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Abstract
A cube decomposition Q of a graph G is said to be 2-perfect if for every
edge {x, y} ∈ E(G), x and y are connected by a path of length 1 in exactly
one cube of Q, and are also connected by a path of length 2 in exactly
one (distinct) cube of Q. For both Kv and Kv − F , we give constructions
for half of the cases which satisfy the obvious necessary conditions, with
a small number of exceptions. We also show that there does not exist a
2-perfect Q-decomposition of K16 and conjecture that the same is true
for K25 .

1

Introduction

Let G and H1 , H2 , . . . , Hn be graphs. The set H = {H1 , H2 , . . . , Hn } is a decomposition of G if E(H1 ), E(H2 ), . . . , E(Hn ) partitions E(G). If Hi is isomorphic to
H, for 1 ≤ i ≤ n, then H is said to be an H-decomposition of G. Furthermore, an
H-decomposition H is said to be 2-perfect if for every {x, y} ∈ E(G), x and y are
connected by a path of length 1 in exactly one copy of H ∈ H, and are also connected
by a path of length 2 in exactly one (distinct) copy of H ∈ H.
Most commonly G = Kv , the complete graph on v vertices, or Kv − F , the complete
graph on v vertices with the edges of a 1-factor removed.
An H-decomposition of Kv is said to be an H-design. For k < v, a Kk -design is
said to be resolvable if we can partition the copies of Kk in the decomposition into
parallel classes such that each class contains each vertex of Kv exactly once.
The problem of determining all values of v for which there exists an H-decomposition
of Kv is called the spectrum problem for H. The spectrum problem for 2-perfect mcycle decompositions has been considered by several authors: for example, see [1],
[2], [10], [11], [12], [16].
An n-cube, denoted Qn , is deﬁned to be K2 if n = 1 and, for n ≥ 2, Qn = Qn−1 × K2 .
Consequently, a 2-cube is simply a 4-cycle and a 3-cube is a 3-dimensional cube.
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In 1979 in [8], Kotzig asked: “For which n and v does there exist an n-cube decomposition of Kv ?” This remains an open problem today.
An n-cube decomposition of Kv is possible only if the number of edges in Kv is
divisible by n2n−1 , the number of edges in an n-cube. Furthermore, since an n-cube
is n-regular, the decomposition is possible only if the degree of a vertex in Kv is
divisible by n; that is n | v − 1.
Kotzig proves Theorems 1.1 and 1.2 in [9], thus establishing some necessary conditions for existence of an n-cube decomposition of Kv .
Theorem 1.1 Let n be even. If Kv can be decomposed into n-cubes, then v ≡
1 (mod n2n ).
Theorem 1.2 Let n be odd. If Kv can be decomposed into n-cubes, then one of the
two following conditions holds:
1. v ≡ 1 (mod n2n ); or
2. v ≡ 0 (mod 2n ) and v ≡ 1 (mod n).
In the same paper Kotzig proves that the conditions of Theorem 1.1 and Part 1
of Theorem 1.2 are also suﬃcient. Maheo was the ﬁrst to prove, in [15], that the
necessary conditions of Theorem 1.2 are also suﬃcient when n = 3. The spectrum
problem for 5-cube decompositions of Kv has been completed settled by Bryant et
al.; see [4].
The obvious necessary conditions for existence of a Q3 -decomposition of Kv − F have
also been shown to be suﬃcient; see [18]. Thus we have the following theorem.
Theorem 1.3 There exists a Q3 -decomposition of Kv or Kv − F if, and only if,
v ≡ 1, 16 (mod 24) or v ≡ 2 (mod 6), respectively.
If we let the vertex set of Kv be denoted {u1 , u2 , . . . , uv }, then we can represent this
graph by (u1 , u2 , . . . , uv ), or by any permutation of this. We let the 3-cube with vertex
set {a, b, c, d, e, f, g, h} and edge set {{a, b}, {b, c}, {c, d}, {d, a}, {e, f }, {f, g}, {g, h},
{h, e}, {a, e}, {b, f }, {c, g}, {d, h}} be denoted [a, b, c, d | e, f, g, h]; see Figure 1.
a

d

b
e

f

h

g

c

Figure 1. The 3-cube denoted by [a, b, c, d | e, f, g, h].
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We deﬁne the distance between two vertices in a connected graph to be the length
of the shortest path which connects them. For example, the distances between a
and b, a and c, and a and g in the cube [a, b, c, d | e, f, g, h] are one, two and three
respectively. If the distance between two vertices x and y is k, then x and y are said
to be separated by distance k.
Given a cube A = [a, b, c, d | e, f, g, h], we can form two copies of K4 , namely
(a, c, f, h) and (b, d, e, g), by connecting all vertices that are separated by distance
two. Let A(2) = {(a, c, f, h) , (b, d, e, g)}. We refer to A(2) as the distance 2 graph
of A.

Let Q be a Q3 -decomposition of a graph G. Let Q(2) = A∈Q A(2). Then Q is
2-perfect if Q(2) forms a K4 -decomposition of G.
Results on K4 -decompositions of Kv and Kv − F can be found in [7] and [3] respectively.
Theorem 1.4 There exists a K4 -decomposition of Kv or Kv − F if, and only if,
v ≡ 1, 4 (mod 12) or v ≡ 2 (mod 6), v = 8, respectively.
For the remainder of the paper we denote a 3-cube by simply Q.
We investigate the problem of determining for which v there exists a 2-perfect Qdecomposition of Kv or Kv − F . For such decompositions to exist the conditions of
Theorems 1.3 and 1.4 must be satisﬁed. That is, the obvious necessary conditions
for existence of a 2-perfect Q-decomposition of Kv or Kv − F are v ≡ 1, 16 (mod 24)
or v ≡ 2 (mod 6), v = 8, respectively.
We obtain partial results for this problem, most notably:
• For all v ≡ 2 (mod 12) there exists a 2-perfect Q-decomposition of Kv − F ;
• There does not exist a 2-perfect Q-decomposition of K16 ; and
• If v ≡ 1 (mod 24), v ∈ {25, 96, 120, 144, 168, 216}, then there exists a 2-perfect
Q-decomposition of Kv .
For convenience we now introduce some more notation and terminology to be used
throughout this paper.
We denote by K(np11 , np22 , . . . , npxx ) the complete multipartite graph with pi partite
sets of size ni , for 1 ≤ i ≤ x. The complete equipartite graph with p partite sets
each containing n vertices is denoted K(np ).
We denote by G−H the graph with V (G−H) = V (G) and E(G−H) = E(G)\E(H).
A nested K3 is an ordered pair of graphs (H1 , H2 ), such that H1 and H2 are copies
of K3 and K4 respectively, and H1 is a subgraph of H2 . A nested K3 -decomposition
of a graph G is a set H of nested K3 s such that {H1 | (H1 , H2 ) ∈ H} is a K3 decomposition of G, and {H2 − H1 | (H1 , H2 ) ∈ H} is a (K4 − K3 )-decomposition
of G.
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If no confusion is likely to arise, then we will use uv to denote the edge {u, v}.
In Section 2 we consider cases which depend upon the existence of nested K3 decompositions; this section includes some results on decompositions of Kv − F
and multipartite graphs. In Section 3 we consider decompositions of Kv . This
includes the non-existence proof for K16 , and a method for constructing 2-perfect
Q-decompositions for almost all v ≡ 1 (mod 24).

2

Results which use nested K3-decompositions

Theorem 2.1 If there exists a nested K3 -decomposition of K(np11 , np22 , . . . , npxx ), then
there exists a 2-perfect Q-decomposition of K(2np11 , 2np22 , . . . , 2npxx ).
Proof. Let E = E(K(np11 , np22 , . . . , npxx )). Let H be a nested K3 -decomposition of
K(np11 , np22 , . . . , npxx ).
Let Bi = ((a, b, c), (a, b, c, d)) ∈ H be the ith nested K3 from the decomposition of
K(np11 , np22 , . . . , npxx ). Let E1i = {ab, ac, bc} and E2i = {ad, bd, cd}. By deﬁnition of a
nested K3 -decomposition, we have

Eji = E, for j ∈ {1, 2}.
i

Given Bi , let Ai = [a1 , b2 , c1 , d1 | c2 , d2 , a2 , b1 ]. Let D1i be the edge set of Ai , and let
D2i be the edge set of the distance 2 graph of Ai . Then
D1i = E(Ai ) = {a1 b2 , a2 b1 , a1 c2 , a2 c1 , b1 c2 , b2 c1 , a1 d1 , b1 d1 , c1 d1 , a2 d2 , b2 d2 , c2 d2 },

and
D2i = E(Ai (2)) = {a1 b1 , a1 c1 , b1 c1 , a2 b2 , a2 c2 , b2 c2 , a1 d2 , b1 d2 , c1 d2 , a2 d1 , b2 d1 , c2 d1 }.

We can rewrite these sets as follows:
D1i = {u1 v2 , u2 v1 | uv ∈ E1i } ∪ {u1 v1 , u2 v2 | uv ∈ E2i }, and
D2i = {u1 v1 , u2 v2 | uv ∈ E1i } ∪ {u1 v2 , u2 v1 | uv ∈ E2i }.
Note that Dji1 ∩ Dji2 = ∅, for all i1 = i2 , where j = 1, 2. Hence
∪i D1i =
=
i
∪i D2 =
=

{u1 v2 ,
{u1 v1 ,
{u1 v1 ,
{u1 v1 ,

u2 v1 | uv ∈ ∪i E1i } ∪ {u1 v1 , u2 v2 | uv ∈ ∪i E2i },
u1 v2 , u2 v1 , u2 v2 | uv ∈ E}, and
u2 v2 | uv ∈ ∪i E1i } ∪ {u1 v2 , u2 v1 | uv ∈ ∪i E2i }
u1 v2 , u2 v1 , u2 v2 | uv ∈ E}.

Since E is the edge set of K(np11 , np22 , . . . , npxx ), then {u1 v1 , u1 v2 , u2 v1 , u2 v2 | uv ∈ E}
is the edge set of K(2np11 , 2np22 , . . . , 2npxx ).

Hence {Ai} and {Ai (2)} are Q- and K4 -decompositions of K(2np11 , 2np22 , . . . , 2npxx ), respectively. Thus Q = {Ai } is a 2-perfect Q-decomposition of K(2np11 , 2np22 , . . . , 2npxx ).
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Corollary 2.2 If there exists a nested K3 -decomposition of Kv , then there exists a
2-perfect Q-decomposition of K2v − F .
Theorem 2.3 [5, 13, 17] There exists a nested K3 -decomposition of Kv for all v ≡
1 (mod 6), v ≥ 7.
Theorem 2.4 There exists a 2-perfect Q-decomposition of Kv − F for all v ≡
2 (mod 12), v ≥ 14.
Proof.

3

The result follows from Corollary 2.2 and Theorem 2.3.

Decompositions of Kv

We begin by proving that there does not exist a 2-perfect Q-decomposition of K16 .
We then give further results on decompositions of multipartite graphs which we
combine with decompositions of K49 and K73 to construct an inﬁnite family of 2perfect Q-decompositions.
3.1

v = 16

It is possible to decompose K16 into copies of K4 or Q. However, despite all obvious
necessary conditions being satisﬁed, there does not exist a 2-perfect Q-decomposition
of K16 .
Lemma 3.1 Every K4 -decomposition of K16 is resolvable, and two copies of K4 are
vertex disjoint if, and only if, they are in the same parallel class.
Proof. This follows from the fact that a K4 -decomposition of K16 is an aﬃne plane
of order four.
Lemma 3.2 There exist no 2-perfect Q-decompositions of K16 .
Proof. Let V = {ab | a, b ∈ {1, 2, 3, 4}}, and suppose that there exists a 2-perfect
Q-decomposition of K16 on the vertex set V , given by Q = {A1, A2 , . . . , A10 }. We
now seek a contradiction.
Note that each cube contains twelve pairs of vertices separated by distance 1, twelve
pairs of vertices separated by distance 2, and four pairs of vertices separated by
distance 3.
Let X be the set of triples {{x, y}, A, B}, where x, y ∈ V , A, B ∈ Q, and x and
y are separated by distance k in A, and by distance l in B, where k, l ∈ {1, 3}.
Our argument is based on the size of X and the maximum number of triples in X
containing a given pair {x, y}.
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We begin by considering Q(2) = A1 (2) ∪ A2 (2) ∪ . . . ∪ A10 (2), the K4 -decomposition
of K16 on V , formed by the distance 2 graphs of the cubes in Q.
By Lemma 3.1, we can assume without loss of generality that {(11 , 21 , 31 , 41 ), (12 , 22 ,
32 , 42 ), (13 , 23 , 33 , 43 ), (14 , 24 , 34 , 44 )} forms a parallel class, with A1 (2) = {(11 , 21 , 31 ,
41 ), (12 , 22 , 32 , 42 )} and A2 (2) = {(13 , 23 , 33 , 43 ), (14 , 24 , 34 , 44 )}.
In general, we see that A1 , A2 , . . . , A10 occur in vertex-disjoint pairs (parallel classes).
A corollary is that a given pair of vertices, x and y say, may be separated by distance
1, 2 or 3 in at most ﬁve distinct cubes of Q.
Since the other copies of K4 must intersect each of the K4 s in A1 (2) ∪ A2 (2), we can
assume without loss of generality that A3 (2) = {(11 , 12 , 13 , 14 ), (21 , 22 , 23 , 24 )}.
Thus we have {{11 , 22 }, A1 , A3 }, {{12 , 21 }, A1 , A3 } ∈ X. In fact for each Ax, where
3 ≤ x ≤ 10, we have exactly two triples in X containing A1 and Ax . Thus there are
sixteen triples in X which contain A1 . The same is true for every other cube in Q,
so accounting for repetition we have |X| = 80.
A pair of distinct vertices x and y must be separated by distance 2 in exactly one cube,
meaning that they are separated by distance 1 or 3 in m cubes, where 1 ≤ m ≤ 4.
Now x and y must be separated by distance 1 in exactly one of these cubes, and so
must be separated by distance 3 in m − 1 diﬀerent cubes.
 
The pair {x, y} will occur in m2 triples in X. That is, if m = 1, 2, 3 or 4 respectively,
then x and y will be separated by distance 3 in 0, 1, 2 or 3 diﬀerent cubes respectively,
and will occur respectively in 0, 1, 3 or 6 triples of X. But there are only four pairs
of vertices separated by distance 3 in each of the ten cubes; since 3  40, this is
insuﬃcient to give the 80 triples in X (a contradiction).
3.2

v ≡ 1 (mod 24)

We take this opportunity to present some results on 2-perfect Q-decompositions of
equipartite graphs which can be obtained directly from nested K3 -decompositions.
Of particular importance is the existence result for K(84 ) since it allows us to construct decompositions of K(48p ) and K(721 , 48p ), where p ≥ 4. (As an aside, there
do not exist any 2-perfect Q-decompositions of multipartite graphs with two or three
partite sets, and if the graph has four partite sets, then it is a necessary condition
that the partite sets have the same size.)
Theorem 3.3 [14] There exists a nested K3 -decomposition of K(np ) for each combination of n and p given in Table 1.
Lemma 3.4 There exists a 2-perfect Q-decomposition of K(2np ) for each combination of n and p given in Table 1.
Proof.

This follows from Theorems 2.1 and 3.3.

Corollary 3.5 There exists a 2-perfect Q-decomposition of K(84 ).
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n ≡ 0 (mod 2)
n ≡ 0 (mod 4)
n ≡ 0 (mod 6)
n ≡ 0 (mod 24)
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p
p ≡ 1, 4 (mod 12), p ≥ 4
7
p ≡ 0, 1 (mod 4), p ≥ 5
p ≡ 0, 1 (mod 5), p ≥ 5

Table 1: Values of n and p for which there exists a nested K3 -decomposition of
K(np ).

The next result permits the construction of many other 2-perfect Q-decompositions.
Lemma 3.6 If there exists a 2-perfect Q-decomposition of K(ab ) and a Kb -decomposition of K(np11 , np22 , . . . , npxx ), then there exists a 2-perfect Q-decomposition of
K(anp11 , anp22 , . . . , anpxx ).
Proof. Let G = K(np11 , np22 , . . . , npxx ). Assume that there exists a Kb -decomposition
of G. Replace each vertex of G by a new vertices to obtain a K(ab )-decomposition
of K(anp11 , anp22 , . . . , anpxx ). The result follows by our second assumption.
Theorem 3.7 [3] There exists a K4 -decomposition of K(np ) if, and only if, n(p −
1) ≡ 0 (mod 3), n2 p(p − 1) ≡ 0 (mod 12), p ≥ 4 or p = 1, excluding the cases where
(p, n) ∈ {(4, 2), (4, 6)}.
Corollary 3.8 Let p ≥ 4. Then there exists a 2-perfect Q-decomposition of K(48p ).
Proof. If p = 4, then the result follows from Lemma 3.4. If p ≥ 5, then by Theorem
3.7 there exists a K4 -decomposition of K(6p ). The result then follows by Corollary
3.5 and Lemma 3.6.
Theorem 3.9 [6] There exists a K4 -decomposition of K(6p , n1 ) for all p ≥ 4 and n ≡
0 (mod 3) such that 0 ≤ n ≤ 3p − 3, excluding the case where (p, n) = (4, 0), and possibly excluding the cases where (p, n) ∈ {(7, 15), (11, 21), (11, 24), (11, 24), (11, 27),
(13, 27), (13, 33), (17, 39), (17, 42), (19, 45), (19, 48), (19, 51), (23, 60), (23, 63)}.
Corollary 3.10 For p ≥ 4 there exists a 2-perfect Q-decomposition of K(721 , 48p ).
Proof. Let p ≥ 4. By Theorem 3.9 there exists a K4 -decomposition of K(91 , 6p ).
The result then follows by Corollary 3.5 and Lemma 3.6.
We now give some existence results for 2-perfect Q-decompositions of Kv for relatively
small values of v. In each case the decomposition is cyclic; the decomposition of K49
uses two starter cubes and the decomposition of K73 uses three starter cubes. It
should be noted that while there exists a Q-decomposition of K25 , an exhaustive
computational search did not ﬁnd a cyclic 2-perfect Q-decomposition using a single
starter cube (developed modulo 25).
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Lemma 3.11 There exists a 2-perfect Q-decomposition of K49 .
Proof. Let the vertex set of K49 be Z49 . A suitable decomposition is given by
developing the following two starter cubes modulo 49:
[0, 1, 3, 35 | 37, 44, 28, 24] ,

[0, 3, 11, 29 | 15, 43, 33, 10] .

Lemma 3.12 There exists a 2-perfect Q-decomposition of K73 .
Proof. Let the vertex set of K73 be Z73 . A suitable decomposition is given by
developing the following three starter cubes modulo 73:
[0, 1, 3, 6 | 5, 28, 63, 46] ,

[0, 4, 19, 53 | 21, 52, 30, 39] ,

[0, 7, 31, 19 | 29, 37, 21, 66] .

Combining the results of this section, we obtain the following theorem.
Theorem 3.13 If v ≡ 1 (mod 24), v ∈ {25, 96, 120, 144, 168, 216}, then there exists
a 2-perfect Q-decomposition of Kv .
Proof. When v = 1 the result is trivial, and the required decompositions of K49
and K73 are given in Lemmas 3.11 and 3.12, respectively.
For larger values of v we take a 2-perfect Q-decomposition of either K(48p ) (Corollary
3.8) or K(721 , 48p ) (Corollary 3.10), where p ≥ 4. We then add a new vertex, ∞, and
place a 2-perfect Q-decomposition of either K49 or K73 on each partite set together
with the vertex ∞.

4

Concluding remarks

For both Kv and Kv −F , we have given constructions for half of the cases which satisfy
the obvious necessary conditions, with a small number of exceptions. We have shown
that there does not exist a 2-perfect Q-decomposition of K16 and conjecture that the
same is true for K25 . We have also given results which allow for the construction of
2-perfect Q-decompositions of many complete multipartite graphs, which could be
used with small existence results to develop constructions for the remaining Kv and
Kv − F cases.
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