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Abstract

Let H be a graph on n vertices and G a collection of n subgraphs of
H, one for each vertex. Then G is an orthogonal double cover (ODC)
of H if every edge of H occurs in exactly two members of G and any
two members of G share exactly an edge whenever the corresponding
vertices are adjacent in H. If all subgraphs in G are isomorphic to a
given spanning subgraph G, then G is said to be an ODC of H by G.
We construct ODCs of H = K,,,, by G = C,,, U’ S,,_,, (union of a
cycle Cy, and a star S,_,, whose center vertex v belongs to that cycle
and m = 6,8,10,12 and m < n). Furthermore, we construct ODCs of
H =K, , by G=C,US,_, (disjoint union of a cycle and a star) where
m = 4,8 and m < n. In all cases, G is a symmetric starter of the cyclic
group of order n. In addition, we introduce a generalization of this result.

1 Introduction

Let H be a graph with n vertices and let G = {Gy,...,G,_1} be a collection of
n spanning subgraphs of H (called pages). G is called an orthogonal double cover
(ODC) of H if there exists a bijection ¢ : V(H) — G such that:
(i)  every edge of H is contained in exactly two of the graphs Gy, ..., G,_1.
(ii)  for every choice of different vertices a,b of H
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If all pages in G are isomorphic to a given graph G, then G is said to be an ODC of
H by G. Note that in this case H is necessarily a regular graph of degree |E(G)].
Moreover, if H is not complete, G must be disconnected. This concept was originally
defined for the case where H is a complete graph. We refer the reader to the survey
[4] for more details.

While in principle any regular graph H is worth considering (e.g., the remarkable
case of hypercubes has been investigated in [5]), the choice of H = K, is quite
natural, also in view of a technical motivation: ODCs in such graphs are of help in
order to obtain ODCs of K, (see [2], p. 48).

An algebraic construction of ODCs via “symmetric starters” (see Section 2) has
been exploited to get a complete classification of ODCs of K,,,, by G for n < 9: a
few exceptions apart, all graphs G are found this way (see [2], Table 1). This method
has been applied in [2] to detect some infinite classes of graphs G for which there is
an ODC of K,,,, by G.

Much of the research on this subject focused with the detection of ODCs with
pages isomorphic to a given graph G. So in [1] the graph considered was G =
(Cpo U” Sp_) U nkKy, where U” denotes the union of a cycle of length m and an
(n — m)-star, whose center v lies in C,,, together with n isolated vertices (nK), as
shown in Figure 1. For m = 4 and m < n it was established in [1] that there is a
symmetric starter of an ODC of K,,,, by G as described above.

The following result shows that this is true for some more small values of m.
Namely, we shall prove the following.

Theorem 1.1 Let n and m be integers such that 6 < m < 12, m < n. Then there
is a symmetric starter of an ODC of Kpn by G = (Cp U’ Sp_p) UnK;.

Figure 1: The graph Cy UY Sy U 3Kj.

Furthermore, we will construct symmetric starters of an ODC of K,,, by G =
Cin U Sp_m U (n — 1)K; (the disjoint union of a cycle and a star and n — 1 isolated
vertices) where m = 4,8 and m < n. Namely, we shall prove the following.

Theorem 1.2 Let n and m be integers such that m = 4,8 and m < n. Then there
is a symmetric starter of an ODC of K, by G = C,, US,_,, U (n — 1)K,
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In addition, we will construct a symmetric starter of an ODC of K,,,, by G =
CeUKyUS,_7U (n—2)K; (see Proposition 4.3).

Preliminaries will be exposed in Section 2. The case where the center of the star
lies in the cycle will be discussed in Section 3, leading to the proof of Theorem 1.1.
Likewise, the case where the cycle and the star are disjoint will be considered in
Section 4, where Theorem 1.2 will be proved.

2 Symmetric starters

All graphs here are finite, simple and undirected. Let I' = {7¢,...,7,_1} be an
(additive) abelian group of order m. The vertices of K, will be labeled by the
elements of I' x Z,. Namely, for (v,i) € I'x Zy we will write v; for the corresponding
vertex and define {w;,u;} € E(K,,) if and only if i # j, for all w,u € T and
i, € Zo.

Let G be a spanning subgraph of K,,,, and let @ € I'. Then the graph G with
E(G+a) ={(u+a,v+a): (u,v) € E(G)} is called the a-translate of G. The length
of an edge e = (u,v) € E(G) is defined by d(e) = v — u. As an example, Figure 2
shows the edges of Gy, labeled by their lengths.

G is called a half starter with respect to I' if |E(G)| = n and the lengths of all
edges in G are different, i.e. {d(e) : e € E(G)} =T'. The following three results were
established in [2].

Figure 2: ODCs of K33 by G = P, with I' = Zs.

Theorem 2.1 If G is a half starter, then the union of all translates of G forms an
edge decomposition of K, ,, i.e. U o E(G+a)=E(K,,).
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Here, the half starter will be represented by v(G) = (v,,,...,vy,_, ), where v, € T
and (v,,)o is the unique vertex ((v,,,0) € T' x {0}) that belongs to the unique edge
of length ~,. For example, in Figure 2 the graph Gy, is a half starter with respect to
Zs represented by (0,1,1) (e.g. {1o, 21} is the unique edge of length 1, thus v, = 1).

Two half starter vectors v(Gp) and v(G1) are said to be orthogonal if {v.,(Go) —
vy (Gy) iy el} =T

Theorem 2.2 If two half starters v(Go) andv(G4) are orthogonal, then G = {G,,; :
(a,7) € T X Zo} with Go; = G; + a is an ODC of K, .

To each of the two edge decompositions we may associate bijectively an n x n-
square with entries belonging to I' by L; = L;(k,1) i = 0,1; k,l € T with L;(k,]) =m
if and only if the edge {ko, [} € E(G,,;). For the squares, the orthogonality condition
reads as [{(Lo(k,1), L1(k,1)) : k,l € T} = n?. For more details see [2, 3, 4].

The subgraph G; of K,,,, with E(Gs) = {{uo,v1} : {vo,u1} € E(G)} is called the
symmetric graph of G. Note that if G is a half starter, then G, is also a half starter.

A half starter G is called a symmetric starter with respect to I' if v(G) and
v(G5) are orthogonal.

Theorem 2.3 Let n be a positive integer and let G be a half starter represented by
V(G) = (Vyy, .-, 0y,_,). Then G is a symmetric starter if and only if {v, —v_, +:
vyel}=T.

3 ODCs of K,,,, by G = (Cy, U" Sp—n) Unk;

In view of Section 2, all we need is to find suitable symmetric starters for all the
concerned parameters n and m. Each of the following lemmas provides a construction
for a value of m.

g 50 (n-4.')0 (n'%)o (n-2)0 (:1)0

]
51 (n'4)1(n'3)1(n'2)1 (n-l)l

Figure 3: A symmetric starter of an ODC of K,,, by G = (Cs U% S, ) UnK;.

Lemma 3.1 For each integer n > 7, there is a symmetric starter of an ODC of
Kn,n by G= (Cﬁ UOO Snfg) U TLKI‘
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Proof. Define the vector v(G) as follows:

1 i1=2, n—2, or
v (G)=4¢ n—2 i=1,n—-1, or
0 otherwise.

Clearly, v;(G) = v_;(G), hence {v;(G) —v_i(G) +i:i € Z,} = Z,. The claim
now follows from Theorem 2.3.
Note that the i-th graph isomorphic to G = (Cs U% S, _4) UnK; has the edges:

{e+1)g, (G+5n}:5=3 n-1}U
{i+n=2), (i+)}:j=n—-3 n-1}U
{{i07 (Z_'_J)l}.]:()v 37 47 ---,TL—3}7

as shown in Figure 3. m

Lemma 3.2 For each integer n > 9, there is a symmetric starter of an ODC of
Kn,n by G = (Cg U21 Sn,g) U TLKI‘

O 102g 34 5 6 708 (n-3)0(n-2)0(2-1)0

[ ) ([
8, (13, (12, (n),

Figure 4: A symmetric starter of an ODC of K,,,, by G = (Cs Ut S, ) Unk;.

Proof. Define the vector v(G) as follows:

6 1 =0, n—4, or
5 i1=1, n—1, or
v(G) =< 0 i=2, n—2, or
1 i=3,n—3, or
n—i+2 otherwise.
So we get
i t=0,1,2,3n-4,n-3 n—-2 n—-1, or

0(G) = v_i(G) +i = {

—1 otherwise.

The above implies {v;(G) —v_;(G) + i : i € Zy} = Zy, so the claim follows from
Theorem 2.3.
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Note that the i-th graph isomorphic to G = (Cg U* S,,_g) UnK; has the edges:
{{(Z+])07 (Z+2)1} :j:07 67 77 sy TL*Q}U
H@+9)g, (i+4),}:j=15}U
HG+4), ((+6)}:7=5, 6tU{{(i+J)y, (i+n—2)}:5=0, 1}

as shown in Figure 4. =

Figure 5: A symmetric starter of an ODC of Ky; 13 by G = (Cyo U™ Sp) U 11K].

O 1,2, 3, 4 5, 6 75 8 %)1'001.10 12,13, (12 (0,

Figure 6: A symmetric starter of an ODC of K,,,, by G = (Cyy U5 S, _19) UnKj,
n > 12.

Lemma 3.3 For each integer n > 11, there is a symmetric starter of an ODC of
Kn,n by G = (Clo UGI Sn—lO) @] TLKl.

Proof. For n = 11, the vector v(G) = (8,6,9,3,1,0,0,1,3,9,8) is a symmetric
starter of an ODC of Ky, by G = (Cp U™ S;) U 11K, as shown in Figure 5.
Assume now that n > 12. Define the vector v(G) as follows:

0 1=0, 6, or

1 1=1, n—1, or

4 1=2, or

5 1=3, n—3, or
ui(G) = 2 i=4, n—4, or

3 1=295,n—>5, or

8 t=n—2, or

n—1i+6 otherwise.
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Then we get

i 1=0,1,3,4,5 n—5 n—4,n—3, n—1, or
—1 otherwise.

0(G) = v_i(G) +i = {

This implies {v;(G) —v_;(G)+i:i € Z,} = Z,, so by Theorem 2.3 v(G) is a
symmetric starter of an ODC of K,,,, by G = (Cyo U S, _19) UnK;.
Note that the i-th graph isomorphic to G = (Cjo U% S,,_10) UnK; has the edges:

HG+3)g, i} =0, FUH{(i+7)y, (i+2),}:5=1 5}U
{Gi+7)y, (i4+6),}:5=0,2 4,8 12,13, 14, ..., n—1}U
HGi+35), (+8)}:5=3, 5y Uu{{(i+7),, (i+n—-2),}:j=2, 3},

as shown in Figure 6. m
Lemma 3.4 For each integer n > 13, there is a symmetric starter of an ODC of

Kn,n by G = (Clg Uv Sn_12) @] TLK1.

7. 8, 9,10,11, 12 13
o 0. 0 o.o.o

e6o000000 0
2,3 4,5 6 7 8 91011, 12,13

Figure 7: A symmetric starter of an ODC of K414 by G = (C12 U% S3) U 14K].

8, 9, 10,11 12 13 14 15
) 000 0°e’° e e

Figure 8: A symmetric starter of an ODC of Kig16 by G = (Ci2 W% Sy) U16K].
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Proof. Let us first deal with two special cases. For n = 14, the vector v(G) =
(0,2,11,0,9,10,1,0,1,10,9,0,11,2) is a symmetric starter of an ODC of K144 by
G = (C13 U% Sy) U 14K, as shown in Figure 7.
For n = 16, the vector v(G) = (0, 10,11,0,0,6,9,8,0,8,9,6,0,0,11,10) is a sym-
metric starter of an ODC of K616 by G = (C12U% Sy) U 16K, as shown in Figure 8.
From now on, assume that n # 14,16. Consider the vector

4 1 =0, or
n—1 i1=1, n—1, or
2 i=2, n—2, or

9 i=3,n—3, or
ul(G) = 0 i=4, n—4, or
1 1=295,n—>5, or
5 1=7, n—17, or
n—1i+4 otherwise

Then we get
i i=0,1,23 45 T n—1 n—2 n—3,
v:(G) —v_(G)+i= n—4, n—5 n—"17, or
—i otherwise.
This implies {v;(G) —v_;(G) + i :i € Z,} = Zy,, so by Theorem 2.3 it is a sym-
metric starter of an ODC of K,,,, by G = (C1a UM S, 1) UnK;. =

Note that the i-th graph isomorphic to G = (Cio U S,_12) UnK;, n > 13, and
n # 14,16 has the edges:

{{G+5)g. iny 15 =2 n—1JU{{(+)y, ((+12),}:5=5 0}U
{l+ 7). (+6),}:5=1, 9FUL{i+7). (+13),}:j=0, 1}U
{G+4), (i+n—2),}:5=5n-1}U

{G+7), (i+4),}:5=0,2 4, 10, 12, 13, 15, 17, 18, ..., n—2}.

For illustration, Figure 9 shows the symmetric starter of an ODC of Ki717 by
G = (012 U41 55) @] 17K1 and

v(G)=(4, 16, 2, 9, 0, 1, 15, 5, 13, 12, 5, 10, 1, 0, 9, 2, 16).

Proof of Theorem 1.1. For m = 4 the statement was already proved in [1].
For 6 <m < 12, m < n, Lemmas 3.1 to 3.4 provide symmetric starters of an ODC
of Kppn by G=(Cp, U S,,_,) UnK; with respect to Z,,. B

4 ODC of K, by C,, US,_, U(n—1)K;

In this section, we will construct symmetric starters of an ODC of K,,, by G =
Cy U Sp—m U (n — 1)K, (the disjoint union of a cycle and a star and n — 1 isolated
vertices) where m = 4,8 and m < n. The following two lemmas take care of cases
m =4 and m = 8 separately.
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110,11, 12,13 14, 15, 16,

Figure 9: A symmetric starter of an ODC of K717 by G = (Ci2 Ut S5) U17K;.

0,1, 2,3 4 56 78 9 10

Figure 10: A symmetric starter of an ODC of Ki111 by G = C4y U S7 U 10K;.

00 1030 3, 4, 5, 6 3) 8, 9

Figure 11: A symmetric starter of an ODC of Kjg10 by G = Cy U Sg U 9K .
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Lemma 4.1 For each integer n > 5, there exists a symmetric starter of an ODC of
Kn,n by G = C4 U Sn,4 U (TL — l)Kl

Proof. Assume first that n is odd, say n = 2h 4+ 1. Define v(G) as follows:

h+2 t=h—1, h, or
v(G)=<¢ h i=h+1 h+2 or
h+1 otherwise.
Therefore
h+1 i=h—1, or
h+2 i=h, or
0(G) —v_i(G)+i=¢ h—1 i=h+1, or
h i=h+2, or
1 otherwise.

This implies {v;(G) —v_i(G) + i : i € Zy,} = Z,. Thus by Theorem 2.3 v(G) is a
symmetric starter of an ODC of K,,, by G =Cy U S,_4 U (n — 1) K;.

Note that the i-th graph isomorphic to G = C4 U S,,_4 U (n — 1)K; has the fol-
lowing edges:
{(Z + h)o, Zl} s {i1, (Z + h+ 2)0} s {(’l + h+ 2)07 (’l + 1)1} s {(Z + 1)17 (’l + h)o} and
{G+h+1), (1 +7)1} where j=3, 4,5, ..., h—2 h—1,h h+1, ..., n—2.
Figure 10 shows a symmetric starter of an ODC of Ki;1; by G = Cy U S7 U 10Kj.

Assume now that n is even, say n = 2h. Define the vector v(G) = (1, h, n —

IL,m=2,n=3, ..., h+4, h+3,0, h+1,0, h—1, h—2, ..., 4, 3, h) € Z" as
follows:
h i=1, n—1, or
v(G)=¢ 0 i=h—1 h+1, or
2h —i+1 otherwise.
Therefore

i it=1, h—1, h+1, 2h—1, or
—1 otherwise.

vi(G) — v i(G) +i = {

which implies {v;(G) —v_i(G) +i:i € Z,} = Zy,.

By Theorem 2.3, v(G) is a symmetric starter of an ODC of K,,,, by G = C4 U
Sn,4 @] (TL - l)Kl

Note that the ¢-th graph isomorphic to G = Cy U S,,_4 U (n — 1)K has the
following edges:

{io, G+h—=1)1}, {(i+h—1)1, (i+h)o}, {(G+h), G+h+1)},
{(i +h+ 1)1, do} and {(i +j)o, (i + 1)1}

where j =1, 3, 4,5, ..., h—2, h—1, h+1, h+2, ..., n— 1. Figure 11
shows a symmetric starter of an ODC of K110 by G =Cy USs UIK;. m
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Lemma 4.2 For each integer n > 9, there exists a symmetric starter of an ODC of
Kn,n by G = Cg U Sn,g U (TL — l)Kl

Proof. Define the vector v(G) as follows:

1=2, 4, or

1=1, 3, or
it=n—3, n—4, or
i=n—1, n—2, or
otherwise.

= = 00 N O

Therefore

. —1 i=1,2 3,4 n—-1,n—-2 n—-3 n—4, or
vi(G) = vil(G) +i= { 1 otherwise.
which implies {v;(G) —v_i(G) +i:i € Z,} = Z,. By Theorem 2.3 v(G) is a sym-
metric starter of an ODC of K,,,, by G = Cs U S,,_s U (n — 1)K;. As shown in
Figure 12, note that the i-th graph isomorphic to G = C3US,,_sU (n—1)K; has the
following edges: {{(i + 7)o, (i +2)1}:5=0, 4U{{(i+4)o, (i +3)1}:5=2, 4}U
{{(i+7)o, (i +5n}:5=2, 8tU
{E+5)o, G+4)n}:j=0 8U{{(i+1), (i+75n}:1,6,7,8 ....n—4}.m

0y 1y 2, 3,45 5,6 75 8, e (n-.4)0 (”'.3)0 (r.1-2)0 ('n—l)o

[ J s ([ ] [ [ ]
0,1,2,3 456,789 (n-4), (n-3), (n-2), (n-1),
Figure 12: A symmetric starter of an ODC ofK,, , by G = Cs U S,_s U (n — 1) K;.
Proof of Theorem 1.2. For m = 4, 8 and m < n, Lemmas 4.1 to 4.2 provide

symmetric starters of an ODC of K, , by G = Cy, U Sp—pp, U (n — 1) K with respect
to Z,,. i

In addition to the above results, the following result can be deduced.

Proposition 4.3 For each integer n > 7, there exists a symmetric starter of an

oDC Of Kn,n by G = C@ U Sl U Sn_7 @] (TL — Q)Kl



292 R.A. EL-SHANAWANY, M. S. HIGAZY AND R. SCAPELLATO

0,123 456 7.8 9 ma mn
0000000.0.0.0 0 0

[ ] .
qg%%45qnq%(mhmﬁl

Figure 13: A symmetric starter of an ODC of K, ,, by G = CsUS;US,,_7U(n—2)K].

Proof. For each integer n > 7, the vector v(G) defined below is a symmetric starter

of an ODC of K,,,, by G =Cs U S1 U S,—7U (n —2)K;.

1 1=0,0r

4 1=1,n—2or
v;(G)=4 0 i=2,3,0r

6 t=n-—3,n—1or

3 otherwise.

Therefore
=i i=1,23n-1n-2 n=3 or
vi(G) —v(G) +i= { i otherwise

which implies {v;(G) —v_;(G) +1i : i € Z,} = Z,,. By Theorem 2.3 the vector v(G) is
a symmetric starter of an ODC of K, , by G = CgUS1US,,_7U(n—2)K;. Asshown in
Figure 13, note that the i-th graph isomorphic to G = C4US1US,,_7U(n—2) K; has the
following edges: {{(i 4+ j)o, (i +2)1}:j =0, 44U{{(i+J),, (i +5)1}:5=4, 6}U
{{i+7)o, (i 4+3)1}:5=0,63U{(i+1)o, (i+1a}U

{{GE+3)o, (i+j)n}:j=7,819 ...,n—1}. =

We conclude this paper by discussing a technique that allows one to obtain larger
ODCs from smaller ones, via a “blowing-up” construction ([4], p. 86). Starting with
an ODC of K,,,, by mK, replacing every point by n new points and every edge by
an ODC of K, ,,. The following two results were proved in [3] and re-stated in [4].

Theorem 4.4 Let m # 2, 6 be a positive integer, and assume that there exist ODC's
G of Kny by Gy fori =0,1,...,m — 1. Then there exists an ODC of Kypmn by
m—1

U a.

i=0

Lemma 4.5 For all positive integers k, let n = 2. Then there exists an ODC of
K. by C,, with respect to (Zs)*.

Theorem 4.6 Let m and k to be any positive integers where m # 2, 6 and let
n = 2% Then there exists an ODC' of Kppmn by Cn U (m —1)S,.

Proof. For any i € Z,,, it is easy to show that v(G) = (4,4, ...,1) € Z is a symmetric
starter of an ODC of K,, , by S,. In view of this fact we can apply Lemma 4.5 and
Theorem 4.4 to complete the proof. m
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