
AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 42 (2008), Pages 285–297

Dyck Paths and partial Bell polynomials

Toufik Mansour

Department of Mathematics
University of Haifa

31905 Haifa
Israel

toufik@math.haifa.ac.il

Yidong Sun
∗

Department of Mathematics
Dalian Maritime University

116026 Dalian
P.R. China

sydmath@yahoo.com.cn

Abstract

In the present paper, we consider two kinds of statistics “number of u-
segments” and “number of internal u-segments” in Dyck paths. More
precisely, using Lagrange inversion formula we present the generating
function for the number of Dyck paths according to semilength and our
new statistics by the partial Bell polynomials, namely,
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1!t1, 2!t2, · · ·

)
,
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where αr(D)
(
βr(D)

)
is the number of u-segments (internal u-segments)

of length r in a Dyck path D. Many important special cases are presented
which lead to a lot of interesting results.
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1 Introduction

A Dyck path of length 2n is a lattice path from (0, 0) to (2n, 0) in the plane integer
lattice Z×Z consisting of up-steps (1, 1) and down-steps (1,−1), which never passes
below the x-axis. Let Dn denote the set of Dyck paths of length 2n. Dyck paths
are very well-known combinatorial objects that have been widely studied in the
literature. Stanley [20] presents a lot of objects equivalent to Dyck paths of length
2n, all of which are counted by Catalan sequence 1

n+1

(
2n
n

)
. Many various statistics

have been studied on the set of Dyck paths, such as area [9, 12, 24], pyramid weight
[10], and number of udu’s [22]. Others [11, 14] are many that have carried out the
important and earlier studies regarding statistics on Dyck paths.

Let D be any Dyck path. A u-segment of D is a maximum consecutive up steps
in D and an internal u-segment of D is a u-segment between two down steps, i.e.,
all u-segments except for the first one are internal u-segments. Define αk(D) and
βk(D) to be the number of u-segments and internal u-segments of length k in D,
respectively.

Recall that the potential polynomials [8] P(λ)
n are defined for each complex number

λ by

1 +
∑
n≥1

P(λ)
n

xn

n!
=

{
1 +

∑
n≥1

fn
xn

n!

}λ

,

which can be represented by Bell polynomials

P(λ)
n = P(λ)

n (f1, f2, f3, . . . ) =
∑

1≤k≤n

(
λ

k

)
k!Bn,k(f1, f2, f3, . . . ), (1.1)

where Bn,r

(
x1, x2, · · ·

)
is the partial Bell polynomial [1] on the variables {xj}j≥1,

that is

Bm,r

(
x1, x2, · · ·

)
=

∑
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m!
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(x1

1!

)r1 (x2

2!

)r2 · · ·
(xm

m!

)rm

,

where the summation κm(r) is for all the nonnegative integer solutions of r1 + r2 +
· · · + rm = r and r1 + 2r2 + · · · + mrm = m.

In this paper, we prove that

∑
D∈Dn

∏
i≥1

t
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(n − i + 1)!
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)
,

and ∑
D∈Dn

∏
i≥1

t
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n∑
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i
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i!
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1!t1, 2!t2, · · ·

)
.

As an application, we consider many special cases which lead to a few interesting
results.
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2 The u-segment statistics

In this section we link Dyck paths to several combinatorial objects, such as partial
Bell polynomials (see [1]), Riordan number rn (see [3]), and the number of unlabeled
plane tree on n + 1 vertices in which every vertex has outdegree not greater than k
(see [13, 5]). Define the ordinary generating functions for the number of Dyck paths
D of length 2n according to the statistics α1(D), α2(D), . . ., that is,

G(x; t) = G(x; t1, t2, . . .) =
∑
n≥0

xn
∑

D∈Dn

∏
i≥1

t
αi(D)
i .

Proposition 2.1. The ordinary generating function G(x; t) is given by

G(x; t) = 1 +
∑
j≥1

tjx
jG(x; t)j . (2.1)

Proof. The ordinary generating function G(x; t) can be written as G(x; t) = 1 +∑
j≥1 Gj(x; t), where Gj(x; t) is the generating function for the number of Dyck

paths D of length 2n starting with exactly j up steps according to the statistics
α1(D), α2(D), . . .. An equation for Gj(x; t) is obtained from the first return decom-
position of a Dyck path starting with a u-segment of length j: D = ujdD(j)dD(j−1)d
. . . D(2)dD(1), where D(1), . . . , D(j) are Dyck paths; see Figure 1.

. . .

D(j)

D(4)

D(3)

D(2)

D(1)

Figure 1: First return decomposition of a Dyck path starting with exactly j up steps.

Thus Gj(x; t) = tjx
jGj(x; t). Hence, the ordinary generating function G(x; t) satis-

fies the following equation G(x; t) = 1 +
∑

j≥1 Gj(x; t) = 1 +
∑

j≥1 tjx
jGj(x; t), as

required. �

Let T (x) =
∑

i≥0 tix
i be the ordinary generating function for the indeterminates

{ti}i≥0 with t0 = 1. Define y(x, t) = xG(x, t), or simply y = xG(x, t). Then
(2.1) reduces to y = xT (y). Applying the Lagrange inversion formula [23] and the
potential polynomials (1.1), we have

∑
D∈Dn

∏
i≥1

t
αi(D)
i = [xn+1]y =

1

n + 1
[xn]T (x)n+1

=
1

n + 1
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n + 1

i
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i!

n!
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)
,

=
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i=1

1

(n − i + 1)!
Bn,i

(
1!t1, 2!t2, · · ·

)
.

Hence we obtain the first main results,
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Theorem 2.2. For any integer n ≥ 1,

∑
D∈Dn

∏
i≥1

t
αi(D)
i =

n∑
i=1

1

(n − i + 1)!
Bn,i

(
1!t1, 2!t2, · · ·

)
,

where Bn,i

(
x1, x2, · · ·

)
is the partial Bell polynomial on the variables {xj}j≥1.

Theorem 2.2 generates a lot of surprising results. Here we present some of these
results; see Examples 2.3–2.11.

Example 2.3

If T (x) = 1 + q(ex − 1) = (1 − q) + qex, then ti = q/i! for all i ≥ 1. Note that
Bn,i

(
q, q, q, · · · ) = S(n, i)qi, where S(n, i) are the second kind of Stirling numbers

[8, Page 135]. Thus Theorem 2.2 leads to

∑
D∈Dn

n!q
P

i≥1 αi(D)∏
i≥1(i!)

αi(D)
=

1

n + 1

n∑
i=1

(
n + 1

i

)
i!S(n, i)qi =

n∑
i=1

n!

i!
S(n, n − i + 1)qn−i+1

=
1

n + 1

n∑
i=0

(
n + 1

i

)
inqi(1 − q)n−i+1,

which reduces to (n+1)n−1 when q = 1. We note that it is well known that (n+1)n−1

counts the set of labeled trees on n+1 vertices or the set of rooted labeled trees with
a fixed root on n + 1 vertices. Specially the number of rooted labeled trees with a

special root on n + 1 vertices with i leaves is
n!

i!
S(n, n − i + 1) [6].

Example 2.4

Let T (x) = 1 + qxex. This case implies ti = q/(i − 1)! for all i ≥ 1. Note that
Bn,i

(
q, 2q, 3q, · · · ) =

(
n
i

)
in−iqi, which are called the idempotent numbers [8, Page

135] when q = 1. Then Theorem 2.2 leads to

∑
D∈Dn

∏
i≥1

{
q

(i − 1)!

}αi(D)

=

n∑
i=1

(
n

i

)
in−iqi

(n − i + 1)!
,

for any integer n ≥ 1.

Example 2.5

Let T (x) = (ex − 1)/x. This case implies ti = 1/(i + 1)! for all i ≥ 1. Note that(
ex−1

x

)k
/k! =

∑
n≥0 S(n + k, k)xn/(n + k)!. Then Theorem 2.2 gives

∑
D∈Dn

∏
i≥1

1(
(i + 1)!

)αi(D)
=
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i=1

1

(n − i + 1)!
Bn,i

(
1

2
,
1

3
,
1

4
, · · ·

)

=
n!

(2n + 1)!
S(2n + 1, n + 1),
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for any integer n ≥ 1.

Example 2.6

Here we give a relation between our Dyck paths and the first kind of Stirling num-
bers [8, Page 135]. More precisely, the case T (x) = 1

x
ln 1

1−x
implies ti = 1/(i + 1)

for all i ≥ 1. Note that
(

1
x

ln 1
1−x

)k
/k! =

∑
n≥0 |s(n+ k, k)|xn/(n + k)!, where s(n, k)

are the first kind of Stirling numbers. Then Theorem 2.2 produces

∑
D∈Dn

∏
i≥1

1

(i + 1)αi(D)
=

n∑
i=1

1

(n − i + 1)!
Bn,i

(
1!

2
,
2!

3
,
3!

4
, · · ·

)

=
n!

(2n + 1)!
|s(2n + 1, n + 1)|,

for any integer n ≥ 1.

Example 2.7

Another relation between our Dyck paths and first kind of Stirling numbers can be
state as follows. The case T (x) = 1 + q ln 1

1−x
implies ti = q/i for all i ≥ 1. Note

that Bn,i

(
0!q, 1!q, 2!q, · · · ) = |s(n, i)|qi [8, pp.135]. Then Theorem 2.2 gives

∑
D∈Dn

∏
i≥1

(q

i

)αi(D)

=

n∑
i=1

|s(n, i)|qi

(n − i + 1)!
,

for any integer n ≥ 1.

Example 2.8

Let T (x) = (1 + x)λ. This case implies ti =
(

λ
i

)
for all i ≥ 1, where λ is an

indeterminant. Then Theorem 2.2 leads to

∑
D∈Dn

∏
i≥1

(
λ

i

)αi(D)

=
1

n + 1

(
(n + 1)λ

n

)
,

for any integer n, k ≥ 1. Specially, replacing λ by −λ, we have

∑
D∈Dn

∏
i≥1

(
λ + i − 1

i

)αi(D)

=
1

n + 1

(
(n + 1)λ + n − 1

n

)
.
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Example 2.9

Let T (x) = 1 + x + x2 + · · · + xk. This case implies ti = 1 for 1 ≤ i ≤ k and ti = 0
for all i ≥ k + 1. Then Theorem 2.2 gives

∑
D∈Dn

k∏
i≥1

1αi(D)
∏

i≥k+1

0αi(D) =
1

n + 1

n+1∑
i=0

(−1)i

(
n + 1

i

)(
2n − (k + 1)i

n

)
,

which generates the following result (by convention 00 = 1). The number of Dyck
paths D of length 2n with no u-segments of length greater than k (i.e. αi(D) =
0 for i > k) is given by

Un,k =
1

n + 1

n+1∑
i=0

(−1)i

(
n + 1

i

)(
2n − (k + 1)i

n

)
.

We note that the number Un,k also counts the unlabeled plane tree on n + 1 vertices
in which every vertex has outdegree not greater than k. Klarner [13] first considers
this problem, which is solved by Chen [6]. When k = 2, Callan [4] gives a bijection
between the set of Dyck paths D of length 2n with no u-segments of length greater
than 2 and the set of Motzkin paths of length n.

Example 2.10

Let T (x) =
1

1 − x
+ (q − 1)xk. This case implies ti = 1 for all i ≥ 1 except for i = k

and tk = q. Then Theorem 2.2 yields

∑
D∈Dn

qαk(D) =
1

n + 1

n∑
j=0

(
n + 1

j

)(
2n − (k + 1)j

n − j

)
(q − 1)j, (2.2)

which produces the following result. The number of Dyck paths D of length 2n with
exactly m u-segments of length k (namely, αk(D) = m) is given by

1

n + 1

n∑
j=m

(−1)j+m

(
n + 1

j

)(
2n − (k + 1)j

n − j

)(
j

m

)
,

which is the n-th Riordan number rn [3] when q = 0 and k = 1. This result for
k = 1, 2, 3, and m = 0 gives the following table.

k\n 0 1 2 3 4 5 6 7 8 9 10 11 12 Reference
1 1 0 1 1 3 6 15 36 91 232 603 1585 4213 [18, Seq. A005043]
2 1 1 1 2 6 17 46 128 372 1109 3349 10221 31527 [18, Seq. A102403]
3 1 1 2 4 10 27 79 240 750 2387 7711 25214 83315 [18, Seq. A114507]

Table 1: The number of Dyck paths D of length 2n such that αk(D) = 0 for k = 1, 2, 3.
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Example 2.11

Let T (x) = 1 +
qxk

1 − x
. This case implies ti = q for all i ≥ k and ti = 0 for

1 ≤ i ≤ k − 1. Then Theorem 2.2 gives (here assumed that 00 is 1)

∑
D∈Dn

k−1∏
i≥1

0αi(D)
∏
i≥k

qαi(D) =
1

n + 1

n∑
j=0

(
n + 1

j

)(
n − (k − 1)j − 1

j − 1

)
qj,

which yields the n-th Riordan number rn [3] when q = 1 and k = 2. Then the
number of Dyck paths D of length 2n such that each u-segment has length not less
than k is given by

1

n + 1

n∑
j=0

(
n + 1

j

)(
n − (k − 1)j − 1

j − 1

)
.

Specially, the number of Dyck paths D of length 2n such that each u-segment has
length not less than 2 is given by the n-th Riordan number rn. More precisely, the
number of Dyck paths D of length 2n with exactly j u-segments such that each
u-segment has length not less than k is given by 1

n+1

(
n+1

j

)(
n−(k−1)j−1

j−1

)
, which is the

Narayana number when k = 1.

Example 2.12

Let T (x) = 1 +
qxk

1 − xk
=

1 + (q − 1)xk

1 − xk
. This case implies tjk = q for all j ≥ 1 and

ti = 0 for otherwise. Then Theorem 2.2 generates

∑
D∈Dkn,αi(D)=0 if i�=0 mod k

q
P

j≥1 αjk(D) =
1

kn + 1

n∑
m=1

(
kn + 1

m

)(
n − 1

n − m

)
qm (2.3)

=
1

kn + 1

n∑
m=0

(
kn+1

m

)(
(k+1)n−m

n − m

)
(q−1)m.(2.4)

Identity (2.3) produces the following result: The number of Dyck paths D of length
2kn such that the length of any u-segment is a multiplicity of k (namely, q = 1)
is given by 1

kn+1

(
(k+1)n

n

)
(which is obtained by Vandermonde convolution). More

precisely, the number of Dyck paths D of length 2kn with exactly m u-segments such
that the length of any u-segment is a multiplicity of k is given by 1

kn+1

(
kn+1

m

)(
n−1
m−1

)
=

1
n

(
kn

m−1

)(
n
m

)
, which is the Narayana number for k = 1.

When k = 1, (2.3) and (2.4) produce many interesting results: A new expression for
Narayana polynomials is given by

Nn(q) =

n∑
m=1

1

n

(
n

m − 1

)(
n

m

)
qm =

1

n + 1

n∑
m=0

(
n + 1

m

)(
2n − m

n

)
(q − 1)m. (2.5)
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Define the associated Narayana polynomials as Nn(q) = qnNn(
1

q
); then we have

Nn(q) =

n∑
m=1

1

n

(
n

m − 1

)(
n

m

)
qn−m

=
1

n + 1

n∑
m=0

(
n + 1

m

)(
2n − m

n

)
(1 − q)mqn−m. (2.6)

Note that several authors have investigated the polynomials Nn(q). For examples,
see Rogers [16], Rogers and Shapiro [17], Sulanke [21], Bonin, Shapiro and Simion
[2], Coker [7].

If setting q = −1 in (2.6) and using the identity proved in [2, 22],

n∑
m=1

1

n

(
n

m − 1

)(
n

m

)
(−1)n−m =

{
0 if n = 2r,
(−1)r

r+1

(
2r
r

)
if n = 2r + 1,

then we get an expression for Catalan numbers

1

n + 1

(
2n

n

)
=

2n+1∑
m=0

(−1)n−m+1

n + 1

(
2n + 2

m

)(
4n − m + 2

2n + 1

)
2m−1.

Example 2.13

Let T (x) = fk(x). Define T (x) = fk(x), where f(x) is the generating function for
the m-ary plane trees, which satisfies the relation f(x) = 1 + xfm(x). Another form
of Lagrange formula [8, Page 149] generates

[xn]Φ(y) =
1

n
[xn−1]Φ′(x)T (x)n, (2.7)

for n ≥ 1, where Φ(x) is any formal power series and Φ′(x) is its derivative on the
variable x. Thus, by (2.7), we can deduce ti = k

(m−1)i+k

(
mi+k−1

i

)
. Then Theorem 2.2

gives

∑
D∈Dn

∏
i≥1

( k

(m − 1)i + k

(
mi + k − 1

i

))αi(D)

=
n∑

i=1

1

(n − i + 1)!
Bn,i

( 1!k

m − 1 + k

(
m + k − 1

1

)
,

2!k

2(m−1) + k

(
2m + k − 1

2

)
, · · ·)

=
k

(m + k − 1)n + k

(
(m + k)n + k − 1

n

)
.

for any integer n, k, m ≥ 1.
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Remark 2.14

As a remark more interesting cases should be considered further such as T (x) is the
generating function of the elementary symmetric function, or complete symmetric
function, or Schur symmetric function, or q-factorials, or the generating function of
some special sequences such as Fibonacci, Bell sequences and so on (for definitions
see [20, 23]).

3 The internal u-segment statistics

Recall that an internal u-segment of Dyck path D is a u-segment between two d steps,
i.e., all u-segments except for the first one are internal u-segments. A Dyck path D is
said to be k-partial (resp. k-complete) if the length of any internal u-segment (resp.
u-segment) is a multiplicity of k. Define βk(D) to be the number internal u-segments
in Dyck path D. In this section, we study the ordinary generating functions for the
number of Dyck paths D of length 2n according to the statistics β1(D), β2(D), . . .,
that is,

F (x; t) = F (x; t1, t2, . . .) = 1 +
∑
n≥1

xn
∑

D∈Dn

∏
i≥1

t
βi(D)
i ,

which can be represented in terms of the generating function G(x; t) as follows.

Proposition 3.1. The ordinary generating function F (x; t) is given by

1

1 − xG(x; t)
=

1

1 − x − x
∑

j≥1 tjxjGj(x; t)
.

Proof. An equation for the ordinary generating function F (x; t) is obtained from the
first return decomposition of a Dyck paths: D = uD′dD′′, where D′ and D′′ are
Dyck paths. Therefore, the ordinary generating function F (x; t) satisfies F (x; t) =
1 + xF (x; t)G(x; t). Hence, using Proposition 2.1 we get the desired result. �

Applying the Lagrange inversion formula (2.7) in which Φ(x) = 1
1−x

and the potential
polynomials (1.1), we have

∑
D∈Dn

∏
i≥1

t
βi(D)
i =

n∑
j=0

[xn]yn−j =

n∑
j=0

n − j

n
[xj ]T (x)n

=

n∑
j=0

j∑
i=0

(
n

i

)
i!

j!

n − j

n
Bj,i

(
1!t1, 2!t2, · · ·

)
.

Hence, we obtain our second main result,

Theorem 3.2. For any integer n ≥ 1,

∑
D∈Dn

∏
i≥1

t
βi(D)
i =

n∑
j=0

j∑
i=0

(
n

i

)
i!

j!

n − j

n
Bj,i

(
1!t1, 2!t2, · · ·

)
.
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Theorem 3.2 generates a lot of surprising results. Here we present some of these
results; see Examples 3.3–3.10.

Example 3.3

Let T (x) = 1 + q(ex − 1) = (1 − q) + qex. This case implies ti = q/i! for all i ≥ 1.
Then Theorem 3.2 gives

∑
D∈Dn

∏
i≥1

{ q

i!

}βi(D)

=

n∑
j=0

j∑
i=0

n − j

n

(
n

i

)
i!

j!
S(j, i)qi

=
n∑

j=0

n∑
i=0

n − j

n

(
n

i

)
ij

j!
(1 − q)n−iqi

which leads to
nn

n!
when q = 1 for any integer n ≥ 1.

Example 3.4

Let T (x) = (ex − 1)/x. Again, we can state another relation between Dyck paths and
second kind of Stirling number. The case T (x) = (ex − 1)/x implies ti = 1/(i + 1)!

for all i ≥ 1. Note that
(

ex−1
x

)k
/k! =

∑
n≥0 S(n + k, k)xn/(n + k)!. Then Theorem

3.2 obtains

∑
D∈Dn

∏
i≥1

1(
(i + 1)!

)βi(D)
=

n−1∑
j=0

n − j

n

n!

(n + j)!
S(n + j, n),

for any integer n ≥ 1.

Example 3.5

Let T (x) = 1
x

ln 1
1−x

. This case implies ti = 1/(i + 1) for all i ≥ 1. Note that(
1
x

ln 1
1−x

)k
/k! =

∑
n≥0 |s(n + k, k)|xn/(n + k)!. Then Theorem 3.2 gives

∑
D∈Dn

∏
i≥1

1

(i + 1)βi(D)
=

n−1∑
j=0

n − j

n

n!

(n + j)!
|s(n + j, n)|,

for any integer n ≥ 1.

Example 3.6

Let T (x) = (1 + x)λ, so ti =
(

λ
i

)
for all i ≥ 1, where λ is an indeterminant. Then

Theorem 3.2 gives

∑
D∈Dn

∏
i≥1

(
λ

i

)βi(D)

=

n−1∑
j=0

n − j

n

(
nλ

j

)
,

for any integer n ≥ 1.
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Example 3.7

Let T (x) = 1/(1 − x)k, so ti =
(

k+i−1
i

)
for all i ≥ 1. Then Theorem 3.2 obtains

∑
D∈Dn

∏
i≥1

(
k + i − 1

i

)βi(D)

=
n−1∑
j=0

n − j

n

(
nk + j − 1

j

)
=

1

kn + 1

(
(k + 1)n

n

)
,

for any integer n, k ≥ 1.

Example 3.8

Let T (x) = 1/(1 − xk), so tjk = 1 for all j ≥ 1 and ti = 0 for otherwise. Then
Theorem 3.2 obtains

∑
D∈Dn,βi(D)=0 if i�=0 mod k

1
P

j≥1 βjk(D) =

[n/k]∑
j=0

n − jk

n

(
n + j − 1

j

)
=

� + 1

n + 1

(
n + p

n

)
,

where n = pk+� for 0 ≤ � ≤ k−1, which generates the following result. The number
of k-partial Dyck paths D of length 2n is given by

S
(k)
n,� =

� + 1

n + 1

(
n + p

n

)
, (3.1)

where n = pk + � for 0 ≤ � ≤ k − 1.

Example 3.9

Let T (x) = 1 +
qxk

1 − xk
, so tjk = q for all j ≥ 1 and ti = 0 for otherwise. Then

Theorem 3.2 obtains

∑
D∈Dn,βi(D)=0 if i�=0 mod k

q
P

j≥1 βjk(D) =

[n/k]∑
m=0

qm

(
n

m

) [n/k]∑
j=m

n − kj

n

(
j − 1

j − m

)

=

p∑
m=0

qmn + m� − km

n(m + 1)

(
n

m

)(
p

m

)
,

which gives rise to the following result. The number of k-partial Dyck paths D of
length 2n with exactly m internal u-segments is given by

n + m� − km

n(m + 1)

(
n

m

)(
p

m

)
, (3.2)

where n = pk + � for 0 ≤ � ≤ k − 1.
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Remark 3.11

Results (3.1) and (3.2) give the following identity

� + 1

n + 1

(
n + p

n

)
=

n∑
m=0

n + m� − km

n(m + 1)

(
n

m

)(
p

m

)
,

where n = pk + � for 0 ≤ � ≤ k − 1. This identity can be proved by Vondermonde
convolution, maybe it is interesting to prove it by some other powerful methods such
as WZ method [15] and Riordan arrays [19].

Example 3.12

Define T (x) = fk(x), where f(x) is the generating function for the complete m-ary
trees, which satisfies the relation f(x) = 1+xfm(x). By Lagrange inversion formula
(2.7), we can deduce ti = k

(m−1)i+k

(
mi+k−1

i

)
. Then Theorem 3.2 gives

∑
D∈Dn

∏
i≥1

(
k

(m − 1)i + k

(
mi + k − 1

i

))βi(D)

=
n∑

j=0

k(n − j)

kn + mj

(
kn + mj

j

)
,

for any integer n ≥ 1, k, m ≥ 0.
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