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Abstract

A graph G is almost regular or more precisely is a (d, d + 1)-graph, if the
degree of each vertex of G is either d or d + 1. Let d ≥ 2 be an integer,
and let G be a connected bipartite (d, d + 1)-graph with partite sets X
and Y such that |X| = |Y |. If the order of G is at most 4d + 4, then we
show in this paper that G contains a perfect matching. Examples will
demonstrate that the given bound on the order of G is best possible.

We shall assume that the reader is familiar with standard terminology on graphs
(see, e.g., Chartrand and Lesniak [2]). In this paper, all graphs are finite and simple.
The vertex set of a graph G is denoted by V (G), and n = n(G) = |V (G)| is called
the order of G. The neighborhood NG(x) of a vertex x is the set of vertices adjacent
with x, and the number dG(x) = |NG(x)| is the degree of x in the graph G. If
d ≤ dG(x) ≤ d+1 for each vertex x in a graph G, then we speak of an almost regular
graph or more precisely of a (d, d + 1)-graph. If M is a matching in a graph G with
the property that every vertex is incident with an edge of M , then M is a perfect
matching. We denote by Kr,s the complete bipartite graph with partite sets X and
Y , where |X| = r and |Y | = s. If G is a graph and A ⊆ V (G), then we denote by
G[A] the subgraph induced by A and by q(G − A) the number of odd components
in the subgraph G − A.

As an extension of a theorem of Wallis [10] on regular graphs, Zhao [11] in 1991
proved the following result.

Theorem 1 (Zhao [11] 1991) Let d ≥ 2 be an integer, and let G be a (d, d+1)-graph
without an odd component. If |V (G)| ≤ 3d + 3, then G has a perfect matching.

For supplements, extensions or generalizations of Theorem 1, see the articles by
Caccetta and Mardiyono [1], Volkmann [9] and Klinkenberg and Volkmann [3, 4, 5].
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In this paper, we will prove an analogue to Zhao’s theorem for bipartite graphs. The
proof of our main theorem is based on Tutte’s famous 1-factor theorem [7] (for a
proof see e.g., [8]).

Theorem 2 (Tutte [7] 1947) A nontrivial graph G has a perfect matching (or a
1-factor) if and only if q(G − S) ≤ |S| for every proper subset S of V (G).

Theorem 3 Let d ≥ 2 be an integer, and let G be a connected bipartite (d, d + 1)-
graph of order n with partite sets X and Y such that |X| = |Y |. If n ≤ 4d + 4, then
G contains a perfect matching.

Proof. Suppose to the contrary that G does not contain a perfect matching. Then,
Theorem 2 implies that there exists a non-empty set A ⊂ V (G) such that q(G−A) ≥
|A| + 1. Since n is even, the numbers q(G − A) and |A| of the same parity, and we
deduce that

q(G − A) ≥ |A| + 2. (1)

We call an odd component of G−A large if it has at least 2d + 1 vertices, and small
otherwise. If we denote by α and β the number of large and small components,
respectively, then we deduce from (1) that

α + β = q(G − A) ≥ |A| + 2. (2)

If U is a small component of G − A of minimum order, then we observe that

n ≥ |A| + α(2d + 1) + β|V (U)|. (3)

Since G is a bipartite (d, d + 1)-graph, it is easy to verify that there are at least d
edges of G joining each small component of G − A with A. Using the hypothesis
that G is connected, we deduce that

α + dβ ≤ |A|(d + 1). (4)

Next we distinguish four cases.

Case 1: Assume that α ≥ 3. The hypothesis n ≤ 4d + 4 and (3) lead to the
contradiction

4d + 4 ≥ n ≥ 3(2d + 1).

Case 2: Assume that α = 2. Inequality (2) yields β ≥ |A| ≥ 1, and thus we obtain
by (3)

4d + 4 ≥ n ≥ |A| + 2(2d + 1) + β|V (U)|
≥ 4d + 2 + |A|(1 + |V (U)|)

and therefore |A| = |V (U)| = 1. However, now the only vertex of the small compo-
nent U has only one neighbor, a contradiction to d ≥ 2.
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Case 3: Assume that α = 1. Inequality (2) yields β ≥ |A| + 1, and thus we obtain
by (4)

|A| ≥ d + 1. (5)

Applying (3), we arrive at

4d + 4 ≥ n ≥ |A| + α(2d + 1) + β|V (U)|
≥ d + 1 + 2d + 1 + β

= 3d + 2 + β

and thus
β ≤ d + 2. (6)

Using the hypothesis n ≤ 4d+4, we altogether observe that β = d+2 = |A|+1, each
small component consists of a single vertex, the large component is of order exactly
2d + 1 and n = 4d + 4.

Since G is a connected (d, d + 1)-graph, there are at least d2 + 2d edges in G joining
the small components of G − A with A and at least one edge in G joining the large
component of G − A with A. In addition, there are at most d2 + 2d + 1 edges in G
joining A with the odd components of G − A. Consequently, all vertices in A are of
degree d + 1, and the subgraph G[A] induced by A is empty. Since there is only one
edge, say uv, connecting the large component W of order 2d + 1 with A, the large
component W has a bipartition V ′, V ′′ such that |V ′′| = |V ′| + 1 = d + 1. Without
loss of generality, let u in W . Suppose that u ∈ V ′. This implies that every vertex
of V ′′ is connected with every vertex of V ′ in W , and we arrive at the contradiction
dG(u) = d + 2. Thus u ∈ V ′′, and now X = V ′ ∪ A and Y = V (G) − (V ′ ∪ A) is a
bipartition of G with |X| = 2d + 1 and |Y | = 2d + 3. Since G is connected, this is a
contradiction to the hypothesis that |X| = |Y |.
Case 4: Assume that α = 0. Inequality (2) yields β ≥ |A| + 2, and thus (4) leads to

|A| ≥ 2d. (7)

Applying the bound β ≥ |A| + 2, we obtain

β ≥ |A| + 2 ≥ 2d + 2. (8)

According to (3) and (7), we arrive at

4d + 4 ≥ n ≥ |A| + α(2d + 1) + β|V (U)| ≥ 2d + β (9)

and thus
2d + 4 ≥ β. (10)

The inequalities (8) and (10) show that 2d + 2 ≤ β ≤ 2d + 4.

Subcase 4.1: Assume that β = 2d + 4. In view of (9), it follows that |A| = 2d, and
hence (4) yields the contradiction

d(2d + 4) = dβ ≤ |A|(d + 1) = 2d(d + 1).



168 LUTZ VOLKMANN AND AXEL ZINGSEM

Subcase 4.2: Assume that β = 2d + 3. In view of (9), it follows that |A| ≤ 2d + 1.
Because of |A| ≥ 2d and the fact that n is even, we deduce that |A| = 2d + 1. As
n ≤ 4d + 4, we conclude that all small components of G − A are isolated vertices.
Consequently, there are at least 2d2 + 3d edges in G joining the small components
of G − A with A. In addition, there are at most 2d2 + 3d + 1 edges in G joining A
with the odd components of G − A. Therefore, the subgraph G[A] is empty. Thus
X = A and Y = V (G)−A is a bipartition of G with |X| = 2d + 1 and |Y | = 2d + 3.
Since G is connected, this is a contradiction to the hypothesis that |X| = |Y |.
Subcase 4.3: Assume that β = 2d + 2. By (2) and (7), it follows that

2d + 2 = β ≥ |A| + 2 ≥ 2d + 2

and thus |A| = 2d. Hence there are at least 2d2 + 2d edges in G joining the small
components of G − A with A, and there are at most 2d2 + 2d edges in G joining A
with the odd components of G − A. Therefore the subgraph G[A] is empty.

If the small components of G−A are isolated vertices, then we arrive a contradiction
as above.

Otherwise, the hypothesis n ≤ 4d+4 shows that there is exactly one small component
of order three and that the remaining 2d+1 small components are of order one. Hence
there are at least 3d − 4 + d(2d + 1) = 2d2 + 4d − 4 edges in G joining the small
components of G − A with A, and there are at most 2d2 + 2d edges in G joining
A with the odd components of G − A. This leads to a contradiction when d ≥ 3.
In the remaining case that d = 2, we obtain |A| = 4, β = 6 and n = 12. A
straightforward calculation leads to the contradiction that G has a bipartition X, Y
with |X| = |Y | = 6, and the proof of Theorem 3 is complete. �

The following family of examples will show that the bound presented in Theorem 3
is best possible.

Example 4 Let d ≥ 2 be an integer, and let Kd+1,d+2 be the complete bipartite
graph with the partite sets {x1, x2, . . . , xd+2} and {y1, y2, . . . , yd+1}. If we delete in
the graph Kd+1,d+2 the edges x1y1, x2y2, . . . , xd+1yd+1 and xd+2yd+1, then we denote
the resulting graph by H1. In addition, let Kd+1,d+2 be the complete bipartite graph
with the partite sets {u1, u2, . . . , ud+2} and {v1, v2, . . . , vd+1}. If we delete the edges
u1v1, u2v2, . . . , ud+1vd+1 and ud+2vd+1, then we denote the resulting graph by H2.
Now let H be the disjoint union of H1 and H2 together with the edge yd+1vd+1. It
is straightforward to verify that H is a connected bipartite (d, d + 1)-graph of order
|V (H)| = 4d + 6 with a partition X, Y such that |X| = |Y | = 2d + 3 without a
perfect matching.

Corollary 5 Let d ≥ 2 be an integer, and let G be a bipartite (d, d + 1)-graph of
order n with partite sets X and Y such that |X| = |Y |. If n ≤ 4d + 4 and if G has
no odd component, then G contains a perfect matching.

Proof. Since G is a bipartite (d, d + 1)-graph, each component of G has order at
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least 2d. Hence G consists of at most two components when d ≥ 3 and at most
three components when d = 2. In the case that G is connected, the desired result
follows from Theorem 3. If d = 2 and G has three components, then all components
are isomorphic to K2,2, and G contains a perfect matching. Assume next that G
consists of exactly two components G1 and G2 such that, without loss of generality,
2d ≤ n(G1) ≤ n(G2) ≤ 2d + 4.

Case 1: Assume that n(G1) = 2d. It follows that G1 is isomorphic to Kd,d and thus G1

has a perfect matching. The hypothesis |X| = |Y | implies that G2 has a bipartition
X2, Y2 with |X2| = |Y2|. Therefore, according to Theorem 3, the component G2 has
also a perfect matching, and we are done.

Case 2: Assume that n(G1) = n(G2) = 2d + 2. If G1 and G2 have partite sets
X1, Y1 and X2, Y2 such that |X1| = |Y1| = |X2| = |Y2| = d + 1, then it follows
from Theorem 3 that G1 and G2 have perfect matchings and so also G contains a
perfect matching. In the remaining case, the components G1 and G2 have partite
sets X1, Y1 and X2, Y2 such that, without loss of generality, |X1| = |X2| = d and
|Y1| = |Y2| = d + 2. However, since G is (d, d + 1)-graph, this is impossible, and the
proof of Corollary 5 is complete. �

Note that the case d = 1 in Theorem 3 is trivial, since each (1, 2)-graph without an
odd component has a perfect matching.

Finally notice that by a classical and well-known theorem of König [6], each d-regular
bipartite graph contains a perfect matching for d ≥ 1.
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[6] D. König, Über Graphen und ihre Anwendung auf Determinantentheorie und
Mengenlehre, Math. Ann. 77 (1916), 453–465.

[7] W.T. Tutte, The factorizations of linear graphs, J. London Math. Soc. 22 (1947),
459–474.



170 LUTZ VOLKMANN AND AXEL ZINGSEM

[8] L. Volkmann, Foundations of Graph Theory, Springer-Verlag, Wien New York
(1996) (in German).

[9] L. Volkmann, On the size of odd order graphs with no almost perfect matching,
Australas. J. Combin. 29 (2004), 119–126.

[10] W.D. Wallis, The smallest regular graphs without one-factors, Ars Combin. 11
(1981), 295–300.

[11] C. Zhao, The disjoint 1-factors of (d, d + 1)-graphs, J. Combin. Math. Combin.
Comput. 9 (1991), 195–198.

(Received 15 Aug 2007; revised 17 Dec 2007)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENA ()
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


