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Abstract

For many positive odd integers n, whether prime, prime power or com-
posite, the set Un of units of Zn contains members u, v and w, say with
respective orders ψ, ω and π, such that we can write Un as the direct
product Un = 〈u〉 × 〈v〉 × 〈w〉. Each element of Un can then be written in
the form uivjwk where 0 ≤ i ≤ ψ − 1, 0 ≤ j ≤ ω− 1 and 0 ≤ k ≤ π− 1.
We can then often use the structure of 〈u〉×〈v〉×〈w〉 to arrange the ψωπ
elements of Un in a daisy chain, i.e. in a circular arrangement such that,
as we proceed round the chain in either direction, the set of differences
between each member and the preceding one is itself the set Un. We de-
scribe such daisy chains as daisy chains with three generators. Each such
daisy chain consists of a succession of super-segments of length ωπ, each
made of segments of length π. Within each segment, each successive ele-
ment is obtained from the preceding one by multiplication by w; within
each super-segment, each successive segment is obtained from the preced-
ing one by multiplication by v; each successive super-segment is obtained
from the preceding one by multiplication by u. We study the existence of
such arrangements, some of which can be obtained from general construc-
tions which we describe. In many of our examples of the arrangements,
one of the generators has order 2; if n is prime, that generator must then
be −1 (mod n), but if n is composite, another square root of 1 (mod n)
may occasionally be used.
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1 Introduction

Any positive integer n has a prime-power decomposition

n = piqjrk · · · (i, j, k ≥ 1)

where p, q, r, . . . are finitely many distinct primes. In standard terminology, the units
of the corresponding group Zn are those elements of Zn \ {0} that are coprime with
n. The number of units in Zn is given by Euler’s totient function

φ(n) = (p − 1)pi−1(q − 1)qj−1(r − 1)rk−1 · · ·

(e.g. [4, p. 87]). For n odd, a daisy chain [5] for the units of Zn (in short, a Zn daisy
chain) is an ordered arrangement [a1, a2, . . . , aφ(n)] of the units on a circle, such that
the set of differences bi = ai+1 − ai (i = 1, 2, . . . , φ(n), with aφ(n)+1 = a1) is itself the
set of units. Here, as in [5] and elsewhere, we use square brackets to indicate a cycle.
However, also as in [5], we replace [ and ] by ↪→ and ←↩ when we present
a specific daisy chain in a display, and we then replace the commas by spaces. We
henceforth use ‘difference’ to mean a right-minus-left difference of the above form
ai+1 − ai.

Various systematic methods of construction of daisy chains for Zn were given
in [5], where the emphasis was on values of n lying in the range 1 < n < 300. We
now investigate a new type of construction, which proves to be fruitful for both prime
and composite values of n. To give a reasonable illustration of the scope of this new
type, we now need to extend upwards the range of values of n.

For many positive odd integers n, whether prime, prime power or composite, the
set Un of units of Zn contains members u, v and w, say with respective orders ψ, ω
and π, such that we can write Un = 〈u〉 × 〈v〉 × 〈w〉. (Here, as subsequently in this
paper, the symbol × indicates a direct product.) All, some or none of the orders ψ,
ω and π may be prime. Each element of Un can then be written in the form uivjwk

where 0 ≤ i ≤ ψ − 1, 0 ≤ j ≤ ω − 1 and 0 ≤ k ≤ π − 1. We can then often use the
structure of 〈u〉 × 〈v〉 × 〈w〉 to arrange the ψωπ elements of Un in a daisy chain for
Zn. We describe such daisy chains as daisy chains with three generators. Each such
daisy chain consists of a succession of super-segments of length ωπ, each made up of
segments of length π. Within each segment, each successive element is obtained from
the preceding one by multiplication by w; within each super-segment, each successive
segment is obtained from the preceding one by multiplication by v; each successive
super-segment is obtained from the preceding one by multiplication by u. Thus, a
daisy chain with three generators is of the following form where, as in [5], a single
fence | denotes a boundary between two segments within a supersegment, and a
double fence ‖ denotes a boundary between supersegments:
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↪→ u0v0w0 u0v0w1 . . . u0v0wπ−1 |
u0v1w0 u0v1w1 . . . u0v1wπ−1 |...

u0vω−1w0 u0vω−1w1 . . . u0vω−1wπ−1 ‖

u1v0w0 u1v0w1 . . . u1v0wπ−1 |
u1v1w0 u1v1w1 . . . u1v1wπ−1 |...

u1vω−1w0 u1vω−1w1 . . . u1vω−1wπ−1 ‖
...

uψ−1v0w0 uψ−1v0w1 . . . uψ−1v0wπ−1 |
uψ−1v1w0 uψ−1v1w1 . . . uψ−1v1wπ−1 |...

uψ−1vω−1w0 uψ−1vω−1w1 . . . uψ−1vω−1wπ−1 ‖ ←↩

As a daisy chain may be read anticlockwise as well as clockwise, the existence of
a particular daisy chain with the three generators u, v and w implies the existence
of a daisy chain with the three generators u−1, v−1 and w−1. For this reason, the
distinct parameter sets (u, v, w) for any particular n arise in pairs; we use Nn to
denote the number of such pairs.

For prime values of n in the range n < 400, Table 1 below gives parameter sets
(ψ, ω, π) and (u, v, w) for Zn daisy chains with three generators. Table 2 similarly
covers prime powers n = pj (j > 1), whereas Table 3 covers composite values of n in
the range n < 140. For each n in Table 3, we use ξ(n), as in [1], to denote the value
of φ(n)/λ(n) where λ(n), which is Carmichael’s λ-function [2, 3], gives the order of
an element of maximum order in Un. (If n is odd and composite, then ξ(n) is even
[1].)

Longer versions of Tables 1 and 3 can be viewed [6] via the Australasian Journal
of Combinatorics website. There, Table 1 is for n < 500, and the much longer Table 3
is for n < 350.

As indicated by the footnotes to Tables 1 and 3, many of the parameter sets
(u, v, w) satisfy simple relationships such as u + 2v ≡ 0 (mod n) or (u + 1)vw ≡ 1
(mod n). Mostly, we give only one parameter set (u, v, w) for any particular set
(ψ, ω, π) for any particular value of n, but we give two or more sets (u, v, w) if each
of the listed possibilities satisfies one of the listed simple relationships. Some of these
relationships arise from general constructions that can be formalised and proved, as
in Sections 2 and 3 below; others arise unexplained.

The relationship (u + 1)vw ≡ 1 (mod n), satisfied by many examples in Tables
1 and 3, requires the first element of the second supersegment to be 1 less than the
final element of the first supersegment. This situation reflects that of Theorems 2.3
and 4.1 of [5], where the first element of the second segment of a daisy chain is 1 less
than the final element of the first segment. However, the relationship (u− 1)vw ≡ 1
(mod n) also arises for various primes, e.g. n = 379, 431, 457 and 491 (Table 1);
then the first element of the second supersegment is 1 more than the final element
of the first supersegment.
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For composite values of n, the relationships u(v + 1)w ≡ 1 (mod n) and
(u2 + 1)vw ≡ 1 (mod n) frequently occur too. The latter is often satisfied simulta-
neously with u2 ≡ 2vw (mod n), in which case we have (u2− 1)(u2 +2) ≡ 0 (mod n)
and (2vw − 1)(vw + 1) ≡ 0 (mod n).

Note 1.1: In many of our examples of daisy chains with three generators, one of the
generators has order 2. If n is prime, that generator must then be −1 (mod n), but
if n is composite, another square root of 1 (mod n) may perhaps be used; we obtain
examples of this for n = 63, 91, 133, 171, 189, 213, 217, 247, 259, 275, 279, 301, 309,
315, 335 and 341 (see Table 3).

Note 1.2: Constructions for Zn daisy chains with two generators were given in [5],
but at least three generators are needed if analogous constructions are to be provided
for odd composite integers n that have three distinct odd prime factors. For n-values
of this last type, we now provide three-generator daisy chains for n = 105, 165, 195,
231, 255, 273, 315 and 345 (again see Table 3).

Note 1.3: A special type of daisy chain for Zn has the property that

ai ≡ −ai+φ(n)/2 (mod n)

for i = 1, 2, . . . , φ(n)/2. For Zn daisy chains with 3 generators, this property is
achieved if ψ is even, with uψ/2 ≡ −1 (mod n). We obtain examples of this for
n = 241, 331, 337, 409, 421, and 463 (prime, Table 1), for n = 169 = 132 (Table 2)
and for n = 145 and 259 (composite, Table 3). Having ψ even is not a sufficient
condition for the property.

2 Some theorems, n prime

We now provide eight theorems that embody general constructions for Zn daisy
chains with three generators. Theorems 2.1–2.3 are for prime values of n, and The-
orems 3.1–3.5 are for composite values.

Theorem 2.1 Let n be a prime such that n ≡ 43 or 67 (mod 72). Let y be an element
of order 3 in Zn, and suppose that there exists an element x, of order (n − 1)/6 in
Zn, such that

x− y − 1 ≡ −xiy (mod n)

for some i from {2, 3, . . . , (n − 1)/6}. Then, for Zn, there is a daisy chain with
(ψ, ω, π) = ((n− 1)/6, 3, 2) and parameters (u, v, w) = (x, y, −1).

Proof: The conditions of the Theorem ensure that ψ, ω and π are mutually prime
and that the product 〈u〉 × 〈v〉 × 〈w〉 is direct. As n ≡ 1 (mod 6), the element
−3 is a quadratic residue modulo n, and as y2 + y + 1 ≡ 0 (mod n) we have y ≡
2−1(−1±√−3 ) (mod n). The proposed daisy chain is of the form

↪→ 1 −1 | y −y | −(y + 1) y + 1 ‖ x . . . ←↩
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where the first element in each segment is a quadratic residue modulo n, and the
second is a quadratic non-residue. The difference in the first segment is −2, which is
a quadratic residue, so the set of all the within-segment differences is precisely the set
of quadratic residues. The difference at the first single fence is y+1, and that at the
second single fence is −1, and these quadratic non-residues are respectively the sixth
and second elements of the first super-segment. So we require the difference x−y−1
at the first double fence to equal the fourth element in one of the super-segments.
The result follows. �

Note 2.1: Theorem 2.1 fails to yield a daisy chain for n = 43, but succeeds for
n = 67, 139, 211, 283, and 331 (see Table 1) and for n = 499, 547, 571, 618, 643,
691, 787, 859 and 907.

Example 2.1: n = 67. With y = 29 we may, for example, take x = 9 in Theorem 2.1,
as we then have

x− y − 1 ≡ 46 ≡ −x7y (mod n) .

This gives the following Z67 daisy chain (see Table 1), where the value x − y − 1
(mod n) is marked with an asterisk:

w v
↓ ↓

↪→ 1 66 | 29 38 | 37 30 ‖
u→ 9 58 | 60 7 | 65 2 ‖

14 53 | 4 63 | 49 18 ‖
59 8 | 36 31 | 39 28 ‖
62 5 | 56 11 | 16 51 ‖
22 45 | 35 32 | 10 57 ‖
64 3 | 47 20 | 23 44 ‖
40 27 | 21 46* | 6 61 ‖
25 42 | 55 12 | 54 13 ‖
24 43 | 26 41 | 17 50 ‖
15 52 | 33 34 | 19 48 ‖ ←↩

Theorem 2.2 Let n be a prime with n ≡ 7 (mod 8). Suppose that Zn \{0} contains
an element x such that the quadratic residues modulo n are the elements of 〈x〉 ×
〈x+ 1〉, with 2x+ 1 ∈ 〈x+ 1〉. Then, for Zn, there is a daisy chain with (ψ, ω, π) =
(ordn(x+ 1), ordn(x), 2) and (u, v, w) = (x + 1, x−1, −1).

Proof: The product 〈u〉 × 〈v〉 × 〈w〉 is direct as −1 is not a square in Zn. The
proposed daisy chain is of the form
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↪→
1 −1 | x−1 −x−1 |

x−2 −x−2 | . . .
| x −x ‖

x + 1 −(x + 1) | x−1 + 1 −(x−1 + 1) |
x−1(x−1 + 1) −x−1(x−1 + 1) | . . .

| x(x + 1) −x(x + 1) ‖

(x + 1)2 . . .
...

←↩

where the first element in each segment is a quadratic residue modulo n, and the
second is a quadratic non-residue. The difference in the first segment is −2, which
is a quadratic non-residue, so all the within-segment differences are quadratic non-
residues. The differences at the 1st, 2nd, . . . , (ω − 1)th single fences are x−1 + 1,
x−1(x−1 + 1), x−2(x−1 + 1), . . . , namely the initial elements of the 2nd, 3rd, . . . , ωth

segments of the second supersegment. So we require the difference 2x+1 at the first
double fence to be the initial element of a supersegment. The results follows. �

Note 2.2: The smallest prime for which Theorem 2.2 yields a daisy chain is n = 311,
with x = 6 = 52−1 where ordn(x) = 5 and ordn(x+ 1) = 31 (see again Table 1).

Theorem 2.3 Let n be a prime with n ≡ 3 (mod 8). Suppose that Zn \{0} contains
an element x, satisfying 1 < x < n− 2, such that

Zn \ {0} = 〈x〉 × 〈x + 1〉 = 〈y〉 × 〈y + 1〉

where y ≡ −(x+ 1) (mod n), and where ordn(x+ 1) and ordn(y + 1) are both even.
Then there is a Zn daisy chain (i) with

(ψ, ω, π) = (ordn(x), ordn(y), 2), (u, v, w) = (x, y−1,−1) ;

likewise there is a Zn daisy chain (ii) with

(ψ, ω, π) = (ordn(y), ordn(x), 2), (u, v, w) = (y, x−1,−1) .

In each case we have (u+ 1)vw ≡ 1 (mod n).

Proof: The proposed daisy chain (i) is of the form

↪→ 1 −1 | y−1 −y−1 | y−2 −y−2 | . . . | y −y ‖

x −x | xy−1 −xy−1 | xy−2 −xy−2 | . . . | xy −xy ‖

x2 etc.
... ←↩
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where the first element in each segment is a quadratic residue modulo n, and the
second is not. The difference in the first segment is −2, which is a quadratic residue,
so all the within-segment differences are quadratic residues. The differences at the
1st, 2nd, . . . , (ω−1)th single fences are y−1(1+y), y−2(1+y), . . . , namely the second
elements of the 2nd, 3rd, . . . , ωth segments of the second supersegment. The difference
at the first double fence is x+y = −1, which is the second element of the 1st segment
of the first supersegment. The required result for (i) follows. �

Note 2.3: The smallest prime for which Theorem 2.3 yields daisy chains is n = 331
(see Table 1), for which we can take x = 74 where ordn(x) = 11 and ordn(x+1) = 30,
with y = 256 where ordn(y) = 15 and ordn(y+1) = 22. With n < 1000, Theorem 2.3
yields daisy chains for n = 331, 443, 523, 547, 571, 659, 739, 827, 859 and 971.

3 Some theorems, n composite

We now turn to our theorems for odd composite values of n. Theorems 3.1, 3.2
and 3.3, like Theorem 2.1, provide daisy chains with (ω, π) = (3, 2).

Theorem 3.1 Let n be a composite odd integer such that 6 divides |Un|. Suppose
that Un contains elements x and y, with ordn(x) = |Un|/6 and ordn(y) = 3, such
that y + y2 ≡ −1 (mod n) and

Un = 〈x〉 × 〈y〉 × 〈−1〉 .

Suppose further that −2 ∈ 〈x〉 × 〈y〉, and that

x− y − 1 ≡ −xiy (mod n)

for some i from {2, 3, . . . , ordn(x)}. Then there is a Zn daisy chain with (ψ, ω, π)
= (|Un|/6, 3, 2) and parameters (u, v, w) = (x, y, −1).

Proof: If y is a unit of order 3 in Zn where n is composite, y does not necessarily
satisfy the condition y + y2 ≡ −1 (mod n), so the appearance of this condition in
the statement of the theorem is not a redundancy (see Theorems 3.2 and 3.3 below).
With this condition imposed, the proof is as for Theorem 2.1, save that the set of
quadratic residues is replaced by the set 〈x〉 × 〈y〉. �

Note 3.1: In the range n < 350, we can use Theorem 3.1 for n = 91, 93, 129, 183,
201, 237, 291 and 309 (see Table 3).

Example 3.1: n = 91 = 7× 13. With y = 16, we can take x = 19 in Theorem 3.1,
as we then have

x− y − 1 ≡ 2 ≡ −x3y (mod n) .

This gives the following Z91 daisy chain (see Table 3), where the value x − y − 1
(mod n) is marked with an asterisk:
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TABLE 1
Parameters for daisy chains with 3 generators

n prime (n < 400)

n Nn ψ ω π Notes Theorem u v w

67 6

⎧⎪⎨
⎪⎩

11

11

3

2

2

3

{
a

b

−

2.1

2.1

−

9

64

9

29

29

−1

−1

−1

29

71 2

{
7

7

5

2

2

5

−
−

−
−

30

45

5

−1

−1

57

131 1 13 2 5 − − 52 −1 58

139 3 23 3 2 b 2.1 65 42 −1

151 5 25 2 3 − − 148 −1 32

157 1 13 4 3 − − 46 28 12

181 2

{
9

9

5

4

4

5

−
−

−
−

39

39

59

162

162

59

191 2 19 5 2 − − 32 39 −1

199 2 9 11 2 − − 175 114 −1

211 8

⎧⎪⎨
⎪⎩

35

7

7

3

10

6

2

3

5

a

−
−

2.1

−
−

183

148

148

14

104

15

−1

196

107

229 6

{
19

19

4

3

3

4

j

j

−
−

17

17

107

134

134

107

239 1 17 7 2 − − 40 44 −1

241 3

⎧⎪⎨
⎪⎩

16

16

5

5

3

16

3

5

3

−
−
j

Note 1.3

Note 1.3

−

115

197

87

87

225

197

15

205

15

271 2 27 5 2 − − 160 244 −1

283 6 47 3 2 − 2.1 38 238 −1

307 1 9 17 2 − − 274 235 −1

311 4 31 5 2 − 2.2 7 52 −1

313 1 13 8 3 − − 103 188 98

continued. . .
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TABLE 1 (continued)

n Nn ψ ω π Notes Theorem u v w

331 9

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

55

33

22

15

11

11

10

6

3

5

5

11

15

10

11

11

2

2

3

2

2

3

3

5

−
−
j

j

j

j

−
−

2.1

−
−
2.3

2.3

−
Note 1.3

−

144

198

164

256

74

74

267

32

31

150

64

85

203

207

85

120

−1

−1

31

−1

−1

31

299

124

337 2

{
16

7

7

16

3

3

−
j

Note 1.3

−
30

64

79

59

128

208

349 3 29 3 4 − − 110 226 136

367 6 61 2 3 − − 101 −1 83

373 1 4 31 3 j − 269 144 284

379 4

⎧⎪⎨
⎪⎩

27

7

7

2

27

2

7

2

27

i

−
−

−
−
−

294

195

195

−1

121

−1

119

−1

121

Notes (all the congruences being interpreted modulo n):
a u+ 2v ≡ 0 i (u− 1)vw ≡ 1
b u2 + 2v ≡ 0 j (u+ 1)vw ≡ 1

TABLE 2
Parameters for daisy chains with 3 generators
n a prime power n = pj with j > 1 (n < 400)

n Nn ψ ω π u v w

121 11

{
11

5

5

11

2

2

111i

9

27

12

−1

−1

(i = 1, 2, . . . , 9 or 10)

169 13

{
13

4

4

13

3

3

105i

99

99

105

146

146

(i = 1, 2, . . . , 11 or 12)

361 19

{
19

9

9

19

2

2

115i

245

28

248

−1

−1

(i = 1, 2, . . . , 17 or 18)
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w v
↓ ↓

↪→ 1 90 | 16 75 | 74 17 ‖
u→19 72 | 31 60 | 41 50 ‖

88 3 | 43 48 | 51 40 ‖
34 57 | 89 2* | 59 32 ‖

...
24 67 | 20 71 | 47 44 ‖ ←↩

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

12 supersegments

Theorem 3.2 Let n = 9m where m is an odd integer. Let y = 1 + 3m or 1 + 6m,
and suppose that Un contains an element x such that ordn(x) = |Un|/6 and

Un = 〈x〉 × 〈y〉 × 〈−1〉 .

Suppose further that −2 ≡ xjy2 (mod n) and

x− y + 2 ≡ −xi (mod n)

for some values i and j from {2, 3, . . . , ordn(x)}. Then there is a Zn daisy chain with
(ψ, ω, π) = (|Un|/6, 3, 2) and parameters (u, v, w) = (x, y, −1).

Proof: The relationships ordn(y) = 3 and y + 1 ≡ 2y2 (mod n) are easily checked.
The proposed daisy chain is of the form

↪→ 1 −1 | y −y | −(y − 2) y − 2 ‖ x . . . ←↩

where the first element in each segment comes from 〈x〉 × 〈y〉. The difference in the
first segment is −2, which comes from 〈x〉 × 〈y〉, so the set of all the within-segment
differences is precisely the set 〈x〉 × 〈y〉. The difference at the second single fence is
+2, and that at the first single fence is y+1 ≡ 2y2, and these are respectively the sixth
and fourth elements of one of the supersegments. So we require the difference x−y+2
at the first double fence to equal the second element of one of the supersegments.
The result follows. �

Note 3.2: In the range n < 350, we can use Theorem 3.2 for n = 45, 63, 99, 117,
153, 171, 207, 225, 261, 279 and 333.

Example 3.2 n = 99 = 32 × 11. With y = 67, we can take x = 19, 28, 46 or 73 in
Theorem 3.2. Taking x = 19 gives the following Z99 daisy chain (see Table 3), where
the value x− y + 2 (mod n) is marked with a dagger:
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w v
↓ ↓

↪→ 1 98 | 67 32 | 34 65 ‖
u→19 80 | 85 14 | 52 47 ‖

64 35 | 31 68 | 97 2 ‖
28 71 | 94 5 | 61 38 ‖
37 62 | 4 95 | 70 29 ‖
10 89 | 76 23 | 43 56 ‖
91 8 | 58 41 | 25 74 ‖
46 53† | 13 86 | 79 20 ‖
82 17 | 49 50 | 16 83 ‖
73 26 | 40 59 | 7 92 ‖ ←↩

Theorem 3.3 Let n = 9m where m is an odd integer. Let y = 1 + 3m or 1 + 6m,
and suppose that ordn(−2) = |Un|/6 and

Un = 〈−2〉 × 〈y〉 × 〈−1〉 .

Then there is a Zn daisy chain with (ψ, ω, π) = (|Un|/6, 3, 2) and parameters (u, v, w)
= (−2, y, −1).

Proof: The proposed daisy chain is of the form

↪→ 1 −1 | y −y | −(y − 2) (y − 2) ‖
−2 2 | −2y 2y | 2(y − 2) −2(y − 2) ‖

4 −4 | 4y −4y | −4(y − 2) 4(y − 2) ‖
...

←↩ .

Clearly, the set of within-segment differences is precisely the set of first elements
within segments. As

(y + 1) + 2(y − 2) ≡ 3y − 3 ≡ 0 (mod n)

we have y + 1 ≡ −2(y − 2), so the difference at the first single fence equals the final
element of the second supersegment. The difference at the second single fence is
+2, which is the second element of the second supersegment. The difference at the
first double fence is −y, which is the fourth element of the first supersegment. The
required result follows. �

Note 3.3: In the range n < 350, we can use Theorem 3.3 for n = 63, 117 and 333
(see Table 3).

Example 3.3: n = 63 = 32 × 7. Taking y = 22 in Theorem 3.3 gives the following
Z63 daisy chain (see Table 3):
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w v
↓ ↓

↪→ 1 62 | 22 41 | 43 20 ‖
u→61 2 | 19 44 | 40 23 ‖

4 59 | 25 38 | 46 17 ‖
55 8 | 13 50 | 34 29 ‖
58 5 | 37 26 | 16 47 ‖
31 32 | 52 11 | 10 53 ‖ ←↩

Theorem 3.4 Let n be an odd composite integer. Suppose that Un contains an
element x such that

Un = 〈x〉 × 〈x+ 1〉 × 〈−1〉

and x(x+ 1) + 2 ≡ 0 (mod n). Then there are Zn daisy chains with
(i) (ψ, ω, π) = (ordn(x), ordn(x + 1), 2) and (u, v, w) = (x, x+ 1, −1),
and
(ii) (ψ, ω, π) = (ordn(x), 2, ordn(x + 1)) and (u, v, w) = (x−1, −1, (x + 1)−1).

Proof: The proposed daisy chain (i) is of the form

↪→ 1 −1 | (x + 1) −(x+ 1) | (x+ 1)2 −(x+ 1)2 |
. . . | (x+ 1)−1 −(x+ 1)−1 ‖

x −x | x(x + 1) −x(x + 1) | x(x + 1)2 −x(x+ 1)2 |
. . . | x(x + 1)−1 −x(x + 1)−1 ‖

x2 −x2 | x2(x + 1) −x2(x+ 1) | x2(x+ 1)2 −x2(x+ 1)2 |
. . . | x2(x+ 1)−1 −x2(x+ 1)−1 ‖

...
←↩

The difference in the first segment is −2, which is the first entry in the second
segment of the second supersegment. Thus the set of within-segment differences is
precisely the set of first entries from each segment. The difference at the first single
fence is x + 2 ≡ −x2 (mod n), which is the second entry in the first segment of the
third supersegment. Thus the set of differences at all the single fences is obtained by
taking the second entry from every segment except a segment immediately preceding
a double fence. Finally, the difference at the first double fence is

x+ (x+ 1)−1 = (x + 1)−1[x(x+ 1) + 1] ≡ −(x+ 1)−1 (mod n) ,

which is the final element of the first supersegment. The required result follows.

The proposed daisy chain (ii) is of the form
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↪→ 1 (x + 1)−1 (x + 1)−2 . . . (x+ 1) |
−1 −(x + 1)−1 −(x + 1)−2 . . . −(x+ 1) ‖
x−1 x−1(x + 1)−1 x−1(x+ 1)−2 . . . x−1(x+ 1) |
−x−1 −x−1(x + 1)−1 −x−1(x+ 1)−2 . . . −x−1(x+ 1) ‖

...

x2 x2(x + 1)−1 x2(x+ 1)−2 . . . x2(x+ 1) |
−x2 −x2(x + 1)−1 −x2(x+ 1)−2 . . . −x2(x+ 1) ‖
x x(x + 1)−1 x(x + 1)−2 . . . x(x + 1) |
−x −x(x + 1)−1 −x(x + 1)−2 . . . −x(x + 1) ‖ ←↩ .

The differences within the first segment are the entries, except the first, in the final
segment. The differences at the single fences are the first entries of the first segments
in the supersegments. The differences at the double fences are the first entries of the
second segments in the supersegments. The required result follows. �

Note 3.4: Theorem 3.4 can be used for n = 259 (see Table 3).

We now come to an important analogue of Theorem 2.3.

Theorem 3.5 Let n be an odd composite integer such that Un contains an element
x with

Un = 〈x〉 × 〈y〉 × 〈−1〉
where y ≡ −(x + 1) (mod n). Suppose that −2 ∈ 〈x〉 × 〈y〉. Then (as in Theorem
2.3) there is a Zn daisy chain (i) with

(ψ, ω, π) = (ordn(x), ordn(y), 2), (u, v, w) = (x, y−1,−1) ;

likewise there is a Zn daisy chain (ii) with

(ψ, ω, π) = (ordn(y), ordn(x), 2), (u, v, w) = (y, x−1,−1) .

In each case we have (u+ 1)vw ≡ 1 (mod n).

Proof: As for Theorem 2.3. �

Note 3.5: Table 3 includes cases from Theorem 3.5. Often, but not always, such
cases have uv−1w ≡ 2 and therefore u+ 2v ≡ 0 (mod n).

Example 3.5: n = 63. With x = 43 and (u, v, w) = (x, y−1, −1) = (43, 10, 62),
Theorem 3.5 gives the following Z63 daisy chain:

w v x+1
↓ ↓ ↓

↪→ 1 62 | 10 53 | 37 26 | 55 8 | 46 17 | 19 44 ‖
u→ 43 20 | 52 11 | 16 47 | 34 29 | 25 38 | 61 2 ‖

22 41 | 31 32 | 58 5 | 13 50 | 4 59 | 40 23 ‖←↩
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4 More results for composite n

As indicated by the Notes to Table 3, many of its Zn daisy chains have simple rela-
tionships between their parameters u, v and w. Further theorems could be provided
to account for the appearance of some of these relationships, but we judge these
theorems to be of little interest and to be too numerous to justify their inclusion.

Of more interest is a type of relationship that can exist between the parameters
for a Zn daisy chain for which n is of the form piq (p prime, i > 1) and those for a Zn

daisy chain for n = pi−1q. Thus, for example, we can take (u, v, w) = (106, 82, −1)
for n = 135 = 33 × 5, and (u, v, w) = (16, 37, −1) for n = 45 = 32 × 5 (see Table 3);
here the second set of parameters is obtained by reducing the first set modulo 45.
Likewise we can take (u, v, w) = (109, 55, 95) for n = 189 = 33 × 7, and (u, v, w, ) =
(46, 55, 32) for n = 63 = 32 × 7 (again see Table 3). However, a set of parameters
(u, v, w) for piq, when reduced modulo pi−1q, does not in general give a valid set of
parameters (u, v, w) for pi−1q.

Note 4.1: The Notes to Table 3 also draw attention to special situations that can
arise when ψ and ω are both multiples of 3 and π = 2. We can then sometimes have
(a) uψ/3 + v + 1 ≡ 0 (mod n)
or
(b) u2ψ/3 + v + 1 ≡ 0 (mod n)
in conjunction with uv ≡ −2 and w ≡ −1 (mod n). At least one of these situations
arises for each of n = 63, 117, 133, 247, 273 and 333.

5 More than 3 generators

Using obvious definitions, we can extend the concept of daisy chains with three
generators to that of daisy chains with n generators where n is an arbitrary positive
integer. Computer search has shown that such daisy chains with four generators are
not rare. They provide a story for another day.
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TABLE 3

Parameters for daisy chains with 3 generators
n composite (n < 140)

† marks a composite n that has 3 distinct prime factors
∗ marks a value that generates −1 (mod n)

n ξ(n) Nn ψ ω π Notes Theorem u v w

45 2 4

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

4

3

3

4

2

2

{
a, j

c{
a, j

b,m

3.2, 3.5

−
3.5

−

28

28

16

31

31

16

37

37

−1

−1

−1

−1

55 2 4

{
5

4

4

5

2

2

a, j

a, j

3.5

3.5

31

23

12

16

−1

−1

63 6 16

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

6

3

3

3

6

2

2

2

6

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a, j

c

t

−⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a, j

b,m

r

−
j, s

3.2, 3.5

−
3.3

Note 4.1(a)

3.5

−
−

Note 4.1(a)

Note 1.1

19

19

−2

10

43

22

22

43

46

22

43

22

25

10

10

−2

19

55

−1

−1

−1

−1

−1

−1

−1

−1

32

65 4 2 4 3 4

{
n

j, r

−
−

31

31

16

16

47∗

8∗

75 2 5

⎧⎪⎨
⎪⎩ 5

4

4

5

2

2

{
b, j

a

c, j

3.5

−
3.5

31

61

43

7

7

46

−1

−1

−1

continued. . .

Notes (all the congruences being interpreted modulo n):
a u+ 2v ≡ 0 j (u+ 1)vw ≡ 1 m (u2 + 1)vw ≡ 1 q vw ≡ 2u
b u2 ≡ 2vw k u(v + 1)w ≡ 1 n uv(w − 1) ≡ 1 r v ≡ 2w
c u+ 2v2 ≡ 0 o u ≡ 2v s 2w ≡ 1
d v ≡ u+ 1 p uw ≡ 2v t u ≡ −2
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TABLE 3 (page 2)

n ξ(n) Nn ψ ω π Notes Theorem u v w

77 2 4

{
6

5

5

6

2

2

a, j

a, j

3.5

3.5

12

64

71

45

−1

−1

87 2 3

{
7

4

4

7

2

2

b, j

c, j

3.5

3.5

16

70

46

49

−1

−1

91 6 27

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

12

12

6

4

4

3

3

3

2

4

6

3

4

2

2

3

3

3

6

6

12

−{
j

−
n, r

n

n

n

j, s

3.1

−
−
−
−
−
−

Note 1.1

19

60

19

40

57

57

79

53

16

27

−1

57

40

79

57

27

−1

81

16

74

74

61

61

46

93 2 5

⎧⎪⎨
⎪⎩

10

6

5

3

5

6

2

2

2

t

j

j

3.1

3.5

3.5

−2

88

4

25

70

37

−1

−1

−1

95 2 4

{
9

4

4

9

2

2

a, j

a, j

3.5

3.5

36

58

77

66

−1

−1

99 2 8

{
10

3
.

3

10

2

2

b

c

3.2

−
19

34

67

73

−1

−1

105† 4 4

{
6

4

4

6

2

2

a, j

a, j

3.5

3.5

61

43

22

31

−1

−1

115 2 8

{
11

4

4

11

2

2

o

o

−
−

71

47

93

81

−1

−1

continued. . .
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TABLE 3 (page 3)

n ξ(n) Nn ψ ω π Notes Theorem u v w

117 6 46

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

12

4

3

3

3

3

12

4

2

6

2

6

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a, j

c

t

−{
n

j⎧⎪⎪⎪⎨
⎪⎪⎪⎩
a, j

b,m

r

−{
n, r

k

3.2, 3.5

−
3.3

Note 4.1(b)

−
−
3.5

−
−

Note 4.1(a)

−
−

37

37

−2

46

109

73

79

40

40

79

79

79

40

79

40

61

79

79

19

19

−2

37

109

73

−1

−1

−1

−1

113

29

−1

−1

−1

−1

113

29

123 2 3

⎧⎪⎨
⎪⎩

8

5

5

8

2

2

{
j

b

j

3.5

−
3.5

85

85

37

10

16

55

−1

−1

−1

129 2 4

⎧⎪⎨
⎪⎩

14

7

6

3

6

7

2

2

2

−
j

j

3.1

3.5

3.5

94

121

7

79

37

16

−1

−1

−1

133 6 33

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

18

18

9

9

6

3

3

2

6

2

9

2

2

3

2

6

2

18

−
−{
a, j

−⎧⎪⎨
⎪⎩
j

−
−{
a, j

−
j, s

−
−
3.5

Note 4.1(b)

−
Note 1.1

Note 1.1

3.5

Note 4.1(a)

Note 1.1

5

109

36

43

25

36

99

96

115

39

30

−1

115

68

−1

113

113

85

74

20

−1

102

−1

−1

46

31∗

45

−1

−1

67

135 2 12

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

9

4

4

9

2

2

{
a, j

b,m{
a, j

c

3.5

−
3.5

−

106

76

28

28

82

82

121

16

−1

−1

−1

−1
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