know that H = Qs. Let C' = Cg(H) = Z(G). Theorem 4.2 tells us that C' is an
elementary abelian two-group. From Theorem 5.3, G = H - C. Let A C C be any
maximal subgroup of C' which does not contain —1. Such a subgroup must exist by
Zorn’s Lemma. Let ¢ : H x A — G be defined as follows: ¢(h,a) = ha. The reader
will easily verify that ¢ is an isomorphism. O

Corollary 5.6. An ambiguous group is balanced. Consequently the ambiguous groups
are precisely the non-abelian groups for which, for all Cayley sets S, we have
Cay(G, S) = Cay (G, S).

Proof. Let G be ambiguous and let @ and b € G. If a@ and b do not commute, then a
and b € G — Z(G), so both must have order 4, by Corollaries 5.4 and 4.2. But then,

by Theorem 4.4, a> = —1 = b%, so G is balanced. The remaining statements follow
from Corollary 2.7. O
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Recall that if every subgroup of G is a normal subgroup, then G is called Hamilto-
nian. These groups were so named by Richard Dedekind, who proved, [4], that every
finite non-abelian Hamiltonian group must contain a copy of the quaternion group.
The classification of the non-abelian Hamiltonian groups, whether finite or infinite,
was completed by Reinhold Baer in 1933, [1], [5]. Baer proved that a group G is a
non-abelian Hamiltonian group if and only if G = Qg X A X B with A an elementary
abelian two group and B an abelian group with every element of odd order. The
following corollary follows immediately from Baer’s Theorem and Theorem 5.5.

Corollary 5.7. Let G be an ambiguous group. Then G is Hamiltonian.

Let G be a group and S be any Cayley subset of G. Let S9 denote the set of
conjugates {gtsg | s € S}. A Cayley graph Cay(G, S) is called normal if S9 = S, for
all g € G, (see, for example, [6]). (These graphs have also been called quasiabelian;
see, for example, [7]). We will show that if G is an ambiguous group, then for every
Cayley set S C G, the graph Cay(G,S) is normal, or quasi-abelian. The following
corollary will be useful:

Corollary 5.8. Let G be an ambiguous group. The following three statements are
equivalent:

1. The product ab is ambiguous.
2. H={a,by = Qs.
8. The elements a and b do not commute.

Proof. (1) = (2). This is Theorem 3.3.

(2) = (3). The result follows from Proposition 3.5.

(3) = (1). If a and b do not commute then a and b € G—Z(G), so both must have
order 4, by Corollaries 5.4 and 4.2. By Theorem 5.3 and Corollary 5.4, G = H-Z(G),
where H is a subgroup of GG containing an ambiguous product and H = Qg. Then
a = hyz; and b = hyzy, for suitable hy, hy € H, and 2, 23 € Z(G). It follows that
ab = (h1z1)(haz2) = (h1hs2)(z122). Since a and b, do not commute, neither do h; and
ha, so hy and he must generate H. Now, if ab is unambiguous, then the product
hihs must also be unambiguous. By Corollary 3.7, this implies the Cayley data for
G determines all products in H, contradiction. a

Proposition 5.9. Let G be an ambiguous group. Then for every Cayley set S C G,
the graph Cay(G,S) is normal.

Proof. Let G be an ambiguous group and S be any Cayley subset of G. Let g € G,
and s € S. By Corollary 5.6, G is balanced. Consider g~'sg. If g and s commute,
then g7lsg = s € S. If g and s do not commute, then by Corollary 5.8, the product
gs is ambiguous, and the elements g and s generate a subgroup H =2 (Jg. Direct
computation using Corollary 3.5 now shows that g~'sg = s7! € S, so that §9 = S.
Since g was arbitrary it therefore follows that S9 = S, and so Cay(G, S) is normal.
But S was also arbitrary, and the result follows. O
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We now address the question of whether or not the Cayley data determines the
isomorphism type of the group.

Lemma 5.10. Given any group G, the Cayley data for G determines whether or not
G is ambiguous.

Proof. By Corollary 5.6, G is ambiguous if and only if the following two conditions
hold:

1. Cay(G, S) = Cay(G,S) holds for any Cayley set S of G, and
2. G is not abelian.

By Theorem 2.4 the Cayley data for G determine whether or not Cay(G,S) =
Cay(G9?, S) holds for any Cayley set S of G. So if this condition is not met, G is
not ambiguous, and we are done.

Suppose condition 1 holds for G. By Lemma 3.2, for any pair of elements in G,
the Cayley data suffices to determine whether or not a and b generate a subgroup
isomorphic to Qg. If some a and b do generate such a group, then G is not abelian,
and must be ambiguous. If not, then G cannot be ambiguous by Theorem 3.3. This
completes the proof. a

Theorem 5.11. Let G be any group. Then the isomorphism class for G is deter-
mined by the Cayley data for G. Moreover if G is ambiguous, there are precisely two
group operation tables for the set G which are consistent with the Cayley data.

Proof. By Lemma 5.10, the Cayley data for G determines whether G is ambiguous or
not. If a group G is not ambiguous, the Cayley data determines the group operation,
so it necessarily determines the isomorphism type.

Now we consider the case where G is ambiguous. As in Theorem 5.5, let A be
some maximal subgroup of Z(G) with —1 ¢ A. By Corollary 5.4, the Cayley data for
G determines Z(G), but, in general, A need not be uniquely determined. However,
since A = Z(G)/(—1), the isomorphism class for A is determined by the Cayley
data and since Theorem 5.5 tells us that G = Qg x A, it follows that the isomorphism
class for GG is determined by the Cayley data.

Let H be a subgroup of G which is isomorphic to @g, such that G = H x A. We
claim that there are precisely two possible multiplications in H x A. Consider two
elements of H x A, say (hi,a1) and (hg,az). In A, multiplication is unambiguous.
However, by Corollary 3.8, there are precisely two multiplications possible for H,
corresponding to the inherent multiplications in Qs and in Qs“, and thus there
are two possible binary operations for H x A which are consistent with the Cayley
data. d
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