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Abstract

In the firefighting and the graph searching problems, a contaminate
spreads relatively quickly. We introduce a new model, on directed acyclic
graphs, in which the contamination spreads slowly. The model was in-
spired by the efforts to stem the lava flow from the Eldfell volcano in
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Iceland. The contamination starts at a source, only one vertex at a time
is contaminated and for some fixed k, k vertices are protected. The slow-
ness is indicated by the name ‘seepage’. The object is to protect the
sinks of the graph. We show that if a sink of the graph can be contam-
inated then at most one directed path need be contaminated. We also
investigate the Cartesian product of directed paths. We show that for
the product of 3 directed paths that is truncated to only vertices up to
a distance of d from the source, if d > 9, then only one vertex need be
protected on each turn to protect the sinks. We also present bounds for
the Cartesian product of more than 3 paths.

1 Introduction

There have been many models and papers about how to deal with intruders or
contamination on a graph. For example, searching for a potential intruder who is
infinitely fast (equivalently, decontaminating a network) [1], cleaning a graph [10],
pursuit evasion [12] and firefighting [9]. This paper considers a variant of firefighting
inspired by actual events in Iceland, where the Eldfell volcano erupted and lava
poured downhill toward a town and port, see [11, 13]. The town was defended by
pouring water on the lava to solidify the leading edge and redirecting the flow.

For this paper, there is a directed acyclic graph with one source (in-degree 0) and
many sinks (out-degree 0). At time ¢ = 0, the pollution is detected at the source and
then an unpolluted vertex is protected, i.e. made safe from being polluted, for all
time. At time step ¢ > 0, the pollution spreads from some polluted vertex to (exactly)
one adjacent non-polluted vertex then another unpolluted vertex is protected. The
pollution is said to win if it reaches a sink. In contrast to node searching and
firefighting, the rate of contamination is very slow, hence we refer to this version as
seepage and the situation as the seepage game.

To personify the situation, we consider this a game between two players, Sludge
and Green. The sinks are on the edge of a lake and the aim of Sludge is to pollute
the lake while Green wants to protect the lake. The number of vertices that are
polluted is irrelevant.

It is interesting to note, that if Sludge can win then he can do so by having
polluted only the vertices of a path; see Theorem 2.4. This fact simplifies the proofs
of our subsequent results.

In Section 3, we give two simple characterizations of those trees in which Green
can win. This is in contrast to firefighting. In firefighting, the fire spreads from all
burning vertices to all unprotected vertices. On a rooted tree (so effectively, the tree
is a directed tree) the fire breaks out at the root. Given a rooted tree T and a subset
of vertices S, the S-FIRE problem [5] is to determine whether all the vertices of .S
can be protected from the fire. In [5], it is shown show that S-FIRE is NP-complete
even when restricted to S being the set of leaves of a full rooted tree of maximum
degree three. In contrast, the determination of those trees that Green can win and
indeed, how many vertices Green needs to protect on each move, is polynomial. The
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characterizations are in terms of substructures of the individual trees, see Corollary
3.4 and Theorem 3.7 respectively.

The Cartesian product gives rise to many familiar graphs, including hypercubes
(Theorem 4.2). One of the earliest problems considered, and one that still brings
insight, is whether Green can win on the following graphs: take the Cartesian product
of three directed paths of length d and take H, as the subgraph of vertices at distance
at most d from the source, see Figure 1 (the sinks are indicated by white vertices).
In Section 4, we identify all the ‘truncated’ Cartesian cubes, except for a handful
which we leave for the reader. We also give bounds for the Cartesian products of
more than 3 paths. In the last section, we present some problems.

S

Figure 1: The subgraph of P;O0P;[JP; which contains vertices at most distance 2
from the source s.

This problem is reminiscent of the Angel-€-Devil problem [3]. Originally played
on the infinite grid, the Devil blocks one square whilst the Angel of power &k, who
starts at the origin, can move to any unblocked square at distance no more than &
away. This problem has been solved in 3-dimensions [4, 7] and now in 2-dimensions |2,
6, 8]. The graph for the Seepage problem then could be interpreted as the graph
of possible moves for the Angel. However, Theorem 2.4 shows that if the Sludge
(=Angel!) can win then he can win by polluting just a path. For the Angel this
would mean always moving away from the origin. Conway [3] [page 8] calls such
an Angel an out-and-out fool and he gives Theorem 6.1. The Devil can catch an
Out-and-Out Fool [on the square grid).

2 General Results

Definition 2.1 Let G be a directed acyclic graph and, for x € V(G), let G, be the
induced subgraph of G on {v € V(G) : there is a directed path from x to v}.

Definition 2.2 A directed acyclic graph G (with one source) is called green-win if
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Green, protecting only one unpolluted vertex each time step can win; otherwise it is
called sludge-win.

Definition 2.3 Let G be a directed acyclic graph with one source. Let gr(G) be the
least number k, so that if Green may protect k vertices of G on each move, the Green
has a winning strategy in the seepage game. A directed acyclic graph G (with one
source) is called k-green-win if gr(G) = k.

After a few moments thought, it is intuitively obvious that if Sludge can win then
he need only pollute the vertices of a path and this is our next Theorem. Obviously,
the path cannot be given in advance since it depends on the vertices that Green
protects. In a sludge-win graph, we call a Sludge strategy that pollutes only the
vertices of a path, against any strategy of Green, efficient and we say Sludge wins

efficiently.

Theorem 2.4 (Single Directed Path.) If G is a sludge-win graph then Sludge
has an efficient strategy.

Proof: The following Claim helps simplify the situation.

Claim 1: Let v be a polluted vertex with unpolluted children a and b where b is
also a child of a. If Sludge has an efficient strategy starting with a, b then he has an
efficient strategy starting with b.

Proof of Claim: If Sludge pollutes b before a then G, has one fewer protected
vertex than if Sludge pollutes a and then b and hence the same winning strategy
suffices.

Now suppose that for every directed acyclic graph of size less than & in which
Sludge can win, Sludge has an efficient strategy.

Let G be a graph in which the Sludge can win where |V(G)| = k. Let v be the
source and N(v) = {v1,vs,...,v,}. Sludge pollutes the source v, Green protects
some vertex x and now Sludge can win by polluting, say, v;.

Let G’ be the graph induced by V(G') = V(G) —{z, v} together with the directed
edges {(v1,v;) : ¢ = 2,3,...,n}. By induction, Sludge can win on G’ using an
efficient strategy, call it S. If, regardless of which vertex Green next protects, S has
Sludge winning by polluting some vertex not in {wvy, vs, ..., v,} then Sludge has won
in G by polluting only the edges of a path, i.e. efficiently. So suppose that Green can
protect a vertex, y such that, under S, Sludge pollutes say v,. Note that by Claim
1, Sludge will not pollute any other v;. Therefore, Sludge can win in G,, — {y}
efficiently. Now by Claim 1, Sludge can win in G efficiently. [

Theorem 2.5 Let G be a directed acyclic graph with a single source and let H be
an induced subgraph of G that includes the source of G and every sink of H is a sink
of G. If H is sludge-win then G is sludge-win.

Proof: If Sludge wins on H then any move by Green on V(G) — V(H) is regarded
by Sludge as a pass in H. n
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3 Trees

Let T denote a rooted tree; we assume the root to be the source and the leaves to
be the sinks.

Lemma 3.1 IfT is green-win then Green can win by always protecting at a child of
the previously polluted vertex.

Proof: Suppose Sludge moves to v; and Green can win by protecting z, where
dist(z,v;) > 2. As T is a rooted tree, Green can win by protecting v}, where v}
adjacent to v; and v is on the path from v; to . [

Figure 2 shows that Lemma 3.1 does not hold if the graph is not a tree. The
only winning strategy for Green is to protect a first (the source is s and the sinks
are indicated by white vertices).

Figure 2: P30JP; truncated at distance d = 2.

Lemma 3.2 If T is a rooted tree with no verter v where d*(v) = 1, then T is
sludge-win.

Proof: If Sludge has polluted vertex v which is not a sink, then by Lemma 3.1,
Green can subsequently only protect one of the children of v. Therefore, if Sludge
has not polluted a sink, he always has a move. n

Give a rooted tree T, let T, be the subtree rooted at x.

Theorem 3.3 If x € V(T) and d™(z) = 1, then T — T, is green-win if and only if
T is green-win.

Proof: Suppose there is vertex x € V(T') such that d*(z) = 1.

Suppose T' — T, is green-win. When Sludge moves on vertices of T' — T}, Green
follows his winning strategy. If Sludge moves out of T'— T, it must first move to x.
Green then responds by protecting the child of x. Sludge is forced to continue its
play on T — T, for the remainder of the game. The game continues on 7" — T, and
Green wins.

Suppose T'— T, is sludge-win. Then when playing on 7', Sludge restricts its moves
to vertices of T'— T,. If Green plays outside of T'— T}, Sludge treats that like a pass
on T — T, continues its strategy on T'— T, and wins. [
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The previous two theorems give a characterization based on a decomposition
procedure reminiscent of the characterization of cop-win graphs [12]. Let x be a
vertex of a rooted tree T. T is said to be green-reduced to T — T, if x has out-degree
1 in T and no ancestor of z has out-degree 1. Then T'— T, is a green-reduction of T

Corollary 3.4 A rooted tree T is green-win if and only if T can be reduced to the
empty graph by a sequence of green-reductions.

It is easy to see that any valid series of green-reductions will terminate in the
same graph, so Sludge can apply this procedure to find a subtree that he wishes to
play on.

We also give an algorithm that determines if the rooted tree is green-win based
on labeling the vertices from the sinks back toward the source:

Tree Labeling Algorithm
1. Initially, all the vertices are unlabeled.
2. Label the leaves s.

3. All vertices that have two children or more labeled s are also labeled s. Any
vertex that has all but one of its children labeled g is labeled g.

4. Repeat Step 3 until all vertices are labeled.

Theorem 3.5 Let T be a rooted tree. The Tree Labeling Algorithm labels the root g
if and only if T is green-win.

Proof: The proof is a straightforward application of Lemma 3.2 (]

From the Tree Labeling Algorithm, we can determine if a rooted tree T is green-
win in polynomial time. More specifically, we visit each vertex v and look at the
children of it to determine the label on v. Thus, the Tree Labeling Algorithm returns
whether T is green-win in at most n? steps, where n = |V (T')|.

We now give analogous characterization of Corollary 3.4 for k-green-win trees.
The proofs are similar to those for Theorem 3.3 and Corollary 3.4.

Lemma 3.6 [f T is k-green-win then there is a vertex v with d*(v) < k.

Let x be a vertex of a rooted tree T. T is said to be k-green-reduced to T — T,
if z has out-degree at most k in T and every ancestor of x has out-degree greater
than k.

Theorem 3.7 A rooted tree T is k-green-win if and only if T can be reduced to the
empty graph by a sequence of k-green-reductions.
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4 Cartesian Product of Paths, Truncated

Let Py be the directed path with vertices {0,1,...,k}. Let (P,,0F,,0...0F,,,d)
represent the game where the graph is the product B, 0JF,,00...0F, but restricted
to the vertices that are within distance d of the source, which is located at coordinate
(0,0,...,0). Every vertex at distance d from (0,0, ...,0) is a sink.

The proof of the first result is found by observing the graph in Figure 2 is green-
win.

Theorem 4.1 For positive integers py,pe, (P, 0P,,,d) is green-win for d > 2.

Theorem 4.2 Let (), denote the n-dimensional hypercube. (Qy,d) is sludge-win for
1 <d < n and is green-win for d = n.

Proof: (Q,,n) is clearly green-win since there is only one sink.

(Q2,d) is sludge-win for d = 0,1. In @,, wherever Green protects, Sludge can
move to the ‘source’ in a copy of (Q,_1,d — 1) that has no protected vertices. The
result follows by induction. n

Theorem 4.3 Two Greens suffice to protect (P,OP,0P,,d) for d > 3; that is,
gr((P,OP,0OP,,d)) <2 ford > 3.

Proof: By construction: the Greens protect (1,1,1) and (0,0, 1). If Sludge pollutes
(1,0,0), the Greens protect (2,0,0) and (1,1,0); from here Sludge can only pollute
(1,0,1), but the Greens protects (2,0, 1) and (1,0, 2). If Sludge at any time pollutes
(0,1,0), the Greens protects (1,1,0) (which may already be protected) and (0,1, 1).
This forms a cut set with polluted vertices on one side and the sinks on the other. m

The situation for the products of more than 3 paths is less clear. The following
result gives an upper bound.

Theorem 4.4 Let (P¥ d) be the game played on the Cartesian product of k paths
of length n truncated at level d. Then

gr((PE,d) < in {max{j gr(P,d — (k= Jyn)}

Proof: Fix j. After each Sludge move, the Greens protect so as to prevent Sludge
from changing the last j coordinates, i.e. if Sludge moves to (ay, as, . .., ax—;,0,0, ...,
0), the Greens protect (a1, as, ..., a,_j,1,0,...,0), (a1,a9,...,a,-;0,1,...,0), etc.
If d is large enough, Sludge eventually pollutes (n,n,...,n,0,0,...,0). This leaves
the seepage game to be played out on (PJ,d — (k — j)n). Consequently, for this
fixed j, the Greens need to protect max{j, gr((P?,d — (k — j)n))} vertices on each
move. Clearly, with this approach, the Greens could choose the j that gave the least
number of vertices that need to be protected. n

From the proof of Theorem 4.4, if we fix j and have the Greens prevent Sludge
from moving in the last j coordinates then the game is eventually played on (PJ,d —
(k — j)n). The source of this subgraph has exactly j children and so the Greens can
win on the next turn. This proves the next corollary.
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Corollary 4.5 gr((P*,d)) <jifd> (k—j)n + 1.

By collecting together the results from this section (some of which follow), if we
allow the Greens to protect j vertices at each step, Table 1 gives an upper bound on
d, the truncation depth, needed for the Greens to win. See Problem 5.3.

k= |1 2 3 4 5

j=1]1 2 <9 <3n+1 <4n+1
j=2111 3 <2n+1 <3n+1
j=3|1 1 1 <n+1 <2n+1

Table 1: Minimum truncation when the Greens protect j vertices and wins.

Although Theorem 4.3 showed that for d > 3, 2 Greens can win on any truncated
graph (P2, d), Theorem 4.6 now shows that if d > 9, then 1 Green will suffice.

Theorem 4.6 Ifn > 8 and d > 8 then (P,0P,0F,,d) is green-win.

Proof: It will be sufficient to show this in the case d = 9 and by Theorem 2.4
we may assume the Sludge will play a single directed path. For the proof we use a
representation which is a view from the source vertically downwards. We orient the
graph so that the source, (0,0,0) (at level 0) is the highest point on the graph and
(1,1,1) (at level 3) lies directly below the source. Drawing the vertices at level 3,
and joining them by an edge if they are adjacent to a common vertex at level 2, we
get the (partial) hexagonal grid (also called the triangular grid) as seen in Figure 3.
3,0,0

0,3,0 0,21 0,1,2 0,0,3

Figure 3: Part of the hexagonal grid: the square vertex represents 0,0,0 (and also
1,1,1).
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We note that vertices at level 1 and level 2 can be identified with the triangles
of the Figure. Each vertex at level 2 is adjacent to a set of vertices which form an
upward pointing triangle. Henceforth, a level 2 vertex is identified with its corre-
sponding upward pointing triangle. We call these utriangles. Vertices at level 1 are
called dtriangles because they can be identified with the downward pointing trian-
gles: these vertices are adjacent to the vertices at level 2 which are identified with
the three surrounding triangles. This pattern ‘repeats’ with period three. That is,
we will identify the vertices at levels 0, 3 and 6 with the vertex at level 9 directly
below it. Similarly, we will identify dtriangles at levels 1 and 4 with the correspond-
ing dtriangles at level 7 and we will identify dtriangles at levels 2 and 5 with the
corresponding utriangles at level 8. In our proofs, we take the hexagonal grid as
that given by the vertices on the bottom level. Green’s moves will always be on that
bottom level, but we will refer to Sludge as moving to a triangle or vertex regardless
of the actual level.

We require three small results to break the main proof into manageable pieces.
However, we need coordinates not tied to the original cube. Instead, we label the
vertices at level 9 (somewhat imprecisely) with Cartesian coordinates. The source is
labeled with (0,0). Now label the remaining vertices with the following process. If a
vertex is labeled (a, b), label all of its neighbours counterclockwise, starting from the
vertex on its left are (a —2,b), (a—1,b0—1), (a+1,b—1), (a+2,b), (a+1,b+1) and
(a —1,b41). See Figure 4. Because of the projective nature of the representation,
a vertex can be simultaneously polluted and protected because of the difference in
levels. We will refer to Sludge mowving to rather than polluting, a vertex or triangle.

Figure 4: Part of the hexagonal grid with new coordinate representation.

A triangle is safe if the vertices which form the triangle (on the bottom level)
are all protected. The next two Claims show that once Sludge is on a safe triangle,
Green can ensure that any utriangle Sludge moves to will be safe by the end of that
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time step. This also ensures that Green will win because when Sludge reaches the
next-to-last level (Sludge will be on a utriangle), Green will be able to ensure that
all of the adjacent vertices at the bottom level are protected.

Claim 1: If Sludge moves to a dtriangle at time ¢, which Green can make safe
by the end of time step ¢, then at the end of ¢t 4+ 1, Green can make safe the utriangle
to which Sludge has just moved.

Proof: We may suppose that Sludge has just moved to the triangle ((0,0), (2,0),
(1,-1)) and after Green’s move all of (0,0), (2,0), (1,—1) (at the bottom level) are
protected. All three of the adjacent utriangles have two vertices in common with
((0,0),(2,0), (1,—1)) and so Green can protect the third vertex of whichever of these
three utriangles Sludge moves to.

Claim 2: If Sludge moves to a utriangle which Green makes safe by the end of
that time step, then by the end of three time steps later, Green can make safe the
utriangle to which Sludge has just moved.

Proof: We may suppose that Sludge has moved to utriangle ((0,0), (2,0), (1, 1))
and after Green’s move, all of (0,0), (2,0), (1,1) are protected. Without loss of gen-
erality, suppose Sludge now moves to (2,0). Then Green protects (4,0). Sludge
now has three options: the dtriangles ((2,0),(1,1),(3,1)), ((2,0),(4,0),(3,—1)),
((2,0),(0,0),(1,—1)). But each has at least two protected vertices, so Green can
protect the third vertex (if necessary) on his next move and the result follows from
Claim 1.

The conclusion of the first two Claims is that Sludge will never move to a triangle
with two protected vertices (). For brevity, in the following arguments, we will never
consider such a move.

Claim 3: If Sludge is to move at time step ¢, where Sludge is on unprotected
vertex v, but by the end of ¢, v is adjacent to three protected vertices, x,y, z where
{z,y, 2z} is an independent set, then after at most four time steps, Green can ensure
that Sludge is on a protected triangle.

Proof: We may assume Sludge is on (0,0) and that (2,0),(—1,1),(—1,—1) are
protected. By symmetry, we may assume Sludge moves to ((0, ) (2,0), (1, -1)).
Then Green protects (1, —1) which by (x) forces Sludge to move to ((0,0),(2,0),

(1,1)). Green responds with (1,1).

If Sludge moves to (0,0), then Green protects (0,0). If Sludge moves to (2,0),
then Green protects (4,0). If Sludge moves to (1,1), then Green protects (2,2). In
each of the three possible Sludge moves, Green’s indicated response forces Sludge’s
next move to be onto a dtriangle with two protected vertices and the result follows
from Claim 1.

We may assume that Sludge starts at (0,0) and Green protects (0,0). Sludge then
moves to ((0,0),(2,0),(1,—1)) and Green protects (2,0). By (%) and symmetry, we
may now assume that Sludge moves to ((2,0), (1, —1), (3, —1)) and Green protects
(3,—1). By Claim 3, Sludge moves to (3, —1) and then by (*) Green can force the
following sequence of moves.

S 4,-2) 2 (1, -1),(0,-2), (2, -2)) < (2,-2) 2 (1, -1), (0, -2), (2,—2)) & (0,-2);
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Sludge now has three choices after which Green, using the strategy listed below can
force Sludge to only one move per turn by (*).

G

(@):  2(1,-1) %1, -1);
) 3(2,-2) % 3,-3);
(€ 3(0,-2) % (=1,-3) 3 ((0,-2),(1,-1),(~1,-1)) & (~1,-1);

Note that, in all cases, Sludge is forced onto a safe triangle by the time he had
move to a vertex on the eighth level, hence Green will prevent Sludge from moving
past the ninth level. [

If we truncate at d < 9 then more than one vertex may have to be protected on
each turn. We leave this to the reader to evaluate exactly, but we do know from
Theorem 4.3, that 2 vertices are enough.

5 Problems

If we consider Sludge playing on several different graphs at once, (i.e. he has to
make a move on each of them) then as coordinates, he moves from (ay,aq, ..., a,)
to (b1, ba,...,b,) where a; is adjacent to b; for each ¢. But this is the definition of
an edge in the categorical product. Specifically, let T" and S be directed trees rooted
at t and s respectively. We will consider the seepage game on only the connected
component (which happens to be a tree) that contains the vertex ts of the categorical
product T x S. If Green can win on both 7" and §, it is not the case that Green can
automatically win in 7' x S. Indeed, gr(T x S) can be arbitrarily high even both T'
and S are green-win, see Figure 5.

T

Figure 5: An example where gr(T) =1, but gr(T x T) = 2k + 1.
Problem 5.1 Characterize those rooted trees T and S where T' x S is green-win.

We suspect that Theorem 4.4 is far from the best possible. For the Cartesian
product of 4 paths, the Theorem gives gr((P!,d)) < 2 for d > 2n + 2.

Problem 5.2 Is it true that gr((P},d)) = 2 for d larger than some constant inde-
pendent of n?
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Problem 5.3 Find the exvact value of gr((P%,d)).

The results and techniques used in Section 4 can be used to determine gr((G, d))
where G is the Cartesian product of three different length paths. In general, the
Cartesian product of paths, oriented as we have in this paper, forms a distributive
lattice. Let L be a finite lattice, and (L, d) the lattice truncated at level d.

Problem 5.4 Let L be a finite distributive lattice. If the top element of L has k
children, is gr((L,d)) = gr((P*,d))?

Modular lattices also have a nice structure.
Problem 5.5 Let L be a finite modular lattice. Find gr((L,d)).
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