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Abstract

In this paper, we prove that if π is a projective plane of order 12 admitting
a collineation group G of order 9, then G is an elementary abelian group
and is not planar.

1 Introduction

There is a famous conjecture that any finite projective plane has a prime power
order. The smallest non-prime power order for which the conjecture has not been
proved is 12. In the 1980’s, Janko and Trung have studied projective planes of order
12 in a series of papers [5, 6, 7, 8, 9, 10, 11, 12]. Horvatic-Baldasar, Kramer and
Matulic-Bedenic [2, 3] showed that the order of any collineation group of a projective
plane of order 12 divides 16 or 9. Recently the authors [1] proved that there does not
exist a projective plane of order 12 admitting a collineation group of order 8. This
improves the result of [14]. In this paper, we investigate projective planes of order
12 with a collineation group of order 9. We obtain the following theorem.

Theorem A Let G be a collineation group of order 9 of a projective plane π of
order 12. Then G is an elementary abelian group and is not planar.

∗ This research was partially supported by Grant-in-Aid for Scientific Research (No. 18540132),
Ministry of Education, Culture, Sports, Science and Technology, Japan.
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2 Preliminaries

DEFINITION 2.1 A symmetric transversal design STDλ[k; u] (STD) is an incidence
structure D = (P ,B) satisfying the following three conditions:

(i) Each block contains exactly k points.

(ii) The point set P is partitioned into k point sets P0,P1, · · · ,Pk−1 of equal size
u such that any two distinct points are incident with exactly λ blocks or no
block according as they are contained in different Pi’s or not. P0,P1, · · · ,Pk−1

are said to be the point classes of D.

(iii) The dual structure of D also satisfies the above conditions (i) and (ii). The
point classes of the dual structure of D are said to be the block classes of D.

We remark that if D is an STDλ[k; u], then k = λu.

NOTATION 2.2 Let G be a permutation group on a finite set Λ and H a non empty
set of G. Then set FΛ(H) = {x ∈ Λ|xμ = x for all μ ∈ H} and θΛ(H) = |FΛ(H)|.
Especially when H = {ϕ}, set FΛ({ϕ}) = FΛ(ϕ) and θΛ({ϕ}) = θΛ(ϕ). Let tΛ(G) =
tΛ be the number of orbits of (G, Λ).

The following lemma is well known as an orbit theorem on projective planes (see
Theorem 4.2 and Corollary 4.2.1 of [13]).

LEMMA 2.3 Let π = (Q,L) be a finite projective plane, ϕ an automorphism of π
and G an automorphism group of π. Then |FQ(ϕ)| = |FL(ϕ)| and tQ(G) = tL(G).

DEFINITION 2.4 Let π = (Q,L) be a finite projective plane and G an automor-
phism group of π. Then G is said to be planar, if the substructure (FQ(G), FL(G))
of π is a subplane of π.

3 Projective planes of order 12 admitting a collineation

group of order 9

In the rest of this paper we assume the following.

HYPOTHESIS 3.1 Let π = (Q,L) be a projective plane of order 12 and G an
automorphism group of order 9 of π.

LEMMA 3.2 Let H(�= {1}) be a subgroup of G. If H is planar, then
(FQ(H), FL(H)) is a subplane of π of order 3.

PROOF. Let n be the order of the subplane (FQ(H), FL(H)). Since n2 + n ≤ 12
by Bruck’s theorem (see Theorem 1.5 of [13]), n = 2 or 3. Let L ∈ FL(H). Since
|H| = 3 or 9, |F(L)(H)| �= 3. Therefore n = 3. �

Since |L| = 122 + 12 + 1 ≡ 1 (mod 3), G fixes a line L∞. Since |(L∞)| = 13 ≡
1 (mod 3), G also fixes a point r∞ on L∞. Here we choose the line L∞ such that
|F(L∞)(G)| is maximal.
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LEMMA 3.3 If G is cyclic, then one of the following statements holds.
(i) FQ(G) = {r∞}, FL(G) = {L∞}, r∞ ∈ (L∞) and G has a point orbit of size 3
and a ponit orbit of size 9 on (L∞)− {r∞}.
(ii) |FQ(G)| = |FL(G)| = 4, FQ(G) � r∞, FL(G) � L∞, FQ(G) ⊆ (L∞), FL(G) ⊆
(r∞) and G has 3 point orbits of size 1 and a point orbit of size 9 on (L∞)− {r∞}.
(iii) (FQ(G), FL(G)) is a subplane of order 3 of π.

PROOF. Let G = 〈ϕ〉. Suppose that G is not planar. By [7], ϕ3 is not an elation.
Therefore G has a point orbit of size 9 on L∞. Thus |F(L∞)(ϕ)| = 1 or 4. Since ϕ is
a generalized elation, (i) and (ii) hold by Lemma 2.3.

If G is planar, (iii) holds by Lemma 3.2. �
In the rest of this paper, we use the following notation.

NOTATION 3.4 Let D = (P ,B) be an STD1[12; 12] obtained by deleting lines (r∞)
and points (L∞) from π. Then G induces an automorphism group on D. Let
L0, L1, · · · , L11 be the lines of π through the point r∞ except L∞ and r0, r1, · · · , r11

the points of π on the line L∞ except r∞. Set Pi = (Li)−{r∞} and Bj = (rj)−{L∞}
for 0 ≤ i, j ≤ 11. Then P0,P1, · · · ,P11 are point classes of D and B0,B1, · · · ,B11

are block classes of D. Set Ω = {P0,P1, · · · ,P11} and Δ = {B0,B1, · · · ,B11}. Let
P0 = {p0, p1, · · · , p11}, P1 = {p12, p13, · · · , p23}, · · · ,P11 = {p132, p133, · · · , p143},
B0 = {B0, B1, · · · , B11}, B1 = {B12, B13, · · · , B23}, · · · ,
B11 = {B132, B133, · · · , B143}. Let

N =

⎛
⎜⎜⎜⎝

N0 0 N0 1 · · · N0 11

N1 0 N1 1 · · · N1 11
...

...
...

N11 0 N11 1 · · · N11 11

⎞
⎟⎟⎟⎠

be the incidence matrix of D corresponding to these numberings of the point and
the block set, where each Ni j (0 ≤ i, j ≤ 11) is a permutation matrix of degree 12.

Let I be the identity matrix of degree 12 and J the 12× 12 all one matrix. Then

(∗) N tN = tNN =

⎛
⎜⎜⎜⎝

12I J · · · J

J 12I
. . .

...
...

. . .
. . . J

J · · · J 12I

⎞
⎟⎟⎟⎠ .

NOTATION 3.5 For any τ ∈ G, let τ̃ be a permutation on Ω and ˜̃τ a permutation
on Δ induced by τ .

4 The case of Lemma 3.3 (i)

In this section we consider the case of Lemma 3.3 (i) and assume the following.
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HYPOTHESIS 4.1 Let G = 〈ϕ〉 be a cyclic automorphism group of π. FQ(G) =
{r∞}, FL(G) = {L∞} and r∞ ∈ (L∞). G has one orbit of size 3 and one orbit of size
9 on (L∞)− {r∞}.

LEMMA 4.2 After changing appropriately the indexes of the point classes and the

block classes, we have ϕ̃ = (P0,P1, · · · ,P8)(P9,P10,P11) and ˜̃ϕ = (B0,B1, · · · ,B8)(B9,
B10,B11).

PROOF. Suppose that G = 〈ϕ〉 does not have an orbit of size 9 on (r∞). Then, ϕ3

fixes any line through the point r∞ and therefore ϕ3 is an elation of order 3. This is
a contradiction, because π does not have an elation of order 3. Thus, G = 〈ϕ〉 has
an orbit of size 9 on Δ. From this, FQ(G) = {q∞} and FL(G) = {L∞}, the lemma
holds. �

LEMMA 4.3 (i) FΩ(ϕ3) = {P9,P10,P11} and FΔ(ϕ3) = {B9,B10,B11}.
(ii) |FP(ϕ3) ∩ Pi| = |FB(ϕ3) ∩ Bj | = 0 (i, j ∈ {9, 10, 11}) or |FP(ϕ3) ∩ Pi| =
|FB(ϕ3) ∩ Bj | = 3 (i, j ∈ {9, 10, 11}).

PROOF. By Lemma 4.2, (i) holds. If ϕ3 is a generalized elation, the former case of
(ii) holds. If ϕ is a planar, the latter case of (ii) holds. �

By Lemma 4.3, the following lemma holds.

LEMMA 4.4 One of the following (i) and (ii) must occur after changing appropri-
ately the indexes of the points and the blocks.
(i) ϕ = (x0, x12, x24, x36, x48, x60, x72, x84, x96)
(x1, x13, x25, x37, x49, x61, x73, x85, x97)
(x2, x14, x26, x38, x50, x62, x74, x86, x98)
(x3, x15, x27, x39, x51, x63, x75, x87, x99)
(x4, x16, x28, x40, x52, x64, x76, x88, x100)
(x5, x17, x29, x41, x53, x65, x77, x89, x101)
(x6, x18, x30, x42, x54, x66, x78, x90, x102)
(x7, x19, x31, x43, x55, x67, x79, x91, x103)
(x8, x20, x32, x44, x56, x68, x80, x92, x104)
(x9, x21, x33, x45, x57, x69, x81, x93, x105)
(x10, x22, x34, x46, x58, x70, x82, x94, x106)
(x11, x23, x35, x47, x59, x71, x83, x95, x107)
(x108, x120, x132, x109, x121, x133, x110, x122, x134)
(x111, x123, x135, x112, x124, x136, x113, x125, x137)
(x114, x126, x138, x115, x127, x139, x116, x128, x140)
(x117, x129, x141, x118, x130, x142, x119, x131, x143) and

(ii) ϕ = (x0, x12, x24, x36, x48, x60, x72, x84, x96)
(x1, x13, x25, x37, x49, x61, x73, x85, x97)
(x2, x14, x26, x38, x50, x62, x74, x86, x98)
(x3, x15, x27, x39, x51, x63, x75, x87, x99)
(x4, x16, x28, x40, x52, x64, x76, x88, x100)
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(x5, x17, x29, x41, x53, x65, x77, x89, x101)
(x6, x18, x30, x42, x54, x66, x78, x90, x102)
(x7, x19, x31, x43, x55, x67, x79, x91, x103)
(x8, x20, x32, x44, x56, x68, x80, x92, x104)
(x9, x21, x33, x45, x57, x69, x81, x93, x105)
(x10, x22, x34, x46, x58, x70, x82, x94, x106)
(x11, x23, x35, x47, x59, x71, x83, x95, x107)
(x108, x120, x132, x109, x121, x133, x110, x122, x134)
(x111, x123, x135, x112, x124, x136, x113, x125, x137)
(x114, x126, x138, x115, x127, x139, x116, x128, x140)
(x117, x129, x141)(x118, x130, x142)(x119, x131, x143),

where x ∈ {p, B}.

Assume that Lemma 4.4(i) occurs.

NOTATION 4.5 For a permutation matrix A = (aij)0≤i,j≤11 of degree 12 set

A(1) =

⎛
⎜⎜⎜⎝

a0 2 a0 0 a0 1 a0 5 a0 3 a0 4 · · · a0 11 a0 9 a0 10

a1 2 a1 0 a1 1 a1 5 a1 3 a1 4 · · · a1 11 a1 9 a1 10

...
...

...
...

...
...

...
...

...
...

a11 2 a11 0 a11 1 a11 5 a11 3 a11 4 · · · a11 11 a11 9 a11 10

⎞
⎟⎟⎟⎠ ,

A(2) = (A(1))(1),

A(3) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a2 0 a2 1 · · · a2 11

a0 0 a0 1 · · · a0 11

a1 0 a1 1 · · · a1 11

a5 0 a5 1 · · · a5 11

a3 0 a3 1 · · · a3 11

a4 0 a4 1 · · · a4 11

...
...

...
...

a11 0 a11 1 · · · a11 11

a9 0 a9 1 · · · a9 11

a10 0 a10 1 · · · a10 11

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and A(4) = (A(3))(3).

Let Φ1 be the set of permutation matrices of degree 12 with the form

B =

⎛
⎜⎜⎝

B00 B01 B02 B03

B10 B11 B12 B13

B20 B21 B22 B23

B30 B31 B32 B33

⎞
⎟⎟⎠ ,

where

Bij =

⎛
⎝ aij bij cij

cij aij bij

bij cij aij

⎞
⎠ (0 ≤ i, j ≤ 3).
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LEMMA 4.6 N =

0
BBBBBBBBBBBBBBBBBBB@

N0 N1 N2 N3 N4 N5 N6 N7 N8 A0 A1 A2

N8 N0 N1 N2 N3 N4 N5 N6 N7 A2
(1) A0 A1

N7 N8 N0 N1 N2 N3 N4 N5 N6 A1
(1) A2

(1) A0

N6 N7 N8 N0 N1 N2 N3 N4 N5 A0
(1) A1

(1) A2
(1)

N5 N6 N7 N8 N0 N1 N2 N3 N4 A2
(2) A0

(1) A1
(1)

N4 N5 N6 N7 N8 N0 N1 N2 N3 A1
(2) A2

(2) A0
(1)

N3 N4 N5 N6 N7 N8 N0 N1 N2 A0
(2) A1

(2) A2
(2)

N2 N3 N4 N5 N6 N7 N8 N0 N1 A2 A0
(2) A1

(2)

N1 N2 N3 N4 N5 N6 N7 N8 N0 A1 A2 A0
(2)

A3 A5
(3) A4

(3) A3
(3) A5

(4) A4
(4) A3

(4) A5 A4 A6 A7 A8

A4 A3 A5
(3) A4

(3) A3
(3) A5

(4) A4
(4) A3

(4) A5 A8
(1) A6 A7

A5 A4 A3 A5
(3) A4

(3) A3
(3) A5

(4) A4
(4) A3

(4) A7
(1) A8

(1) A6

1
CCCCCCCCCCCCCCCCCCCA

,

where N0, · · · , N8, A0, · · · , A5 are permutation matrices of degree 12 and A6, A7, A8 ∈
Φ1.

PROOF. The lemma holds from Lemma 4.4 (i) and Notation 4.5. �

Set G-orbits on P and on B as follows:

Y0 = {x0, x12, x24, x36, x48, x60, x72, x84, x96},
Y1 = {x1, x13, x25, x37, x49, x61, x73, x85, x97},
Y2 = {x2, x14, x26, x38, x50, x62, x74, x86, x98},
Y3 = {x3, x15, x27, x39, x51, x63, x75, x87, x99)},
Y4 = {x4, x16, x28, x40, x52, x64, x76, x88, x100},
Y5 = {x5, x17, x29, x41, x53, x65, x77, x89, x101},
Y6 = {x6, x18, x30, x42, x54, x66, x78, x90, x102},
Y7 = {x7, x19, x31, x43, x55, x67, x79, x91, x103},
Y8 = {x8, x20, x32, x44, x56, x68, x80, x92, x104},
Y9 = {x9, x21, x33, x45, x57, x69, x81, x93, x105},
Y10 = {x10, x22, x34, x46, x58, x70, x82, x94, x106},
Y11 = {x11, x23, x35, x47, x59, x71, x83, x95, x107},
Y12 = {x108, x120, x132, x109, x121, x133, x110, x122, x134},
Y13 = {x111, x123, x135, x112, x124, x136, x113, x125, x137},
Y14 = {x114, x126, x138, x115, x127, x139, x116, x128, x140} and
Y15 = {x117, x129, x141, x118, x130, x142, x119, x131, x143},
where (Y , x) ∈ {(Q, p), (C, B)}.

Set q0 = p0, q1 = p1, · · · , q11 = p11, q12 = p108, q13 = p111, q14 = p114, q15 = p117 and
C0 = B0, C1 = B1, · · · , C11 = B11, C12 = B108, C13 = B111, C14 = B114, C15 = B117.

For i, j with 0 ≤ i, j ≤ 15 set mij = |Qi ∩ (Cj)| and Dij = {α ∈ G|qi
α ∈ (Cj)}.

Then, mij = |Dij | (0 ≤ i, j ≤ 15). We remark that each number mij depends only
on Qi and Cj not on Cj. Set M = (mij)0≤i,j≤15.

When H is a non empty set of G, we denote the element
∑
h∈H

h of the group ring

Z[G] by H for simplicity and set H(−1) =
∑
h∈H

h−1.
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LEMMA 4.7 (i) If i, i′(�=) ∈ {0, 1, · · · , 11},∑
0≤j≤15

DijDi′j
(−1) = G− {1}.

(ii) If i ∈ {0, 1, · · · , 11}, ∑
0≤j≤15

DijDij
(−1) = 12.

PROOF. Let i, i′(�=) ∈ {0, 1, · · · , 11}. Set A =
∑

0≤j≤15

DijDi′j
(−1). Let α ∈ G. Then

we want to know the number |{(β, γ) ∈ Dij×Di′j|α = βγ−1}|. Let (β, γ) ∈ Dij×Di′j

such that α = βγ−1. Since αγ = β ∈ Dij and γ ∈ Di′j, qi
α ∈ (Cj

γ−1

) and qi′ ∈
(Cj

γ−1

). If α = 1, there is no such γ, because qi
α and qi′ are contained in a same

point class. If α �= 1, there exists only one such γ, because qi
α and qi′ are contained

in distinct point classes. Therefore, since |{(β, γ) ∈ Dij × Di′j|α = βγ−1}| = |{γ ∈
G|qi

α ∈ (Cj
γ−1

), qi′ ∈ (Cj
γ−1

)}|, A = G − {1}. Thus we have (i). By the similar
argument, we also have (ii). �

LEMMA 4.8 (i) If i, i′(�=) ∈ {0, 1, · · · , 11},∑
0≤j≤15

mijmi′j = 8.

(ii) If i ∈ {0, 1, · · · , 11}, ∑
0≤j≤15

mij
2 = 12.

(iii) If i ∈ {0, 1, · · · , 11}, ∑
0≤j≤15

mij = 12.

PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 4.7. (iii) holds from Lemma 4.6. �

LEMMA 4.9 Lemma 4.4 (i) does not occur.

PROOF. By Lemma 4.8 (ii) and (iii), it follows that mij ∈ {0, 1} for i, j with
0 ≤ i, j ≤ 15. Interchanging columns of M appropriately, we may assume that

(mij)0≤i≤3, 0≤j≤15 =

⎛
⎜⎜⎝

0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0

⎞
⎟⎟⎠ .

But there does not exist (m4 0, m4 1, · · · , m4 15) satisfying Lemma 4.8. Therefore
Lemma 4.4 (i) does not occur. �

Assume that Lemma 4.4(ii) occurs.
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NOTATION 4.10 For a permutation matrix A = (aij)0≤i,j≤11 of degree 12 set

A(5) =

0
BBB@

a0 2 a0 0 a0 1 a0 5 a0 3 a0 4 a0 8 a0 6 a0 7 a0 9 a0 10 a0 11

a1 2 a1 0 a1 1 a1 5 a1 3 a1 4 a1 8 a1 6 a1 7 a1 9 a1 10 a1 11

.

..
.
..

.

..
.
..

.

..
.
..

.

..
.
..

.

..
.
..

.

..
.
..

a11 2 a11 0 a11 1 a11 5 a11 3 a11 4 a11 8 a11 6 a11 7 a11 9 a11 10 a11 11

1
CCCA ,

A(6) = (A(5))(5),

A(7) =

0
BBBBBBBBBBBBBBBBB@

a2 0 a2 1 · · · a2 11

a0 0 a0 1 · · · a0 11

a1 0 a1 1 · · · a1 11

a5 0 a5 1 · · · a5 11

a3 0 a3 1 · · · a3 11

a4 0 a4 1 · · · a4 11

a8 0 a8 1 · · · a8 11

a6 0 a6 1 · · · a6 11

a7 0 a7 1 · · · a7 11

a9 0 a9 1 · · · a9 11

a10 0 a10 1 · · · a10 11

a11 0 a11 1 · · · a11 11

1
CCCCCCCCCCCCCCCCCA

and A(8) = (A(7))(7).

Let Φ2 be the set of permutation matrices of degree 12 with the form

B =

⎛
⎜⎜⎝

B00 B01 B02 O3

B10 B11 B12 O3

B20 B21 B22 O3

O3 O3 O3 B33

⎞
⎟⎟⎠ ,

where

Bij =

⎛
⎝ aij bij cij

cij aij bij

bij cij aij

⎞
⎠

for each i, j and O3 is the 3× 3 zero matrix.

LEMMA 4.11 N =

0
BBBBBBBBBBBBBBBBBBB@

N0 N1 N2 N3 N4 N5 N6 N7 N8 A0 A1 A2

N8 N0 N1 N2 N3 N4 N5 N6 N7 A2
(5) A0 A1

N7 N8 N0 N1 N2 N3 N4 N5 N6 A1
(5) A2

(5) A0

N6 N7 N8 N0 N1 N2 N3 N4 N5 A0
(5) A1

(5) A2
(5)

N5 N6 N7 N8 N0 N1 N2 N3 N4 A2
(6) A0

(5) A1
(5)

N4 N5 N6 N7 N8 N0 N1 N2 N3 A1
(6) A2

(6) A0
(5)

N3 N4 N5 N6 N7 N8 N0 N1 N2 A0
(6) A1

(6) A2
(6)

N2 N3 N4 N5 N6 N7 N8 N0 N1 A2 A0
(6) A1

(6)

N1 N2 N3 N4 N5 N6 N7 N8 N0 A1 A2 A0
(6)

A3 A5
(7) A4

(7) A3
(7) A5

(8) A4
(8) A3

(8) A5 A4 A6 A7 A8

A4 A3 A5
(7) A4

(7) A3
(7) A5

(8) A4
(8) A3

(8) A5 A8
(5) A6 A7

A5 A4 A3 A5
(7) A4

(7) A3
(7) A5

(8) A4
(8) A3

(8) A7
(5) A8

(5) A6

1
CCCCCCCCCCCCCCCCCCCA

,

where N0, · · · , N8, A0, · · · , A5 are permutation matrices of degree 12 and A6, A7, A8 ∈
Φ2.

PROOF. The lemma holds from Lemma 4.4 (ii) and Notation 4.10. �
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LEMMA 4.12 After changing appropriately the indexes of the points and the blocks,

we have A0 =

⎛
⎜⎜⎝

O3 O3 O3 E3

O3

∗1 O3

O3

⎞
⎟⎟⎠, A1 =

⎛
⎜⎜⎝

∗2 O3

O3 O3 O3 E3

∗3 O3

O3

⎞
⎟⎟⎠ and A2 =

⎛
⎜⎜⎝

∗4 O3

O3

O3 O3 O3 E3

∗5 O3

⎞
⎟⎟⎠, where O3 is the 3 × 3 zero matrix and E3 is the identity

matrix of degree 3.

PROOF. Since (FQ(ϕ3), FL(ϕ3)) is a subplane of order 3 of π, FP(ϕ3) = {p117, p118,
p119, p129, p130, p131, p141, p142, p143} and FB(ϕ3) = {B117, B118, B119, B129, B130, B131,
B141, B142, B143}, the lemma holds. �

Set G-orbits of size 9 on P and on B as follows:

Y0 = {x0, x12, x24, x36, x48, x60, x72, x84, x96},
Y1 = {x1, x13, x25, x37, x49, x61, x73, x85, x97},
Y2 = {x2, x14, x26, x38, x50, x62, x74, x86, x98},
Y3 = {x3, x15, x27, x39, x51, x63, x75, x87, x99)},
Y4 = {x4, x16, x28, x40, x52, x64, x76, x88, x100},
Y5 = {x5, x17, x29, x41, x53, x65, x77, x89, x101},
Y6 = {x6, x18, x30, x42, x54, x66, x78, x90, x102},
Y7 = {x7, x19, x31, x43, x55, x67, x79, x91, x103},
Y8 = {x8, x20, x32, x44, x56, x68, x80, x92, x104},
Y9 = {x9, x21, x33, x45, x57, x69, x81, x93, x105},
Y10 = {x10, x22, x34, x46, x58, x70, x82, x94, x106},
Y11 = {x11, x23, x35, x47, x59, x71, x83, x95, x107},
Y12 = {x108, x120, x132, x109, x121, x133, x110, x122, x134},
Y13 = {x111, x123, x135, x112, x124, x136, x113, x125, x137} and
Y14 = {x114, x126, x138, x115, x127, x139, x116, x128, x140},
where (Y , x) ∈ {(Q, p), (C, B)}.

Set q0 = p0, q1 = p1, · · · , q11 = p11, q12 = p108, q13 = p111, q14 = p114 and C0 =
B0, C1 = B1, · · · , C11 = B11, C12 = B108, C13 = B111, C14 = B114.

For i, j with 0 ≤ i, j ≤ 14 set mij = |Qi ∩ (Cj)| and Dij = {α ∈ G|qi
α ∈ Cj}.

Then, mij = |Dij | (0 ≤ i, j ≤ 14). Set M = (mij)0≤i,j≤14.

LEMMA 4.13 (i) Let i, i′(�=) ∈ {0, 1, · · · , 11}.
(a) If i �≡ i′ (mod 3) or (i ≥ 9 or i′ ≥ 9),∑

0≤j≤14

DijDi′j
(−1) = G− {1}.

(b) If i′ − i = 3 or i′ − i = −6,∑
0≤j≤14

DijDi′j
(−1) = G− {1, ϕ, ϕ4, ϕ7}.



142 KENZI AKIYAMA AND CHIHIRO SUETAKE

(c) If i′ − i = 6 or i′ − i = −3,

∑
0≤j≤14

DijDi′j
(−1) = G− {1, ϕ2, ϕ5, ϕ8}.

(ii) Let i ∈ {0, 1, · · · , 11}.
(a) If i ∈ {0, 1, · · · , 8},

∑
0≤j≤14

DijDij
(−1) = 11 + {G− {1, ϕ3, ϕ6}}.

(b) If i ∈ {9, 10, 11},
∑

0≤j≤14

DijDij
(−1) = 12 + {G− {1}}.

PROOF. Since D is an STD1[12; 12], using the same argument as in the proof of
Lemma 4.7, the lemma holds from Lemmas 4.11 and 4.12. �

LEMMA 4.14 (i) Let i, i′(�=) ∈ {0, 1, · · · , 11}.
(a) If i �≡ i′ (mod 3) or (i ≥ 9 or i′ ≥ 9),

∑
0≤j≤14

mijmi′j = 8.

(b) If i ≡ i′ (mod 3) and 0 ≤ i, i′ ≤ 8,

∑
0≤j≤14

mijmi′j = 5.

(ii) Let i ∈ {0, 1, · · · , 11}.
(a) If i ∈ {0, 1, · · · , 8}, ∑

0≤j≤14

mij
2 = 17.

(b) If i ∈ {9, 10, 11}, ∑
0≤j≤14

mij
2 = 20.

(iii) Let i ∈ {0, 1, · · · , 11}.
(a) If i ∈ {0, 1, · · · , 8},

∑
0≤j≤11

mij = 9 and
∑

12≤j≤14

mij = 2.

(b) If i ∈ {9, 10, 11},
∑

0≤j≤11

mij = 9 and
∑

12≤j≤14

mij = 3.
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PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 4.13. (iii) holds from Lemmas 4.11 and 4.12
. �

LEMMA 4.15 (i) Let i ∈ {0, 1, · · · , 8}. Then (mi 0, mi 1, · · · , mi 14) is equal to

(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
6

, 3, 0, 1, 1),

(0, · · · , 0︸ ︷︷ ︸
6

, 1, 1, 1, 2, 2, 2, 0, 1, 1) or

(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
5

, 2, 2, 0, 0, 2)

up to ordering for from the 0th column to the 11th column and for from the 12th
column to the 14th column.
(ii) Let i ∈ {9, 10, 11}. Then (mi 0, mi 1, · · · , mi 14) is equal to

(0, · · · , 0︸ ︷︷ ︸
6

, 1, · · · , 1︸ ︷︷ ︸
4

, 2, 3, 1, 1, 1),

(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
6

, 3, 0, 1, 2),

(0, · · · , 0︸ ︷︷ ︸
4

, 1, · · · , 1︸ ︷︷ ︸
7

, 2, 0, 0, 3),

(0, · · · , 0︸ ︷︷ ︸
7

, 1, 2, · · · , 2︸ ︷︷ ︸
4

, 1, 1, 1) or

(0, · · · , 0︸ ︷︷ ︸
6

, 1, 1, 1, 2, 2, 2, 0, 1, 2)

up to ordering for from the 0th column to 11th column and for from the 12th column
to the 14th column.

PROOF. The lemma holds from Lemma 4.14 (ii), (iii). �

LEMMA 4.16 There does not exist a projective plane of order 12 satisfying Hypoth-
esis 4.1.

PROOF. We use a computer. There are exactly 59 (mij)0≤i≤1, 0≤j≤14s up to ordering
for from the 0th column to 11th column and for from the 12th column to the 14th
column. Any one of these matrices is extended to (mij)0≤i≤2, 0≤j≤14s, but there is no
(m9 0, m9 1, · · · , m9 14) satisfying Lemma 4.14 for each (mij)0≤i≤2, 0≤j≤14. Therefore
Lemma 4.4 (ii) does not occur. From this and Lemma 4.9, the lemma holds. �
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5 The case of Lemma 3.3(ii)

In this section we consider Lemma 3.3(ii) and assume the following.

HYPOTHESIS 5.1 Let G = 〈ϕ〉 be a cyclic automorphism group of π of order 9.
|FQ(G)| = |FL(G)| = 4, r∞ ∈ FQ(G), L∞ ∈ FL(G), r ∈ (L∞) for all r ∈ FQ(G)
and L ∈ (r∞) for all L ∈ FL(G). G has 3 orbits of size 1 and one orbit of size 9 on
(L∞)− {r∞}.

LEMMA 5.2 After changing appropriately the indexes of the point classes and the

block classes, we have ϕ̃ = (P0,P1, · · · ,P8)(P9)(P10)(P11), ˜̃ϕ = (B0,B1, · · · ,B8)(B9)
(B10)(B11), FQ(G) = {r∞, r9, r10, r11} and FL(G) = {L∞, L9, L10, L11}.

PROOF. By the same argument as in the proof of Lemma 4.2, it follows that G = 〈ϕ〉
has an orbits of size 9 on Δ. The rest of the lemma holds from |FQ(G)| = |FL(G)| = 4.

�

LEMMA 5.3 FΩ(ϕ3) = {P9,P10,P11}, FΔ(ϕ3) = {B9,B10,B11} and |FΩ(ϕ3)∩Pi| =
|FΔ(ϕ3) ∩ Bj | = 3 for i, j ∈ {9, 10, 11}.

PROOF. Since (FQ(ϕ3), FL(ϕ3)) is a subplane of order 3 of π, the lemma holds from
Lemma 5.2. �

By Lemmas 5.2 and 5.3, the following lemma holds.

LEMMA 5.4 After changing appropriately the indexes of the points and the blocks,
we have
ϕ = (x0, x12, x24, x36, x48, x60, x72, x84, x96)
(x1, x13, x25, x37, x49, x61, x73, x85, x97)
(x2, x14, x26, x38, x50, x62, x74, x86, x98)
(x3, x15, x27, x39, x51, x63, x75, x87, x99)
(x4, x16, x28, x40, x52, x64, x76, x88, x100)
(x5, x17, x29, x41, x53, x65, x77, x89, x101)
(x6, x18, x30, x42, x54, x66, x78, x90, x102)
(x7, x19, x31, x43, x55, x67, x79, x91, x103)
(x8, x20, x32, x44, x56, x68, x80, x92, x104)
(x9, x21, x33, x45, x57, x69, x81, x93, x105)
(x10, x22, x34, x46, x58, x70, x82, x94, x106)
(x11, x23, x35, x47, x59, x71, x83, x95, x107)
(x108, x109, x110, x111, x112, x113, x114, x115, x116)
(x120, x121, x122, x123, x124, x125, x126, x127, x128)
(x132, x133, x134, x135, x136, x137, x138, x139, x140)
(x117, x118, x119)(x129, x130, x131)(x141, x142, x143),
where x ∈ {p, B}.
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NOTATION 5.5 For a permutation matrix of degree 12 A = (aij)0≤i,j≤11, set

A(1) =

0
BBB@

a0 8 a0 0 a0 1 · · · a0 7 a0 11 a0 9 a0 10

a1 8 a1 0 a1 1 · · · a1 7 a1 11 a1 9 a1 10

..

.
..
.

..

.
..
.

..

.
..
.

..

.
a11 8 a11 0 a11 1 · · · a11 7 a11 11 a11 9 a11 10

1
CCCA ,

A(i) = (A(i−1))(1) for i ∈ {2, 3, · · · , 8}.

A(9) =

0
BBBBBBBBBBB@

a8 0 a8 1 · · · a8 11

a0 0 a0 1 · · · a0 11

a1 0 a1 1 · · · a1 11

..

.
..
.

..

.
a7 0 a7 1 · · · a7 11

a11 0 a11 1 · · · a11 11

a9 0 a9 1 · · · a9 11

a10 0 a10 1 · · · a10 11

1
CCCCCCCCCCCA

and

A(i) = (A(i−1))(9) for i ∈ {10, 11, · · · , 16}.
Let Φ1 be the set of permutation matrices of degree 12 with the form

B =

0
BBBBBBBBBBBBBBBBB@

a0 a1 a2 a3 a4 a5 a6 a7 a8 0 0 0
a8 a0 a1 a2 a3 a4 a5 a6 a7 0 0 0
a7 a8 a0 a1 a2 a3 a4 a5 a6 0 0 0
a6 a7 a8 a0 a1 a2 a3 a4 a5 0 0 0
a5 a6 a7 a8 a0 a1 a2 a3 a4 0 0 0
a4 a5 a6 a7 a8 a0 a1 a2 a3 0 0 0
a3 a4 a5 a6 a7 a8 a0 a1 a2 0 0 0
a2 a3 a4 a5 a6 a7 a8 a0 a1 0 0 0
a1 a2 a3 a4 a5 a6 a7 a8 a0 0 0 0
0 0 0 0 0 0 0 0 0 b0 b1 b2
0 0 0 0 0 0 0 0 0 b2 b0 b1
0 0 0 0 0 0 0 0 0 b1 b2 b0

1
CCCCCCCCCCCCCCCCCA

.

LEMMA 5.6 N =

0
BBBBBBBBBBBBBBBBBBB@

N0 N1 N2 N3 N4 N5 N6 N7 N8 A0 A1 A2

N8 N0 N1 N2 N3 N4 N5 N6 N7 A0
(1) A1

(1) A2
(1)

N7 N8 N0 N1 N2 N3 N4 N5 N6 A0
(2) A1

(2) A2
(2)

N6 N7 N8 N0 N1 N2 N3 N4 N5 A0
(3) A1

(3) A2
(3)

N5 N6 N7 N8 N0 N1 N2 N3 N4 A0
(4) A1

(4) A2
(4)

N4 N5 N6 N7 N8 N0 N1 N2 N3 A0
(5) A1

(5) A2
(5)

N3 N4 N5 N6 N7 N8 N0 N1 N2 A0
(6) A1

(6) A2
(6)

N2 N3 N4 N5 N6 N7 N8 N0 N1 A0
(7) A1

(7) A2
(7)

N1 N2 N3 N4 N5 N6 N7 N8 N0 A0
(8) A1

(8) A2
(8)

A3 A3
(9) A3

(10) A3
(11) A3

(12) A3
(13) A3

(14) A3
(15) A3

(16) A6 A7 A8

A4 A4
(9) A4

(10) A4
(11) A4

(12) A4
(13) A4

(14) A4
(15) A4

(16) A8 A6 A7

A5 A5
(9) A5

(10) A5
(11) A5

(12) A5
(13) A5

(14) A5
(15) A5

(16) A7 A8 A6

1
CCCCCCCCCCCCCCCCCCCA

,

where N0, · · · , N8, A0, · · · , A5 are permutation matrices of degree 12 and A6, A7, A8 ∈
Φ1.

PROOF. The lemma holds from Lemma 5.4 and Notation 5.5. �

LEMMA 5.7 The same statement as Lemma 4.12 holds.
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Set G-orbits of size 9 on P and on B as follows:

Y0 = {x0, x12, x24, x36, x48, x60, x72, x84, x96},
Y1 = {x1, x13, x25, x37, x49, x61, x73, x85, x97},
Y2 = {x2, x14, x26, x38, x50, x62, x74, x86, x98},
Y3 = {x3, x15, x27, x39, x51, x63, x75, x87, x99)},
Y4 = {x4, x16, x28, x40, x52, x64, x76, x88, x100},
Y5 = {x5, x17, x29, x41, x53, x65, x77, x89, x101},
Y6 = {x6, x18, x30, x42, x54, x66, x78, x90, x102},
Y7 = {x7, x19, x31, x43, x55, x67, x79, x91, x103},
Y8 = {x8, x20, x32, x44, x56, x68, x80, x92, x104},
Y9 = {x9, x21, x33, x45, x57, x69, x81, x93, x105},
Y10 = {x10, x22, x34, x46, x58, x70, x82, x94, x106},
Y11 = {x11, x23, x35, x47, x59, x71, x83, x95, x107},
Y12 = {x108, x109, x110, x111, x112, x113, x114, x115, x116},
Y13 = {x120, x121, x122, x123, x124, x125, x126, x127, x128} and
Y14 = {x132, x133, x134, x135, x136, x137, x138, x139, x140},
where (Y , x) ∈ {(Q, p), (C, B)}.

Set q0 = p0, q1 = p1, · · · , q11 = p11, q12 = p108, q13 = p120, q14 = p132 and C0 =
B0, C1 = B1, · · · , C11 = B11, C12 = B108, C13 = B120, C14 = B132.

For i, j with 0 ≤ i ≤ 11 and 0 ≤ j ≤ 14 set mij = |Qi ∩ (Cj)| and Dij = {α ∈
G|qi

α ∈ Cj}. Then, mij = |Dij | for i, j with 0 ≤ i ≤ 11 and 0 ≤ j ≤ 14. Set
M = (mij)0≤i≤11, 0≤j≤14.

LEMMA 5.8 (i) Let i, i′ ∈ {0, 1, · · · , 11} and i < i′.
(a) If (i, i′) ∈ {(0, 1), (1, 2), (3, 4), (4, 5), (6, 7), (7, 8)},∑

0≤j≤14

DijDi′j
(−1) = G− {1, ϕ, ϕ4, ϕ7}.

(b) If (i, i′) ∈ {(0, 2), (3, 5), (6, 8)},∑
0≤j≤14

DijDi′j
(−1) = G− {1, ϕ2, ϕ5, ϕ8}.

(c) If i, i′ do not satisfy any one of two assumptions of (a) and (b),∑
0≤j≤14

DijDi′j
(−1) = G− {1}.

(ii) Let i ∈ {0, 1, · · · , 11}.
(a) If i ∈ {0, 1, · · · , 8},∑

0≤j≤14

DijDij
(−1) = 11 + {G− {1, ϕ3, ϕ6}}.

(b) If i ∈ {9, 10, 11}, ∑
0≤j≤14

DijDij
(−1) = 12 + {G− {1}}.
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PROOF. Since D is an STD1[12; 12], Using the same argument as in the proof of
Lemma 4.7 the lemma holds from Lemmas 5.6 and 5.7. �

LEMMA 5.9 (i) Let i, i′ ∈ {0, 1, · · · , 11} and i < i′.
(a) If (i, i′) ∈ {(0, 1), (1, 2), (3, 4), (4, 5), (6, 7), (7, 8), (0, 2), (3, 5), (6, 8)},

∑
0≤j≤14

mijmi′j = 5.

(b) If (i, i′) does not satisfy the assumption of (a),

∑
0≤j≤14

mijmi′j = 8.

(ii) Let i ∈ {0, 1, · · · , 11}.
(a) If i ∈ {0, 1, · · · , 8}, ∑

0≤j≤14

mij
2 = 17.

(b) If i ∈ {9, 10, 11}, ∑
0≤j≤14

mij
2 = 20.

(iii) Let i ∈ {0, 1, · · · , 11}.
(a) If i ∈ {0, 1, · · · , 8},

∑
0≤j≤11

mij = 9 and
∑

12≤j≤14

mij = 2.

(b) If i ∈ {9, 10, 11},
∑

0≤j≤11

mij = 9 and
∑

12≤j≤14

mij = 3.

(iv) For j ∈ {0, 1, · · · , 14} ∑
0≤i≤11

mij = 9.

PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 5.8 (i), (ii). The two equations of (iii) hold
from Lemma 5.6. Since Dij ∩Di′j = ∅ for i, i′(�=) ∈ {0, 1, · · · , 11}, j ∈ {0, 1, · · · , 14},∑
0≤i≤11

mij ≤ 9 and 11× 9 + 12× 3 = 9× 15, the equation of (iv) holds. �

LEMMA 5.10 (i) Let i ∈ {0, 1, · · · , 8}. Then (mi 0, mi 1, · · · , mi 14) is equal to

(0, · · · , 0︸ ︷︷ ︸
6

, 1, 1, 1, 2, 2, 2, 0, 1, 1) or
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(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
5

, 2, 2, 0, 0, 2)

up to ordering for from the 0th column to the 11th column and for from the 12th
column to the 14th column.
(ii) Let i ∈ {9, 10, 11}. Then (mi 0, mi 1, · · · , mi 14) is equal to

(0, · · · , 0︸ ︷︷ ︸
6

, 1, · · · , 1︸ ︷︷ ︸
4

, 2, 3, 1, 1, 1),

(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
6

, 3, 0, 1, 2),

(0, · · · , 0︸ ︷︷ ︸
4

, 1, · · · , 1︸ ︷︷ ︸
7

, 2, 0, 0, 3),

(0, · · · , 0︸ ︷︷ ︸
7

, 1, 2, · · · , 2︸ ︷︷ ︸
4

, 1, 1, 1) or

(0, · · · , 0︸ ︷︷ ︸
6

, 1, 1, 1, 2, 2, 2, 0, 1, 2)

up to ordering for from the 0th column to 11th column and for from the 12th column
to the 14th column.

PROOF. (i): Let i ∈ {0, 1, · · · , 8}. Then, by Lemma 5.9 (ii), (iii) we have the two
cases stated in the lemma and the another case

(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
6

, 3, 0, 1, 1).

But the last case does not occur by Lemma 5.8(ii). Actually, let ϕk ←→ k for
k ∈ {0, 1, · · · , 8} (mod 9), then there exists a subset of {0, 1, · · · , 8} such that

{±(a− b), ±(a− c), ±(b− c)} = {1, 2, 4, 5, 7, 8} (mod 9).

But it follows that there does not exist such {a, b, c} by easy calculations.
(ii): If i ∈ {9, 10, 11}, it follows that the five cases stated in the lemma occur by
Lemma 5.9 (ii), (iii). �

LEMMA 5.11 For i ∈ {0, 3, 6} and j ∈ {0, 1, · · · , 11}⎛
⎝ mi j

mi+1 j

mi+2 j

⎞
⎠ /∈ {

⎛
⎝ 2

1
1

⎞
⎠ ,

⎛
⎝ 1

2
1

⎞
⎠ ,

⎛
⎝ 1

1
2

⎞
⎠}.

PROOF. Suppose that

⎛
⎝ mi j

mi+1 j

mi+2 j

⎞
⎠ =

⎛
⎝ 2

1
1

⎞
⎠ for some i ∈ {0, 3, 6} and j ∈

{0, 1, · · · , 11}. Let ϕk ←→ k for k ∈ {0, 1, · · · , 8} (mod 9) and

⎛
⎝ Di j

Di+1 j

Di+2 j

⎞
⎠ =
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⎛
⎝ {a, b}
{c}
{d}

⎞
⎠ . In the rest of the proof, we consider a, b, c, d (mod 3). By Lemma 5.8 (ii),

a − b �≡ 0 (mod 3). Adding an appropriate integer (mod 3) to D, we may assume
that a = 0 and b = 1. By Lemma 5.8 (i), a − c �≡ 1, b − c �≡ 1 (mod 3). Therefore
c ≡ 1 (mod 3). Again by Lemma 5.8 (i), d − a �≡ 1, d − b �≡ 1 (mod 3). Therefore
d ≡ 0 (mod 3). But by Lemma 5.8 (i), c − d �≡ 1 (mod 3). This is a contradiction.

Therefore

⎛
⎝ mi j

mi+1 j

mi+2 j

⎞
⎠ =

⎛
⎝ 2

1
1

⎞
⎠ does not occur. It follows that the other two cases

also do not occur by a similar argument to that stated above. �

NOTATION 5.12 Let A = (aij)0≤i≤11, 0≤j≤14 be a matrix on {0, 1, 2} satisfying the
following conditions (i), (ii), (iii) and (iv).
(i) Let i ∈ {0, 1, · · · , 8}. Then, (ai 0, ai 1, · · · , ai 14) is equal to

(0, · · · , 0︸ ︷︷ ︸
6

, 1, 1, 1, 2, 2, 2, 0, 1, 1) or

(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
5

, 2, 2, 0, 0, 2)

after permuting from the 0th column to the 11th column and from the 12th column
to the 14th column appropriately. ( We call that (ai 0, ai 1, · · · , ai 14) is of type R for
the former case and of type S for the latter case.)
(ii) Let i ∈ {9, 10, 11}. Then, (ai 0, ai 1, · · · , ai 14) is equal to

(0, · · · , 0︸ ︷︷ ︸
6

, 1, · · · , 1︸ ︷︷ ︸
4

, 2, 3, 1, 1, 1),

(0, · · · , 0︸ ︷︷ ︸
5

, 1, · · · , 1︸ ︷︷ ︸
6

, 3, 0, 1, 2),

(0, · · · , 0︸ ︷︷ ︸
4

, 1, · · · , 1︸ ︷︷ ︸
7

, 2, 0, 0, 3),

(0, · · · , 0︸ ︷︷ ︸
7

, 1, 2, · · · , 2︸ ︷︷ ︸
4

, 1, 1, 1) or

(0, · · · , 0︸ ︷︷ ︸
6

, 1, 1, 1, 2, 2, 2, 0, 1, 2)

after permuting from the 0th column to the 11th column and from the 12th column
to the 14th column appropriately.
(iii) Let i, i′ ∈ {0, 1, · · · , 11} and i < i′.
If (i, i′) ∈ {(0, 1), (1, 2), (3, 4), (4, 5), (6, 7), (7, 8), (0, 2), (3, 5), (6, 8)}, then

∑
0≤j≤14

aijai′j = 5,
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otherwise ∑
0≤j≤14

aijai′j = 8.

(iv) For i ∈ {0, 3, 6} and j ∈ {0, 1, · · · , 11}
⎛
⎝ ai j

ai+1 j

ai+2 j

⎞
⎠ /∈ {

⎛
⎝ 2

1
1

⎞
⎠ ,

⎛
⎝ 1

2
1

⎞
⎠ ,

⎛
⎝ 1

1
2

⎞
⎠}.

Let Φ be the set of matrices A’s satisfying the conditions (i), (ii), (iii) and (iv).
We remark that M = (mij)0≤i≤11,0≤j≤14 ∈ Φ.

DEFINITION 5.13 Let A = (aij)0≤i≤11,0≤j≤14 and B = (bij)0≤i≤11,0≤j≤14 ∈ Φ. Then,
if there exists a permutation σ on {0, 1, · · · , 11} such that
{{0σ, 1σ, 2σ}, {3σ, 4σ, 5σ}, {6σ, 7σ, 8σ}} = {{0, 1, 2}, {3, 4, 5}, {6, 7, 8}},
{9σ, 10σ, 11σ} = {9, 10, 11} and there exists a permutation τ on {0, 1, · · · , 14} such
that {0τ , 1τ , · · · , 11τ} = {0, 1, · · · , 11}, {12τ , 13τ , 14τ} = {12, 13, 14}, we say that A
is equivalent to B and we denote this by A ∼ B. (Then, ∼is an equivalence relation
on Φ.)

We now want to determine Φ/ ∼.

DEFINITION 5.14 Let A = (aij)0≤i≤11,0≤j≤14 ∈ Φ. Then, if for i with 0 ≤ i ≤
8, (ai 0, ai 1, · · · , ai 14) is of type Xi (Xi = R or S), we say that A is of type
t(X0, X1, X2|X3, X4, X5|X6, X7, X8).

We may assume that a representative element of Φ by ∼ is of one of the following
20 types from Definition 5.13.

(1) t(R, R, R|R, R, R|R, R, R),
(2) t(R, R, R|R, R, R|R, R, S),
(3) t(R, R, R|R, R, R|R, S, S),
(4) t(R, R, R|R, R, R|S, S, S),
(5) t(R, R, R|R, R, S|R, R, S),
(6) t(R, R, R|R, R, S|R, S, S),
(7) t(R, R, R|R, R, S|S, S, S),
(8) t(R, R, R|R, S, S|R, S, S),
(9) t(R, R, R|R, S, S|S, S, S),
(10) t(R, R, R|S, S, S|S, S, S),
(11) t(R, R, S|R, R, S|R, R, S),
(12) t(R, R, S|R, R, S|R, S, S),
(13) t(R, R, S|R, R, S|S, S, S),
(14) t(R, R, S|R, S, S|R, S, S),
(15) t(R, R, S|R, S, S|S, S, S),
(16) t(R, R, S|S, S, S|S, S, S),
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(17) t(R, S, S|R, S, S|R, S, S),
(18) t(R, S, S|R, S, S|S, S, S),
(19) t(R, S, S|S, S, S|S, S, S) and
(20) t(S, S, S|S, S, S|S, S, S).

Using a computer, we have the following lemma.

LEMMA 5.15 (i) There are exactly the following 3 M ’s up to equivalence for type
(5).

M1 =

0
BBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 1 1 1 2 2 2 0 1 1
0 0 0 2 2 2 1 1 1 0 0 0 0 1 1
2 2 2 0 0 1 0 0 1 0 0 1 0 1 1
0 0 2 0 0 1 1 2 2 0 1 0 1 0 1
0 2 0 0 2 1 0 1 0 0 1 2 1 1 0
1 1 1 2 1 0 0 0 0 2 1 0 0 0 2
0 2 0 1 0 1 0 1 2 2 0 0 1 1 0
2 0 0 1 0 2 0 1 0 0 2 1 1 0 1
1 0 2 0 2 0 1 1 0 1 1 0 0 2 0
0 0 2 2 0 1 1 0 0 1 0 2 2 1 0
1 2 0 1 0 0 3 1 0 0 1 0 1 1 1
2 0 0 0 2 0 1 0 2 1 0 1 2 0 1

1
CCCCCCCCCCCCCCCCCA

,

M2 =

0
BBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 1 1 1 2 2 2 0 1 1
0 0 0 2 2 2 1 1 1 0 0 0 0 1 1
2 2 2 0 0 1 0 0 1 0 0 1 0 1 1
0 0 2 0 0 2 1 2 0 0 1 1 1 0 1
0 2 0 0 2 0 0 1 2 0 1 1 1 1 0
1 1 1 2 1 0 0 0 0 2 1 0 0 0 2
0 2 0 1 0 2 0 1 0 2 0 1 1 1 0
2 0 0 1 0 1 0 1 2 0 2 0 1 0 1
1 0 2 0 2 0 1 1 0 1 1 0 0 2 0
0 0 2 2 0 0 1 0 2 1 0 1 2 1 0
1 2 0 1 0 0 3 1 0 0 1 0 1 1 1
2 0 0 0 2 1 1 0 0 1 0 2 2 0 1

1
CCCCCCCCCCCCCCCCCA

and

M3 =

0
BBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 1 1 1 2 2 2 0 1 1
0 0 1 1 1 2 0 2 2 0 0 0 1 0 1
1 2 0 1 2 0 2 0 0 0 0 1 1 0 1
0 0 2 1 2 0 1 0 1 0 2 0 0 1 1
0 2 0 1 0 1 1 0 2 2 0 0 1 1 0
2 1 1 1 0 0 0 2 0 1 0 1 0 0 2
1 2 0 0 1 0 0 2 1 0 2 0 1 1 0
2 0 1 0 0 1 2 0 2 0 0 1 0 1 1
0 0 2 1 1 0 1 1 0 2 0 1 2 0 0
0 2 2 0 0 2 0 0 0 0 1 2 1 1 1
1 0 0 3 0 1 1 1 0 0 1 1 1 2 0
2 0 0 0 2 2 0 0 0 2 1 0 1 1 1

1
CCCCCCCCCCCCCCCCCA

.

(ii) There is exactly the following one M up to equivalence for type (6).

M4 =

0
BBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 1 1 1 2 2 2 0 1 1
0 0 1 1 1 2 0 2 2 0 0 0 1 0 1
1 2 0 1 2 0 2 0 0 0 0 1 1 0 1
0 1 2 0 0 1 2 0 1 0 2 0 1 0 1
2 1 0 1 0 1 0 0 2 0 0 2 0 1 1
1 1 1 0 1 0 0 2 0 2 0 1 2 0 0
2 0 0 0 2 1 0 0 1 1 2 0 1 0 1
0 2 1 0 1 0 1 1 2 1 0 0 0 2 0
1 0 2 2 0 0 1 1 0 1 0 1 0 0 2
0 0 2 1 2 1 0 0 0 0 1 2 1 2 0
0 2 0 2 0 2 0 0 0 2 1 0 1 1 1
2 0 0 1 0 1 2 2 0 0 1 0 1 2 0

1
CCCCCCCCCCCCCCCCCA

.

(iii) |Φ/ ∼ | = 4.
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For each Mi of Lemma 5.15, we have to consider 4 (Di,j)0≤11,0≤j≤14’s. For example,
for M1 we have to consider 4 (Di,j)0≤11,0≤j≤14’s of Appendix A. Here we consider
D1, · · · , D4 on Z/9Z. But it follows that from the 0th row to the 5th row of any one
of D1, · · · , D4 do not satisfy Lemma 5.8 using a computer. By the similar argument,
it follows that D’s corresponding to any other Mi (i = 2, 3, 4) do not exist. Therefore
we have the following lemma.

LEMMA 5.16 There is no projective plane of order 12 satisfying Hypothesis 5.1.

6 The case that G is planar

Let π = (Q,L) be a projective plane of order 12. In this section we assume the
following.

HYPOTHESIS 6.1 Let G be an automorphism group of π of order 9 and (FQ(G),
FL(G)) a subplane of π.

LEMMA 6.2 (FQ(G), FL(G)) is a subplane of π of order 3.

PROOF. It follows from Lemma 3.2. �

LEMMA 6.3 G acts semiregularly on Q− FQ(G) and on L− FL(G).

PROOF. Suppose that there exists τ ∈ G − {1} such that rτ = r for some r ∈
Q−FQ(G). Then (FQ(〈τ〉), FL(〈τ〉)) is a proper subplane of π. If let m be the order of
the subplane, m ≥ 4. This is contrary to Lemma 3.2. Therefore, G acts semiregularly
on Q − FQ(G). By the similar argument, it follows that G acts semiregularly on
L − FL(G). �

Notation being as in Notation 3.4, we may assume that
FP(G) = {p117, p118, p119, p129, p130, p131, p141, p142, p143} and
FB(G) = {B117, B118, B119, B129, B130, B131, B141, B142, B143}.

LEMMA 6.4 If μ(�= 1) ∈ G, then Pi
μ �= Pi, and Bi

μ �= Bi for i with 0 ≤ i ≤ 8.

PROOF. If for example P0
μ = P0, then μ fixes the line L0 of π. Since (FQ(μ), FL(μ)) is

a subplane of π containing the subplane (FQ(G), FL(G)) properly, (FQ(μ), FL(μ)) =
π by Lemma 3.2. Therefore, μ = 1. This is a contradiction. Thus P0

μ �= P0. By the
similar argument the remaining assertion can be proved. �

Let Q0,Q1, · · · ,Q14 be G-orbits on P of size 9 and C0, C1, · · · , C14 G-orbits on B
of size 9. For i, j with 0 ≤ i, j ≤ 14, choose a point qi ∈ Qi and a block Cj ∈ Cj . For
i, j with 0 ≤ i, j ≤ 14 set mij = |Qi ∩ (Cj)| and Dij = {α ∈ G|qi

α ∈ (Cj)}. Then
mij = |Dij| (0 ≤ i, j ≤ 14). Set M = (mij)0≤i,j≤14.

Case A. G is a cyclic group.
Let G = 〈ϕ〉. By Lemmas 6.3 and 6.4 we may assume that

ϕ̃ = (P0,P1, · · · ,P8)(P9)(P10)(P11) and ˜̃ϕ = (B0,B1, · · · ,B8)(B9)(B10)(B11).
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Case B. G is an elementary abelian group.
Let G = 〈ϕ, τ |ϕ3 = τ 3 = 1, ϕτ = τϕ〉. By Lemmas 6.3 and 6.4 we may assume that
ϕ̃ = (P0,P1,P2)(P3,P4,P5)(P6,P7,P8)(P9)(P10)(P11),˜̃ϕ = (B0,B1,B2)(B3,B4,B5)(B6,B7,B8)(B9)(B10)(B11),
τ̃ = (P0,P3,P6)(P1,P4,P7)(P2,P5,P8)(P9)(P10)(P11) and˜̃τ = (B0,B3,B6)(B1,B4,B7)(B2,B5,B8)(B9)(B10)(B11).

Assume that Case A occurs.
We may assume that
ϕ = (x0, x12, x24, x36, x48, x60, x72, x84, x96)
(x1, x13, x25, x37, x49, x61, x73, x85, x97)
(x2, x14, x26, x38, x50, x62, x74, x86, x98)
(x3, x15, x27, x39, x51, x63, x75, x87, x99)
(x4, x16, x28, x40, x52, x64, x76, x88, x100)
(x5, x17, x29, x41, x53, x65, x77, x89, x101)
(x6, x18, x30, x42, x54, x66, x78, x90, x102)
(x7, x19, x31, x43, x55, x67, x79, x91, x103)
(x8, x20, x32, x44, x56, x68, x80, x92, x104)
(x9, x21, x33, x45, x57, x69, x81, x93, x105)
(x10, x22, x34, x46, x58, x70, x82, x94, x106)
(x11, x23, x35, x47, x59, x71, x83, x95, x107)
(x108, x109, x110, x111, x112, x113, x114, x115, x116)
(x117)(x118)(x119)
(x120, x121, x122, x123, x124, x125, x126, x127, x128)
(x129)(x130)(x131)
(x132, x133, x134, x135, x136, x137, x138, x139, x140)
(x141)(x142)(x143), where x ∈ {p, B}.

Set G-orbits of size 9 on P and on B as follows:
Y0 = {x0, x12, x24, x36, x48, x60, x72, x84, x96},
Y1 = {x1, x13, x25, x37, x49, x61, x73, x85, x97},
Y2 = {x2, x14, x26, x38, x50, x62, x74, x86, x98},
Y3 = {x3, x15, x27, x39, x51, x63, x75, x87, x99},
Y4 = {x4, x16, x28, x40, x52, x64, x76, x88, x100},
Y5 = {x5, x17, x29, x41, x53, x65, x77, x89, x101},
Y6 = {x6, x18, x30, x42, x54, x66, x78, x90, x102},
Y7 = {x7, x19, x31, x43, x55, x67, x79, x91, x103},
Y8 = {x8, x20, x32, x44, x56, x68, x80, x92, x104},
Y9 = {x9, x21, x33, x45, x57, x69, x81, x93, x105},
Y10 = {x10, x22, x34, x46, x58, x70, x82, x94, x106},
Y11 = {x11, x23, x35, x47, x59, x71, x83, x95, x107},
Y12 = {x108, x109, x110, x111, x112, x113, x114, x115, x116},
Y13 = {x120, x121, x122, x123, x124, x125, x126, x127, x128} and
Y14 = {x132, x133, x134, x135, x136, x137, x138, x139, x140},
where (Y , x) ∈ {(Q, p), (C, B)}.
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Set q0 = p0, q1 = p1, · · · , q11 = p11, q12 = p108, q13 = p120, q14 = p132 and
C0 = B0, C1 = B1, · · · , C11 = B11, C12 = B108, C13 = B120, C14 = B132.

Since (FQ(G), FL(G)) is a subplane of π,
FP(G) = {p117, p118, p119, p129, p130, p131, p141, p142, p143} and
FB(G) = {B117, B118, B119, B129, B130, B131, B141, B142, B143},
we may assume that N0 9, N0 10, N0 11 have the same forms as A9, A10, A11 stated
in Lemma 4.12, respectively.

LEMMA 6.5 (i) Let i, i′(�=) ∈ {0, 1, · · · , 14}.
(a) If i, i′(�=) ∈ {0, 1, · · · , 11},

∑
0≤j≤14

DijDi′j
(−1) = G− {1}.

(b) If i ∈ {0, 1, · · · , 11} and i′ ∈ {12, 13, 14},
∑

0≤j≤14

DijDi′j
(−1) = G.

(c) If i, i′(�=) ∈ {12, 13, 14},
∑

0≤j≤14

DijDi′j
(−1) = G.

(ii) Let i ∈ {0, 1, · · · , 14}.
(a) If i ∈ {0, 1, · · · , 8}, ∑

0≤j≤14

DijDij
(−1) = 11.

(b) If i ∈ {9, 10, 11},
∑

0≤j≤14

DijDij
(−1) = 12 + (G− {1}).

(c) If i ∈ {12, 13, 14}, ∑
0≤j≤14

DijDij
(−1) = 12.

PROOF. Since D is an STD1[12; 12], using the same argument as in the proof of
Lemma 4.7 the lemma holds by considering the form of N . �

LEMMA 6.6 (i) Let i, i′(�=) ∈ {0, 1, · · · , 14}.
(a) If i, i′(�=) ∈ {0, 1, · · · , 11},

∑
0≤j≤14

mijmi′j = 8.
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(b) If i ∈ {0, 1, · · · , 11} and i′ ∈ {12, 13, 14},
∑

0≤j≤14

mijmi′j = 9.

(c) If i, i′(�=) ∈ {12, 13, 14}, ∑
0≤j≤14

mijmi′j = 9.

(ii) Let i ∈ {0, 1, · · · , 14}.
(a) If i ∈ {0, 1, · · · , 8}, ∑

0≤j≤14

mij
2 = 11.

(b) If i ∈ {9, 10, 11}, ∑
0≤j≤14

mij
2 = 20.

(c) If i ∈ {12, 13, 14}, ∑
0≤j≤14

mij
2 = 12.

(iii) Let i ∈ {0, 1, · · · , 14}.
(a) If i ∈ {0, 1, · · · , 8}, ∑

0≤j≤14

mij = 11.

(b) If i ∈ {9, 10, · · · , 14}, ∑
0≤j≤14

mij = 12.

PROOF. We have the equations of (i) and (ii) by considering the action of the trivial
character of G on equations of Lemma 6.5 (i) and (vi), respectively. The equations
of (ii) hold from the form of N . �

Using a computer the following lemma holds from Lemma 6.6.

LEMMA 6.7 Set P = (mij)0≤i≤8,0≤j≤14. Then there are exactly 13 P ’s of Appendix
B up to ordering of rows and columns.

LEMMA 6.8 There is no projective plane of order 12 admitting a planar cyclic au-
tomorphism group of order 9.

PROOF. Any one of matrices P1, · · · , P13 stated in Lemma 6.7 can not be extended
to (mij)0≤i≤11,0≤j≤14 satisfying Lemma 6.6. Therefore we have the lemma. �

Assume that Case B occurs.
We may assume that
ϕ = (x0, x12, x24)(x1, x13, x25)(x2, x14, x26)
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(x3, x15, x27)(x4, x16, x28)(x5, x17, x29)
(x6, x18, x30)(x7, x19, x31)(x8, x20, x32)
(x9, x21, x33)(x10, x22, x34)(x11, x23, x35)
(x36, x48, x60)(x37, x49, x61)(x38, x50, x62)
(x39, x51, x63)(x40, x52, x64)(x41, x53, x65)
(x42, x54, x66)(x43, x55, x67)(x44, x56, x68)
(x45, x57, x69)(x46, x58, x70)(x47, x59, x71)
(x72, x84, x96)(x73, x85, x97)(x74, x86, x98)
(x75, x87, x99)(x76, x88, x100)(x77, x89, x101)
(x78, x90, x102)(x79, x91, x103)(x80, x92, x104)
(x81, x93, x105)(x82, x94, x106)(x83, x95, x107)
(x108, x109, x110)(x111, x112, x113)(x114, x115, x116)
(x117)(x118)(x119)(x120, x121, x122)(x123, x124, x125)(x126, x127, x128)
(x129)(x130)(x131)
(x132, x133, x134)(x135, x136, x137)(x138, x139, x140)
(x141)(x142)(x143) and
τ = (x0, x36, x72)(x1, x37, x73)(x2, x38, x74)
(x3, x39, x75)(x4, x40, x76)(x5, x41, x77)
(x6, x42, x78)(x7, x43, x79)(x8, x44, x80)
(x9, x45, x81)(x10, x46, x82)(x11, x47, x83)
(x12, x48, x84)(x13, x49, x85)(x14, x50, x86)
(x15, x51, x87)(x16, x52, x88)(x17, x53, x89)
(x18, x54, x90)(x19, x55, x91)(x20, x56, x92)
(x21, x57, x93)(x22, x58, x94)(x23, x59, x95)
(x24, x60, x96)(x25, x61, x97)(x26, x62, x98)
(x27, x63, x99)(x28, x64, x100)(x29, x65, x101)
(x30, x66, x102)(x31, x67, x103)(x32, x68, x104)
(x33, x69, x105)(x34, x70, x106)(x35, x71, x107)
(x108, x111, x114)(x109, x112, x115)(x110, x113, x116)
(x117)(x118)(x119)
(x120, x123, x126)(x121, x124, x127)(x122, x125, x128)
(x129)(x130)(x131)
(x132, x135, x138)(x133, x136, x139)(x134, x137, x140)
(x141)(x142)(x143), where x ∈ {p, B}.

Set G-orbits of size 9 on P and on B as follows:
Y0 = {X0, X12, X24, X36, X48, X60, X72, X84, X96},
Y1 = {X1, X13, X25, X37, X49, X61, X73, X85, X97},
Y2 = {X2, X14, X26, X38, X50, X62, X74, X86, X98},
Y3 = {X3, X15, X27, X39, X51, X63, X75, X87, X99},
Y4 = {X4, X16, X28, X40, X52, X64, X76, X88, X100},
Y5 = {X5, X17, X29, X41, X53, X65, X77, X89, X101},
Y6 = {X6, X18, X30, X42, X54, X66, X78, X90, X102},
Y7 = {X7, X19, X31, X43, X55, X67, X79, X91, X103},
Y8 = {X8, X20, X32, X44, X56, X68, X80, X92, X104},
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Y9 = {X9, X21, X33, X45, X57, X69, X81, X93, X105},
Y10 = {X10, X22, X34, X46, X58, X70, X82, X94, X106},
Y11 = {X11, X23, X35, X47, X59, X71, X83, X95, X107},
Y12 = {X108, X109, X110, X111, X112, X113, X114, X115, X116},
Y13 = {X120, X121, X122, X123, X124, X125, X126, X127, X128} and
Y14 = {X132, X133, X134, X135, X136, X137, X138, X139, X140},
where (Y , X) ∈ {(Q, p), (C, B)}.
Set q0 = p0, q1 = p1, q2 = p2, q3 = p3, q4 = p4, q5 = p5, q6 = p6, q7 = p7, q8 = p8, q9 =
p9, q10 = p10, q11 = p11, q12 = p108, q13 = p120, q14 = p132 and C0 = B0, C1 = B1, C2 =
B2, C3 = B3, C4 = B4, C5 = B5, C6 = B6, C7 = B7, C8 = B8, C9 = B9, C10 =
B10, C11 = B11, C12 = B108, C13 = B120, C14 = B132.

In this case, we have Lemma 6.5 by the similar argument as in the Case A.
Therefore, by Lammas 6.6 and 6.7 we have the following lemma.

LEMMA 6.9 There is no projective plane of order 12 admitting a planar elementary
abelian automorphism group of order 9.

PROOF of Theorem A; By Lemmas 4.16, 5.16, 6.8 and 6.9 the theorem holds.
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